PART ONE

Solutions to Exercises






Chapter 2
Review of Probability

B Solutions to Exercises

1. (a) Probability distribution function for Y

Outcome Y=0 Y=1 Y=2
(number of heads)
probability 0.25 0.50 0.25

(b) Cumulative probability distribution function for Y

Outcome Y<O0 0<Y<l1 1<Y<2 Y>2
(number of heads)
Probability 0 0.25 0.75 1.0

(©) ,=E(Y)=(0x0.25)+(1x 0.50) + (2x 0.25) =1.00
Using Key Concept 2.3: var(Y) = E(Y?) —[E(Y)F, and
E(Y?) =(0*x0.25) + (1> x 0.50) + (2> x 0.25) =1.50
so that var(Y) = E(Y?)—[E(Y)]J* =1.50 — (1.00)* = 0.50.

2. We know from Table 2.2 that Pr(Y =0)=0.22, Pr(Y =1)=0.78, Pr(X =0)=0.30,
Pr(X =1)=0.70. So

()
u, =E(Y)=0xPr(Y =0)+1xPr(Y =1)
=0x0.22+1x0.78=0.78,
wy, =E(X)=0xPr(X=0)+1xPr(X=1)
=0x0.30+1x0.70=0.70.
(b)

O->2< =E[(X _/Jx)z]
=(0- 0.70)2 xPr(X=0)+(1- 0.70)2 xPr(X =1
=(~0.70)*x0.30+0.30*x0.70 = 0.21,

oy =E[(Y — 1, )’]
=(0-0.78)’ xPr(Y = 0) + (1-0.78)* x Pr(Y =1)
=(-0.78)* x0.22 +0.22° x0.78 = 0.1716.
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(c) Table 2.2 shows Pr(X=0,Y =0)=0.15 Pr(X=0,Y=1)=0.15 Pr(X=1Y =0)=0.07,
Pr(X=1Y =1)=0.63. So
Oy =COV(X,Y)=E[(X — 1, )(Y — /)]

=(0-0.70)(0-0.78)Pr(X =0,Y =0)
+(0-0.70)(1-0.78)Pr(X =0,Y =1)
+(1-0.70)(0-0.78)Pr(X =1Y =0)
+(1-0.70)1-0.78)Pr(X =1Y =1)

=(-0.70) x (-0.78) x 0.15+ (—0.70) x 0.22x 0.15
+0.30%(-0.78)x0.07 + 0.30x0.22x 0.63

=0.084,

cor(x,v)=-Z2c ___ 008 14

oy, /0.21x0.1716

3. For the two new random variables W =3+6X and V =20 -7Y, we have:

(a)

E(V)=E(20—7Y) =20 —7E(Y) =20 - 7x0.78 =14.54,
E(W)=E(3+6X)=3+6E(X)=3+6x0.70=7.2.
(b)
o2 =var (3+6X) =6 02 =36x0.21=7.56,
o2 =var (20— 7Y) = (-7)?- o2 = 49x 0.1716 = 8.4084.

(©)
Gy =COV(3+6X,20—7Y) =6(-7)cov(X,Y) =-42x0.084 =—3.528

cor(W, vy=—Fw ___ 358 4445

Oy, Oy J7.56x8.4084
4, (@) E(X)=0x(1-p)+Lxp=p
(b) E(X*)=0"x(1-p)+1xp=p
(c) E(X)=03
var(X)=E(X?)-[E(X)] =0.3-0.09=0.21
Thus, o =+/0.21=0.46.
To compute the skewness, use the formula from exercise 2.21:
E(X - ) = E(X*) = JEX)IE(X)]+ 2[E(X)]
=0.3-3x0.3° +2x0.3° =0.084
Alternatively, E(X — x)°= [(1—0.3)* x0.3] +[(0—0.3)* x0.7] = 0.084
Thus, skewness = E(X — u)%/o® =.084/0.46° = 0.87.
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To compute the kurtosis, use the formula from exercise 2.21:
E(X - )" = E(X") ~ 4[EQOIE(X?)]+ 6[E(X)I [E(X")] - 3[E(X)]
=0.3-4x0.3° +6x0.3°-3x0.3' =0.0777

Alternatively, E(X — z)*=[(1-0.3)* x0.3]+[(0-0.3)* x0.7]=0.0777
Thus, kurtosis is E(X — u)*lo*=.0777/0.46" =1.76

Let X denote temperature in °F and Y denote temperature in °C. Recall that Y = 0 when X = 32 and
Y =100 when X = 212; this implies Y =(100/180)x (X —32) or Y =-17.78+(5/9) x X. Using Key
Concept 2.3, u, =70°F implies that z, =-17.78+(5/9)x 70 =21.11°C, and o, =7°F

implies o, =(5/9)x 7 =3.89°C.

The table shows that Pr(X =0,Y =0)=0.045, Pr(X=0,Y =1)=0.709, Pr(X=1Y =0)=0.005,
Pr(X=1Y =1)=0.241, Pr(X=0)=0.754, Pr(X =1)=0.246, Pr(Y =0)=0.050,
Pr(Y =1) =0.950.
()
E(Y)=x, =0xPr(Y =0)+1xPr(Y =1)
=0x0.050 +1x0.950 =0.950.

(b)
#(unemployed)
#(labor force)
=Pr(Y =0)=0.050=1-0.950=1-E(Y).

Unemployment Rate =

(c) Calculate the conditional probabilities first:
Pr(X=0,Y=0) 0.045

= = 0.0597,
Pr(Xx=0)  0.754

Pr(Y =0X=0)=

Pr(X=0,Y =1) 0.709

= = 0.9403,
Pr(Xx=0)  0.754

Pr(Y =X =0) =

Pr(X=1Y=0) 0.005

= =0.0203,
Pr(X=1)  0.246

Pr(Y =0)X=1)=

Pr(X=1Y=1) 0241

= =0.9797.
Pr(X=1  0.246

Pr(Y =1X=1)=

The conditional expectations are

E(Y[X=1) = 0xPr(Y =0X =1) +1x Pr(Y =1X = 1)
= 0x0.0203+1x0.9797 = 0.9797,

E(Y|X =0)=0xPr(Y =0X = 0)+1xPr(Y =1X = 0)
=0x0.0597 +1x 0.9403 = 0.9403.
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8.

(d) Use the solution to part (b),

Unemployment rate for college grads
=1-E(Y|X=1)=1-0.9797 = 0.0203.
Unemployment rate for non-college grads
=1-E(Y|X =0)=1-0.9403 = 0.0597.

(e) The probability that a randomly selected worker who is reported being unemployed is a college
graduate is

Pr(X=1Y =0)= Pr(x=1Y=0)_0005_,
Pr(Y=0) 0.050
The probability that this worker is a non-college graduate is
Pr(X=0Y=0)=1-Pr(X=1Y=0)=1-0.1=0.9.

(F) Educational achievement and employment status are not independent because they do not satisfy
that, for all values of x and y,

Pr(Y =yjX=x)=Pr(Y =y).
For example,

Pr(Y = 0JX = 0) = 0.0597  Pr (Y = 0) = 0.050.

Using obvious notation, C =M +F; thus g = g, + 4 and o2 = o, + o +2cov(M, F). This
implies
(@) . =40+ 45=$85,000 per year.
(b) cor (M, F)=2%F s that Cov(M, F) =, ,a.cor (M, F). Thus

Cov(M, F)= 12MxF18>< 0.80=172.80, where the units are squared thousands of dollars per year.
(c) ol=o0 +o+2cov(M, F), sothat o2 =12° +18° +2x172.80 = 813.60, and

o. = \/813.60 = 28.524 thousand dollars per year.

(d) First you need to look up the current Euro/dollar exchange rate in the Wall Street Journal, the
Federal Reserve web page, or other financial data outlet. Suppose that this exchange rate is e
(say e = 0.80 euros per dollar); each 1$ is therefore with eE. The mean is therefore esc (in units
of thousands of euros per year), and the standard deviation is ecoc (in units of thousands of euros
per year). The correlation is unit-free, and is unchanged.

1, =E(Y)=1, o? =var(Y)=4. With Z =1(Y -1),
1 =E[§(Y—1)j=%<uy —1)=%(1—1>=o,

1 1 1
ol=var| =(Y-1) |==02==x4=1.
: (Z(Y )j top=1
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9.
Value of Y Probability
Distribution of
14 22 30 40 65 X

Value of X 1 0.02 0.05 0.10 0.03 0.01 0.21

5 0.17 0.15 0.05 0.02 0.01 0.40

8 0.02 0.03 0.15 0.10 0.09 0.39
Probability distribution 0.21 0.23 0.30 0.15 0.11 1.00
of Y

(@) The probability distribution is given in the table above.

E(Y)=14x0.21+22x0.23+30x0.30 + 40x 0.15+65x 0.11=30.15
E(Y?)=14%x0.21+22% x 0.23+30% x 0.30 + 402 x 0.15+ 65° x 0.11=1127.23
Var(Y)=E(Y?)-[E(Y)) =218.21
o, =14.77

(b) Conditional Probability of Y|X = 8 is given in the table below

Value of Y
14 22 30 40 65
0.02/0.39 | 0.03/0.39 | 0.15/0.39 | 0.10/0.39 | 0.09/0.39

E(Y|X = 8) =14 x (0.02/0.39) + 22 x (0.03/0.39) + 30 x (0.15/0.39)
+40x(0.10/0.39) + 65x (0.09/0.39) = 39.21
E(Y?X =8) =14 x (0.02/0.39) + 22° x (0.03/0.39) + 30% x (0.15/0.39)
+ 407 x (0.10/0.39) + 652 x (0.09/0.39) =1778.7

Var(Y) =1778.7-39.21% = 241.65
O\ s = 15.54

(©) E(XY) =(1x14x0.02)+(1x22:0.05)+L (8x65x0.09)=171.7

Cov(X,Y)=E(XY)-E(X)E(Y)=171.7-5.33x30.15=11.0
Corr(X,Y)=Cov(X,Y)/(c,0,)=11.0/(5.46x14.77) = 0.136

10. Using the fact that if Y : N|4, oy | then Z£~N(0,1) and Appendix Table 1, we have

(a)
Pr(Y <3) = Pr[%g%} — ® (1) = 0.8413,
(b)
Pr(Y >0)=1-Pr(Y <0)

=1- Pr(Y ;3 s%) =1-d(-1) = d(1) = 0.8413.
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(©
Pr(40<Y <52)= Pr(40_50 <Y=0 52_50)
5 5
=004)-D(-2)=0(0.4)-[1-D(2)]
=0.6554 -1+ 0.9772 = 0.6326.
(d)
6-5 Y-5 8-5
Pr(6<Y <8)=FPr < <
R
=d(2.1213)- ®(0.7071)
=0.9831-0.7602 = 0.2229.
11. (a) 0.90
(b) 0.05
(c) 0.05
(d) When Y ~ z2, then Y/10~F, .
(e) Y =22, whereZ ~N(0,1), thus Pr(Y <1)=Pr(-1<Z <1)=0.32.
12. (a) 0.05
(b) 0.950
(c) 0.953
(d) The tg distribution and N(O, 1) are approximately the same when df is large.
(e) 0.10
(fH 0.01
13. (@) E(Y?)=Var(Y)+ =1+0=1EW?)=Var(W)+ z; =100+ 0 =100.

(b) Y and W are symmetric around 0, thus skewness is equal to 0; because their mean is zero, this
means that the third moment is zero.

(c) The kurtosis of the normal is 3, so 3= E(Y;g‘* A : solving yields E(Y*)=3; asimilar calculation
yields the results for W.
(d) First, conditionon X =0, sothat S=W:
E(S|X = 0) = 0; E(S?*]X = 0) =100, E(S®|X =0) =0, E(S*|X = 0) = 3x100°
Similarly,
E(SX=1)=0;E(S’|X=1) =1 E(S’X=1)=0,E(S*|X =1) =3.
From the large of iterated expectations
E(S)=E(S|X =0)xPr(X =0)+E(S|X =1)xPr(X =1)=0
E(S*) = E(S*X =0)xPr(X =0)+ E(S*]X =1)x Pr(X =1) =100 x 0.01+1x 0.99 =1.99
E(S®)=E(S°|X =0)xPr(X =0)+E(S[X =1)xPr(X =1)=0
E(S") = E(S*IX =0)xPr(X =0)+ E(S*|X =1) x Pr(X =1) = 3x100% x 0.01+ 3x1x 0.99 = 302.97
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14.

15.

(e) us =E(S)=0, thus E(S - x)° = E(S*) =0 from part d. Thus skewness = 0.
Similarly, o2 = E(S - s )? = E(S2) =1.99, and E(S — )" = E(S*) =302.97.
Thus, kurtosis = 302.97/(1.99%) = 76.5

The central limit theorem suggests that when the sample size (n) is large, the distribution of the
sample average (Y) is approximately N[yY, ) with o = "*. Given g, =100, o =43.0,

(@) n=100, o2 =2 =4 -0.43, and

n 100

Y -100 _101-100

<
10.43 +0.43

(b) n=165, o2 =2 =8 02606, and

Y
n 165

Pr(Y <101) = Pr( ) ~ ®(1.525) = 0.9364.

Pr(V>98)=1—Pr(\?g98)=1_pr[ Y-100 98—100)

J/0.2606  +/0.2606
~1-®(-3.9178) = ®(3.9178) =1.000 (rounded to four decimal places).

(c) n=64, o’ = g; =2 =0.6719, and

Y

Pr(101<Y <103) = Pr[lm_loo .Y -100 _ 103—100]

J0.6719 ~ J0.6719 ~ J0.6719
~ @ (3.6599) — d (1.2200) = 0.9999 — 0.8888 = 0.1111.

(a)

< <
NZY J4In J4In
9.6-10 10.4-10
Pr <Z<
( 4n N[ J

Pr(9.6£\7§10.4)=Pr[9'6_10 Y10 10-4—10)

where Z ~ N(0, 1). Thus,

9.6-10 10.4-10

Q) n:ZO;Pr(\M_ <Z< Jan
6-—

J: Pr(~0.89 < Z <0.89) = 0.63

9.

(if) n=100; Pr( j Pr(-2.00 < Z £2.00) =0.954

/n

10<

N NI
9.6-10

iii) n =1000; Pr

(i) [ \4/n 4/n

<7< ] Pr(-6.32 < Z <6.32) =1.000
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(b)

< <
Jain J4In o +J4n

Pr(lO—cs\?le+c)=Pr( ¢ Y-10 c J

Jam ~  Jam )

As n get large 7o gets large, and the probability converges to 1.

(c) This follows from (b) and the definition of convergence in probability given in Key Concept 2.6.

16. There are several ways to do this. Here is one way. Generate n draws of Y, Y1, Yo, ... Y, Let X; =1 if
Yi < 3.6, otherwise set X; = 0. Notice that X; is a Bernoulli random variables with g« =Pr(X=1) =
Pr(Y < 3.6). Compute X. Because X converges in probability to s« = Pr(X = 1) = Pr(Y < 3.6), X
will be an accurate approximation if n is large.

17. iy =0.4and o7 =0.4x0.6=0.24

) - Y-04 043-04 Y-04
a) (i) P(Y >0.43)=Pr > =Pr >0.6124 |=0.27
@ 0 " ) [\/0.24/n J0.24/n J (\/0.24/n J

- Y-04 037-04 Y-04
i) P(Y <0.37) = Pr < =Pr| ————<-1.22|=0.11
() P ) [\/0.24/n J0.24/n j (\/0.24/n j

e know Pr(-1.96 < Z < 1.96) = 0.95, thus we want n to satisfy 0.41=2422> 1,96 an
b) We know Pr(-1.96 < Z <1.96) = 0.95, th isfy 0.41=322>-1.96 and

‘3392;‘3: <-1.96. Solving these inequalities yields n > 9220.

18. Pr(Y =$0)=0.95, Pr(Y =$20000)=0.05.
(@ Themeanof Y is
4, =0xPr(Y =$0)+ 20,000 x Pr (Y = $20000) = $1000.

The variance of Y is

2
ol = E{(Y—,uY) }
=(0—1000)? x Pr(Y =0)+ (20000 —1000) x Pr (Y = 20000)
= (-1000)° x 0.95+19000% x 0.05=1.9x 10/,

so the standard deviation of Y is o, = (1.9 ><107)% =$4359.
(b) () E(Y)=p, =$1000, o2 =2 =120 _1.9510°,

n 100
(if) Using the central limit theorem,

Pr (Y >2000) =1 Pr (Y <2000)
:1_Pr£ Y-1000 _ 2,000—1,000}

J1.9x10°  4/1.9x10°
~1-®(2.2942) =1-0.9891 = 0.0109.
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19. (@)

Pr (Y :yj):ZI:Pr(szi,Y =)

= ZI: Pr(Y=yj|X=xi)Pr (X=x,)
(b)
E(Y):Zyj Pr(Y:yj)=ZijPr(Y=yj|X=xi)Pr(X:xi)

k

Z 29, Pr(Y =y X =x) PrOXx)

=Z E(Y|X=x)Pr(X=x,).

(c) When X and Y are independent,
Pr(X=x,Y=y,)=Pr(X=x)Pr(Y =y,),
S0
oy = EI(X =1 )(Y = 14,)]
=33 (X4 (5,—44,) P (X=X, Y=,)

zlz Zk:(xi_/ux)(yj —4t,) Pr (X=x,) Pr (Y:yj)

=1 j=1

Z(Z(Xi — py ) Pr(X = Xl)j[z(yj =ty )Pr(Y =Y, ]

i=1

=E(X -, )E(Y —24)=0x0=0,

COI’(X,Y)=G¢= 0

OxOy OxOy

=0.

20. (a) Pr(Y =yi)=Z|:Zm:Pr(Y =yIX=X,Z=2z)Pr(X=x,Z=2,)

(b)

E(Y)=Zyi Pr(Y=y)Pr(Y =y,

I m
% ylzzpr(Y =yi|X=xj, Z =Zh)PI’(X=Xj, Z=1z)

= Zm:E(Y|X X, Z=2,)Pr(X=x;, Z=1,)
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where the first line in the definition of the mean, the second uses (a), the third is a rearrangement,
and the final line uses the definition of the conditional expectation.

21. (a)

E(X — )’ =E[(X = u)*(X = )] = E[X® =2X 4 X p* = X1+ 2X pi* = 11°]
= E(X®)=3E(X*)u+3E(X)u’ — pi* = E(X®) =3E(X*)E(X) +3E(X)[E(X)F ~[E(X)F
=E(X®)=3E(X2)E(X)+2E(X)®
(b)
E(X — )" = E[(X® =3X?u+3X p* — 1°)(X — )]
=E[X* =3X3u+3X%u? = Xp® = X3u+3X21? —3X1° + u*]
=E(X*)—4E(X*)E(X)+6E(X?)E(X)* —4E(X)E(X)* + E(X)*
= E(X*) = 4[EQOIE(X?)]+6[E(X)[E(X )] -3E(X)]*
22. The mean and variance of R are given by
#=wx0.08+(1—w)x0.05
o® = W x0.07% + (1-w)® x0.042 + 2 x Wx (1 - w) x[0.07 x 0.04 x 0.25]

where 0.07x0.04x0.25=Cov(R,, R,) follows from the definition of the correlation between
R, and Ry,

(@ x=0.065;0=0.044

(b) «=0.0725; o =0.056

(c) w=1maximizes u; o=0.07 for this value of w.
(d) The derivative of o* with respect to w is

2
97 w07 — 2(1—w)x 0.04% + (2— 4w) x [0.07x 0.04 x 0.25]
W

= 0.0102w-0.0018
solving for w yields w=18/102 = 0.18. (Notice that the second derivative is positive, so that this
is the global minimum.) With w=0.18, o, =.038.

23. Xand Z are two independently distributed standard normal random variables, so

Hy = Hy =0,G)2( 20-5 =10,, =0.
(a) Because of the independence between X and Z, Pr(Z =X =x)=Pr(Z =2), and
E(Z|X)=E(Z)=0. Thus E(Y|X) = E(X? + Z|X) = E(X*|X) + E(Z|X) = X* + 0 = X°.
(b) E(X*)=0% +4% =1 and u, =E(X*+Z)=E(X*)+u, =1+0=1.

(c) E(XY)=E(X®+2ZX)=E(X%+E(ZX). Using the fact that the odd moments of a standard normal
random variable are all zero, we have E(X®)=0. Using the independence between X and Z, we
have E(ZX)= u, i, =0. Thus E(XY)=E(X®)+E(ZX)=0.
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(d)
Cov (XY) = E[(X =z )(Y — g4, )]= E[(X = 0)(Y ~1)]
= E(XY — X)=E(XY)-E(X)
=0-0=0.

cor(X,Y):&: 0
OxOy OxOy

=0.

24. (@) E(Y?)=0%+u’ =0 and the result follows directly.
(b) (Yi/o) is distributed i.i.d. N(0,1), W = Zinzl(Yi/a)z, and the result follows from the definition of a

22 random variable.

n Y_2 n Y_2
(c) EW)= EW)=E> ==Y E-L=n.
i=1 O i=1 O
(d) Write
V= Yy, _ VYlo

\/Zin:zYiz \/Zinzz (Y/U)z
n-1 n-1

which follows from dividing the numerator and denominator by o. Y./~ N(0,1), ZLZ (Y/o)? ~

x2,,and Yi/oand Zinzz(\(i/a)2 are independent. The result then follows from the definition of
the t distribution.



Chapter 3

Review of Statistics

B Solutions to Exercises

1. The central limit theorem suggests that when the sample size (n) is large, the distribution of the
sample average (Y ) is approximately N [/,L,, GY?] with oYﬁ = "TVZ Given a population g, =100,
ol =43.0, we have

(@ n=100, ¢Z =% =4 043, and

n ~ 100
Y -100 101-100

<
+0.43 1/0.43

(b) n=64, o% =2 =£-06719, and

Y~ 64

Pr(Y <101) = Pr[ J ~ ®(1.525) = 0.9364.

< <
J0.6719 06719 +J0.6719
~ ®(3.6599) — d(1.2200) = 0.9999 — 0.8888 = 0.1111.

Pr(L01<Y <103) = Pr[ml_loo Y -100 103—100J

(c) n=165, o2 =2=4-02606, and

165

Pr(\7>98)=1—Pr07£98)=1—Pr( Y100 _ 98_100}

\/0.2606 ~ +/0.2606
~1-®(-3.9178) = ®(3.9178) =1.0000 (rounded to four decimal places).

2. Each random draw Y; from the Bernoulli distribution takes a value of either zero or one with
probability Pr(Y, =1) = p and Pr(Y, =0) =1- p. The random variable Y; has mean
E(Y;)=0xPr(Y =0)+1xPr(Y =1) = p,
and variance

var(Y;) = E[(Y; - 4, )°]
=(0-p)°x F’I‘(Yi =0)+(1- p)? xPr(Yi =1)

=p’(1-p)+(@1-p)’p=p-p).
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(@) The fraction of successes is

#(success) #(Y,=1) 2L, v

b=
®)

E(ﬁ)=E(¥J=EZn) E()=23p=p.
©

n

" Y, 1 1-
var(p):var( = ):—ZZ var(Yi)_ Z p(l—p)= p( p)
=1 i=1
The second equality uses the fact that Y, ..., Y, are i.i.d. draws and cov(Yi,Yj) =0, fori=|.

Denote each voter’s preference by Y. Y =1 if the voter prefers the incumbent and Y =0 if the voter
prefers the challenger. Y is a Bernoulli random variable with probability Pr(Y =1)=p and

Pr(Y =0)=1- p. From the solution to Exercise 3.2, Y has mean p and variance p(1- p).
(@) p=22=0.5375.

400

(b) Var(p)=20-B) 0597500575 _ g 5748,10, The standard error is SE (p) = (var(p))? = 0.0249.

400
(c) The computed t-statistic is

o _ P—#o _0.5375-05

e =1.508.
SE(p) 0.0249

Because of the large sample size (n=400), we can use Equation (3.14) in the text to get the
p-value for the test H, : p=0.5 vs. H,: p#0.5:

p-value = 2D (—|t*|) = 2d(~1.506) = 2 x 0.066 = 0.132.
(d) Using Equation (3.17) in the text, the p-value for the test H,: p=0.5 vs. H,: p>0.5 is
p-value =1- ®(t*") =1- d(1.506) = 1—0.934 = 0.066.

(e) Part (c) is a two-sided test and the p-value is the area in the tails of the standard normal
distribution outside + (calculated t-statistic). Part (d) is a one-sided test and the p-value is the area
under the standard normal distribution to the right of the calculated t-statistic.

(f) Forthetest H,: p=0.5 vs. H,: p>0.5 we cannot reject the null hypothesis at the 5%

significance level. The p-value 0.066 is larger than 0.05. Equivalently the calculated t-statistic
1.506 is less than the critical value 1.645 for a one-sided test with a 5% significance level. The
test suggests that the survey did not contain statistically significant evidence that the incumbent
was ahead of the challenger at the time of the survey.
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4. Using Key Concept 3.7 in the text
(@) 95% confidence interval for p is
p+1.96SE(p) = 0.5375+1.96 x 0.0249 = (0.4887,0.5863).
(b) 99% confidence interval for p is
p+2.57SE(p) = 0.5375 +2.57x 0.0249 = (0.4735,0.6015).
(c) The interval in (b) is wider because of a larger critical value due to a lower significance level.
(d) Since 0.50 lies inside the 95% confidence interval for p, we cannot reject the null hypothesis at a
5% significance level.
5. (a) (i) Thesizeis given by Pr(jp—0.5 >.02), where the probability is computed assuming that

p=0.5.

Pr(p—0.5|>.02) =1—

=1-P

Pr(-0.02 < p—0.5<.02)

( -0.02 p—0.5 0.02 j
r < <
\J.5x.5/1055 /.5x.5/1055 +/.5x.5/1055

p—0.5 j
=1-Pr| -1.30 < ————<1.30
( J.5x.5/1055

=0.19

where the final equality using the central limit theorem approximation
(ii) The power is given by Pr(jp—0.5/>.02), where the probability is computed assuming that

p=0.53.

Pr(jp—0.5/>.02) =1— Pr(-0.02 < p— 0.5<.02)

=1-Pr

=1-Pr

=1-Pr

=0.74

\.53x.47/1055 +/.53x.47/1055 +/.53x.47/1055
005 _ p-053 _ -0.01 ]
\.53x.47/1055 +/.53x.47/1055 +/.53x.47/1055

3p5< P08 —0.65)
J53x.47/1055

-0.02 p—0.5 0.02 j
< <

where the final equality using the central limit theorem approximation.
(b) (i) t=—225__—2 61, Pr(t|>2.61) =.01 so that the null is rejected at the 5% level.

4/0.54 x 0.46/1055

(if) Pr(t>2.61) =.004, so that the null is rejected at the 5% level.

(iii) 0.54+1.96/0.54x 0.46/1055 = 0.54 % 0.03, or 0.51t0 0.57.

(iv) 0.54+2.58+/0.54x0.46/1055 = 0.54 + 0.04, or 0.50 to 0.58.

(v) 0.54+0.67/0.54x0.46/1055 = 0.54+ 0.01, or 0.53t0 0.55.

(c) (i) The probability is 0.95 is any single survey, there are 20 independent surveys, so the
probability if 0.95%° = 0.36
(if) 95% of the 20 confidence intervals or 19.
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(d) The relevant equation is 1.96 x SE(p) <.010r 1.96x ./ p(1— p)/n <.01. Thus n must be chosen so

% so that the answer depends on the value of p. Note that the largest value that
p(1 — p) can take on is 0.25 (that is, p = 0.5 makes p(1 — p) as large as possible). Thus if

n> % = 9604, then the margin of error is less than 0.01 for all values of p.

that n >

(@) No. Because the p-value is less than 5%, =5 is rejected at the 5% level and is therefore not
contained in the 95% confidence interval.

(b) No. This would require calculation of the t-statistic for 2= 5, which requires Y and SE(Y). Only
one the p-value for ¢ =5 is given in the problem.

The null hypothesis in that the survey is a random draw from a population with p =0.11. The
t-statistic is t = f;;?'ﬁl)l, where SE(pP) = p(1- p)/n. (An alternative formula for SE(p) is

0.11x(1-0.11)/n, which is valid under the null hypothesis that p =0.11). The value of the t-statistic
is —2.71, which has a p-value of that is less than 0.01. Thus the null hypothesis p = 0.11(the survey is

unbiased) can be rejected at the 1% level.

1110 il.96(%) or 1110+ 7.62.

Denote the life of a light bulb from the new process by Y. The mean of Y is x and the standard
deviation of Y is &, =200 hours. Y is the sample mean with a sample size n=100. The standard

deviation of the sampling distribution of Y is o =% =% =20 hours. The hypothesis test is

H,:4=2000 vs. H,: 4> 2000 . The manager will accept the alternative hypothesis if Y > 2100

hours.

(@) The size of a test is the probability of erroneously rejecting a null hypothesis when it is valid.
The size of the manager’s test is

size = Pr(Y > 2100]x = 2000) =1— Pr(Y < 2100|x = 2000)

1 Pr[v ~2000 _2100-2000, _ 2000}

20
=1-®(5) =1-0.999999713 = 2.87x10"".

Pr(Y > 2100|x = 2000) means the probability that the sample mean is greater than 2100 hours
when the new process has a mean of 2000 hours.

(b) The power of a test is the probability of correctly rejecting a null hypothesis when it is invalid.
We calculate first the probability of the manager erroneously accepting the null hypothesis when
it is invalid:

Y - 2150 < 2100 -2150

20

B =Pr(Y <2100/ = 2150) = Pr( = 2150}

=d(-2.5)=1-d(2.5)=1-0.9938 = 0.0062.
The power of the manager’s testing is 1— f =1-0.0062 = 0.9938.
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(c) For a test with 5%, the rejection region for the null hypothesis contains those values of the
t-statistic exceeding 1.645.

tact — Y_aCt - 2000

>1.645=y°* > 2000 +1.645x 20 = 2032.9.

The manager should believe the inventor’s claim if the sample mean life of the new product is
greater than 2032.9 hours if she wants the size of the test to be 5%.

10. (a) New Jersey sample size n, =100, sample average Y, =58, sample standard deviation s =8.
The standard error of v, is SE(Y,) = % = ﬁ =0.8. The 95% confidence interval for the mean
score of all New Jersey third graders is

1 =Y, £1.96SE(Y,) =58£1.96x0.8 = (56.432,59.568).

(b) lowa sample size n, =200, sample average Y, =62, sample standard deviation s, =11. The
standard error of v, -y, iISSE(Y,—-Y,)= \/ﬁ = /o5 + 35 =1.1158. The 90% confidence
interval for the difference in mean score between the two states is

t— = (Y1 —Y,) £1L.64SE(Y,-Y>)
=(58-62)+1.64x1.1158 = (-5.8299,—2.1701).

(c) The hypothesis tests for the difference in mean scores is

Hoipy =1, =0 vs. Hppy—p, #0.

From part (b) the standard error of the difference in the two sample means is
SE(Y,-Y,)=1.1158. The t-statistic for testing the null hypothesis is
tact _ Y_l_Y_Z _ 58-62

—_YaTY¥. _ = -3.5849.
SE(Y,-YV,) 1.1158

Use Equation (3.14) in the text to compute the p-value:
p — value = 20 (—{t*|) = 2 (-3.5849) = 2 x 0.00017 = 0.00034.

Because of the extremely low p-value, we can reject the null hypothesis with a very high degree
of confidence. That is, the population means for lowa and New Jersey students are different.

11. Assume that n is an even number. Then ¥ is constructed by applying a weight of 1 to the 4 “odd”
observations and a weight of 3 to the remaining 4 observations.

E(»%E%[%E(Yl)%m)ﬂ %E(Yn1)+§E<Yn)]

_ifin o 3n )
= 5 Hy 59 Hy | = Hy

1(1 9 1 9
var(¥p= F(Zvar(Yl) + Zvar(YZ) +L Zvar(Ynfl) + Zvar(Yn)j

2
_L 1,2.03+9.n.65]:1,25ﬂ,
4 2 n
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12. Sample size for men n, =100, sample average Y, =3100, sample standard deviation s = 200.

Sample size for women n, =64, sample average Y, =2900, sample standard deviation s, = 320.

The standard error of ¥, Y, is SE(Y,—Y,) =[5+ = /2% + - = 44.721.

(a)

(b)

13. (@)

The hypothesis test for the difference in mean monthly salaries is
Hoipy — 1, =0 vs. Hppy—p, #0.
The t-statistic for testing the null hypothesis is

et __Y1—Y, _ 3100-2900

S & & S = 44722,
SE(Y,-Y,) 44721

Use Equation (3.14) in the text to get the p-value:
p-value = 2 (—[t*[) = 2d(—4.4722) = 2x (3.8744 x10°) = 7.7488 x10°°.

The extremely low level of p-value implies that the difference in the monthly salaries for men
and women is statistically significant. We can reject the null hypothesis with a high degree of
confidence.

From part (a), there is overwhelming statistical evidence that mean earnings for men differ from
mean earnings for women. To examine whether there is gender discrimination in the
compensation policies, we take the following one-sided alternative test

Hoipy —1,=0 vs. Hj:py—p,>0.
With the t-statistic t*' = 4.4722, the p-value for the one-sided test is:
p-value =1— d(t*) =1- d(4.4722) =1— 0.999996126 = 3.874 x10°".

With the extremely small p-value, the null hypothesis can be rejected with a high degree of
confidence. There is overwhelming statistical evidence that mean earnings for men are greater
than mean earnings for women. However, by itself, this does not imply gender discrimination by
the firm. Gender discrimination means that two workers, identical in every way but gender, are
paid different wages. The data description suggests that some care has been taken to make sure
that workers with similar jobs are being compared. But, it is also important to control for
characteristics of the workers that may affect their productivity (education, years of experience,
etc.). If these characteristics are systematically different between men and women, then they may
be responsible for the difference in mean wages. (If this is true, it raises an interesting and
important question of why women tend to have less education or less experience than men, but
that is a question about something other than gender discrimination by this firm.) Since these
characteristics are not controlled for in the statistical analysis, it is premature to reach a
conclusion about gender discrimination.

Sample size n =420, sample average Y =654.2, sample standard deviation s, =19.5. The
standard error of Y is SE(Y) = % =195 = (.9515. The 95% confidence interval for the mean test

Ja20
score in the population is

1 =Y +1.96SE(Y) =654.2 +1.96 x 0.9515 = (652.34, 656.06).
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(b) The data are: sample size for small classes n, =238, sample average Yy, =657.4, sample
standard deviation s =19.4; sample size for large classes n, =182, sample average Y , =650.0,

sample standard deviation s, =17.9. The standard error of Y, -Y, is

SE(Y, -Y,) = %ZJF% = 8L 1% —1.8281. The hypothesis tests for higher average scores in
smaller classes is

Hoipy, =21, =0 vs. Hp—p,>0.
The t-statistic is

tact _ Y_l_Y_Z _ 6574 - 6500

= = =4.0479.
SE(Y.-Y>) 1.8281

The p-value for the one-sided test is:
p-value =1— ®(t*) =1— d(4.0479) =1—-0.999974147 = 2.5853x10"°.

With the small p-value, the null hypothesis can be rejected with a high degree of confidence.
There is statistically significant evidence that the districts with smaller classes have higher
average test scores.

14. We have the following relations: 1in=0.0254 m (or1m=39.37in), 1lb=0.4536 kg

15.

16.

(or 1kg = 2.2046 Ib). The summary statistics in the metric system are X =70.5x0.0254 =1.79 m;
Y =158x0.4536 = 71.669 kg; s, =1.8x0.0254 = 0.0457 m; s, =14.2x 0.4536 = 6.4411kg;
S,y =21.73x0.0254 x 0.4536 = 0.2504 m x kg, and r,, = 0.85.

Let p denote the fraction of the population that preferred Bush.
(a) p=405/755=0.536; SE (p) =.0181; 95% confidence interval is p+1.96 SE (p) or 0.536 +.036
(b) p=378/756 =0.500; SE(p) =.0182; 95% confidence interval is p+1.96 SE(p) or 0.500 + 0.36

(©) Psep — Pow = 0.036; SE(Ps,, — Powr) = \/ 05%0L05%) 1 05C-29) (because the surveys are independent.
The 95% confidence interval for the change in p is (pSep — Pox) £1.96 SE(pSep — Po) OF
0.036 +.050. The confidence interval includes (pg,, — Po.) = 0.0, so there is not statistically
significance evidence of a change in voters’ preferences.

(a) The 95% confidence interval if Y £1.96 SE(Y) or 1013+1.96 x % or1013+9.95.

(b) The confidence interval in (a) does not include = 0, so the null hypothesis that =0 (Florida
students have the same average performance as students in the U.S.) can be rejected at the 5%
level.

(c) (i) The 95% confidence interval is Yprep Yion orep £1.96 SE Wprep Non_prep) WHETE

_ Sﬁrep Snzon—prep _ |os? 108> _ . 0 i i i
SE(Y ey — Yaon- prep) = o F e =55 + 45y = 6.61; the 95% confidence interval is

(1019 -1013) +12.96 or 6+12.96.

(i) No. The 95% confidence interval includes ., — =0.

/unon—prep
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17.

18.

(d) (i) Let X denote the change in the test score. The 95% confidence interval for g is
X +£1.96 SE(X), where SE(X) = 60 = 2.82; thus, the confidence interval is 9+5.52.

(if) Yes. The 95% confidence mterval does not include ux = 0.

(iii) Randomly select n students who have taken the test only one time. Randomly select one half
of these students and have them take the prep course. Administer the test again to all of the n
students. Compare the gain in performance of the prep-course second-time test takers to the
non-prep-course second-time test takers.

(a) The 95% confidence interval is Y, .0, — Y 1062 £1.96 SE(Y,, 5000 — Yy 109,) Where

Sr%,zoozt Sm,1992 __ [10. 392
Nm, 2004 Nm, 1992 - 1901 1592

(21.99 —20.33) £ 0.63 or 1.66 + 0.63.
(b) The 95% confidence interval is Y,

w, 2004

SE(Y.

m, 2004 m,1992) =

=0.32; the 95% confidence interval is

Y_w 1992 +1.96 SE(YW, 2004 _Y_w,1992) where

sa sa . . .
SE(Y,, s00s = Yy 1000) = | oo + 52 = [8I8 1 880 — (0. 27; the 95% confidence interval is

(18.47-17.60) £ 0.53 or 0.87 + 0.53.
(c) The 95% confidence mterval is
(Ym 2004 Ym 1992) ( w,2004 ~ 'w, 1992) +1 96 SE[(Ym 2004 Ym 1992) ( w,2004 W,1992 )]’ Where

%200 | Smissz | Swoow | Su 204 _ \/10 39° |, 8.70° |, 8.16% |, 6.90° __
SE[(Ym 2004 ITI 1992) (YW 2004 W 1992 )] \/ + + - 1901 + 1592 + 1739 + 1370 042

N, 2004 Nm, 1992 Mw, 2004 Nw, 2004

The 95% confidence interval is (21.99 — 20.33) — (18.47 — 17.60) + 1.96 x 0.42 or 0.79 £ 0.82.

Y,,... Y, are i.i.d. with mean z, and variance . The covariance cov (Y ,Y,)=0, j=i. The

ir i
sampling distribution of the sample average Y has mean s, and variance var (Y) = o’ ="T3.
(a)
EL(Y, —Y)*1=E{I(Y, - ) — (Y = 4,)I}
= E(Y, — 24 )* = 20Y, = o )V = ) + (¥ = 1, )°]

= E(Y, — 24 )" 1= 2EL(Y, — 4 )(Y = . )1+ EL(Y = 14, )°]
=var(Y,) - 2cov(Y,,Y)+var(Y).
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(b)

(©)

cov(Y,Y) = EF(V—,UY)(Yi — )]

=E{ SR (Y —24,)
n Hy (N — Ly

—E [—Zj:log _M)J(Yi —m)}

— LY, - )+ LY, - )0 - )]

]#I

=15Y+ Zcov(YJ,Y)

n j=i

2

_oy
n

ol

:Tz E[(Yi _Y_)z]

- —Z[var (Y,)—2cov(Y,,Y) +var(Y)]

_|1

_ L[ 9,00, 00
n-1= n n
1 n{n—l 2]

= —_— —O'Y
n-143'{ n

_ 2
=0y.

19. (a) No. E(Y?)=oy + 1 and E(Y,Y,) = 4 fori# j. Thus

(b) Yes. If Y gets arbitrarily close to 24 with probability approaching 1 as n gets large, then Y2 gets
arbitrarily close to 4 with probability approaching 1 as n gets large. (As it turns out, this is an
example of the “continuous mapping theorem” discussed in Chapter 17.)

ENZ)ZE(%E“YJ > ZE(Y )+

=Y S EMY)

i=l =i

1

2 2
= Uy +—CTY

n



Solutions to Exercises in Chapter 3 23

20. Using analysis like that in equation (3.29)
1 & . _
Sxv :n Z(xi_x)(Yi -Y)
4=l

1@ - _
=ﬁh;<xi — )Y, _#Y)Hﬁj(x — 1) - )

because )_(—p>/¢X and \7—‘3;&{ the final term converges in probability to zero.

Let W, = (X, — 2, )(Y; — 4, ). Note W; is iid with mean oxy and second moment

ELX, — )2 (Y, — 44,21 But EL(X, = 4,2 (Y, — 11, )21 S\JE(X, — )  JE(Y, = 1,)* from the Cauchy-
Schwartz inequality. Because X and Y have finite fourth moments, the second moment of W; is finite,

so that it has finite variance. Thus %ZLV\/i BEW,) =0,,. Thus, s,, >0, (because the term

L —1).
21. Setn,=n, =n, and use equation (3.19) write the squared SE of Y_-Y, as

1 _ 1 _
72?:1 mi _Ym)2 72?:1 wi _Yw)2
[SE(Y, —V,)F = ("= - AU -

= ZF:l(Ymi _Y_m)z +ZF:1(Ywi _Y_w)2
n(n-1) '

Similary, using equation (3.23)

1
2(n-1)

1
(n-9)

{ZL (Y _Y_m)2 +

2n

Zin=1 wi _Y_w)z:|

[SEpooIed (Y_m _Y_w)]2 =

_ 2 (Vo = Yo)? + 20 (Y = V0)°
n(n-1) '




Chapter 4

Linear Regression with One Regressor

B Solutions to Exercises

1.

(@) The predicted average test score is

TestScore =520.4-5.82x 22 =392.36

(b) The predicted change in the classroom average test score is
ATestScore = (-5.82x19) — (-5.82x 23) = 23.28

(c) Using the formula for,é0 in Equation (4.8), we know the sample average of the test scores across
the 100 classrooms is

TestScore = 4+ j,x CS = 520.4 —5.82x 21.4 = 395.85.

(d) Use the formula for the standard error of the regression (SER) in Equation (4.19) to get the sum
of squared residuals:

SSR = (n — 2)SER? = (100 — 2) x11.5* =12961.

Use the formula for R? in Equation (4.16) to get the total sum of squares:

Tss= ooR _ 12901 _1q04
1-R? 1-0.08

The sample variance is s, = 132 =104 =131 8. Thus, standard deviation is s, =\/¥ =115.

-1~ 99
The sample size n=200. The estimated regression equation is

Weight = (2.15) —99.41+ (0.31) 3.94Height, R?=0.81, SER=10.2.
(@) Substituting Height =70, 65,and 74 inches into the equation, the predicted weights are 176.39,
156.69, and 192.15 pounds.
(b) AWeight =3.94x AHeight =3.94x1.5=5.91.

(c) We have the following relations: 1in=2.54 cmand 11b =0.4536 kg. Suppose the regression
equation in the centimeter-kilogram space is

Weight = 7, + 7, Height .
The coefficients are y,=-99.41x 0.4536 = —45.092 kg; y,=3.94x 5% = 0.7036 kg per cm. The

254

R? is unit free, so it remains at R* = 0.81. The standard error of the regression is
SER =10.2x 0.4536 = 4.6267 kg.
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3.

(a)

(b)

(©)
(d)

(€)

(f)
(9)

(a)

(b)

(©)

(@)

(b)
(©)

(d)

The coefficient 9.6 shows the marginal effect of Age on AWE; that is, AWE is expected to
increase by $9.6 for each additional year of age. 696.7 is the intercept of the regression line. It
determines the overall level of the line.

SER is in the same units as the dependent variable (Y, or AWE in this example). Thus SER is
measures in dollars per week.

R? is unit free.
(i) 696.7+9.6x25=3$936.7:
(il) 696.7+9.6x45=$1,128.7

No. The oldest worker in the sample is 65 years old. 99 years is far outside the range of the
sample data.

No. The distribution of earning is positively skewed and has kurtosis larger than the normal.

B, =Y - X, sothat Y = 3, + BX. Thus the sample mean of AWE is 696.7 + 9.6 x 41.6 =
$1,096.06.

(R-R,)=pB(R, —R,)+u,so that var (R-R,) = #° xvar(R_ —R,)+var(u)+28xcov(u,R_—R,).
But cov(u, R, —R,)=0,thus var(R-R,) = #° xvar(R, —R,)+var(u). With > 1, var(R — Ry) >
var(Rnm — Ry), follows because var(u) > 0.

Yes. Using the expression in (a)

var(R-R,)-var(R, —R,)=(B*-1)xvar(R, —R,)+var(u),which will be positive if

var(u) > (1- g*)xvar(R. —R;).

R, —R; =7.3%—-3.5%=3.8%. Thus, the predicted returns are

R=R, +B(R, —R,)=3.5%+ 3x3.8%

Kellog: 3.5%+ 0.24x3.8% = 4.4%

Waste Management: 3.5%+ 0.38x3.8% =4.9%

Sprint: 3.5%+ 0.59% 3.8% =5.7%

Walmart: 3.5% + 0.89x 3.8% = 6.9%

Barnes and Noble: 3.5%+1.03x3.8%=7.4%

Best Buy: 3.5%+1.8x3.8%=10.3%
Microsoft; 3.5%+1.83x3.8% =10.5%

u; represents factors other than time that influence the student’s performance on the exam
including amount of time studying, aptitude for the material, and so forth. Some students will
have studied more than average, other less; some students will have higher than average aptitude
for the subject, others lower, and so forth.

Because of random assignment u; is independent of X;. Since u; represents deviations from
average E(u;) = 0. Because u and X are independent E(uj|X;) = E(u;) = 0.

(2) is satisfied if this year’s class is typical of other classes, that is, students in this year’s class
can be viewed as random draws from the population of students that enroll in the class. (3) is
satisfied because 0 < Y; <100 and X; can take on only two values (90 and 120).

(i) 49+0.24x90=70.6; 49+0.24x120 =77.8; 49+ 0.24x150 =85.0

(i) 0.24x10=2.4.
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6. Using E(u;|X;)=0, we have
EWi |Xi) = E(:Bo + ﬂlxi +4; |Xi) = ﬂo +181E(Xilxi) + E(ui |Xi) = ﬂo +181Xi~

7.  The expectation of /}0 is obtained by taking expectations of both sides of Equation (4.8):

E(B,)=E(Y - X) = E{

,Bo +ﬂ1>_<+%i ui]_’gl)_(:|
~ o+ BB~ AR+ T Y EWIK) = i

where the third equality in the above equation has used the facts that ,31 is unbiased so E(4, —,31) =0
and E(u,[X,)=0.

8. The only change is that the mean of [»’0 is now /4 + 2. An easy way to see this is this is to write the
regression model as

Y= (B, +2)+ BX, + (U, ~2).

The new regression error is (u; — 2) and the new intercept is (% + 2). All of the assumptions of Key
Concept 4.3 hold for this regression model.

9. (a) With 3,=0,3,=Y, and Y, = 3, =Y. Thus ESS =0 and R? = 0.
(b) IfR?=0, then ESS =0, so that Y. =Y foralli. But Y, = 8, + X, sothat Y, =Y for all i, which
implies that ﬁl =0, or that X; is constant for all i. If X; is constant for all i, then z:‘_l(xi -X)?2=0
and ,@1 is undefined (see equation (4.7)).
10. (@) E(uiiX=0)=0and E(ui|X =1) =0. (X;, ) are i.i.d. so that (X;, Y;) are i.i.d. (because Y; is a
function of X; and u;). X; is bounded and so has finite fourth moment; the fourth moment is non-

zero because Pr(X; = 0) and Pr(X; = 1) are both non-zero. Following calculations like those
exercise 2.13, u; also has nonzero finite fourth moment.

(b) var(X;)=0.2x(1-0.2)=0.16and x, =0.2. Also
var[(X; — g, )u;] = E[(X; — 44y )ui]2
=E[(X, — g, )u,[X; = 0F x Pr(X, = 0) + E[(X; — s, )u,|[X; =1F x Pr(X, =1)

where the first equality follows because E[(X; — u)ui] = 0, and the second equality follows from
the law of iterated expectations.

E[(X, = )u;[X, =01 =0.2* x1, and E[(X; — g, )u,[X; =1]° = (1 0.2)* x 4.
Putting these results together

2 2
52 - 1027 x1x O.8)+((1;0.2) x4x02) 1,
Aon 0.16 n
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11.

12.

(@) The least squares objective function is z.nf (Y, —b,X,)% Differentiating with respect to b; yields

DXL (Yi-bX)*
Tl

yields ﬂl > xz .

22. _ Xi(Y; =B X;). Setting this zero, and solving for the least squares estimator

(b) Following the same steps in (a) yields j3, = Zi";lf:;:;‘”
(@) Write
eSS =07, -7 = 2 (A + A, -V = L LA, -
AEX‘”‘[Z§Q;§QWJ
So that
v B [EL -0 -]

I -V X (X - X)L (Y, - V)

AELOG-R0-D |
_\/ﬁzind(xi - )_()2 \/n%lzun:l“ _Y_)2

2

SXY

S8

(b) This follows from part (a) because ryy = ryx.




Chapter 5

Regression with a Single Regressor:
Hypothesis Tests and Confidence Intervals

B Solutions to Exercises

1 (a) The 95% confidence interval for g, is {-5.82+£1.96x2.21}, that is—10.152 < f, <—1.4884.
(b) Calculate the t-statistic:

c o
o B0 582 5 easp
SE(ﬁl) 2.21

The p-value for the test H,: 5, =0 vs. H,: 5, #0 is

p-value = 20 (—[t*|) = 2 (-2.6335) = 2 x 0.0042 = 0.0084.

The p-value is less than 0.01, so we can reject the null hypothesis at the 5% significance level,
and also at the 1% significance level.

(c) The t-statistic is
po L5802
SE(B) 2.21

The p-value for the test H,: f,=-5.6 vs. H,: f,#-5.6 is

p-value = 2® (—|t**|) = 2 (-0.10) = 0.92

The p-value is larger than 0.10, so we cannot reject the null hypothesis at the 10%, 5% or 1%
significance level. Because S, =—-5.6 is not rejected at the 5% level, this value is contained in
the 95% confidence interval.

(d) The 99% confidence interval for /% is {520.4 +£2.58 x 20.4}, that is, 467.7 < 3, <573.0.

2. (a) The estimated gender gap equals $2.12/hour.
(b) The hypothesis testing for the gender gap is H,: 5, =0 vs. H, : 8, # 0. With a t-statistic

w_ A0 212 g
SE(3) 036

the p-value for the test is
p-value = 2 (—[t**|) = 2d (-5.89) = 2x 0.0000 = 0.000 (to four decimal places)

The p-value is less than 0.01, so we can reject the null hypothesis that there is no gender gap at a
1% significance level.
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(c) The 95% confidence interval for the gender gap £, is {2.12+£1.96 x0.36}, that is,
141< B, £2.83.

(d) The sample average wage of women is ,30 =$12.52/hour. The sample average wage of men is
Bo+ p,=$12.52 +$2.12 = $14.64/hour.

(e) The binary variable regression model relating wages to gender can be written as either
Wage = £, + f,Male +u,,
or
Wage =y, + y,Female +v,.
In the first regression equation, Male equals 1 for men and O for women; £, is the population
mean of wages for women and £, + /3, is the population mean of wages for men. In the second
regression equation, Female equals 1 for women and O for men; y, is the population mean of

wages for men and y, +y, is the population mean of wages for women. We have the following
relationship for the coefficients in the two regression equations:

Yo=Po+ B
70+71:ﬂ0-

Given the coefficient estimates 2, and g , we have

Vo= B,+ B,=14.64,

V1= By 7Ve=—p, =212
Due to the relationship among coefficient estimates, for each individual observation, the OLS
residual is the same under the two regression equations: {j; = v;. Thus the sum of squared

residuals, SSR = zi”:laiz, is the same under the two regressions. This implies that both

n-1 TSS

SER =(ﬁ)% and R? =1—52 are unchanged.

In summary, in regressing Wages on Female, we will get
Wages =14.64 —2.12Female, R?=0.06, SER=4.2.

The 99% confidence interval is 1.5 x {3.94 + 2.58 x 0.31) or 4.71 Ibs < WeightGain < 7.11 Ibs.

(@) —3.13 +1.47 x 16 = $20.39 per hour
(b) The wage is expected to increase from $14.51 to $17.45 or by $2.94 per hour.

(c) The increase in wages for college education is £, x 4. Thus, the counselor’s assertion is that
B =10/4 = 2.50. The t-statistic for this null hypothesis is t =24=2%0 14,71 which has a

0.07
p-value of 0.00. Thus, the counselor’s assertion can be rejected at the 1% significance level. A
95% confidence for B x 4 is 4 x (1.47 + 1.97 x 0.07) or $5.33 < Gain < $6.43.
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5 (a) The estimated gain from being in a small class is 13.9 points. This is equal to approximately 1/5
of the standard deviation in test scores, a moderate increase.

(b) The t-statistic is t** =232 =556, which has a p-value of 0.00. Thus the null hypothesis is
rejected at the 5% (and 1%) level.
(c) 13.9+2.58 x2.5=13.9 £ 6.45.

6. (&) The question asks whether the variability in test scores in large classes is the same as the
variability in small classes. It is hard to say. On the one hand, teachers in small classes might able
so spend more time bringing all of the students along, reducing the poor performance of
particularly unprepared students. On the other hand, most of the variability in test scores might be
beyond the control of the teacher.

(b) The formulain 5.3 is valid for heteroskesdasticity or homoskedasticity; thus inferences are valid
in either case.

7. (@) The t-statistic is 22 =2.13 with a p-value of 0.03; since the p-value is less than 0.05, the null
hypothesis is rejected at the 5% level.

(b) 3.2+1.96x1.5=3.2+2.94

(c) Yes.IfY and X are independent, then /£ = 0; but this null hypothesis was rejected at the 5% level
in part (a).

(d) . would be rejected at the 5% level in 5% of the samples; 95% of the confidence intervals would
contain the value 4, = 0.

8. (a) 43.2+2.05x10.20r43.2+20.91, where 2.05 is the 5% two-sided critical value from the tyg
distribution.

(b) The t-statistic is t* =25 = (.88, which is less (in absolute value) than the critical value of
20.5. Thus, the null hypothesis is not rejected at the 5% level.

(c) The one sided 5% critical value is 1.70; t* is less than this critical value, so that the null
hypothesis is not rejected at the 5% level.

9. (@) B=<(Y,+Y,+L +Y,) sothatitis linear function of Yy, Y5, ..., Yn.

(b) E(YilXy, ..., Xp) = X, thus
E(BIX,K, X)) = E%l(\(1 +Y,+L +Y )X, K, X))
n
11
:7Hﬂl(xl +L + Xn) = ﬂl
10. Let ny denote the number of observation with X = 0 and n; denote the number of observations with

X =

Linotethat D" X, =n; X=njn; " XY, =V;

n n’

(% -X)2=Y " XE-nX?=n -2 = nl( —i) =2 nY, +nY, =" Y, sothat

c nT T
Y _TY1+TY0
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From the least squares formula

p _ Zinzl(xi - >_()(Y| _Y_) _ Zinzl Xi(Yi _Y_) _ Zin:1 XiYi _Y_nl

B . - === =
' (X = X)? XX = X)? n,n,|n
N(c No No) o o
:—O(Yl—Y)—n—O( _Fl 1_FOY0):Y1_YO
~ — ~— (n No) & o N N+N,-
and 3, =Y — X :(FOYMLFlYlj—(Yl—YO)Fl: LR, =Y,

11. Using the results from 5.10, 3, =Y and 3, =Y, —Y . From Chapter 3, SE(Y_) = SF and

SE(Y,-Y,)= j—2+§—3“ Plugging in the numbers /4, =523.1 and SE(,) =6.22; 3, =-38.0 and
SE(f3,)=7.65.
12. Equation (4.22) gives

o2 =AU here H, =1-

" n[E(H2)]

Using the facts that E (u,|X;)=0 and var (u;|X,) = o> (homoskedasticity), we have

Hy
E(Xiz) X,.

= —_ ILIX = ) — ILIX . . .
E(Hiui)_ E ui E(Xlz) Xiui E(ul) E(Xlz) E[XlE(u||X|)]
=0-—*x x0=0
E(X?) ’
and
27 _ /ux
E[(Hiui) ]_E ui E[XIZ] xlul

2
—E U -2tk X.u.2+[ s ]xfu?

~Efu)-2 E{XiEtuﬂxiH TE{XfE(UfIXJ}

()

Because E(H,u,)=0, var(H,u,)=E[(H,u,)?],so
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var (H,u,) = E[(H,u;)’] :[1_Eﬂ—f)]of-

We can also get

. ZE(ﬂ;:Z) ; [ﬁ?(xf) :1_5@)'

Thus
(1— ,uxzz Ja&
o2 o var(Hu) _ E(X7) _ o
& [nE(Hf)Z} [ n|1- H
E(X?) E(X7)
__E(der_E(X)er
CnE(XP -] noy
13. (@) Yes
(b) Yes

(c) They would be unchanged
(d) (a) is unchanged; (b) is no longer true as the errors are not conditionally homosckesdastic.
14. (a) From Exercise (4.11), ,B:ZaiYi where a, ZZL Since the weights depend only on X; but

n 2 "
X4
j=]

notonY;, ﬁ is a linear function of Y.

i KEUX, K X,)

(b) E(BIX,K X )=+ . = 3 since E(u|X, K, X )=0
2L X
~ n 2 2
© Var (BIX,K , X ) = 252 X;"Var (ui|X12,K X)) _ o :
n 2 n X
I:Zi:lxj] i=1 7%

(d) This follows the proof in the appendix.

15. Because the samples are independent, ﬁA’m,l and /}WJ are independent. Thus
var (,Bm’l - Bw,l) =var (ﬁm,l) + var(,é’wyl). Var (Bm,l) is consistently estimated as [SE( ,ém,l)]z and
Var (ﬁw,l) is consistently estimated as [SE( ,l@wvl)]z, so that var(,[;’m1 - ,éw,l) is consistently estimated

by [SE( ,lgm)]2 +[SE( ﬁw,l)]z, and the result follows by noting the SE is the square root of the
estimated variance.



Chapter 6

Linear Regression with Multiple Regressors

B Solutions to Exercises

1. By equation (6.15) in the text, we know
n-1
n-k-1

Thus, that values of R? are 0.175, 0.189, and 0.193 for columns (1)—(3).

R?=1- (1-R?).

2. (a) Workers with college degrees earn $5.46/hour more, on average, than workers with only high
school degrees.

(b) Men earn $2.64/hour more, on average, than women.

3. (a) Onaverage, a worker earns $0.29/hour more for each year he ages.
(b) Sally’s earnings prediction is 4.40 +5.48x1—2.62x1+0.29x 29 =15.67 dollars per hour. Betsy’s

earnings prediction is 4.40 +5.48x1-2.62x1+0.29x 34 =17.12 dollars per hour. The difference
is 1.45

4. (a) Workers in the Northeast earn $0.69 more per hour than workers in the West, on average,
controlling for other variables in the regression. Workers in the Northeast earn $0.60 more per
hour than workers in the West, on average, controlling for other variables in the regression.
Workers in the South earn $0.27 less than workers in the West.

(b) The regressor West is omitted to avoid perfect multicollinearity. If West is included, then the
intercept can be written as a perfect linear function of the four regional regressors. Because of
perfect multicollinearity, the OLS estimator cannot be computed.

(c) The expected difference in earnings between Juanita and Jennifer is —0.27 —0.6 =—-0.87.

5. (a) $23,400 (recall that Price is measured in $1000s).

(b) In this case ABDR =1 and AHsize = 100. The resulting expected change in price is 23.4 + 0.156 x
100 = 39.0 thousand dollars or $39,000.

(c) The loss is $48,800.
(d) Fromthe text R® =1—-221-(1-R?), so R® =1-1k1(1-R?), thus, R*=0.727.

k-1

6. (a) There are other important determinants of a country’s crime rate, including demographic
characteristics of the population.
(b) Suppose that the crime rate is positively affected by the fraction of young males in the
population, and that counties with high crime rates tend to hire more police. In this case, the size
of the police force is likely to be positively correlated with the fraction of young males in the

population leading to a positive value for the omitted variable bias so that £, > f,.
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7. (a) The proposed research in assessing the presence of gender bias in setting wages is too limited.
There might be some potentially important determinants of salaries: type of engineer, amount of
work experience of the employee, and education level. The gender with the lower wages could
reflect the type of engineer among the gender, the amount of work experience of the employee,
or the education level of the employee. The research plan could be improved with the collection
of additional data as indicated and an appropriate statistical technique for analyzing the data
would be a multiple regression in which the dependent variable is wages and the independent
variables would include a dummy variable for gender, dummy variables for type of engineer,
work experience (time units), and education level (highest grade level completed). The potential
importance of the suggested omitted variables makes a “difference in means” test inappropriate
for assessing the presence of gender bias in setting wages.

(b) The description suggests that the research goes a long way towards controlling for potential
omitted variable bias. Yet, there still may be problems. Omitted from the analysis are
characteristics associated with behavior that led to incarceration (excessive drug or alcohol use,
gang activity, and so forth), that might be correlated with future earnings. ldeally, data on these
variables should be included in the analysis as additional control variables.

8. Omitted from the analysis are reasons why the survey respondents slept more or less than average.
People with certain chronic illnesses might sleep more than 8 hours per night. People with other
illnesses might sleep less than 5 hours. This study says nothing about the causal effect of sleep on
mortality.

9. For omitted variable bias to occur, two conditions must be true: X; (the included regressor) is
correlated with the omitted variable, and the omitted variable is a determinant of the dependent
variable. Since X; and X, are uncorrelated, the estimator of £, does not suffer from omitted variable
bias.

10. (@)

1 1 o
Ou="17_2 |2
ton 1_px1,x2 Oy,
Assume X; and X, are uncorrelated: p>2<1x2 =0
, 1 1 |4
o =——| —— |[—
A 400[1-0 16

1
400

S 0.00167
600

ols

(b) With p, , =05
o2 _L[;F
A 400|1-0.5" |6

_ 1)1 52,0022
400 0.75 |6
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(c) The statement correctly says that the larger is the correlation between X; and X; the larger is the
variance of f,, however the recommendation “it is best to leave X, out of the regression” is
incorrect. If X, is a determinant of Y, then leaving X, out of the regression will lead to omitted
variable bias in .

(a)
Z(Yu -bX, _bZXZi)Z
(b)
oY _bla? -b,X,) =23 X, (Y, — b, X, —b,X,)
02 (Y, - blai:()li — B, %) :—ZZ Xy (Y =B X = b, X))

(c) From (b), 3, satisfies
Z Xli (Yi - ﬁlxli - BIXZi) = 0

P ZXiYi_A ZXiXi
or 1812 1 ﬂzz 1i /N2
X

and the result follows immediately.
(d) Following analysis as in (c)

ﬁ _ ZXziYi _’glleiXZi
’ X5

and substituting this into the expression for ,31 in (c) yields

X2iYi _ﬁl >(1iX2i
~ Z XliY %Z Xli X2i

Solving for [§1 yields:

3 — X3 L XY, = XXy Xy XXV,
l 2 Xlzi 2 X22i — (XX Xy )2

(e) The least squares objective function is Z(Yi —b, —b, X, —b,X,;)* and the partial derivative with
respect to by is
az(Yi — bo — blxli — bzx
ob,

2
Zi) :_zz(Yi _bo _blxli _bZXZi)'

Setting this to zero and solving for 3, yields: g, =Y — B.X, - 3,X,.



36 Stock/Watson - Introduction to Econometrics - Second Edition

(f)
0 ~ ~
%Z 0= _Z XY, +ﬁZZX1iY2i "'ﬂllezi =0
’glz X12i = z XliYi - ﬁzz Xli X2i
IB _ X XY = B, 2 XYy
02 - “ ,
%ZO: _Z XaiYi +ﬂlleixzi "':Bzzxﬁ =0
2
Bzz xzzi :z xZiYi - ﬁlz Xli XZi
,‘g _ 2 XY = BLEXY,
’ X
(9)

Yi = ,Bo +ﬂ1X1i +:Bzx2i +u
u =Y, _(:Bo + B X +ﬁ2x2i)

iuf = z[Yu - (ﬂo + ﬂlxli + ﬂZXZi)]Z
= Z[(Yu _ﬂo - ﬁlxli - ﬂzxzi)(Yi - ﬂo - :leii - ﬂzxzi)]
= Z[le =Y, By =Y B Xy =V B X = BoYi + By + Bo B Xy + B X

— BXGY+ BXu By + BIXG + BXy By Xy = B XY + By Xo By + B X BX + By X5 ]
= Z[Yi2 - ZﬂOYi - ZﬂlxliYi - Zﬂz XZiYi + 1802 + 2ﬂoﬂ1X1i + Zﬂoﬂz X2i

+2181182 Xli X2i + ﬂllezi + 1822 Xzzi]

1 _ _ _
= HZYIZ - ZIBOY - 2ﬂ12 XliYi - Zﬂzz XZiYi + ﬂoz + Zﬂoﬂlxl + 2180182 Xz

+28,, Z XXy + :Blz Z X12i + ﬂzz Z X22i

aiz—ZY_+2ﬁ0 +2/}1>_<1 +2ﬁziz =0= 2,&0 =2Y_—2,é1>_(1_2:‘g2)_(2



Chapter 7
Hypothesis Tests and Confidence Intervals
In Multiple Regression

B Solutions to Exercises

1.
Regressor D 2 3

College (Xy) 5.46** 5.48** 5.44**
(0.21) (0.21) (0.21)

Female (Xy) —2.64** -2.62** —2.62**
(0.20) (0.20) (0.20)

Age (X3) 0.29** 0.29**
(0.04) (0.04)
Ntheast (X4) 0.69*
(0.30)
Midwest (Xs) 0.60*
(0.28)
South (Xe) -0.27
(0.26)

Intercept 12.69** 4.40** 3.75**
(0.14) (1.05) (1.06)

(a) The t-statistic is 5.46/0.21 = 26.0 > 1.96, so the coefficient is statistically significant at the 5%
level. The 95% confidence interval is 5.46 + 1.96 x 0.21.

(b) t-statistic is —2.64/0.20 = —13.2, and 13.2 > 1.96, so the coefficient is statistically significant at
the 5% level. The 95% confidence interval is —2.64 + 1.96 x 0.20.

3. (a) Yes, age is an important determinant of earnings. Using a t-test, the t-statistic is 22 = 7.25, with
a p-value of 4.2 x 107, implying that the coefficient on age is statistically significant at the 1%
level. The 95% confidence interval is 0.29 + 1.96 x 0.04.
(b) AAge x [0.29 +1.96 x 0.04] =5 x [0.29 + 1.96 x 0.04] = 1.45+ 1.96 x 0.20 = $1.06 to $1.84

4. (a) The F-statistic testing the coefficients on the regional regressors are zero is 6.10. The 1% critical
value (from the F,  distribution) is 3.78. Because 6.10 > 3.78, the regional effects are significant
at the 1% level.

(b) The expected difference between Juanita and Molly is (X juanita — Xemolty) % s = fFs. Thus a 95%
confidence interval is —0.27 + 1.96 x 0.26.



38

Stock/Watson - Introduction to Econometrics - Second Edition

(c) The expected difference between Juanita and Jennifer is (Xs juanita — Xs.sennifer) X B + (X6 juanita —
Xegenniter) X o == + fo. A 95% confidence interval could be contructed using the general methods
discussed in Section 7.3. In this case, an easy way to do this is to omit Midwest from the regression
and replace it with Xs = West. In this new regression the coefficient on South measures the
difference in wages between the South and the Midwest, and a 95% confidence interval can be
computed directly.

The t-statistic for the difference in the college coefficients is
(ﬂcollege 1998 ﬂcollege 1992)/SE(ﬂcollege 1998 ﬂcollege 1992) Because ﬂcollege 1998 and ﬂcollege 1992 are CompUtEd

from independent samples, they are independent, which means that cov(ﬂw,,egevlggs, ﬂco,,ege,lggz) 0

ThUS, Var(ﬂcollege,lg% - ﬁcollege,lggz) = Var(ﬂcollege,lQQB) + Var(ﬂcollege,lQQS)‘ ThIS ImplleS that

SE(Bonege1006 — Brotegosssn) = (0.21° + 0.20%)7. Thus, t* =545 _— 6552, There is no significant

(0.212+0.20%)2
change since the calculated t-statistic is less than 1.96, the 5% critical value.

In isolation, these results do imply gender discrimination. Gender discrimination means that two
workers, identical in every way but gender, are paid different wages. Thus, it is also important to
control for characteristics of the workers that may affect their productivity (education, years of
experience, etc.) If these characteristics are systematically different between men and women, then
they may be responsible for the difference in mean wages. (If this were true, it would raise an
interesting and important question of why women tend to have less education or less experience than
men, but that is a question about something other than gender discrimination.) These are potentially
important omitted variables in the regression that will lead to bias in the OLS coefficient estimator for
Female. Since these characteristics were not controlled for in the statistical analysis, it is premature to
reach a conclusion about gender discrimination.
(a) The t-statistic is % =0.186 <1.96. Therefore, the coefficient on BDR is not statistically
significantly different from zero.
(b) The coefficient on BDR measures the partial effect of the number of bedrooms holding house
size (Hsize) constant. Yet, the typical 5-bedroom house is much larger than the typical
2-bedroom house. Thus, the results in (a) says little about the conventional wisdom.

(c) The 99% confidence interval for effect of lot size on price is 2000 x [.002 + 2.58 x .00048] or
1.52 to 6.48 (in thousands of dollars).

(d) Choosing the scale of the variables should be done to make the regression results easy to read
and to interpret. If the lot size were measured in thousands of square feet, the estimate coefficient
would be 2 instead of 0.002.

(e) The 10% critical value from the F,  distribution is 2.30. Because 0.08 < 2.30, the coefficients
are not jointly significant at the 10% level.
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8. (a) Using the expressions for R and R? algebra shows that

R2=1-— "1 Ry sor?=1- 1K1 Ry
n-k-1 n-1
Column 1: R? =1—w(1— 0.049) = 0.051
420-1
Column 2: R* = 1—M(1— 0.424) =0.427
420-1
Column 3: R? =1—M(1— 0.773)=0.775
420-1
Column 4: R? =1—M(1— 0.626) = 0.629
420-1
Column 5: R? =1—M(1—0.773) =0.775
420-1
(b) Hy:B,=4,=0
H B # B,#0
Unrestricted regression (Column 5): Y = B, + BX, + B, X, + B X, + B,X,, R ieq =0.775
Restricted regression (Column 2): Y = B, + BX, + B,X,, R’ g = 0.427
(Rjnres ricted eres ricte )/q
FHomoskedasticityOnly = 2 ticed ticed y N= 420' kunrestricted = 4' q = 2
(1_ Runreslricted)/(n - kunrestricted - )
(0.775-0.427)/2  0.348/2  0.174 39292

T (1-0.775)/(420—4—1)  (0.225)/415 0.00054

5% Critical value form Fy0 = 4.61; Friomoskedasticityonty > F2,00 SO Hy 1S rejected at the 5% level.

(c) t3=-13.921 and t, =0.814, q = 2; |ts| > ¢ (Where c = 2.807, the 1% Benferroni critical value
from Table 7.3). Thus the null hypothesis is rejected at the 1% level.

(d) —1.01 +2.58 x 0.27
9. (a) Estimate
Y= By +r Xy + B (X + X)) +u,

and test whether y=0.
(b) Estimate

Y= By +r Xy + By (X —aXy) +u,

and test whether y=0.
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(c) Estimate
Y= Xy =B+ X+ B (Xy = X)) + U,
and test whether y=0.

10. Because R?=1-8 R?

TSS ! unrestricted

_ 2 — SSRrearic(ed _SSRunreslrimed _ 2 — SSRunreslricIed
Rrestricted - TSS and 1 Runrestricted - TSS . Thus
2 2
— (Runrestricted _ Rrestricted )/ q
(1-R? )(n—k

unrestricted

1)

unrestricted

SSRres\ricted 7SSRunrestricted
TSS /q

SSR nrestricted _
u‘?’géme /(n k

D

unrestricted

— (SSRrestricted — SSRunrestricted )/q
SSR I(n—k i)

unrestricted unrestricted



Chapter 8

Nonlinear Regression Functions

B Solutions to Exercises

1.

(@)

(b)

(©)

(a)

()

(©)

(d)

(€)

(f)

The percentage increase in sales is 100 x -5 =1.0204%. The approximation

is 100 x [In (198) — In (196)] = 1.0152%.
When Sales;o, = 205, the percentage increase is 100 x 22 = 4.5918% and the approximation

is 100 x [In (205) — In (196)] = 4.4895%. When Sales,q, = 250, the percentage increase is
100 x 221 — 27 551% and the approximation is 100 x [In (250) — In (196)] = 24.335%. When

196

500 —-196
196

Sales,n02 = 500, the percentage increase is 100 x =155.1% and the approximation is 100 x

[In (500) — In (196)] = 93.649%.

The approximation works well when the change is small. The quality of the approximation
deteriorates as the percentage change increases.

According to the regression results in column (1), the house price is expected to increase by 21%
(=100% x 0.00042 x 500 ) with an additional 500 square feet and other factors held constant.
The 95% confidence interval for the percentage change is 100% x 500 x (0.00042 + 1.96 x
0.000038) = [17.276% to 24.724%)].

Because the regressions in columns (1) and (2) have the same dependent variable, R? can be used
to compare the fit of these two regressions. The log-log regression in column (2) has the

higher R?, so it is better so use In(Size) to explain house prices.

The house price is expected to increase by 7.1% (= 100% x 0.071 x 1). The 95% confidence
interval for this effect is 100% x (0.071 + 1.96 x 0.034) = [0.436% to 13.764%].

The house price is expected to increase by 0.36% (100% x 0.0036 x 1 = 0.36%) with an
additional bedroom while other factors are held constant. The effect is not statistically significant

at a 5% significance level: |t|=%%% =0.09730 <1.96. Note that this coefficient measures the

effect of an additional bedroom holding the size of the house constant.
The quadratic term In(Size)? is not important. The coefficient estimate is not statistically

significant at a 5% significance level: |t|=2%%7% = 0.05571 <1.96.

The house price is expected to increase by 7.1% (= 100% x 0.071 x 1) when a swimming pool is
added to a house without a view and other factors are held constant. The house price is expected
to increase by 7.32% (= 100% x (0.071 x 1 + 0.0022 x 1) ) when a swimming pool is added to a
house with a view and other factors are held constant. The difference in the expected percentage
change in price is 0.22%. The difference is not statistically significant at a 5% significance level:
[t]=2%22 = 0,022 < 1.96.

010 —
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3 (3

(b)

(b)

(©)
(d)
(e)

(f)

(b)

The regression functions for hypothetical values of the regression coefficients that are consistent
with the educator’s statement are: 4, >0 and S, <0. When TestScore is plotted against STR
the regression will show three horizontal segments. The first segment will be for values of

STR < 20; the next segment for 20 < STR < 25; the final segment for STR > 25. The first
segment will be higher than the second, and the second segment will be higher than the third.

It happens because of perfect multicollinearity. With all three class size binary variables included
in the regression, it is impossible to compute the OLS estimates because the intercept is a perfect
linear function of the three class size regressors.

With 2 years of experience, the man’s expected AHE is

IF(AHE) = (0.0899 x16) — (0.521x 0) + (0.0207 x 0x 16) + (0.232 x 2) — 0.000368 x 2?)
—(0.058x 0) — (0.078x 0) — (0.030 x1) +1.215 = 2.578

With 3 years of experience, the man’s expected AHE is

IT(AHE) = (0.0899 x 16) — (0.521x 0) + (0.0207 x 0x16) + (0.232 x 3) — (0.000368 x 3)
—(0.058x 0) — (0.078 x 0) — (0.030 x1) +1.215 = 2.600

Difference = 2.600 — 2.578 = 0.022 (or 2.2%)

With 10 years of experience, the man’s expected AHE is

IT(AHE) = (0.0899 x 16) — (0.521x 0) + (0.0207 x 0x16) + (0.232 x 10) — (0.000368 x 10%)
—(0.058x 0) — (0.078 x 0) — (0.030x 1) +1.215 = 2.729

With 11 years of experience, the man’s expected AHE is

IT(AHE) = (0.0899 x 16) — (0.521x 0) + (0.0207 x 0x16) + (0.232 x 11) — (0.000368 x 11°)
—(0.058x 0) — (0.078x 0) — (0.030 x1) +1.215 = 2.744

Difference = 2.744 — 2.729 = 0.015 (or 1.5%)

The regression in nonlinear in experience (it includes Potential experience?).
Yes, the coefficient on Potential experience? is significant at the 1% level.

No. This would affect the level of In(AHE), but not the change associated with another year of
experience.

Include interaction terms Female x Potential experience and Female x (Potential experience)?.

(1) The demand for older journals is less elastic than for younger journals because the interaction

term between the log of journal age and price per citation is positive. (2) There is a linear

relationship between log price and log of quantity follows because the estimated coefficients on

log price squared and log price cubed are both insignificant. (3) The demand is greater for

journals with more characters follows from the positive and statistically significant coefficient

estimate on the log of characters.

(i) The effect of In(Price per citation) is given by [-0.899 + 0.141 x In(Age)] x In(Price per
citation). Using Age = 80, the elasticity is [-0.899 + 0.141 x In(80)] = —-0.28.

(if) As described in equation (8.8) and the footnote on page 263, the standard error can be found
by dividing 0.28, the absolute value of the estimate, by the square root of the F-statistic
teSting ﬁn(Price per citation) + In(80) X ﬁn(Age)XIn(Price per citation) = 0.
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(©) In(%) =In(Characters) —In(a) for any constant a. Thus, estimated parameter on

Characters will not change and the constant (intercept) will change.

@ ()

(i)
(b) (1)

(i)

@ (V)
(i)

There are several ways to do this. Here is one. Create an indicator variable, say DV1, that
equals one if %Eligible is greater than 20% and less than 50%. Create another indicator, say
DV2, that equals one if %Eligible is greater than 50%. Run the regression:

TestScore = 3, + 5, %Eligible + ,DV1x %Eligible + 5,DV 2 x %Eligible + other regressors

The coefficient 4, shows the marginal effect of %Eligible on TestScores for values of
%Eligible > 20%, £, + S shows the marginal effect for values of %Eligible between 20%
and 50% and £, + £ shows the marginal effect for values of %Eligible greater than 50%.
The linear model implies that 4 = £ = 0, which can be tested using an F-test.

There are several ways to do this, perhaps the easiest is to include an interaction term STR x
In(Income) to the regression in column (7).

Estimate the regression in part (b.i) and test the null hypothesis that the coefficient on the
interaction term is equal to zero.

In(Earnings) for females are, on average, 0.44 lower for men than for women.
The error term has a standard deviation of 2.65 (measured in log-points).

(iii) Yes. But the regression does not control for many factors (size of firm, industry, profitability,

experience and so forth).

(iv) No. Inisolation, these results do imply gender discrimination. Gender discrimination means

(b) (1)
(i)

that two workers, identical in every way but gender, are paid different wages. Thus, it is also
important to control for characteristics of the workers that may affect their productivity
(education, years of experience, etc.) If these characteristics are systematically different
between men and women, then they may be responsible for the difference in mean wages.
(I this were true, it would raise an interesting and important question of why women tend to
have less education or less experience than men, but that is a question about something other
than gender discrimination.) These are potentially important omitted variables in the
regression that will lead to bias in the OLS coefficient estimator for Female. Since these
characteristics were not controlled for in the statistical analysis, it is premature to reach a
conclusion about gender discrimination.

If MarketValue increases by 1%, earnings increase by 0.37%

Female is correlated with the two new included variables and at least one of the variables is
important for explaining In(Earnings). Thus the regression in part (a) suffered from omitted
variable bias.

(c) Forgetting about the effect or Return, whose effects seems small and statistically insignificant,
the omitted variable bias formula (see equation (6.1)) suggests that Female is negatively
correlated with In(MarketValue).
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8. (a)and (b)
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(d)

(€)
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9. Note that
Y =B, + B X+ B,X?
=, + (B, +215,)X + B,(X? = 21X).
Define a new independent variable Z = X? - 21X, and estimate
Y=0+yX+B,Z+U.
The confidence interval is 7 £1.96xSE(7).

10. (@) AY =f(X;+AX,, X,)= (X}, X,)=BAX, + BAX xX,, 80 35-=f, + B X,.
(b) AY = (X}, X, +AX,) = F(X, X,)=B,AX, + X xAX,, 80 =B, + X,
(©
AY = fF (X, +A X, X, +AX,)— (X, X,)
=L+ L(X +AX )+ L,(X, +AX,) + B (X, +AX )X, +AX,)
— (B, + BX + B, X, + B X X))
=L+ L X)AX + (B, + B X)DAX, + B,AXAX,,.



Chapter 9

Assessing Studies Based on Multiple Regression

B Solutions to Exercises

1. Asexplained in the text, potential threats to external validity arise from differences between the
population and setting studied and the population and setting of interest. The statistical results based
on New York in the 1970’s are likely to apply to Boston in the 1970’s but not to Los Angeles in the
1970’s. In 1970, New York and Boston had large and widely used public transportation systems.
Attitudes about smoking were roughly the same in New York and Boston in the 1970s. In contrast,
Los Angeles had a considerably smaller public transportation system in 1970. Most residents of Los
Angeles relied on their cars to commute to work, school, and so forth.

The results from New York in the 1970’s are unlikely to apply to New York in 2002. Attitudes
towards smoking changed significantly from 1970 to 2002.

2. (a) WhenY;is measured with error, we have Yo=Y, +w;, or Y, =Y/ w,. Substituting the 2nd
equation into the regression model Y, = 4, + X, +u, gives Y w, = 4 + B X, +u.,
or Yo= g+ B X, +u +w. Thus v, =u, +w..
(b) (1) The error term v; has conditional mean zero given X;:

E(viIX;)=E(u +w[X;) = E(u]X;) + E(w[X;)=0+0=0.

(2) Yo=Y, +w, is i.i.d since both Y; and w; are i.i.d. and mutually independent; X; and ¥4i = j)

are independent since X; is independent of both Y; and w;. Thus, (X;, \?{9, i=1K,n arei.i.d.
draws from their joint distribution.
(3) v, =u,+w, has a finite fourth moment given that both u; and w; have finite fourth moments
and are mutually independent. So (X;, vi) have nonzero finite fourth moments.
(c) The OLS estimators are consistent because the least squares assumptions hold.

(d) Because of the validity of the least squares assumptions, we can construct the confidence
intervals in the usual way.

(e) The answer here is the economists’ “On the one hand, and on the other hand.” On the one hand,
the statement is true: i.i.d. measurement error in X means that the OLS estimators are inconsistent
and inferences based on OLS are invalid. OLS estimators are consistent and OLS inference is
valid when Y has i.i.d. measurement error. On the other hand, even if the measurement error in Y
is i.i.d. and independent of Y; and X;, it increases the variance of the regression error

(67 =02 +c2),and this will increase the variance of the OLS estimators. Also, measurement

error that is not i.i.d. may change these results, although this would need to be studied on a case-
by-case basis.
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3. The key is that the selected sample contains only employed women. Consider two women, Beth and

Julie. Beth has no children; Julie has one child. Beth and Julie are otherwise identical. Both can earn

$25,000 per year in the labor market. Each must compare the $25,000 benefit to the costs of working.

For Beth, the cost of working is forgone leisure. For Julie, it is forgone leisure and the costs

(pecuniary and other) of child care. If Beth is just on the margin between working in the labor market

or not, then Julie, who has a higher opportunity cost, will decide not to work in the labor market.

Instead, Julie will work in “home production,” caring for children, and so forth. Thus, on average,

women with children who decide to work are women who earn higher wages in the labor market.
4,

Estimated Effect of a 10%
Increase in Average Income
Std. Dev. of
State PBin(income) Scores In Points In Std. Dev.
Calif. 11.57 19.1 1.157 0.06
(1.81) (0.18) (0.001)
Mass. 16.53 15.1 1.65 0.11
(3.15) (0.31) (0.021)

The income effect in Massachusetts is roughly twice as large as the effect in California.

5 (a) szlﬁo_%ﬂl 71” A
- :81 ﬂl
and pthzr, U=V
71— :81 = ﬁl
(b) Q=220 gy Lol
n—>5 71 -5
(©
1 2 2
Var(Q) =( J (i} + Bloy), Vaf(P)=( ] (o} +0o7),and
7 181 i P
2
Cov(P,Q) = ( J (r0; + Boy)
71— P
. ~ . Cov(Q,P) y,0°+ ot Cov(P, Q)
d) (i 5 e BE E(P
(d) () B Var(P) Py By BEQ-E(P)~— 2 Var(P)

(i) /31 B> Gu” %) - 0, using the fact that 7 > 0 (supply curves slope up) and 3, <0

(demand curves slope down).
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6.

10.

11.

(@) The parameter estimates do not change. Nor does the the R% The sum of squared residuals from
the 100 observation regression is SER,y, = (100 —2) x15.1* = 22, 344.98, and the sum of squared
residuals from the 200 observation regression is twice this value: SSR,,, =2x22, 344.98. Thus,

the SER from the 200 observation regression is SER,y, = /55— SSR,y, =15.02. The standard

200-2
errors for the regression coefficients are now computed using equation (5.4) where
Y29(X, — X)*G7 and X2 (X, — X)? are twice their value from the 100 observation regression.
Thus the standard errors for the 200 observation regression are the standard errors in the 100

observation regression multiplied by |/33-% =0.704. In summary, the results for the 200

observation regression are

Y =32.1+66.8X, SER =15.02, R =0.81
(10.63) (8.59)

(b) The observations are not i.i.d.: half of the observations are identical to the other half, so that the
observations are not independent.

(@) True. Correlation between regressors and error terms means that the OLS estimator is
inconsistent.

(b) True.

No, for two reasons. First, test scores in California and Massachusetts are for different tests and have
different means and variances. [However, converting (9.5) into units for Massachusetts yields the
implied regression to TestScore(MA units) = 740.9 — 1.80 x STR, which is similar to the regression
using Massachusetts data shown in Column 1 of Table 9.2.] Second, the regression in Column 1 of
Table 9.2 has a low R? suggesting that it will not provide a accurate forecast of test scores.

Both regressions suffer from omitted variable bias so that they will not provide reliable estimates of
the causal effect of income on test scores. However, the nonlinear regression in (8.18) fits the data
well, so that it could be used for forecasting.

There are several reasons for concern. Here are a few.

Internal consistency: omitted variable bias as explained in the last paragraph of the box.
Internal consistency: sample selection may be a problem as the sample used are full-time workers.

External consistency: Returns to education may change over time because of the relative demands
and supplies of skilled and unskilled workers in the economy. To the extent that this is important, the
results shown in the box (based on 2004 data) may not accurately estimate the returns to education in
2008.

Again, there are reasons for concern. Here are a few.
Internal consistency: To the extent that price is affected by demand, there may be simultaneous
equation bias.

External consistency: The internet and introduction of “E-journals” may induce important changes in
the market for academic journals so that the results for 2000 may not be relevant in 2008.



Chapter 10

Regression with Panel Data

B Solutions to Exercises

1.

(@)

(b)

(©)

(d)
(€)

(f)

(@)

(b)

With a $1 increase in the beer tax, the expected number of lives that would be saved is 0.45 per
10,000 people. Since New Jersey has a population of 8.1 million, the expected number of lives
saved is 0.45 x 810 = 364.5. The 95% confidence interval is (0.45 + 1.96 x 0.22) x 810 =
[15.228, 713.77].

When New Jersey lowers its drinking age from 21 to 18, the expected fatality rate increases by
0.028 deaths per 10,000. The 95% confidence interval for the change in death rate is 0.028 £
1.96x 0.066 = [-0.1014, 0.1574]. With a population of 8.1 million, the number of fatalities will
increase by 0.028 x 810 = 22.68 with a 95% confidence interval [-0.1014, 0.1574] x 810 =
[-82.134, 127.49].

When real income per capita in new Jersey increases by 1%, the expected fatality rate increases
by 1.81 deaths per 10,000. The 90% confidence interval for the change in death rate is 1.81 +
1.64 x 0.47 =[1.04, 2.58]. With a population of 8.1 million, the number of fatalities will increase
by 1.81 x 810 = 1466.1 with a 90% confidence interval [1.04, 2.58] x 810 = [840, 2092].

The low p-value (or high F-statistic) associated with the F-test on the assumption that time
effects are zero suggests that the time effects should be included in the regression.

The difference in the significance levels arises primarily because the estimated coefficient is
higher in (5) than in (4). However, (5) leaves out two variables (unemployment rate and real
income per capita) that are statistically significant. Thus, the estimated coefficient on Beer Tax in
(5) may suffer from omitted variable bias. The results from (4) seem more reliable. In general,
statistical significance should be used to measure reliability only if the regression is well-
specified (no important omitted variable bias, correct functional form, no simultaneous causality
or selection bias, and so forth.)

Define a binary variable west which equals 1 for the western states and 0 for the other states.
Include the interaction term between the binary variable west and the unemployment rate,

west x (unemployment rate), in the regression equation corresponding to column (4). Suppose the
coefficient associated with unemployment rate is £, and the coefficient associated with

west x (unemployment rate) is . Then g captures the effect of the unemployment rate in the
eastern states, and S+ y captures the effect of the unemployment rate in the western states.

The difference in the effect of the unemployment rate in the western and eastern states is y. Using
the coefficient estimate (7) and the standard error SE(y), you can calculate the t-statistic to test
whether yis statistically significant at a given significance level.

For each observation, there is one and only one binary regressor equal to one. That is,
DL +D2,+D3, =1=X

For each observation, there is one and only one binary regressor that equals 1. That is,
Dl + D2, +L +Dn, =1=X

0,it"

0,it"



Solutions to Exercises in Chapter 10 51

10.

(c) The inclusion of all the binary regressors and the “constant” regressor causes perfect
multicollinearity. The constant regressor is a perfect linear function of the n binary regressors.
OLS estimators cannot be computed in this case. Your computer program should print out a
message to this effect. (Different programs print different messages for this problem. Why not try
this, and see what your program says?)

The five potential threats to the internal validity of a regression study are: omitted variables,
misspecification of the functional form, imprecise measurement of the independent variables, sample
selection, and simultaneous causality. You should think about these threats one-by-one. Are there
important omitted variables that affect traffic fatalities and that may be correlated with the other
variables included in the regression? The most obvious candidates are the safety of roads, weather,
and so forth. These variables are essentially constant over the sample period, so their effect is
captured by the state fixed effects. You may think of something that we missed. Since most of the
variables are binary variables, the largest functional form choice involves the Beer Tax variable.

A linear specification is used in the text, which seems generally consistent with the data in Figure 8.2.
To check the reliability of the linear specification, it would be useful to consider a log specification or
a quadratic. Measurement error does not appear to a problem, as variables like traffic fatalities and
taxes are accurately measured. Similarly, sample selection is a not a problem because data were used
from all of the states. Simultaneous causality could be a potential problem. That is, states with high
fatality rates might decide to increase taxes to reduce consumption. Expert knowledge is required to
determine if this is a problem.

(a) slope = f, intercept = 4

(b) slope = £, intercept = &

(c) slope = £, intercept = & + 13

(d) slope = £, intercept = S + 75

Let D2;=1ifi=2and 0 otherwise; D3; =1 if i =3 and 0 otherwise ... Dnj=1ifi=nand 0

otherwise. Let B2, =1 if t = 2 and O otherwise; B3; =1 if t = 3 and 0 otherwise ... BT;=1ift =T and
0 otherwise. Let o= ay + t4; %= i — cp and & = i — fu.

9p=Xu, . First note that E () = E(Xu, ) = E[XPE (u, | X0)] = 0 from assumption 1. Thus,

cov(99) = E (%9%) = E(R0X0u,u,) = E(R0u, )E(R0u,), where the last equality follows because
(uy, )9/;2) is independent of (u %g) from assumption (2). The result then follows from E (Xu, ) = 0.

is? it™it

(@) Average snow fall does not vary over time, and thus will be perfectly collinear with the state
fixed effect.

(b) Snow;; does vary with time, and so this method can be used along with state fixed effects.
There are several ways. Here is one: let Yi = o + fiXy it + ot + .D2; +-+ 1Dni + 5(D2; x t) +--+
n(Dn; x t) + Uy, where D2; =1 if i = 2 and 0 otherwise and so forth. The coefficient 4, = & + &.

This assumption is necessary for the usual formula for SEs to be correct. If it is incorrect, errors are

correlated, the usual formula for SEs are wrong and inference is faulty. The appendix includes a

discussion of more general formulae for the SEs when Assumption #5 is violated.

(@ a==% .Y, which has variance "72 Because T is not growing, the variance is not getting small.
@; is not consistent.

(b) The average in (a) is computed over T observations. In this case T is small (T =4), so the normal
approximation from the CLT is not likely to be very good.
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11. No, one of the regressors is Y;,_,. This depends on Y,

1~ This means that assumption (1) is violated.



Chapter 11

Regression with a Binary Dependent Variable

B Solutions to Exercises

1.

(@) The t-statistic for the coefficient on Experience is 0.031/0.009 = 3.44, which is significant at the
1% level.

(0) Zyyuqpey =0.712+0.031x10 =1.022; ®(1.022) = 0.847
(©) Zepigoner = 0712+ 0.031x 0 = 0.712; ®(0.712) = 0.762

(d) z,, =0.712+0.031x 80 = 3.192; ©(3.192) = 0.999, this is unlikely to be accurate because the
sample did not include anyone with more that 40 years of driving experience.

(a) The t-statistic for the coefficient on Experience is t = 0.040/0.016 = 2.5, which is significant at
the 5% level.
1 1

Matthew — — <10 =
atthew o ~(1059 + 0.040x10) ~ q | 01459

1 1
(© PrObChristopher = 1+ g (1059 +0.020x0) = 1410 =0.742
(d)

(b) Praob =0.811

85 9 95
! !

Probability of Passing

8

20 40 60
Experience (years)

—+— Probit Prediction —&— Logit Prediction

The shape of the regression functions are similar, but the logit regression lies below the probit
regession for experience in the range of 0 = 60 years.
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3. (&) The t-statistic for the coefficient on Experience is t =0.006/0.002 = 3, which is significant a the
1% level.

(b) ProbManher = 0.774 + 0.006 X 10 = 0.836
(c) Probchristopher = 0.774 + 0.006 x 0 =0.774
(d)

12

1 1.1
1

Probability of Passing
9
|

0] 20 40 60
Experience (years)

—+— Probit Prediction —=a— LPM Prediction ‘

The probabilities are similar except when experience in large (>40 years). In this case the LPM
model produces nonsensical results (probabilities greater than 1.0).

4. (a)

Group Probit Logit LPM
L ;- =0.829 0.829

1+ e—(2.197—0.622

Men ®(1.282 - 0.333) =0.829

1
Women  d(1.282) = 0.900 oy = 0900 0.900

(b) Because there is only regressor and it is binary (Male), estimates for each model show the
fraction on males and females passing the test. Thus, the results are identical for all models.
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(@)
(b)
(©)

(a)
(b)

(©)

(d)

(@)

()

(©)

(d)

(@)

(b)

®(0.806 + 0.041 x 10 x 0.174 x 1 — 0.015 x 1 x 10) =0.814
®(0.806 + 0.041 x 2 —0.174 x 0 — 0.015 x 0 x 2) =0.813
The t-stat on the interaction term is —0.015/0.019 = —0.79, which is insignificant at the 10% level.

For a black applicant having a P/I ratio of 0.35, the probability that the application will be denied
IS D(—2.26 + 2.74 x 0.35 + 0.71) = ®(-0.59) = 27.76%.

With the P/I ratio reduced to 0.30, the probability of being denied is ®(—2.26 + 2.74 x

0.30 + 0.71) = d(-0.73) = 23.27%. The difference in denial probabilities compared to (a) is 4.4
percentage points lower.

For a white applicant having a P/I ratio of 0.35, the probability that the application will be denied
is ®(—2.26 + 2.74 x 0.35) = 9.7%. If the P/l ratio is reduced to 0.30, the probability of being

denied is ®(—2.26 + 2.74 x 0.30) = 7.5%. The difference in denial probabilities is 2.2 percentage
points lower.

From the results in parts (a)—(c), we can see that the marginal effect of the P/I ratio on the
probability of mortgage denial depends on race. In the probit regression functional form,
the marginal effect depends on the level of probability which in turn depends on the race
of the applicant. The coefficient on black is statistically significant at the 1% level.

For a black applicant having a P/I ratio of 0.35, the probability that the application will be denied
is F(—4.13+5.37x0.35 +1.27) = . = 27.28%.

With the P/I ratio reduced to 0. 30 the probability of being denied is
F(-4.13+5.37x 0.30 +1.27) = 1249 =22.29%. The difference in denial probabilities compared to

(@) is 4.99 percentage points Iower.
For a white applicant having a P/1 ratio of 0.35, the probability that the application will be denied
is F(—4.13+5.37x0.35) = 22505 =9.53%. If the P/I ratio is reduced to 0.30, the probability of

being denied is F(—4. 13+5 37x0.30) = =5 = 7.45%. The difference in denial probabilities is

2.08 percentage points lower.

From the results in parts (a)—(c), we can see that the marginal effect of the P/l ratio on the
probability of mortgage denial depends on race. In the logit regression functional form,

the marginal effect depends on the level of probability which in turn depends on the race

of the applicant. The coefficient on black is statistically significant at the 1% level. The logit
and probit results are similar.

Since Y; is binary variable, we know E(Y;|X;) =1 x Pr(Y; = 1|X;) + 0 x Pr(Y; = 0|X) =
Pr(Y; = 1|X)) = A + BXi. Thus
E(u;1X) = ELY; = (B, + BX)IX]
=E(Y[X) - (5, + X)) =0
Using Equation (2.7), we have
var(Y; | X;) =Pr(Y; =1|X,)[1-Pr(Y, +1]| X;)]
=By + BX)L- (B, + BX)]-
Thus
var(u, | X,) = varlY; — (8, + B, X)) 1 X1
=var(Y;|X;) = (B, + BX)DL—- (B, + BX)].
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(©)
(d)

9. (a)

(b)
(©)

10. (a)

(b)

var(u;| X;) depends on the value of X;, so u; is heteroskedastic.

The probability that Y; = 1 conditional on X; is p; = /&% + £uXi. The conditional probability
distribution for the ith observation is Pr(Y, =y, |X,) = p¥ (1 p,)" . Assuming that (X;, Y;) are
i.i.d., i=1,...,n,the joint probability distribution of Y,..., Y, conditional on the X’s is

Pr(Y, =y, K, Y, =Y, [X, K, X)) =HPI’(Yi =YiIX;)
i-1

:H pii(l_ pi)l_yi
i-1

- ﬂ(ﬁo £ AX) L= (B + X

The likelihood function is the above joint probability distribution treated as a function of the
unknown coefficients (% and f).

The coefficient on black is 0.084, indicating an estimated denial probability that is 8.4 percentage
points higher for the black applicant.

The 95% confidence interval is 0.084 + 1.96 x 0.023 = [3.89%, 12.91%].

The answer in (a) will be biased if there are omitted variables which are race-related and have
impacts on mortgage denial. Such variables would have to be related with race and also be
related with the probability of default on the mortgage (which in turn would lead to denial of the
mortgage application). Standard measures of default probability (past credit history and
employment variables) are included in the regressions shown in Table 9.2, so these omitted
variables are unlikely to bias the answer in (a). Other variables such as education, marital status,
and occupation may also be related the probability of default, and these variables are omitted
from the regression in column. Adding these variables (see columns (4)—(6)) have little effect on
the estimated effect of black on the probability of mortgage denial.

Let ny =# (Y = 1), the number of observations on the random variable Y which equals 1; and n, =
# (Y =2). Then #(Y = 3) = n — n; — n,. The joint probability distribution of Yy,..., Y, is

Pr(Y, =y, K, Y, =y,) =] Pr(Y, =y,) = p"q™ (- p—q)" " ™.

i=1
The likelihood function is the above joint probability distribution treated as a function of the

unknown coefficients (p and q).
The MLEs of p and g maximize the likelihood function. Let’s use the log-likelihood function

L=In[Pr(Y, =y, K ,Y, =V,)]
=n/Inp+n,Ing+(n-n,—n,)In(l- p-q).

Using calculus, the partial derivatives of L are

oL n, n—-n-n
=1 1 2 and

o p 1-p-q’
oL _n, n-n-n,

o q 1-p—q
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Setting these two equations equal to zero and solving the resulting equations yield the MLE of
pand Q:
nl

n

ﬁ = ' a =
n
11. (a) Thisisa censored or truncated regression model (note the dependent variable might be zero).

(b) This is an ordered response model.
(c) This is the discrete choice (or multiple choice) model.

(d) This is a model with count data.



Chapter 12

Instrumental Variables Regression

B Solutions to Exercises

1.

(@)

(b)
(©

(d)

(a)

(b)

(©)

(a)

The change in the regressor, In(P%e") — In(Pi%e"**), from a $0.10 per pack increase in the

retail price is In 2.10 — In 2.00 = 0.0488. The expected percentage change in cigarette demand
IS —9.94 x 0.0488 x 100% = —4.5872%. The 95% confidence interval is (—0.94 £ 1.96 x 0.21) x
0.0488 x 100% = [-6.60%, —2.58%)].

With a 2% reduction in income, the expected percentage change in cigarette demand is

0.53 x (-0.02) x 100% = —1.06%.

The regression in column (1) will not provide a reliable answer to the question in (b) when
recessions last less than 1 year. The regression in column (1) studies the long-run price and
income elasticity. Cigarettes are addictive. The response of demand to an income decrease will
be smaller in the short run than in the long run.

The instrumental variable would be too weak (irrelevant) if the F-statistic in column (1) was 3.6
instead of 33.6, and we cannot rely on the standard methods for statistical inference. Thus the
regression would not provide a reliable answer to the question posed in (a).

When there is only one X, we only need to check that the instrument enters the first stage population
regression. Since the instrument is Z = X, the regression of X onto Z will have a coefficient of 1.0 on
Z, so that the instrument enters the first stage population regression. Key Concept 4.3 implies
corr(X;, u;) = 0, and this implies corr(Z;, u;) = 0. Thus, the instrument is exogenous.

Condition 1 is satisfied because there are no W’s. Key Concept 4.3 implies that condition 2 is
satisfied because (X, Z;, Y;) are i.i.d. draws from their joint distribution. Condition 3 is also
satisfied by applying assumption 3 in Key Concept 4.3. Condition 4 is satisfied because of
conclusion in part (a).

The TSLS estimator is 3*-S = using Equation (10.4) in the text. Since Z; = X;, we have
ptsts _ Szv _ Sxy _ pous
' SZX S)2< '

The estimator 62 =-L3" (Y, — A5 — A7X.)? is not consistent. Write this as

62 =130 (G, — B (X, — X,))%, where (1, =Y, — A% — BI°X,. Replacing A/ with A,
as suggested in the question, write this as
o =7 X (U = A(X = X))* = T ZL 07+ ZL LA (X = X)) +2u,4,(X; = X))]. The first term on

the right hand side of the equation converges to &, but the second term converges to something
that is non-zero. Thus & is not consistent.



58 Stock/Watson - Introduction to Econometrics - Second Edition
(b) The estimator 67 =-L=" (Y, — — BT — BISX.)? is consistent. Using the same notation as in (a),
we can write 6 ~ 12! u?, and this estimator converges in probability to o?
4. Using X, =7,+#,Z, wehave X=7,+7,2Z and
= Z(Xi - X)(Y, -Y) =r}lZ(Zi —Z)(Y,-Y) =75,
i=1 i=1
2= (X =X =22 (2, - Z) = 725’
i=1 i=1
Using the formula for the OLS estimator in Key Concept 4.2, we have
~ S
7 =2
SZ
Thus the TSLS estimator
2TSLS :SAZ ﬁlszv _ Szy _ S;v  _ Siv
' S, A4S, AS, FxS] s,

5. (a) Instrument relevance. Z, does not enter the population regression for X,

(b) Zis not a valid instrument. X" will be perfectly collinear with W. (Alternatively, the first stage
regression suffers from perfect multicollinearity.)

(c) W is perfectly collinear with the constant term.

(d) Zisnot a valid instrument because it is correlated with the error term.

6. Use R’ to compute the homoskedasitic-only F statistic as Fyedasiconty = — T’ &~ = 5o = 5-16 with
100 observations in which case we conclude that the instrument may be week. With 500 observations
the Fmeskedasicony = 26-2 S0 the instrument is not weak.

7. (3) Under the null hypothesis of instrument exogeneity, the J statistic is distributed as a x random
variable, with a 1% critical value of 6.63. Thus the statistic is significant, and instrument
exogeneity E(ui|Zy;, Z2) = 0 is rejected.

(b) The J test suggests that E(ui|Z1i, Z2;) # 0, but doesn’t provide evidence about whether the problem
is with Z; or Z, or both.

8. (a) Solving for P yields P = 22 + %24 thus Cov(P, u )_—

(b) Because Cov(P,u) = 0, the OLS estimator is inconsistent (see (6.1)).
(c) We need a instrumental variable, something that is correlated with P but uncorrelated with u®. In
this case Q can serve as the instrument, because demand is completely inelastic (so that Q is not
affected by shifts in supply). % can be estimated by OLS (equivalently as the sample mean of Q;).
9. (a) There are other factors that could affect both the choice to serve in the military and annual

earnings. One example could be education, although this could be included in the regression as a
control variable. Another variable is “ability” which is difficult to measure, and thus difficult to
control for in the regression.
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(b) The draft was determined by a national lottery so the choice of serving in the military was
random. Because it was randomly selected, the lottery number is uncorrelated with individual
characteristics that may affect earning and hence the instrument is exogenous. Because it affected
the probability of serving in the military, the lottery number is relevant.

10 ﬂ" _ Cov(Z,,Y;) _Cov(Z;, By + BXi + BW, +u) _ BCov(Z;, X;) + B,Cov(Z;,W;)
' ST Cov(Z,, X,) Cov(Z,, X.) - Cov(Z,, X,)

(@) If Cov(Z,,W,)=0 the IV estimator is consistent.
(b) If Cov(Z,,W;) = Othe IV estimator is not consistent.



Chapter 13

Experiments and Quasi-Experiments

B Solutions to Exercises

1.

For students in kindergarten, the estimated small class treatment effect relative to being in a regular
class is an increase of 13.90 points on the test with a standard error 2.45. The 95% confidence
interval is 13.90 + 1.96 x 2.45 =[9.098, 18.702].

For students in grade 1, the estimated small class treatment effect relative to being in a regular class is
an increase of 29.78 points on the test with a standard error 2.83. The 95% confidence interval is
29.78 + 1.96 x 2.83 = [24.233, 35.327].

For students in grade 2, the estimated small class treatment effect relative to being in a regular class is
an increase of 19.39 points on the test with a standard error 2.71. The 95% confidence interval is
19.39 +£1.96 x 2.71 = [14.078, 24.702].

For students in grade 3, the estimated small class treatment effect relative to being in a regular class is
an increase of 15.59 points on the test with a standard error 2.40. The 95% confidence interval is
15.59 + 1.96 x 2.40 = [10.886, 20.294].

(@) On average, a student in class A (the “small class™) is expected to score higher than a student in class
B (the “regular class”) by 15.89 points with a standard error 2.16. The 95% confidence interval for
the predicted difference in average test scores is 15.89 + 1.96 x 2.16 = [11.656, 20.124].

(b) On average, a student in class A taught by a teacher with 5 years of experience is expected to score
lower than a student in class B taught by a teacher with 10 years of experience by 0.66 x 5 = 3.3
points. The standard error for the score difference is 0.17 x 5 = 0.85. The 95% confidence interval
for the predicted lower score for students in classroom A is 3.3 £ 1.96 x 0.85 = [1.634, 4.966].

(c) The expected difference in average test scores in 15.89 + 0.66 x (-5) = 12.59. Because of random
assignment, the estimators of the small class effect and the teacher experience effect are
uncorreleated. Thus, the standard error for the difference in average test scores is

[2.16% + (-5)* x 0.172]% =2.3212. The 95% confidence interval for the predicted difference in

average test scores in classrooms A and B is 12.59 + 1.96 x 2.3212 = [8.0404, 17.140].

(d) The intercept is not included in the regression to avoid the perfect multicollinearity problem that
exists among the intercept and school indicator variables.

(a) The estimated average treatment effect is X X cortra

= 1241 — 1201 = 40 points.

(b) There would be nonrandom assignment if men (or women) had different probabilities of being
assigned to the treatment and control groups. Let pyen denote the probability that a male is
assigned to the treatment group. Random assignment means pye, = 0.5. Testing this null

hypothesis results in a t-statistic of t,,,, = - Pun 05 _ 10-55—0-5 —1.00, so that the null of
Puvten (1= Prven) m0.55(1- 45)

TreatmentGroup

Nimen

random assignment cannot be rejected at the 10% level. A similar result is found for women.
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4.

(@)

(b)

(©)
(d)

(@)

(b)

(©)

(d)

(i) Xi=0,Gi=1,D:=0

(i) Xi=1,Gi=1,D;=1

(ii) Xiy=0,G;=0,D:=0

(iv) Xi=0,G;=0,D;=1

D) h+5

(i) o+ pi+ B+ B

(i) S

(iv) o+ s

B

“New Jersey after — New Jersey before” = S, + /5, where £ denotes the time effect associated with

changes in the economy between 1991 and 1993. “1993 New Jersey — 1993 Pennsylvania” =
P+ [, where £, denotes the average difference in employment between NJ and PA.

This is an example of attrition, which poses a threat to internal validity. After the male athletes
leave the experiment, the remaining subjects are representative of a population that excludes
male athletes. If the average causal effect for this population is the same as the average causal
effect for the population that includes the male athletes, then the attrition does not affect the
internal validity of the experiment. On the other hand, if the average causal effect for male
athletes differs from the rest of population, internal validity has been compromised.

This is an example of partial compliance which is a threat to internal validity. The local area
network is a failure to follow treatment protocol, and this leads to bias in the OLS estimator of
the average causal effect.

This poses no threat to internal validity. As stated, the study is focused on the effect of dorm
room Internet connections. The treatment is making the connections available in the room; the
treatment is not the use of the Internet. Thus, the art majors received the treatment (although they
chose not to use the Internet).

As in part (b) this is an example of partial compliance. Failure to follow treatment protocol leads
to bias in the OLS estimator.

The treatment effect is modeled using the fixed effects specification

(a)

Y. =, + B X, +U,.
«; is an individual-specific intercept. The random effect in the regression has variance
var(e; +u,) = var(e;) + var(u, ) + 2cov(e;, U;,)
=0’ +0,
which is homoskedastic. The differences estimator is constructed using data from time period

t = 2. Using Equation (5.27), it is straightforward to see that the variance for the differences
estimator

var(e; +u,) _ o, +0,
var(X;,) var(X;,)

n Var(’gldiﬂerenceS) N
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(b) The regression equation using the differences-in-differences estimator is

(©)

AY, = BAX, +V,

with AY; = Yi, — Yi1, AXi = X2 — Xi1, and v; = U;p — Uig. If the ith individual is in the treatment group
attime t =2, then AX; = Xj; — X;; =1 -0 =1 = Xj,. If the ith individual is in the control group at
time t =2, then AX; = Xj; — Xij1 =0 — 0 =0 = Xj,. Thus AX; is a binary treatment variable and AX; =
Xiz, which in turn implies var(AX;) = var(Xi;). The variance for the new error term is

o? =var(u, —u,) = var(u,) + var(u,) — 2cov(u,,, u,) = 257,

which is homoskedastic. Using Equation (5.27), it is straightforward to see that the variance for
the differences-in-differences estimator

2

o 20,

var(gxi) B var(X,,)

2

n var( ’gldiffs—in—diﬂS) N

When o2 > o2, we’ll have var( Al‘“ﬁere”“s) > var( ﬁldiﬁs""’d‘“s) and the differences-in-differences
estimator is more efficient then the differences estimator. Thus, if there is considerable large
variance in the individual-specific fixed effects, it is better to use the differences-in-differences

estimator.

7. From the population regression

Yit = +ﬂlxn +ﬂ2(Dt X\Ni)"'ﬂth +Vies

we have

Yi2 _Yil = ﬂl(XiZ - Xil) +ﬂ2[(D2 - Dl)x\/\/i]+ﬂ0(D2 - D1)+(Vi2 _Vil)'

By defining AY; = Yi; — Yi1, AX; = Xiz — Xj1 (@ binary treatment variable) and u; = vi, — vj1, and using
D; =0and D, = 1, we can rewrite this equation as

AY, = By + B X + BW, +u;,

which is Equation (13.5) in the case of a single W regressor.

8. The regression model is

Yit = ﬂo + ﬂlxit + ﬂZGi + ﬂth + Uy,

Using the results in Section 8.3

</ control before __ 7
Y = /b
\/ control after 7 P
Y =6+ 5
V treatment,before 1 P
Y =B+ 5,

Y_ treatment after — ’go + ’gl 4 ’gz + ’23

Thus

A~

ﬂdiffs—in—diffs _ (Y_treatment,after _Y_treatment,before)

_ (Y_ control,after Y_ control,before)

=B+ B)-(B,) =



Solutions to Exercises in Chapter 13 63

10.

11.

The covariance between g, X, and X; is

cov(f; X, X)) = E{[ ;X —E(B; X)I[X; —E(X)1}
= E{B, X} —E(B; X)X, — By XE(X) + E(B; X)E(X))}
= E(ﬂlixiz) —E(B X)E(X)
Because X; is randomly assigned, X; is distributed independently of ;. The independence means
E(,%)=E(B)E(X) and  E(B;X2)=E(B,)E(X?).
Thus cov(, X, X;) can be further simplified:
Cov(ﬂlixi' Xi) = E(ﬂli)[E(Xiz) - EZ(Xi )l

=E(B; )O'>2<
So

cov(B X, X)) _ E(ﬂuz)g % _ E(5,).

2
Oy Oy

(@) This is achieved by adding and subtracting 4% + £, X; to the right hand side of the equation and
rearranging terms.

(b) E[Uilxi] = E[ﬂ()i - ﬂolX,] + E[(ﬂli - ,Hl)Xilxi]lxi] + E[Vilxi] =0.
(¢) (1) is shown in (b). (2) follows from the assumption that (v;, X, i, fi) are i.i.d. random
variables.

(d) Yes, the assumptions in KC 4.3 are satisfied.

(e) If gy and X; are positively correlated, cov(i, Xi) = E[(Lui— £0) (X — A)] = E[(Bi — S)Xi ] > 0,
where the first equality follows because /=E(/) and the inequality follows because the
covariance and correlation have the same sign. Note 0 < E[(S1 — f0)Xi] = E{E[(Bu — B)Xi| Xi]} by
the law of iterated expectations, so it must the case that E[(S.i — £1)Xi| Xi] > 0 for some values of
Xi. Thus assumption (1) is violated. This induces positive correlation between the regressors and
error term, leading the inconsistency in OLS. Thus, the methods in Chapter 4 are not appropriate.

Following the notation used in Chapter 13, let z; denote the coefficient on state sales tax in the “first
stage” IV regression, and let —4; denote cigarette demand elasticity. (In both cases, suppose that

income has been controlled for in the analysis.) From (13.11)

~ p ST . . STl
ﬂTSLS N E(ﬂll ﬂ-ll) — E(ﬁll) + COV(ﬂlI ! ”ll) — Average Treatment EffeCt + COV(ﬂlI '7[1|)

E(zy) E(ry) E(ry)

where the first equality uses the uses properties of covariances (equation (2.34)), and the second
equality uses the definition of the average treatment effect. Evidently, the local average treatment effect
will deviate from the average treatment effect when Cov(p,;, ;) # 0. As discussed in Section 13.7, this
covariance is zero when £y or m; are constant. This seems likely. But, for the sake of argument,
suppose that they are not constant; that is, suppose the demand elasticity differs from state to state (/; is
not constant) as does the effect of sales taxes on cigarette prices (7z; is not constant). Are £ and m;
related? Microeconomics suggests that might be. Recall from your microeconomics class that the lower
is the demand elasticity, the larger fraction of a sales tax is passed along to consumers in terms of higher
prices. This suggests that £ and 7; are positively related, so that Cov(f,;, 7,;) > 0. Because E(7;) > 0,
this suggests that the local average treatment effect is greater than the average treatment effect when £
varies from state to state.



Chapter 14

Introduction to Time Series Regression and Forecasting

B Solutions to Exercises

1. (a) Since the probability distribution of Y, is the same as the probability distribution of Y. (this is the
definition of stationarity), the means (and all other moments) are the same.

(b) E(Y) = S+ BE(Yea) + E(uy), but E(u) =0 and E(Yy) = E(Y4). Thus E(Yy) = /& + SE(Yy), and
solving for E(Yy) yields the result.

2. () The statement is correct. The monthly percentage change in IP is %xloo which can be

1R

approximated by [In(IR,) — In(IP,_,)]x100 =100 x In(5z-) when the change is small. Converting

IP,_.
this into an annual (12 month) change yields 1200 x In(% :

(b) The values of Y from the table are

Date 2000:7 2000:8 2000:9 2000:10 2000:11 2000:12
IP 147.595 148.650 148.973 148.660 148.206 146.300
Y 8.55 2.60 -2.52 -3.67 —7.36

The forecasted value of Y, in January 2001 is

Y, 1 =1.377+[0.318x (~7.36)] +[0.123x (-3.67)]
+[0.068 x (—2.52)] +[0.001x (2.60)]
— 158,

(c) The t-statistic on Yy 1, is t =281 =-1.0189 with an absolute value less than 1.96, so the

coefficient is not statistically significant at the 5% level.

(d) Forthe QLR test, there are 5 coefficients (including the constant) that are being allowed to break.
Compared to the critical values for q =5 in Table 14.5, the QLR statistic 3.45 is larger than the
10% critical value(3.26), but less than the 5% critical value(3.66). Thus the hypothesis that these
coefficients are stable is rejected at the 10% significance level, but not at the 5% significance
level.
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(e) There are 41 x 12 = 492 number of observations on the dependent variable. The BIC and AIC are
calculated from the formulas BIC(p) = IN[23®]+ (p+1)2Tand AIC(p) = INE2]+ (p+1)2.

AR Order (p) 1 2 3 4 5 6
SSR (p) 29175 28538 28393 28391 28378 28317
In[ SR(p)] 4.0826 4.0605 4.0554 4.0553 4.0549 4.0527
(p+1)Lt 0.0252 0.0378 0.0504 0.0630 0.0756 0.0882
(p+1)2 0.0081 0.0122 0.0163 0.0203 0.0244 0.0285
BIC 4.1078 4.0983 4.1058 4.1183 4.1305 4.1409
AlC 4.0907 4.0727 4.0717 4.0757 4.0793 4.0812

The BIC is smallest when p = 2. Thus the BIC estimate of the lag length is 2. The AIC is smallest
when p = 3. Thus the AIC estimate of the lag length is 3.

(8) To test for a stochastic trend (unit root) in In(IP), the ADF statistic is the t-statistic testing the
hypothesis that the coefficient on In(I1P;_,) is zero versus the alternative hypothesis that the
coefficient on In(IP;_,) is less than zero. The calculated t-statistic is t = 292 = -2.5714. From

Table 14.4, the 10% critical value with a time trend is —3.12. Because —2.5714 > —-3.12, the test
does not reject the null hypothesis that In(IP) has a unit autoregressive root at the 10%
significance level. That is, the test does not reject the null hypothesis that In(I1P) contains a
stochastic trend, against the alternative that it is stationary.

(b) The ADF test supports the specification used in Exercise 14.2. The use of first differences in
Exercise 14.2 eliminates random walk trend in In(IP).

(a) The critical value for the F-test is 2.372 at a 5% significance level. Since the Granger-causality
F-statistic 2.35 is less than the critical value, we cannot reject the null hypothesis that interest
rates have no predictive content for IP growth at the 5% level. The Granger-causality statistic is
significant at the 10% level.

(b) The Granger-causality F-statistic of 2.87 is larger than the 5% critical value, so we conclude at
the 5% significance level that IP growth helps to predict future interest rates.

(a)

E[W —©)*1= E{IW — 24, ) + (14, — O}
= ELW — 24, )"1+ 2E(W — 4, (1, =€)+ (t4y —C)’
=0y + (1, —C)°.

(b) Using the result in part (a), the conditional mean squared error
E[(Yt t 1) IY, t-11 t 21" ]=6t2|1—1 +(Yt\t—1 - ft—l)2

with the conditional variance aflt . = E[(Y, —Y,.,)*]. This equation is minimized when the second

term equals zero, or when f_, =Y, ,.
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(©)

Applying Equation (2.27), we know the error u; is uncorrelated with u;_; if E(ut|u;-;) = 0. From
Equation (14.14) for the AR(p) process, we have

U, = Yt—l - ﬂo - ﬂlYt—Z - ﬂzths -L - ﬂth—p—l = f(Yt—l’ thz 100 Yt—p—l)’

a function of Y,_; and its lagged values. The assumption E(y,|Y,,,Y, ,,...) =0 means that

conditional on Y;_; and its lagged values, or any functions of Y,_, and its lagged values, u; has
mean zero. That is,

E(ulu,_,) =E[u (¥ Yo Y, 0)]=0.

Thus u and u;_; are uncorrelated. A similar argument shows that u; and u;_;j are uncorrelated for
all j > 1. Thus u; is serially uncorrelated.

This exercise requires a Monte Carlo simulation on spurious regression. The answer to (a) will
depend on the particular “draw” from your simulation, but your answers should be similar to the ones
that we found.

(b) When we did these simulations, the 5%, 50% and 95% quantiles of the R? were 0.00, 0.19, and

(©

(a)

0.73. The 5%, 50% and 95% quantiles of the t-statistic were —12.9, —0.02 and 13.01. Your
simulations should yield similar values. In 76% of the draws the absolute value of the t-statistic
exceeded 1.96.

When we did these simulations with T = 50, the 5%, 50% and 95% quantiles of the R* were 0.00,
0.16 and 0.68. The 5%, 50% and 95% quantiles of the t-statistic were —8.3, —0.20 and 7.8. Your
simulations should yield similar values. In 66% of the draws the absolute value of the t-statistic
exceeded 1.96.

When we did these simulations with T = 200, the 5%, 50% and 95% quantiles of the R? were
0.00, 0.17, and 0.68. The 5%, 50% and 95% quantiles of the t-statistic were —16.8, —0.76 and
17.24. Your simulations should yield similar values. In 83% of the draws the absolute value of
the t-statistic exceeded 1.96.

The quantiles of the R? do not seem to change as the sample size changes. However the
distribution of the t-statistic becomes more dispersed. In the limit as T grows large, the fraction of
the t-statistics that exceed 1.96 in absolute values seems to approach 1.0. (You might find it
interesting that % has a well-behaved limiting distribution. This is consistent with the Monte
Carlo presented in this problem.)

From Exercise (14.1) E(Y;) = 2.5 + 0.7E(Y;_1) + E(uy), but E(Y,) = E(Y,_1) (stationarity) and E(u;) =

0, so that E(Y,) = 2.5/(1-0.7). Also, because Y, = 2.5 + 0.7Y,_1 + U, var(Y,) = 0.7°var(Y,_,) + var(u,)
+2x 0.7 x cov(Yy_1, ). But cov(Y;_4, ug) = 0 and var(Y,) = var(Y,_,) (stationarity), so that var(Y,) =
9/(1 - 0.7%) = 17.647.

(b) The 1st autocovariance is

cov(Y,,Y, ;) =cov(2.5+0.7Y,, +u,Y,,)
=0.7var(Y, ;) +cov(u,, Y, ,)
=0.707
=0.7x17.647 =12.353.
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10.

The 2nd autocovariance is
cov(Y,,Y_,)=cov[(1+0.7)2.5+0.7°Y_, +u, +0.7u,_,,Y,,]
=0.7%var(Y,_,) + cov(u, +0.7u, ,, Y, ,)
=0.7°0
=0.7"x 17.647 = 8.6471.
(c) The 1st autocorrelation is

2
corr (Y, Y,) = cov(Y,,Y.,) _0.70y _ 07

Jvar(Y)var(Y,) o7

The 2nd autocorrelation is
cov(Y,Y,,)  0.7°c?
Jvar(Y)var(Y,,) o
(d) The conditional expectation of Y;, given Yris
Yo = 2.5+0.7Yr=25+0.7 x 102.3 = 74.11.

T

corr (Y, Y, ,) = =0.49.

Because E(u;|Feb,, Mary,... Decy) =0, E(Y,| Feb,, Mar,,... Dec) = & + fiFeb, + SMar; + - +
SDecy. For observations in January, all of the regressors are equal to zero, thus s, = (. For
observations in February, Feb; = 1 and the other regressors equal 0, so that zie, = S + S1. Similar
calculations apply for the other months.

(@) E(Yy) = o+ E(e) + biE(ers) + - + byE(erq) = S [because E(e;) = 0 for all values of t].
(b)
var(Y,) = var(e,) + b var(e_,) +L +b var(e,_,)+2b, cov(e, e _)+L +2b_b, cov(e_,,,.€_,)
o (1+b +L +b)

because var(e;) = o for all t and cov(e,, &;) = 0 for i=t.

) Yi=foter+ e +be_o+ - +be_qgand Y= Lo+ e_j+Di€_1_j+ Do j+ -+ De€rog-j
and cov(Yy, Yi_j) = X3, 20, b, cov(e_,,e_;_,), where bo= 1. Notice that cov(e.«, €jm) =0

for all terms in the sum.
(d) var(Y,) =07 (1+bf), cov(Y,,Y, ;)=0’b, and cov(Y,,Y, ;)=0 forj> 1.

A few things to note: first, computing the QLR using 25% trimming will result in a statistic that is at

least as large as just choosing one date (the usual F statistic) and a statistic that can be no larger than

the QLR with 15% trimming (because with the test with 15% trimming chooses that maximum over a

larger number of statistics). Thus the 25%-trimming critical values will be larger than the critical

values for the F statistic and smaller than the critical values for the 15%-trimming QLR statistic.

(@) The F statistic is larger than the 5% CV for 15% trimming (3.66), so it must be larger than the
critical value for 25% trimming (which must be less than 3.66), so the null is rejected.

(b) The F statistic is smaller than the 5% critival value from the Fs_ distribution (2.21), so that it
must be smaller than the critical value with 25% (which must be greater than 2.21), so the null is
not rejected.

(c) This is the intermediate case. Critical values for the 25% trimming would have to be computed.
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11. Write the model as Yi—Yi_1= & + fAi(Yi_1 — Yi_2) + U Rearranging yields Yi= o + (1+6)Ye_1— AYi-2
+ Uy



Chapter 15

Estimation of Dynamic Causal Effects

B Solutions to Exercises

1. (a) See the table below. 3 is the dynamic multiplier. With the 25% oil price jump, the predicted
effect on output growth for the ith quarter is 254 percentage points.

Dynamic Predicted effect 95% confidence
Period ahead multiplier on output growth  interval 25 x [ £
(i) B) (258) 1.96SE (8)]
0 -0.055 -1.375 [-4.021, 1.271]
1 -0.026 -0.65 [-3.443, 2.143]
2 -0.031 -0.775 [-3.127, 1.577]
3 -0.109 -2.725 [-4.783, —0.667]
4 -0.128 -3.2 [-5.797, —0.603]
5 0.008 0.2 [-1.025, 1.425]
6 0.025 0.625 [-1.727, 2.977]
7 -0.019 —-0.475 [-2.386, 1.436]
8 0.067 1.675 [-0.015, 0.149]

(b) The 95% confidence interval for the predicted effect on output growth for the i’th quarter from
the 25% oil price jump is 25 x [ + 1.96SE ()] percentage points. The confidence interval is
reported in the table in (a).

(c) The predicted cumulative change in GDP growth over eight quarters is
25 x (—0.055 - 0.026 — 0.031 — 0.109 — 0.128 + 0.008 + 0.025 — 0.019) = —8.375%.
(d) The 1% critical value for the F-test is 2.407. Since the HAC F-statistic 3.49 is larger than the
critical value, we reject the null hypothesis that all the coefficients are zero at the 1% level.

2. (a) Seethe table below. 4 is the dynamic multiplier. With the 25% oil price jump, the predicted
change in interest rates for the i’th quarter is 254.

Dynamic Predicted change 95% confidence
Period ahead multiplier in interest rates interval 25 x [B £
(i) (B) (254) 1.96SE (8)]
0 0.062 1.55 [-0.655, 3.755]
1 0.048 1.2 [-0.466, 2.866]
2 -0.014 -0.35 [-1.722,1.022]
3 —0.086 -2.15 [-10.431, 6.131]
4 -0.000 0 [-2.842, 2.842]
5 0.023 0.575 [-2.61, 3.76]
6 -0.010 -0.25 [-2.553, 2.053]
7 -0.100 -25 [-4.362, —0.638]
8 -0.014 -0.35 [-1.575, 0.875]
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(b) The 95% confidence interval for the predicted change in interest rates for the i’th quarter from
the 25% oil price jump is 25 x [5 + 1.96SE (3)]. The confidence interval is reported in the table
in (a).

(c) The effect of this change in oil prices on the level of interest rates in period t + 8 is the price
change implied by the cumulative multiplier:

25 x (0.062 + 0.048 — 0.014 — 0.086 — 0.000 + 0.023 — 0.010 — 0.100 — 0.014) = —2.275.

(d) The 1% critical value for the F-test is 2.407. Since the HAC F-statistic 4.25 is larger than the

critical value, we reject the null hypothesis that all the coefficients are zero at the 1% level.

The dynamic causal effects are for experiment A. The regression in exercise 15.1 does not control for
interest rates, so that interest rates are assumed to evolve in their “normal pattern” given changes in
oil prices.

When oil prices are strictly exogenous, there are two methods to improve upon the estimates. The
first method is to use OLS to estimate the coefficients in an ADL model, and to calculate the dynamic
multipliers from the estimated ADL coefficients. The second method is to use generalized least
squares (GLS) to estimate the coefficients of the distributed lag model.

Substituting
X =AX + X =AX +AX  + X,

=L L
=AX +AX  +L +AX , + X

t-p
into Equation (15.4), we have
Yt = ﬂo + ﬂlxt + ﬁZXt—l + ﬂSxt—Z +L + ﬂr+lxt—r +U,
= ﬁo + ﬂl(A Xt +A Xt—l +L + AXH+1 + Xt—r)
+ 5, (AX ,+L +AX ., +X.,)
+ L + ﬂr (A xt—r+l + Xt—r) + ﬂr+lxt—r + ut
= ,Bo + :BlA Xt + (ﬂl + :Bz)A Xt—l + (ﬂl + ﬂz + ﬂs)A thz
+L + (B +6,+L + BIAX
+(B+ By +L + B+ )X, + U,

Comparing the above equation to Equation (15.7), we see & = fo, o1 = 1, =i+ o,
=L+ ot Py, and Sor =L+ o ++ S+ fren

(@) Write
var(u,) = ¢ var(u,_,) + var(9 + 24, cov(u,_,, %9
= ¢12 Var(ut) + J|92A>

where the second equality follows from stationarity (so that var(u) = var(u.s) and cov(u.s, %) =0.
The result follows by solving for var(u,). The result of var(Xy) is similar.
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(b) Write
cov(u,, u, ,) = ¢ var(u,_,)+cov(u, ,,99
= ¢1 var(ut)
showing the result for j = 1. For j = 2, write
COV(utv ut—2) = ¢1 COV(UH’ ut_z) + COV(Ut—z’ at/()
= ¢ cov(u, U, ,)
= ¢ var(u,)

and similarly for other values of j. The result for X is similar.
cov(ug U_j)  cov(U,U_j)
Jvar(u)var(u,_;) T var(u)

(c) cor(u, Uj) = from stationarity. The result then follows from (b). The

result for X is similar.

(d) ve=(Xi— )y
(i) E()=E[(X, — m)?uZ]=E[(X, — y )?1E[u] = o o2, where the second equality
follows because X; and u; are independent.
(i) cov(vive—j) = E[(Xe — 26 ( Xi—j — Uiy —j] = E[(Xe = 160 ( X — ) ]E[Uie -] =
yhvar(X,)¢) var(u,), sothat cor(v, vi_j) = )¢}, Thusf,=1+23" (r,4) = 122,

-4

7. Write u, = X" 490,
(a) Because E(9%4X )=0 foralliandt, E(ui|X;) =0 for all i and t, so that X; is strictly exogenous.

(b) Because E(u, ;|8p,) =0 for j> 0, X; is exogenous. However E(uwa| %0, ) = G, so that X, is not
strictly exogenous.

8. (a) Because X; is exogenous, OLS is consistent.
(b) The GLS estimator regresses Y — ¢ Y;_1 onto X — ¢ X;-1. The error term in this regression is o

Because X; = 90, Xi— ¢ X1 = 90, — ¢ @ which is correlated with the regression error. Thus
the GLS estimator will be inconsistent.

COV(Xt _¢1Xt—l’ '9@ _IB _ 0-1?2/¢1 ﬂ _L
var(X, —¢X.,) ' ail+g?) T L+ gd)

9. (@) This follows from the material around equation (3.2).
(b) Quasi differencing the equation yields Yi— ¢ Yi_1= (1 — ¢1) 5 + @ and the GLS estimator of
(1 - ¢S is the mean of Yi— ¢iYi_1 = =2, (Y, — 4, ,) . Dividing by (1 — ¢) yields the GLS
estimator of /.
(c) This is a rearrangement of the result in (b).

(d) Write 8, =137 Y, =1(Y, +Y)+TT1T112T 5 Y, so that

By — B =LY, +Y,) -1 YTy L L7:(Y; —Y,) and the variance is seen to be proportional

© BB+

to T%
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10.

Multipliers
Lag Multiplier Cumulative Multiplier
0 2 2
1 0 2
2 0 2
3 0 2
4 0 2
5 0 2

The long-run cumulative multiplier = 2.



Chapter 16

Additional Topics in Time Series Regression

B Solutions to Exercises

1. Y follows a stationary AR(1) model, Y, = B, + BY,, +Uu,. The mean of Yiis x, =E(Y,) = f}l ,
and E(u,]Y,)=0.
(@) The h-period ahead forecast of Y,,Y,,,, = E(Y,,,|Y,,Y, ;,K), is

Yoo = ECn VoYK ) = BBy + B + WY Y K)
=By + By =B + BBy + BYna)
=1+ B)B, + ﬂlz trh—2]t
=@+ BBy + BBy + Bion )
=1+ 4+ ﬁlz)ﬂo ﬂ teh-3i
=L L

=(1+ B +L +B) B+ BY,

_1-4 h
) 2 Bt By

= Hy +ﬂ1 (Yt —,LA{).
(b) Substituting the result from part (a) into X; gives

0

t+||t Z [:UYJ'_ﬂlI(Yt_:uY)]

i=0

i #0014 (0

||
Ms

X,

I
o

Yt —Hy
1—,815'

2. () Because R1; follows a random walk (R1; = R1; + u;), the i-period ahead forecast of R1; is
th+i|t = R]‘Hi—llt = lefzn =L L =Rl
Thus
K, =%Z e T &= ZRL +e =Rl +e,.
i=1 i=1

(b) R1;follows a random walk and is | (1). Rk is also | (1). Given that both Rk; and R1; are integrated
of order one, and Rk; — R1; = e; is integrated of order zero, we can conclude that Rk; and R1; are
cointegrated. The cointegrating coefficient is 1.
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(c) When ARL, =0.5A+u,, AR1, is stationary but R1; is not stationary.
R1, =1.5R1, , - 0.5R1 , +u,, an AR(2) process with a unit autoregressive root. That is, R1; is
I(1). The i-period ahead forecast of ARL, is

ARL,; =05ARL  , = 0.52AR1HH‘t =L L =0.5'ARL,.
The i-period ahead forecast of R1; is
RL,; = Rb.iy +ARL
=Ry, +ARL iy +ARL
=K K
= th + AF\)lnm +L + ARlHi\t
=RL +(0.5+L +0.5')AR],

_RL+ 0.5(1-0.5")

ARL.
1-05 .

Thus

Rk, =%i L, +€, =%_Zk“[m1 +(1-05)ARL]+e,
= R]1_+ PARL, +e,. _

where ¢=13¥ (1-0.5'). Thus Rk, —RL = ¢ARL +e,. Thus Rk; and R1; are cointegrated. The
cointegrating coefficient is 1.

(d) When R1;=0.5R1;_1 + u;, R1; is stationary and does not have a stochastic trend.
R1,,;, =0.5'R1,s0 that, Rk =6RL, +e, where =13 0.5. Since R1;and e are | (0), then Rk
is 1 (0).

u; follows the ARCH process with mean E (u;) = 0 and variance af =1.0+ 0.5uf_1.

(a) For the specified ARCH process, u; has the conditional mean E (u,|u, ;) =0 and the conditional
variance.

var (u|u,_,) =07 =1.0+0.507,.
The unconditional mean of u; is E (u;) = 0, and the unconditional variance of u; is
var (u,) = var [E(uu, )]+ Evar (uu, ,)]
=0+1.0+0.5E(u’,)
=1.0+0.5var(u,_,).

The last equation has used the fact that E (u?) = var(u,) + E(u,)J’ = var(u,), which follows because
E (u) = 0. Because of the stationarity, var(uc1) = var(u). Thus, var(u;) = 1.0 + 0.5var(u;) which
implies var(u,) =32 =2.
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(b) When u_, =0.2, 67 =1.0+0.5x0.2* =1.02. The standard deviation of u; is ci = 1.01. Thus

Pr(-3<uy <3)=Pr| <% < 3
101 o, 101

= ©(2.9703) — d(—2.9703) = 0.9985 — 0.0015 = 0.9970,

When Ui = 2.0, 67 =1.0+0.5x2.0° = 3.0. The standard deviation of u is i = 1.732. Thus

Pr(-3<u,<3)=Pr =3 <M 3
1732 o, 1732

= ®(1.732) - ®(~1.732) = 0.9584 — 0.0416 = 0.9168.

4. Yifollows an AR(p) model Y, = B, + BY,, +L +B.Y_, +U. EUN, Y, ,,K)=0implies
E(u.,lY,.Y, ;,K)=0for h > 1. The h-period ahead forecast of Y is

Y = E(Venl¥is YK
=E(By + BYuna +L + B Venp Ul Vi K)
= fo + BEN Y0 Y K) +L
+ BBV plVer YK ) + EQU Y YK
=B+ BYina tL + B Yoo

5. Because Y, =Y, =Y +Y,_, =Y, +AY,

T T T T T
ZYf =Z (Y, +AY,) = val + Z (AY,)? + ZZYHAY
t=1 t=1 t=1 t=1 t=1

So

t=1

Z LAY, = L x%{ZYt —ZYfl—Z(AYt)Z}.

Note that X7, Y7 - X1, Y2, = (Y2 +Y7 )= (Y + 2052 ) = Y7 =Yg = Y7 because Yo = 0. Thus:

13 11
?ZYHAY TXE|:Y2 Z(AYt)z}

t=1

2
1Y, 1 )
==|| %= ——E AY,)" |.
ZH\/T] T t:l( ) ]
6. (&) Rewrite the regression as

Yt = 30 + 23Xt + 1.7(Xt+1 - Xt) + 02(Xt - Xt—l) + Ut

Thus =23, 6,=1.7, §=0.2 and &, = 0.0.
(b) Cointegration requires X, to be 1(1) and u; to be 1(0).
(i) No
(ii) No
(iii) Yes
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~ T
ﬂ — T X _ T YA _ %21:1Y1AY1+1

= = . Following the hint, the numerator is the same expression as (16.21
TG T T IS 9 ! p (16.21)

(shifted forward in time 1 period), so that 37, Y,AY, i)%uz(;(f —1). The denominator is

t+1
137 .(AY,,) =120, U2, Do? by the law of large numbers. The result follows directly.
(a) First note that Yz = Bi1Yeo + 711Xz and Xey2 = Bo1 Vi + 21Xz
Also Yo = ﬂllYt—llt—Z + ]/nxt_l/t_g. SUbStltUtlng y|6|d5

Yy—2 = fu(PuYez + 711Xe2) + 711(Boa Yz + 121X12)
= [Lufu + rafoalYio + [Puyin + niyaalXes

so that 1 = B fBu + yufar and 6 = By + yu e

(b) There is no difference in iterated multistep or direct forecast if the values of & and &, were
known. (This is shown in (a).) But, these parameters must be estimated, and the implied VAR
estimates of these parameters are more accurate (have lower standard errors) if the VAR model is
correctly specified.

(a) From the law of iterated expectations
E()=E(c?)
=E (ao + aluffl)
=a,+oE (uffl)
=a,+oE (ut2 )
where the last line uses stationarity of u. Solving for E(u?) gives the required result.
(b) Asin(a)
E(f)=E(o})
= E(ao +oyul, +aul, +L +aput27p)
=aq, +a1E(ut271)+a2E(ut272)+L +apE(uffp)
=a, +a1E(ut2)+a2E(uf)+L +apE(uf)
_ %
1-3!
(c) This follows from (b) and the restriction that E(u?)> 0.

so that E(u?) =
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(d) Asin(a)
E(})=E(o7)
=y +a,E(uf,)+ 4E(o?,)
=aq, +(al+¢l)E(uf_l)
=aq, +(a1+¢l)E(uf)

ay

B 1_a1 - ¢1
() This follows from (d) and the restriction that E (u?)>0.

10. Write AYy = OAX; + Avyc and AX¢ = Vy; also Ve g = Yeg — OXi 1. Thus AYy = —(Yi1 — EXiq) + Uy and AX;
= Uy, With Uy = Vit + Qvpe and Uy = Vo



Chapter 17

The Theory of Linear Regression with One Regressor

B Solutions to Exercises

1. (a) Suppose there are n observations. Let b, be an arbitrary estimator of 5. Given the estimator by,
the sum of squared errors for the given regression model is

>0 -bX)"

ARLS

AL
RLS

, the restricted least squares estimator of 3, minimizes the sum of squared errors. That is,
- satisfies the first order condition for the minimization which requires the differential of the
sum of squared errors with respect to b; equals zero:

Zn:z(Yi - blxi)(_xi) =0.

Solving for b, from the first order condition leads to the restricted least squares estimator

n
QRLS _ iz XiYi

RS = :
X
(b) We show first that 8™ is unbiased. We can represent the restricted least squares estimator A

in terms of the regressors and errors:

PRLS _ i XY, _ 25 X(BX +u) _ B+ i XU
1 n X-2 n X-2 1 n X-2 )
i=1 N i=1 N i=1 N

Thus

SRLSY inzlxiui _ i”:lXiE(ui|Xl,K,xn) 3
E(ﬂl )_ﬁ1+E£ ZIn:lXIz J_IB1+E|: Zln:lxlz _181’

where the second equality follows by using the law of iterated expectations, and the third equality
follows from

2 XEUIX K, X))

0
X

because the observations are i.i.d. and E(u;|X;) = 0. (Note, E(u;| Xy,..., Xn) = E(ui|X;) because the
observations are i.i.d.
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RLS

Under assumptions 1-3 of Key Concept 17.1, ,b’ is asymptotically normally distributed. The
large sample normal approximation to the limiting distribution of g™ follows from considering

i XU A3 XU
ﬂRLS ﬂl 1 — - nl X‘z .
i=1 7

n 2
i=1 Xi n

Consider first the numerator which is the sample average of v; = X;u;. By assumption 1 of Key
Concept 17.1, v; has mean zero: E(X.u,) = E[X.E(u,|X;)]=0. By assumption 2, v; is i.i.d. By
assumption 3, var(v;) is finite. Let V=23, Xu, then o7 =o}/n. Using the central limit theorem,
the sample average

=1

Vio, = 45 N(0, 1)

or
LS xu, 5 N, o).
\/ﬁ o i v

For the denominator, X7 is i.i.d. with finite second variance (because X has a finite fourth
moment), so that by the law of large numbers

12 X2 25 E(X?).
N5

Combining the results on the numerator and the denominator and applying Slutsky’s theorem
lead to

2 var(X,u,)
RLS Jn
(g - ,) = 1”X2_>N{O' E(X)J'
(€) B™ isalinear estimator:

“Rs

; X
= h = —
I

The weight a; (i=1,..., n) depends on X,..., X, but not on Yy,..., Y.
Thus

XX
n XZ '

ARLS
ﬁl = ﬂ1

B is conditionally unbiased because

E(BIX,K X, = E(ﬂﬁ = >; X, K X j

i=1

.
:ﬂl+E( Z;l XZ |X1,K ,an
i=1 7%

Zﬂl'
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The final equality used the fact that

IERTIE ECT RS
Zin:lx Z“in::l.)<i

because the observations are i.i.d. and E (uj| X;) = 0.

RLS

(d) The conditional variance of ,B , given Xy,..., Xy, is

eIk X)
i=lX

X XPvar(ulX, K X,)

- (X, X7

_ X XPol

(X, X’

2

O,

n 2"
i=1 Xi

var(BRSIXLK | X ) = var[ B

(e) The conditional variance of the OLS estimator ,31 is

Var(’gllxllK 1 Xn) = zinl(;u_ >—()2 :

Since

n

z(xi_>‘<)Z=ix5_z>‘<ixi+n>‘<2:§";x5_n>‘<2< X2,

i=1 i=1
the OLS estimator has a larger conditional variance: var(B, X, K , X )>var( I, K X).
The restricted least squares estimator B is more efficient.

() Under assumption 5 of Key Concept 17.1, conditional on Xq,..., X, AlRLS is normally distributed
since it is a weighted average of normally distributed variables u;:

n
i=1 Xiui

HRLS

Using the conditional mean and conditional variance of ﬂl RS derived in parts (c) and (d)
respectively, the sampling distribution of ,BRLS conditional on Xy,..., X,, is

o -n{n )

B Y ZL(BXi+u) i+ ”_1U.
FOYnX "X ! X

i=1 i=1

(9) The estimator

—1
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The conditional variance is

var(HaX, K , X ) = var(ﬁ1 zllxl X, K j

i=1

_ 2 var(ulX K X,)

LX)’
_no;
(Z X,)?
The difference in the conditional variance of fand ™ is
no? o’
var(FX, K, X )=var(8™°|X, K , X u__
(BIXK LX) VarAT XK X) = (s =5

In order to prove var(,ﬁ"fxl,K X,) = var(f RLS|X1,K X.), we need to show

n 1
n 2 2 n 2
(Zi:l X|) i=1 Xi

or equivalently

nixizz(gxi)z.

i=1

This inequality comes directly by applying the Cauchy-Schwartz inequality

[i(a\'bi)} Siaﬁ'ibf

which implies

($) {Bn) s -

i=1

3
I

That is N, X2 > (2" X.)% or var(AX, K , X ) > var(8™|X K , X ).
Note: because ﬂ"ls linear and conditionally unbiased, the result

var(ﬁ/‘{xl,K X,) = var(f, RLS|X1,K X,) follows directly from the Gauss-Markov theorem.
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The sample covariance is
1 - -
Sxy = Z(Xi - X)(Y| -Y)
n-13

_ii{[xi _/Ux)_()z_,ux)][Yi _ﬂY)_(Y__ﬂv)]}

_n=1i:1

Zﬁ{i(xi — 1 )(Y; _ﬂv)__zn‘,o_(_fux)(Yi ~Hy)
_i(xi _ﬂx)(Y__ﬂY)"'i()_(_'ux)(Y__ﬂY)}

n |1 n - _
| =S (X = - = (X- _
n_1|:n;( i /uX)(Yl IUY):| n—l( IUX)(Y IUY)
where the final equality follows from the definition of X andY which implies that
LXK =) =n(X =) and = (Y, — 24 ) =n(Y — g,), and by collecting terms.

We apply the law of large numbers on syy to check its convergence in probability. It is easy to see the
second term converges in probability to zero because X 2 x4, and Y > 4, so

(X — )Y —1¢,) &> 0 by Slutsky’s theorem. Let’s look at the first term. Since (X;, Y;) are i.i.d., the
random sequence (Xi — i) (Yi — ) are i.i.d. By the definition of covariance, we have

E[(X, — 1 )(Y; — 14,)]= o, . TO apply the law of large numbers on the first term, we need to have

var[(X, - s, )(Y; = )] <
which is satisfied since
var[(X; — )0, = 4, )1< ELOX = 410 (Y; = 44 )°]
< JEIX, - i) JELCY, — 14,)*] < 0.

The second inequality follows by applying the Cauchy-Schwartz inequality, and the third inequality
follows because of the finite fourth moments for (X;, Y;). Applying the law of large numbers, we have

%i(xi = 10 = 1) B BLOKG = )Y, = 1)1 = 0y -

Also, - —1, so the first term for sxy converges in probability to oxy. Combining results on the two
terms for syy, we have s,, > o, .

(&) Using Equation (17.19), we have
p _ 22 (X = >_()Ui
ﬁ%fm—ﬁgiﬁ:%y
_ %Zinzl[(xi _/ux)_()_(_/lx)]ui
- LE (6 - XY
_ \/%2P=1(Xi = H)Y; B (X_ﬂx)\/gzin:l U;
%zinﬂ(xi - )_()2 %zin=1(xi - )_()2

) \/%zi”:l Vi ()_(—,Ux)\/m

%Zrzl(xi - X)Z %Zrzl(xi - X)Z
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(b)

(©)

(d)

by defining vi = (X; — yx)u,
The random variables u,..., u, are i.i.d. with mean g, = 0 and variance 0< o-u2 <o0. By the
central limit theorem,

n@-u) ‘f21'$ N(O, 1).

Oy

The law of large numbers implies X 2 Hy,, OF X — 1, %> 0. By the consistency of sample
variance, X7 (X, - X)? converges in probablllty to population variance, var(X;), which is finite
and non-zero. The result then follows from Slutsky’s theorem.

The random variable v; = (X; — u) u; has finite variance:

var(v;) = var[(X; — z, )41
<E[(X - )°u]

< JEIX, - 1) TEI(W) ] < 0.

The inequality follows by applying the Cauchy-Schwartz inequality, and the second inequality
follows because of the finite fourth moments for (X;, u;). The finite variance along with the fact
that v; has mean zero (by assumption 1 of Key Concept 15.1) and v; is i.i.d. (by assumption 2)

implies that the sample average Vv satisfies the requirements of the central limit theorem. Thus,

— 15N
v \/;Zizl Vi

oy o,

satisfies the central limit theorem.
Applying the central limit theorem, we have

\/_Z' NoZia¥ig, N(0, 2).

Because the sample variance is a consistent estimator of the population variance, we have

%Zinzl(xi B )?)2

51
var(X,)
Using Slutsky’s theorem,
22V

0, d
—r SN (0, 1),
%Zin=1(xt — X)2

GZ

X

or equivalently

fZ,l, %N(O var(v,) j

FXL (% = X)? " [var(X)F
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Thus

N R CaT AN T
\/ﬁ(ﬁl ﬂl)_ ﬁz?:l(xi X) rllzrzl(xl X)

< Nl o var(v;)
" var(X,)T

since the second term for \/ﬁ(ﬁl — f,) converges in probability to zero as shown in part (b).

(@) Write (,Bl p)=aS, wherea, = = Land S, _\f(B - /). Now, a, »>0and S, %> S where Sis
distributed N (0, a) By Slutsky’s stheorem aS % 0xS. Thus Pr(|,B1 ﬁ1|>5)—>0 for any
0> 0, so that ,81 B, 5 0and g, is consistent.

(b) We have (|) 2 2 1 and (i) g(x) = JX is a continuous function; thus from the continuous

2
/s S
_u2=_UL> 1.
O-U O-U

Because E(W*) = [E(WA)]? + var(W?), [E(WA)]* < E (W*) < 0. Thus E(W?) < oo,

mapping theorem

Using the law of iterated expectations, we have
E(ﬂl) = E[E(ﬂllxl,K , Xn)] = E(ﬂl) = ﬂy

(@) The joint probability distribution function of uj, u;, X;, X; is f (ui, uj, Xi, X;). The conditional
probability distribution function of u; and X; given ujand X; is f (uj, Xi|uj, X;). Since u;, X;,
i=1,..., nareiid., f(u, Xy, X;) =f (u;, X;). By definition of the conditional probability
distribution function, we have

fQu,u;, X, X;) = f(u, Xifu, X)) f(u;, X))

= f(u, X)f(U,, X,).

it M

(b) The conditional probability distribution function of u; and u; given X; and X; equals

FU U, X0 X)) FUL X)W, X))
) s o~ XX,

f(u

The first and third equalities used the definition of the conditional probability distribution
function. The second equality used the conclusion the from part (a) and the independence
between X; and X;. Substituting

fu, Ul X, X0 = f(u [X) f(u; X))

into the definition of the conditional expectation, we have
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E(uu, X, X;) = ” uu, f (U, u,|X;, X;)dudu,
=” uu; (U ]X0) f (U, ]X;)du;du,
= [ U f(u1X)du, [ u f(ug]X)du,
= E(ui|Xi)E(uj|Xj)-
(C) Let Q = (Xl, Kooty Xict, Xit1yen s Xn), so that f (ui|X1,..., Xn) =f (ui|Xi, Q) Write
f(u;, X,
f(uilxi’Q):M
(X, Q)
_fu, X)f(Q
f(X) Q)
_f(u,X)
(%)
= f(uilxi)
where the first equality uses the definition of the conditional density, the second uses the fact that

(ui, X;) and Q are independent, and the final equality uses the definition of the conditional
density. The result then follows directly.

(d) Anargument like that used in (c) implies
fuu X, K X,)=fuylX, X))

and the result then follows from part (b).

8. (a) Because the errors are heteroskedastic, the Gauss-Markov theorem does not apply. The OLS
estimator of £, is not BLUE.

(b) We obtain the BLUE estimator of £, from OLS in the following
Vo= 5,6 + R + 8

where
R N/ WS S
VO, + 6, 1Xi] VO, +O.IX|
bo X and @b
O, +6,|1X| VO, +6,|Xi]

(c) Using equations (17.2) and (17.19), we know the OLS estimator, ﬁl, is

no_ Zin=1(xi - )_()(YI _Y_)

ﬂl — — 181 + Z:in=1(xi — >_() U; ]

X1 (% = X)* >0 (X - X)?
As a weighted average of normally distributed variables u;, ,Zfl is normally distributed with mean
E(f,) = B,. The conditional variance of g, given Xy,..., X, is
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Za XUy j
T (% = X) "
C X% = X)Pvar (U] X, X))
 ELX-XT

_ 2, (X - X)? var(u|X;)

O ELX-XPT

_ 2L (X = X)%(6, +6lX)

O EL-XT

var(B]X,,..., X.) = Vaf[ﬂl +

Thus the exact sampling distribution of the OLS estimator, /;’1, conditional on Xy,..., X,, IS

. X0 (X = X)2(G, + 6] X])
~N , = — .
ﬂl (ﬂl [zin:l(xi _ X)2]2 J

(d) The weighted least squares (WLS) estimators, " and A", are solutions to

LnLn Z(\ol/o_ bo%?i - bl)%?)z’
0 i

the minimization of the sum of squared errors of the weighted regression. The first order
conditions of the minimization with respect to by and b; are

3 2(%6-b, %6 ~b,20)(-%6) =0,

> 2096 b, % - b 2)(- %) =0,

Solving for b, gives the WLS estimator

AWLS _ _Qmso + QOOSl

==L

Qoan - le
where Qoo = in:1 >%)i)%oi' Q01 = in:1 )Q/ooiﬂ/l(i)v Q11 = zinzl )%Dg/l?' S0 = in:1 )%)iyoi/? and Sl = zin:1 )%)?/(
Substituting Yo= 8, %0 + 8 %0 + & yields
_Q01Zo + Qoozl
QOOQll - le

PWLS
o =h

where Z, =", X084 and Z, = >, Ro%oor

i=1 “*0i i=1 "'

— Zp:l (QOO)%? — QOl)%Oi )@(0
Qoan - le '

From this we see that the distribution of /§1VVLS|X1,... X, is N(A, G;WLS), where

PWLS
1 ﬂl
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ol - gy (Qu X0 — Q RE)”
e (Qoo Q11 - le)z
— ngQn + leQoo — onole
- (QOOQll - le)z
_ Qq
Qoan - le

where the first equality uses the fact that the observations are independent, the second uses
aéozl, the definition of Qqo, Q11, and Qoy, and the third is an algebraic simplification.
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9.

10.

We need to prove
SXI-RE - (X - U] S 0
i=1
Using the identity X = s, + (X — 1),

ES0G R - (g FUT = (K g ) 3

i=1

o 13 .
_Z(X_IUX)HZ(Xi _/Ux)ui2
i=1
1 3 272 2
+HZ(Xi = )" (U5 —up).
i=1
The definition of 0, implies

G2 =U?2 +(By = Bo) + (B~ B X2 —2u,(B, — ;)
- 2Ui (ﬁl - ﬂl)xi + Z(ﬁo - ﬂo)(ﬂl - ﬁ1)xi .

Substituting this into the expression for 1= [(X; — X)?07 — (X; — 1 )*u?] yields a series of terms

each of which can be written as anb, where a, £ 0 and b, =27 X u’ where r and s are integers.

For example, a = (X - ), a = (,5’1 — f,) and so forth. The result then follows from Slutksy’s
theorem if L= X'u® % d where d is a finite constant. Let w, = X/u; and note that w; is i.i.d. The

law of large numbers can then be used for the desired result if E(w’) <oco. There are two cases that
need to be addressed. In the first, both r and s are non-zero. In this case write

E(W?) = E(XU%) < JIECG)IEQ)]

and this term is finite if r and s are less than 2. Inspection of the terms shows that this is true. In the
second case, either r =0 or s = 0. In this case the result follows directly if the non-zero exponent
(r or s) is less than 4. Inspection of the terms shows that this is true.

Using (17.43) with W =0-0 implies

E[(0 - 6)’]

Pr(0-0|>35) < =

Since E[(@-0)°’]— 0, Pr(|6 —6|> 5) — 0, so that -6 2 0.



Chapter 18
The Theory of Multiple Regression

B Solutions to Exercises

1. (@) The regression in the matrix form is

Y=Xg+U
with
TestScore, 1 Income, Income?
y _ | TestScore, ~ x_|1 ncome, Income;
M M M M
TestScore, 1 Income, Income?
U
' By
UZ
U= M p= ﬁl .
u, ?
(b) The null hypothesis is
RB=r

versus RB# r with
R=(0 0 1) and r=0.

The heteroskedasticity-robust F-statistic testing the null hypothesis is
A~ ~ -1 A
F=®RB-1|RER'| (RB-1)/g
With q = 1. Under the null hypothesis,

F% Fg, .

We reject the null hypothesis if the calculated F-statistic is larger than the critical value of the
F,. distribution at a given significance level.

2. (&) The sample size n = 20. We write the regression in the matrix from:
Y=XB+U
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with

The OLS estimator the coefficient vector is

with

and

Note

we know

X'X =

1= 1D

1]
4N

1 Xl,l x2,1
Y,

M X = 1 X Xy,

Y, M M M
1 len X,
u
' B
u,
Ml B= Igl
u, 2
B=(X'X)XY.

n i Xy i X
in:l Xli ?:1 X]i in:l Xli XZi 1
in=l Xli in=l Xli X2i in=l X22I

Y,
i XoY;

X, =nX, =20x7.24=1448,

X,; =nX, =20x4.00 =80.0,

Y, =nY =20x6.39=127.8.

Zn:Yiz =(n-1)s’ +nY?.

i=1
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Thus using the sample means and sample variances, we can get

n
D XE=(n-1)si +nX?
i=1

=(20-1)x 0.80 + 20 x 7.24% =1063.6,

and

n
D X3 =(n-1si +nX;
i=1
= (20 —1)x 2.40 + 20 x 4.00 = 365.6.

By the definition of sample covariance

14 - 1 N oo
S =—E X =X)(Y; =Y =—E XY, ———XY,
XY n— i:1( i )(YI ) n_li:]_ it n—1

we know

n
DX, =(n=1)sy, +nXY.

i=1
Thus using the sample means and sample covariances, we can get
n ——
D XY, = (=15, +nXY
i=1
=(20-1)x 0.22 + 20 x 7.24 x 6.39 = 929.45,
n
D XYy =(n=1)sy y +nX,Y

i=1

— (20 ~1)x 0.32 + 20 x 4.00 x 6.39 = 517.28,

and

n
z XiiXo =(n=1)sy . +nX X,
i1
=(20-1)x0.28+20x 7.24 x 4.00 = 584.52.

Therefore we have

20 1448 80.0 127.8
X'Y=|1448 1063.6 584.52 |, XY =|929.45 |.
80.0 584.52 365.6 517.28

The inverse of matrix X’X is

35373 -0.4631 -0.0337
(X’X)'=| -0.4631 0.0684 —0.0080 |.
~0.0337 -0.0080 0.0229
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The OLS estimator of the coefficient vector is

B=(X'Y)IX'Y
35373 -0.4631 -0.0337)( 127.8) (4.2063
=|-0.4631 0.0684 —0.0080 || 929.45 |=| 0.2520 |.
~0.0337 -0.0080 0.0229 | |517.28) |0.1033

Thatis, 3, =4.2063, S, =0.2520, and S, =0.1033.

With the number of slope coefficients k = 2, the squared standard error of the regression s§ is

The OLS residuals U=Y-Y=Y- Xﬁ, o)

U'U=(Y =XB) (Y =XB)=Y'Y = 2B'X"Y +B'X'XB.

We have
n
Y'Y =) Y2=(n-1)s +nY?
i=1
=(20—-1)x0.26 + 20 x 6.39* =821.58,
4.2063) ( 127.8
B'X'Y = | 0.2520 | | 929.45 | =825.22,
0.1033 ) | 517.28
and

42063)( 20 1448 80.0 )(4.2063
B'X'XB| 0.2520 | | 144.8 1063.6 584.52 || 0.2520 |=832.23.
0.1033) | 80.0 584.52 365.6 )| 0.1033

Therefore the sum of squared residuals

n ~ ~ ~ ~ ~
SSR=Y 02 =0U=Y'Y-28XY+BXXB

i=1

=821.58-2x825.22 + 832.23 =3.37.

The squared standard error of the regression 35 IS

st = 0'0=—1x3.37=o.1982.
With the total sum of squares

TSS = zn:(vi ~Y)? =(n-1)s? =(20-1)x0.26 = 4.94,

i=1
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4.

the R? of the regression is

R? —1—ﬂ=1—ﬂ—0 3178.
TSS 4.94

(b) When all six assumptions in Key Concept 16.1 hold, we can use the homoskedasticity-only

(a)

(b)

(a)

estimator %’ of the covariance matrix of ﬂ conditional on X, which is

35373 04631 -0.0337

¥ = (X'X)"s? =| ~04631 00684 —0.0080 |x0.1982
~0.0337 -0.0080 0.0229

0.7011  —0.09179 —0.0067

~| —0.09179 00136  —0.0016 |.
~0.0067 -0.0016  0.0045

The homoskedasticity-only standard error of ,Zfl is

& (3,) =0.01367 = 0.1166.

The t-statistic testing the hypothesis £, = 0 has a t,«_; = t37 distribution under the null hypothesis.
The value of the t-statistic is

B, 02520
SE(p) 01166

P 612,

and the 5% two-sided critical value is 2.11. Thus we can reject the null hypothesis 4 = 0 at the
5% significance level.

Var (Q)=E[(Q ~ #,)’]

=E[(Q—1)(Q—1g)]

= E[(c'W —C'ay JC'W —C'pay )]

= CEL(W — 1y ) (W = 1) Tc

=c'var(W)c=c'X,c
where the second equality uses the fact that Q is a scalar and the third equality uses the fact that
Hq = C' Ha.
Because the covariance matrix 2., is positive definite, we have c'>. ,c >0 for every non-zero

vector from the definition. Thus, var(Q) > 0. Both the vector ¢ and the matrix -, are finite, so
var(Q) = ¢'2,,c is also finite. Thus, 0 < var(Q) < co.

The regression in the matrix form is

Y =XB+U
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with
Y, 1 X, U,
V= Y, CX= 1 X% Y u, = B '
M M M M 5,
2 1 X U,

(b) Because X/=(1 X;), assumptions 1-3 in Key Concept 18.1 follow directly from assumptions
1-3 in Key Concept 4.3. Assumption 4 in Key Concept 18.1 is satisfied since observations
Xi (i=1,2,...n) are not constant and there is no perfect multicollinearity among the two vectors of
the matrix X.

(c) Matrix multiplication of X'X and X'Y yields

5 |-
X Zh X

g [Zha ( 0 J
1 XY, i XY,
The inverse of X' X is

-1
(er)fl — nn in:1 XI2
i=1 Xi ZP:J. Xi

B 1 n—l Xi2 in=1 X;
NIl X2 - (XL X)? | - LXoon

B 1 noXin —X
SLG-X)P =X 1)

The estimator for the coefficient vector is

B=(X'X)tX'Y

~ 1 " Xn -X\[ nY
Zin=l(xi - )?)2 _X 1 in=1 XiYi

B 1 Y_zinzl Xi2 -X Z?:l XY,
?zl(xi _>z)2 in:l XiYi _n)zY_
Therefore we have
in=1 XiYi B n)_(Y_ — Z?:l(xi B >_()(Yi _Y_)
(X = X) (X = X)°

b=
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(d)

and
oYX XXX XY,
S
YL (X - X+ X)? - X0 XY,
) inzl(xi - )?)2
_YEL (G = X)?+nXPY - X3 XY,
) Zin=1(xi N 2)2
:Y__{ i XY, _ry_(zY_}_(
TL(%-X)

V- BX

We get the same expressions for ,30 and ,él as given in Key Concept 4.2.

The large-sample covariance matrix of ,3 conditional on X, converges to
1 . .

with Qx =E (X, X!) and X, = E(V,V/) = E(X;u;u/X;). The column vector X; for the ith
observation is

so we have

xJeo s )
Xi Xi = @ Xi)= o |
X Xi X

and
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and
X, =E(VWV)
E(u?)  E(Xu)
Z[E(Xiuiz) E(xizuiz)J
_{ var(u,) cov(X;u, Ui)j
cov(X;u;, u;)  var(X;u;)
In the above equation, the third equality has used the fact that E (u;|X;) =0 so
E(u;) = E[E(u;|X))]=0,
E(Xiu;) = EDXGE(U;1X)]=0,
E(u?) = var(u;) +[E(u,)]* = var(u;) + [E(u;)J var(u,),
E(Xu?) = var(X;u,) +[E(Xu))F = var(Xu,),
E(X?u?) = cov(Xu,, U;) + E(X,u)E(u;) = cov(X,u;, uy).

The inverse of Qx is

—1:(1 Hx J_lz 1 [E(Xiz) _ﬂxJ
“lug EXD) B -2 —ue 1)

We now can calculate the large-sample covariance matrix of S, conditional on X, from

1 __ _
Z;@ ZHQxl Zv Qx1
B 1
n[E(X?) - 2T

y E(X?) —uy var(u;) cov(Xit;, U) ) E(X?) -y
— gty 1 cov(Xu;,u;)  var(X;u;) — 1ty 1 )
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5.

The (1, 1) element of Zﬁ is

1

W{[E(Xi2 )T var(u;) — 2E(X7) py coV(XU;, Uy) + a5 var(X;u, )}
i X

1 oo
—mVﬁr[E(xi)ui Hx X ]

:Mvar{u_ _’u—xx_u_:l
nEX) — 251 COE(XX)

=;2varﬂl—ﬂ—xzxqui:l
n|:1_ /u>2< :| E(X|)

E(X")

_ _V(aErE:izu)i])z , (the same as the expression for o, given in Key Concept 4.4)
n(E(H; 0
by defining
=1- Hyx . Xi'
E(X?)

The denominator in the last equality for the (1, 1) element of Z,; has used the facts that

2
H-2 :[1 /’lx Xj =1+ /u)z( x2 2/'1X

CE(XY) EZ(X?) " E(X?) "
SO
E(H?)=1 L 2y _ 21y L =1- Hx .
=1 e D) ey = e

Py = X (X'X)™"X’, Mx = I, - Px.
(@) Px is idempotent because
PxPx = X(X'X) ™ X' X(X'X) ™ X = X(X'X) X’ = Px.
My is idempotent because
MM, =(1, =P )1, =Py) =1, =Py =Py + P, Py
=1, -2P, +P, =1 —P, =M,
PxMyx = 0,,, because

PxMy = Py (In_ Px) = Py = PPy = Py — Py =0

(b) Because S =(X'X)""X"Y, we have

Y =XB=X(XX) XY =P, Y
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which is Equation (18.27). The residual vector is
U=Y-Y=Y-P,Y=(I,-P,)Y =M,Y.
We know that MyX is orthogonal to the columns of X:
MxX = (I — Px) X = X = PxX = X =X (X'X)™ X'’X =X - X =0
so the residual vector can be further written as
U=M,Y =M, (XB+U)=MXB+M,U=M,U
which is Equation (18.28).

6. The matrix form for Equation of (10.14) is

Yoo X0
with

Y-V, Xu =% Uy — U
Y =Y Xpp =% U =l

M M M
Yir _Y_l Xir = )_(1 Ur =T
Yo =Y, Xa =%, Uy — Uy
Yo =Y, Xpp =%, Uy, — Uy

Vel M |, Rl M | O] M
Yor =Y, Xer =%, Upr —U,

M M M
Ynl _Y_n an N >_(n Uny _Un
Yn2 _Yn Xn2 - Xn Uy, —U,

M M M
YnT _n XnT - _n Uyr — Uy

Iy
The OLS “de-meaning” fixed effects estimator is
JOM (RS 0%
Rewrite Equation (10.11) using n fixed effects as
Y, =X.8,+DlLy, +D2,y, +L +Dny, +u,.
In matrix form this is

Yira = XiraBia ¥ WorZma + Unra
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with the subscripts denoting the size of the matrices. The matrices for variables and coefficients are

Yy Xy DL, D2, L Dn Uy
Yiz X DL, D2, L Dn U,
M M M M L M M
Yir Xir DLy D2, L Dn Upr
Y, X, DL, D2, L Dn, ™
Y,, X, DL, D2, L Dn, Uy
Y= M|, X=| M|, W= M M L M| U= M|
Y, X, DL, D2, L Dn, U
M M M M M M M
; X, DL, D2, L Dn, u,
Y, X, DL D2, L Dn u,
M M M M L M M
Y, X DL D2, L Dn, U
71
B=p. r=|"
Vn

Using the expression for ,Zi given in the question, we have the estimator
B =B =(XM,X) XM, Y
=((My,X)' (M X))~ (M, X)' (M, Y).

where the second equality uses the fact that My is idempotent. Using the definition of W,

X, 0L O
X, 0L O
M ML M
X, 0L O
0 X, L O
0 X, L O
P.X=[M ML M
0 X, L 0
M M M M
0 0 L X,
0 0 L X,
M ML M
0 0 L X

=1
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and
X, - X, 0 L 0
X, - X, 0 L 0
M M L M
X — X, 0 L 0
0 X, =X, L 0
0 X,, =X, L 0
M, X = M M L M
0 Xy =X, L 0
M M M M
0 0 L X,-X
0 0 L X,-X
M M L M
0 0 L X, -X,

so that M, X = R0 A similar calculation shows M,, Y = ¥0 Thus
,élBV = (%)%)71 5(09/0: :‘ngN-

7. (&) We write the regression model, Y; = £iX; + SW; + u;, in the matrix form as
Y=XB+Wy+U

with
Y1 Xl Wl ul
M|’ M| M| M|’
Yn Xn Wn un
B=p5, 7=

The OLS estimator is

B (XX XWY'(XY
5 ) \wx ww) (wy

B (XX XW ]‘TX'U]

B, WX WWwW),) (WU

(B (XX xw Tixu
p,) Bwx iww

- A + 0 in=1Xi2 : L XW, 71% XU
ﬂZ %Zinzlvvixi %Zinzlvviz %Z{‘:lvviui
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(b)
(©)

By the law of large numbers 2 X7 XZ £ E(X?); X7 W? 2 E(W?); 137 XW, & E(XW) =0
(because X and W are independent with means of zero); <>, X,u, » E(Xu)=0 (because X and

u are independent with means of zero); + >, X,u, » E(Xu)=0 Thus
A, [&}+(EO@) 0 J1£ 0 J
g) \B) L o Ewy)) (EMmu)
a k)
i

From the answer to (3) 3, & S, + E(W“’ # f3, if E(Wu) is nonzero.
Consider the population linear regressmn u; onto W;:

Ui = AW, + g

where A = E(Wu)/E(W?). In this population regression, by construction, E(aW) = 0. Using this
equation for u; rewrite the equation to be estimated as

Yi = Xiﬂl +Wiﬂ2 +U;
=X B +W (B, + 1) +4q
=X, B, +W.0 +a,

where @ = £, + A. A calculation like that used in part (a) can be used to show that
Jn(4,- ) :[% XL "wa £l X3
\/ﬁ(ﬂz—ﬁ) T XL WX % s % T Woa,

d (E(XZ) 0 J1[81J
<
0 E(W?) S,

where S, is distributed N (0, 62E(X,)). Thus by Slutsky’s theorem

In(B, - ﬂl)—>N( j

E(X )
Now consider the regression that omits W, which can be written as:
Y, = X5, +d,
where d; = W;6+ a;. Calculations like those used above imply that

%ﬂ&—ﬂJLN(Q % }

E(X?)

Since o} = o} +9°E(W?), the asymptotic variance of B is never smaller than the asymptotic
variance of 4.
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8. (a) The regression errors satisfy u, =% and u, =0.5u, , + % for i =2, 3,..., n with the random
variables 94i=1, 2,K , n) being i.i.d. with mean 0 and variance 1. For i > 1, continuing
substituting ui_j=0.5u;_j_1 + 80; (j=1,2,...,1—2) and u, =g into the expression
ui = 0.5u;_1 + Gcyields

u, =0.5u,_, + 90
=0.5(0.5u;_, +30,) + %0
= 0.5°(0.5u, , +b,) + 0.5, + 86
=0.5°(0.5u,_, +@b,) + 0.5° %, + 0.586, + 36
=L L
=0.5""96+0.57°9+0.5+L +0.5°%, + 0.580, +
= 20.5‘-j %a

j=1

Though we get the expression u, =3, 0.5" @ for i > 1, it is apparent that it also holds for i = 1.
Thus we can get mean and variance of random variables u; (i=1, 2,..., n):

E(u)=>05"E(%)=0,
j=1
i i _ 2yi
ol =var(u) =) (0.57)* var(¥) =) (0.5°) ' x1= &
= =i 1-05
In calculating the variance, the second equality has used the fact that Gt is i.i.d.
Since u; =X , 0.5 ' @6 we know for k > 0,

i+k . . i o i+k ) )
Uiy = _210.5'*“ @/,o=o.5kzlo.5'w,o+ _Zlo_sw%
1= 1= j=i+

i+k
k i+k—j
=0.5y,+ > 0.5 Tgp

j=i+l

Because @t is i.i.d., the covariance between random variables u; and u; . is

i+k . .
cov(u, U, )= cov(ui, 05U, + > 0.5'””19@)

j=i+l
=0.50".
Similarly we can get

cov(u,, u_,)=057,.



Solutions to Exercises in Chapter 18

101

(b)

The column vector U for the regression error is

It is straightforward to get

EQ) E(u) L E(u,)
E(uu) E@U) L E(uy,)

M M O M |
E(uu) E(uu) L E(?)

E(UU) =

Because E(u;) = 0, we have E(uf) = var(u;) and E(uju;) = cov(u;, u;). Substituting in the results
on variances and covariances, we have

o’ 0506 05°¢/ 05°¢/ L 0507
0.507 o’ 0506 050 L 057
Q=E(UU)= 05°cf 0507 o’ 0507 L 05"°%7
05°¢} 05°0c; 0507 ol L 05"
M M M M 0 M
05"'¢? 05"%¢7 05"°c. 05"'c’ L o’
(0 E2yi
it o7 105
1-0.5

The original regression model is

Yi =ﬁ0+ﬂlxi +U;.

Lagging each side of the regression equation and substracting 0.5 times this lag from each side gives

Y, —0.5Y,, =058, + B,(X, —0.5X,_,)+U, —0.50,
fori=2,...,nwith u —0.5u,_, =8 Also
Y, =5+ BX +U,
with u, =% Thus we can define a pair of new variables
(Yoo, R0) = (Y, - 0.5Y,,, 0.5, X, —0.5X, ,),
fori=2,...,nand (Yoo, X0)=(Y,,1 X,), and estimate the regression equation
V= 5,36 + .36 + &

using data for i = 1,..., n. The regression error @ is i.i.d. and distributed independently of )9/,0
thus the new regression model can be estimated directly by the OLS.
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9. (3

(b)

B=XM,X)"X'M,, Y
=(X'M, X) " X'M,, (X8 + Wy + U)
=B+ (X'M,, X)*X'M,,U.
The last equality has used the orthogonality MW = 0. Thus
B-B=(XM,X)X'M,U=(n"XM,X) (n"X'M,,U).
Using My = I, — Py and Py = W(W'W) W’ we can get

XM, X =X (1 - P, )X
=n"'X'X-n"X'P, X
=n ' X'X = (N X'W)(n""'W'W) 7 (n'W'X).

First consider n™X'X =137, X;Xi. The (j, I) element of this matrix is 237, X;X. By
Assumption (ii), X is i.i.d., so X;;X;; is i.i.d. By Assumption (iii) each element of X; has four
moments, so by the Cauchy-Schwarz inequality X;X;i has two moments:

E(X2X2) < JE(X4)-E(X}) <.

Because X;iXi; is i.i.d. with two moments, 120, X, X;; obeys the law of large numbers, so
13 b
_ijixli - E(inxli)'
N+
This is true for all the elements of n™* X’X, so
nX'X = linx; 5 E(XX) =Xy -
n+=

Applying the same reasoning and using Assumption (ii) that (X;, W;, Y;) are i.i.d. and
Assumption (iii) that (X;, W;, u;) have four moments, we have

TWW =T WW S EWW) =5,
Nz
XYW =1 3 X W B EGW) =
Nz
and

WX =TS WX, B EWX) = S
N
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10

11

(©)

(d)

(€)

(b)
(©)

(@)

(b)
(©)

From Assumption (iii) we know X2, Z,w» Zxw, andZ,,, are all finite non-zero, Slutsky’s
theorem implies
n*X'M,, X =n"X'X - (" X'W) (n"W'W) ™" (n*W'X)
£ Zxx - Zxwzi/lvwzwx
which is finite and invertible.
The conditional expectation
E(w/X, W) | [ E(WlX;, W)
E(u,|X, W) _ E(u,|X,, W,)

E(UX, W) = . y
E(u,|X, W) E(u,[X,, W,)
WE) (W
W,6 W,
= 2 = 2 5 = Wé‘-
M M
ws (w

The second equality used Assumption (ii) that (X,, W,, Y,) are i.i.d., and the third equality
applied the conditional mean independence assumption (i).
In the limit

n*X'M,U B E(X'M,,UIX, W) = X'M,,E(U[X, W) = X'M,, W& =0, ,
because M, W =0.
n*X'M,, X converges in probability to a finite invertible matrix, and n™X'M,,U converges in
probability to a zero vector. Applying Slutsky’s theorem,
B—B=0"XM,X)" (XM, U) 2 0.
This implies
B B.

Using the hint: Cq= Aq, so that 0 = Cq — Aq = CCq — Aq = ACq — Aq = 2% — Aq = (1 — A)q, and
the result follows by inspection.

The trace of a matrix is equal to sum of its eigenvalues. The rank of a matrix is equal to the
number of non-zero eigenvalues. Thus, the result follows from (a).

Because C is symmetric with non-negative eigenvalues, C is positive semidefinite, and the result
follows.

I 0 '
Using the hint C = [Q; Qz][ Or O} [81 } , where Q’Q = I. The result follows with A=Q;.
2

W =AWV ~ N(A'0, A'l,A) and the result follows immediately.
V'CV =V'AA'V =(A'V)' (A’V) = W’W and the result follows from (b).
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12 (a) and (b) These mimic the steps using TSLS.

13 (a) This follows from the definition of the Lagrangian.
(b) The first order conditions are

F) X' (Y-X)+RA=0

and

YR -r=0
Solving (*) yields

() fl= B+ (XX 'RA
Multiplying by R and using (**) yields r =R ,@ +R(X'X)™R’4, so that
A=—[RXX)RTYR B -1).
Substituting this into (***) yields the result.
(c) Using the resultin (b), Y = X &= (Y = X 8) + X(X'X) 'R ROX'X)'RTYR B - 1), so that
(Y =XBYY =XBY)=(Y=XBY(Y =X B) + RB-1) [RXX)'RT'RB - 1)
+2(Y = X B) XX'X) 'R [RXX)'RTR B —71).

But (Y — X,@ )’ X =0, so the last term vanishes, and the result follows.

(d) The result in (c) shows that (R 8 — r)[ROXX) RTHR B = r) = SSReestricted — SSRunrestricted. AlSO
S = SSRunrestricted/ (N — Kunrestricted — 1), and the result follows immediately.

14. @) B'(XX)B = Y'XOXX)X'Y = Y'X;HX1'Y, where H is the upper k; x k; block of (X'X)™.
Also R 8 =HX.'Y and R(X'X) 'R’ = H. Thus (RB)'[R(X' X)™* RI'(RB) = Y'X;HX,'Y.
(b) (i) Write the second stage regression as Y = )2,8 +U, where X and the fitted values from the
first stage regression. Note that U'X =0, where U=Y — )2,3 because OLS residual are

orthogonal to the regressors. Now U™ =Y —X 8 =U — (X-X) 8= U-Vg, where Vs
the residual from the first stage regression. But, since W is a regressor in the first stage
regression, V'W =0. Thus U™®'W =U'W - 8'V'W =0.

(i) B'(X'X) B= (RB)'IR(X'X)" RI*(RA) = SSRgest — SSRumres: fOr the regression in KC 12.6,
and the result follows directly.
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15 (a) This follows from exercise (18.6).
(b) Y= X083 + &, so that

-1

~ n n
B-B=| LRORE| S Ko
i=1 i=1
n 1n
=| LXOR| D XM My
i=1 i=1
n 1
=2 RR| Y XMy
i=1 i=1
n 1,
=| 2RR| S Ko
i=1 ;

(c) Note Typo in problem: Should Read: Qu=T'E(R¢ XY =TT, E(X, - X)?
Qu= 1" (T XL, (X, — X)?), where (T X7, (X, — X,)?) are i.i.d. with mean Qg and finite

variance (because X, has finite fourth moments). The result then follows from the law of large
numbers.

(d) This follows the the Central limit theorem.
(e) This follows from Slutsky’s theorem.

()] 77i2 are i.i.d., and the result follows from the law of large numbers.

() Lot 7, =T 2 R0 o= 1, =T (- B) X0 XC. Then
iy =T 20 o=y +T (B - B (R RO =21 2 (B — ), R R
and 230, 7 X0 =T (B ) 5 O R - 2T (- )3, n R X

Because (3 — )50, the result follows from (a) 37, (0 %07 5 E[(% %071 and (b)

i=1

1y g X R E (5 X0 X0, Both (a) and (b) follow from the law of large numbers; both (a) and
(b) are averages of i.i.d. random variables. Completing the proof requires verifying that
()%0' )%0)2 has two finite moments and ni)%" )%’ has two finite moments. These in turn follow

from 8-moment assumptions for (X, ui) and the Cauchy-Schwartz inequality. Alternatively,
a “strong” law of large numbers can be used to show the result with finite fourth moments.
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