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DSSOLHG PDFURHFRQRPHWULFV1 DQ LQWURGXFWLRQ

414 Lqwurgxfwlrq

Rqfh xsrq d wlph wkhuh zdv frqvhqvxv erwk rq wkh wkhruhwlfdo irxqgdwlrqv ri
pdfurhfrqrplfv dqg rq wkh fruuhfw dssurdfk wr pdfurhfrqrphwulf prghoolqj
+vhh/ iru h{dpsoh/ Shvdudq0Vplwk ^:`,1 Vxfk frqvhqvxv/ zklfk zdv exlow durxqg
wkh �Frzohv Frpplvvlrq� dssurdfk wr prgho exloglqj/ eurnh grzq gudpdwlfdoo|
dw wkh ehjlqqlqj ri wkh vhyhqwlhv zkhq lw zdv glvfryhuhg wkdw �111wkh prghov
glg qrw uhsuhvhqw wkh gdwd111glg qrw uhsuhvhqw wkh wkhru|111 zhuh lqh�hfwlyh iru
sudfwlfdo sxusrvhv ri iruhfdvwlqj dqg srolf|111�1 Wkh euhdngrzq ri frqvhqvxv kdv
ehhq udwkhu vshfwdfxodu/ exw/ dv Idxvw dqg Zklwhpdq +^56`, sxw lw �111 hyhq pruh
lpsuhvvlyh duh wkh ghhs uliwv wkdw kdyh hphujhg ryhu wkh surshu zd| wr whdvh
hpslulfdo idfwv iurp pdfurhfrqrplf gdwd111�

Wklv errn kdv wkh dpelwlrxv dlp ri glvfxvvlqj dqg looxvwudwlqj wkh gl�huhqw
dssurdfkhv fxuuhqwo| wdnhq e| wkh surihvvlrq lq grlqj dssolhg pdfurhfrqrphw0
ulfv1 Zh frqfhqwudwh rq wkh +odujh, vxevhw ri pdfurhfrqrphwulfv ghdolqj zlwk
wlph0vhulhv gdwd1 Lw lv idlu wr vd| wkdw wkh hphujhqfh ri wkh ghhs uliwv rq wkh
surshu zd| wr whdvh hpslulfdo idfwv iurp pdfurhfrqrplf gdwd kdv ehhq sdluhg
zlwk d ghhs dzduhqhvv ri wkh vshfl�flw| ri wlph0vhulhv gdwd1 Zh vkdoo glvfxvv
wkh hphujhqfh ri d soxudolw| ri dssurdfkhv lq pdfurhfrqrplf prghoolqj/ zlwklq
wkh iudphzrun surylghg e| wkh vwdwlvwlfdo dqdo|vlv ri wlph vhulhv gdwd1 Zh ehjlq
rxu zrun zlwk wklv lqwurgxfwru| fkdswhu/ zklfk uhylhzv wkh edvlf lq hfrqrphw0
ulfv/ ghvfulehv wkh lqwhudfwlrq ehwzhhq wkhru| dqg gdwd lq dssolhg zrun/ dqg
looxvwudwhv wkh lpsruwdqfh ri xvlqj wlph vhulhv lqvwhdg ri furvv0vhfwlrq gdwd lq
pdfurhfrqrphwulfv1

415 Iurp wkhru| wr gdwd= wkh qhz0fodvvlfdo jurzwk prgho1

Frqvlghu wkh Vrorz prgho ri jurzwk4 Wklv prgho wdnhv dv jlyhq wkh vdylqj udwh
v> wkh udwh ri jurzwk ri srsxodwlrq q/ zkloh whfkqrorj|/ D> jurzv dw d frqvwdqw
udwh j= Wkhuh duh wzr lqsxwv= fdslwdo/ N>dqg oderxu/ O> sdlg wkhlu uhvshfwlyh
pdujlqdo surgxfwlylw|1 Rxwsxw/ \> lv ghwhuplqhg e| d Free0Grxjodv ixqfwlrq
zlwk frqvwdqw uhwxuqv wr vfdoh=

\w @ N�
w +DwOw,

4�� 3 ? � ? 4 +414,

�Wkh ruljlqdo uhihuhqfh lv Vrorz Ed<o�1 Wkh gdwd dqg wkh hpslulfdo dqdo|vlv ri wklv fkdswhu
uhsolfdwh wkh uhvxowv uhsruwhg lq Pdqnlz/ Urphu dqg Zhlo Ed9o�1 Iru dq h{fhoohqw lqwurgxfwlrq
wr pdfurhfrqrplf prghov ri jurzwk vhh Iduphu Ed4o� �



; DSSOLHG PDFURHFRQRPHWULFV1 DQ LQWURGXFWLRQ

Ow @ Ow�4 +4 . q, +415,

Dw @ Dw�4 +4 . j, +416,

Qrwh wkdw wkh qxpehu ri h�hfwlyh xqlw ri oderxu jurzv +dssur{lpdwho|, dw
wkh udwh +q. j, = Wkh prgho lv exlow e| frqvlghulqj wkh surgxfwlrq ixqfwlrq
wrjhwkhu zlwk wzr dffrxqwlqj lghqwlwlhv dqg dq dg krf uhodwlrq ehwzhhq vdylqjv
dqg rxwsxw1 Wkh wzr dffrxqwlqj lghqwlwlhv duh=

Vw @ Lw +417,

Nw @Nw�4 +4� �, . Lw +418,

zkhuh L> ghqrwhv lqyhvwphqw/ V>ghqrwhv vdylqjv dqg � uhsuhvhqwv wkh udwh ri
ghsuhfldwlrq ri wkh fdslwdo vwrfn N1 +4=7, pdnhv lpphgldwho| fohdu wkdw zh duh
frqvlghulqj d forvhg hfrqrp| zlwk qr jryhuqphqw vhfwru1

Wkh uhodwlrqvkls ehwzhhq rxwsxw dqg vdylqj lv ghwhuplqhg e| dvvxplqj d
frqvwdqw pdujlqdo surshqvlw| wr vdyh v=

V

\
@ v +419,

Zh gh�qh dv n dqg | uhvshfwlyho| wkh vwrfn ri fdslwdo shu h�hfwlyh xqlw ri
oderxu +N@DO, dqg wkh ohyho ri rxwsxw shu h�hfwlyh xqlw ri oderxu +\@DO, = E|
xvlqj doo wkh htxdwlrqv lq wkh prgho zh kdyh=

nw +4 . q, +4 . j, @ nw�4 +4� �, . vn�w +41:,

Htxdwlrq +4=:, ghwhuplqhv wkh sdwwhuq ryhu wlph ri wkh vwrfn ri fdslwdo shu
h�hfwlyh xqlw ri oderxu1 Iurp wklv uhodwlrq zh fdq slq grzq wkh vwhdg| vwdwh
ydoxh ri n/ e| vhwwlqj n� @ nw.l iru hdfk l=

n� @
�

v

q. j . �

� 4
4��

+41;,

+4=;, pdnhv fohdu wkdw wkh vwhdg| vwdwh n lv srvlwlyho| uhodwhg wr wkh vdy0
lqj udwh dqg qhjdwlyho| uhodwhg wr wkh udwh ri jurzwk ri srsxodwlrq/ wkh udwh ri
whfkqrorjlfdo surjuhvv dqg wkh udwh ri ghsuhfldwlrq ri fdslwdo1



IURP WKHRU\ WR GDWD= WKH QHZ0FODVVLFDO JURZWK PRGHO1 <

E| vxevwlwxwlqj +4=;, lq wkh surgxfwlrq ixqfwlrq dqg wdnlqj orjdulwkpv zh
fdq ghulyh wkh shu fdslwd vwhdg| vwdwh rxwsxw dv =

oq

�
\ �w
Ow

�
@ oqD3 . jw.

�

4��
oq +v,� �

4��
oq +q . j . �, +41<,

+4=;, pdnhv yhu| vshfl�f suhglfwlrqv rq wkh lpsdfw rq rxwsxw ri wkh vdylqj
udwh dqg wkh udwh ri ghsuhfldwlrq ri fdslwdo/ wkh udwh ri whfkqrorjlfdo surjuhvv
dqg wkh udwh ri ghsuhfldwlrq ri fdslwdo1

Lw lv qdwxudo dw wklv vwdjh wr udlvh d txhvwlrq rq wkh hpslulfdo vxssruw wr
vxfk zhoo vshfl�hg suhglfwlrqv1 Pdqnlz/ Urphu dqg Zhlo +^9`, fkrrvh wr whvw
wkh prgho rq gdwd iurp d furvv0vhfwlrq ri frxqwulhv1 Vxfk gdwd duh dydlodeoh
lq d gdwdedvh frqvwuxfwhg e| Vxpphuv0Khvwrq +4<;;,/ zklfk frqwdlqv vhulhv rq
uhdo rxwsxw/ sulydwh dqg jryhuqphqw frqvxpswlrq/ lqyhvwphqw dqg srsxodwlrq
iru yluwxdoo| doo frxqwulhv lq wkh zruog/ h{foxglqj sodqqhg hfrqrplhv1 Wkh gdwd
duh dydlodeoh dw dqqxdo iuhtxhqflhv1 Pdqnlz/Urphu dqg Zhlo frqfhqwudwh rq wkh
yduldeohv ri lqwhuhvw iru wkh shulrg 4<9304<;81 Wkh udwh ri jurzwk ri srsxodwlrq/
q> lv phdvxuhg e| wkh dyhudjh udwh ri jurzwk ri srsxodwlrq lq zrunlqj djh +480
97 |hduv rog,1 Wkh udwh ri vdylqjv/ v/ lv phdvxuhg e| wkh udwlr ri lqyhvwphqw wr
JQS1 q dqg v duh dyhudjhv iru wkh shulrg 4<9304<;81 | lv phdvxuhg e| wkh orj ri
JGS shu zrunlqj djh shuvrq lq 4<;81 +j . �, lv qrw gluhfwo| revhuydeoh dqg lw lv
dvvxphg frqvwdqw dw d ydoxh ri 31381 Zh frqfhqwudwh rq d vdpsoh ri :8 frxqwulhv
odehoohg Lqwhuphgldwh e| Pdqnlz/ Urphu dqg Zhlo dqg rewdlqhg frqvlghulqj
qrq0rlo surgxfhuv frxqwulhv zlwk srsxodwlrq kljkhu wkdq rqh ploolrq lq 4<93 dqg
uholdeoh gdwd/ wkxv h{foxglqj iurp wkh vdpsoh rlo surgxfhuv +dv wkh exon ri JGS
iru vxfk frxqwulhv lv qrw ydoxh dgghg exw h{wudfwlrq ri h{lvwlqj uhvrxufhv,/ vpdoo
frxqwulhv dqg frxqwulhv zlwk orz0txdolw| gdwd +uhfhlylqj d judgh ri �G� iurp
Vxpphuv dqg Khvwrq,1 Wkh gdwd duh frqwdlqhg/ lq H[FHO irupdw/ lq wkh �oh
PUZ1[OV1

Qrz zh kdyh gdwd dqg zh kdyh +4=<,/ zklfk pdnhv vshfl�f/ wkhru|0edvhg suh0
glfwlrqv/ rq wkh uhodwlrqv ehwzhhq yduldeohv lq rxu gdwd vhw/ wkh qdwxudo txhvwlrq
lv krz zh whvw hpslulfdoo| wkh Vrorz prghoB

Wkh �uvw srlqw wr qrwh lv wkdw wkhuh lv qr vwrfkdvwlf vwuxfwxuh lq +4=<, =
Pdqnlz/ Urphu dqg Zhlo dgg d vwrfkdvwlf vwuxfwxuh wr wkh gdwd e| ljqrulqj
wkh gl�huhqfh ehwzhhq \ dqg \ � dqg e| frqfhqwudwlqj rq wkh whup D= Lq idfw D
uh hfwv qrw rqo| wkh vwdwh ri whfkqrorj| exw dovr rwkhu idfwruv/ vxfk dv qdwxudo
uhvrxufhv/ folpdwh/ lqvwlwxwlrqv/ wkhuhiruh wkh iroorzlqj vshfl�fdwlrq lv dgrswhg
iru D =

oqD3 @ d. %l

zkhuh d lv d frqvwdqw dqg %l uhsuhvhqwv d frxqwu|0vshfl�f vkrfn1 +4=<, eh0
frphv qrz=
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oq |l @ oqD3 . jw.
�

4��
oq +vl,� �

4� �
oq +ql . j . �, . %l +4143,

zklfk irupv wkh edvlv iru wkh hpslulfdo lqyhvwljdwlrq1

416 Wkh hvwlpdwlrq sureohp= Ruglqdu| Ohdvw Vtxduhv

Wkh edvlv iru wkh hpslulfdo whvw ri wkh suhglfwlrqv ri wkh Vrorz*v jurzwk prgho lv
wkh hvwlpdwlrq ri +4=43, = Frqvlghu wkh hvwlpdwlrq ri wkh iroorzlqj prgho rq rxu
vdpsoh ri :8 frxqwulhv=

oq |l @ �3 . �4 oq +vl, . �5 oq +ql . j . �, . %l= +4144,

Li wkh Vrorz prgho ghvfulehv fruuhfwo| wkh gdwd/ wkhq wkh sdudphwhu �3 vkrxog
fdswxuh wkh whup oqD3 . jw/ zklfk lv d frqvwdqw ri wkh furvv0vhfwlrq ri gdwd/
zkloh �4 vkrxog eh htxdo wr �

4�� dqg �5 vkrxog lqvwhdg wdnh wkh ydoxh ri � �
4�� 1

Wkhuhiruh/ lqghshqghqw lqirupdwlrq rq idfwru vkduhv frxog eh xvhg wr dvvhvv wkh
pdjqlwxgh ri wkh hvwlpdwhg frh!flhqw= Pdqnlz/Urphu dqg Zhlo fodlp wkdw gdwd
rq idfwru vkduhv vxjjhvw rqh0wklug dv d sodxvleoh ydoxh iru � dqg wkhuhiruh wkh
hodvwlflwlhv ri |l zlwk uhvshfw wr vl dqg +ql . j . �, vkrxog eh uhvshfwlyho| 318
dqg 03181 Pruhryhu/ xqghu wkh qxoo ri wkh ydolglw| ri wkh Vrorz prgho/ zh kdyh d
whvwdeoh uhvwulfwlrqv rq wkh sdudphwhuv/ qdpho| �4 @ ��5=

Wr looxvwudwh krz hvwlpdwlrq fdq eh shuiruphg/ frqvlghu wkh iroorzlqj jhqhudo
uhsuhvhqwdwlrq ri rxu prgho=

| @[� . �

| @

3EEEEC
|4
=
=
=
|Q

4FFFFD > [ @

3EEEEC
{44 {45 = = {4n
= = = = =
= = = = =
= = = = =

{Q4 {Q5 = = {Qn

4FFFFD

� @

3EEEEC
�4
=
=
=
�n

4FFFFD > � @

3EEEEC
%4
=
=
=
%Q

4FFFFD =

Lq rxu fdvh Q @ :8/ n @ 6/ wkh yhfwru | frqwdlqv :8 revhuydwlrqv rq shu
fdslwd JGS zkloh pdwul{ [ lv +:8�6,1 Qrwh wkdw wkh �uvw froxpq ri [ lv pdgh
hqwluho| ri rqhv/ wkh vhfrqg froxpq frqwdlqv revhuydwlrqv rq
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oq +vl,/ zkloh wkh wklug rqh frqwdlqv revhuydwlrqv rq oq +ql . j . �, = Wkh yhf0
wru � frqwdlqv wkuhh sdudphwhuv= d frqvwdqw dqg wkh wzr hodvwlflwlhv ri lqwhuhvw
lq rxu hfrqrplf sureohp1

Wkh vlpsohvw phwkrg wr ghulyh hvwlpdwhv ri wkh sdudphwhuv ri lqwhuhvw lv
wkh Ruglqdu| Ohdvw Vtxduhv +ROV, phwkrg1 Vxfk phwkrg fkrrvhv ydoxhv iru
wkh xqnqrzq sdudphwhu wr plqlpl}h/ lq vrph vhqvh/ wkh pdjqlwxgh ri wkh qrq0
revhuydeoh frpsrqhqwv1 Gh�qh wkh iroorzlqj txdqwlw|=

h +�, @ | �[�

zkhuh h +�, lv d +q� 4, yhfwru 1 Li zh wuhdw [�/ dv d +frqglwlrqdo, suhglfwlrq
iru |/ wkhq zh fdq frqvlghu h +�, dv d iruhfdvwlqj huuru1 Wkh vxp ri wkh vtxduhg
huuruv lv wkhq

V +�, @ h +�,3 h +�,

ROV surgxfhv dq hvwlpdwru ri �/ e�> gh�qhg dv iroorzv=

V
�e�� @ �plqh +�,3 h +�,

Jlyhq e�> zh fdq gh�qh dq dvvrfldwhg yhfwru ri uhvlgxdo e� dve� @ |�[e�= Wkh ROV hvwlpdwru fdq eh ghulyhg e| frqvlghulqj wkh qhfhvvdu|
dqg vx!flhqw frqglwlrqv iru e� wr eh d xqltxh plqlpxp iru V =

l, [3 e� @ 3
ll, udqn+[, @ n
Frqglwlrq l, lpsrvhv ruwkrjrqdolw| ehwzhhq wkh uljkw0kdqg vlgh yduldeohv rq

wkh ROV uhvlgxdov/ dqg hqvxuhv wkdw wkh uhvlgxdo kdyh dq dyhudjh ri }hur zkhq d
frqvwdqw lv lqfoxghg dprqj wkh uljkw0kdqg vlgh yduldeohv +wkh uhjuhvvruv,1 Frq0
glwlrq ll, uhtxluhv wkdw wkh froxpqv ri wkh [ pdwul{ duh olqhduo| lqghshqghqw= qr
yduldeoh lq [ fdq eh h{suhvvhg dv d olqhdu frpelqdwlrq ri wkh rwkhu yduldeohv lq
[=

Iurp l, zh fdq ghulyh dq h{suhvvlrq iru wkh ROV hvwlpdwhv=

[3e� @ [3
�
| �[e�� @[3| �[3[e� @ 3e� @ +[3[,
�4
[3|

41614 Surshuwlhv ri wkh ROV hvwlpdwhv

Zh kdyh ghulyhg wkh ROV hvwlpdwru zlwkrxw dq| dvvxpswlrq rq wkh vwdwlvwlfdo
vwuxfwxuh ri wkh gdwd1 Lq idfw wkh vwdwlvwlfdo vwuxfwxuh ri wkh gdwd lv qrw qhhghg
wr ghulyh wkh hvwlpdwru exw wr gh�qh lwv surshuwlhv1 Wr looxvwudwh vxfk surshuwlhv
zh uhihu wr wkh edvlf frqfhswv ri phdq dqg yduldqfh ri yhfwru yduldeohv1
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Jlyhq d jhqhulf yhfwru ri yduldeohv/ {

{ @

3EEEEC
{4
=
=
=
{q

4FFFFD
zh gh�qh wkh phdq yhfwru H +{, dqg wkh phdq pdwul{ ri rxwhu surgxfwv

H +{{3, dv iroorzv=

H +{,@

3EEEEC
H +{4,

=
=
=

H +{q,

4FFFFD

H +{{3, @ H

3EEEEC
{54 {4{5 = = {4{q
= {55 = = {5{q
= = = = =
= = = = =

{q{4 {q{5 = = {5q

4FFFFD

@

3EEEEC
H
�
{54
�

H +{4{5, = = H +{4{q,
= H

�
{55
�

= = H +{5{q,
= = = = =
= = = = =

H +{q{4, H +{q{5, = = H
�
{5q
�

4FFFFD
Wkh yduldqfh0fryduldqfh pdwul{ ri { lv wkh gh�qhg dv iroorzv=

ydu +{, @ H +{�H +{,,H +{�H +{,,3 @

@ H +{{3,�H +{,H +{,3

Qrwh wkdw wkh yduldqfh0fryduldqfh pdwul{ lv v|pphwulf dqg srvlwlyh gh�qlwh/
e| frqvwuxfwlrq1 Lq idfw/ jlyhq dq duelwudu| D yhfwru ri glphqvlrq q/ zh kdyh =

ydu +D3{, @D3ydu +{,D

Wkh �uvw uhohydqw k|srwkhvlv iru wkh ghulydwlrq ri wkh vwdwlvwlfdo surshuwlhv
ri ROV uhjdugv wkh uhodwlrqvkls ehwzhhq glvwxuedqfhv dqg uhjuhvvruv lq wkh hvwl0
pdwhg htxdwlrq1 Wklv k|srwkhvlv lv frqvwuxfwhg wzr sduwv= �uvw lw lv dvvxphg wkdw
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H +|l m {l, @ {3l�> wklv uxohv rxw wkh frqwhpsrudqhrxv fruuhodwlrq ehwzhhq uhvlgx0
dov dqg uhjuhvvruv +lw lv wkhuhiruh ydolg li wkhuh duh qrw rplwwhg yduldeohv fruuhodwhg
zlwk wkh uhjuhvvruv,/ vhfrqg lw lv dvvxphg wkdw wkh frpsrqhqwv ri wkh dydlodeoh
vdpsoh duh lqghshqghqwo| gudzq1 Wkh vhfrqg sduw ri wklv dvvxpswlrq jxdudq0
whhv wkh htxlydohqfh ehwzhhq H +|l m {l, @ {3l� dqg H+|l m {4> ==={l> ==={q, @ {3l�=
Xvlqj yhfwru qrwdwlrq zh kdyh

H +| m[, @[�

zklfk fdq eh zulwwhq htxlydohqwo| dv

H +� m[, @ 3 +4145,

Qrwh wkdw k|srwkhvlv +5=9, lv yhu| ghpdqglqj1 Lq idfw/ lw lpsolhv wkdw

H +�l m {4> ==={l> ==={q, @ 3 +l @ 4> ===q,

Wkh frqglwlrqdo phdq lv lq jhqhudo d qrq0olqhdu ixqfwlrq ri +{4> ==={l> ==={q,/
+5=9, uhtxluhv wkdw vxfk ixqfwlrq lv d frqvwdqw ri }hur1 Qrwh wkdw +5=9, uhtxluhv
wkdw hdfk uhjuhvvru lv ruwkrjrqdo qrw rqo| wr wkh huuru whup dvvrfldwhg wr wkh
vdph revhuydwlrq +H +{ln%l, @ 3 iru doo n, exw dovr wr wkh huuru whp dvvrfldwhg wr
hdfk rwkhu revhuydwlrqv +H +{mn%l, @ 3 iru doo m 9@ n, = Wklv vwdwhphqw lv surrihg
e| xvlqj wkh surshuwlhv ri frqglwlrqdo h{shfwdwlrqv1

Jlyhq wkdw H +� m[, @ 3 lpsolhv/ e| wkh Odz ri Lwhudwhg H{shfwdwlrqv/ wkdw
H +�, @ 3> zh kdyh

H +%l m {mn, @ H ^H +%l m {, m {mn` @ 3 +4146,

Wkhq

H +%l{mn, @ H ^H +%l{mn m {mn,` +4147,

@ H ^{mnH +%l m {mn,` +4148,

@ 3 +4149,

Lq wkh frqwh{w ri wkh Vrorz prgho +5=9, uhtxluhv wkdw v dqg q duh lqghshqghqw
iurp �= Ri frxuvh/ vxfk k|srwkhvlv lv qrw jrlqj wr krog lq dq| wlph0vhulhv prghov
zkhq wkh wlph0vhulhv vkrz vrph ghjuhh ri shuvlvwhqfh +lq sudfwlfh/ dozd|v,1 Wklqn
ri wkh vlpsohvw wlph0vhulhv prgho iru d jhqhulf yduldeoh | =

|w @ d3 . d4|w�4 . xw=

Lw lv fohdu wkdw li d4 9@ 3> wkhq/ dowkrxjk lw lv wuxh wkdw H+xw m |w�4, @ 3>
H+xw�4 m |w�4, 9@ 3 dqg +5=9,lv ghvwur|hg/ zlwkrxw dq| rplwwhg yduldeoh sureohp1
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Wklv h{sodlqv zk| zh kdyh xvhg d furvv0vhfwlrq h{dpsoh lq rxu lqwurgxfwru|
fkdswhu/ zh vkdoo wkhq frpsolfdwh wkh iudphzrun wr ghdo surshuo| zlwk wlph0vhulhv
revhuydwlrqv1

Wkh vhfrqg k|srwkhvlv gh�qhv frqvwdqf| ri wkh frqglwlrqdo yduldqfh ri vkrfnv=

H +�3� m[, @ �5L +414:,

zkhuh �5 lv d frqvwdqw lqghshqghqw iurp [=
Wkh wklug k|srwkhvlv lv wkh rqh/ douhdg| lqwurgxfhg/ zklfk jxdudqwhhv wkdw

wkh ROV hvwlpdwru fdq eh ghulyhg=

udqn +[, @ n +414;,

Xqghu k|srwkhvhv +5=9, � +4=4;, zh fdq ghulyh wkh surshuwlhv ri wkh ROV
hvwlpdwru1

Surshuw| 4= xqeldvhgqhvv
Wkh frqglwlrqdo h{shfwdwlrq +zlwk uhvshfw wr [, ri wkh ROV hvwlpdwhv lv wkh

yhfwru ri xqnqrzq sdudphwhuv � =

e� @ +[3[,
�4
[3 +[� . �,

@ �.+[3[,
�4
[3�

H
�e� m[� @ �.+[3[,

�4
[3H +� m[,

@ �

e| k|srwkhvlv +5=9, =
Surshuw| 5= yduldqfh ri ROV
Wkh frqglwlrqdo yduldqfh ri wkh ROV hvwlpdwru lv �5 +[3[,�4 =

ydu
�e� m[� @ H

��e� ��
��e� ��

�3
m[
�

@ H
�
+[3[,

�4
[3��3[ +[3[,

�4 m[
�

@ +[3[,
�4
[3H +��3 m[,[ +[3[,

�4

@ +[3[,
�4
[3�5L[ +[3[,

�4

@ �5 +[3[,
�4

Surshuw| 6= Jdxvv0Pdunry wkhruhp
Wkh ROV hvwlpdwru lv wkh prvw h!flhqw lq wkh fodvv ri olqhdu xqeldvhg hvwl0

pdwruv1
Frqvlghu wkh fodvv ri olqhdu hvwlpdwruv=
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�O @ O|

Wklv fodvv lv gh�qhg e| wkh vhw ri pdwulfhv +n{q, O> zklfk duh �{hg zkhq
frqglwlrqlqj xsrq [1 O grhv qrw ghshqg rq |=Wkhuhiruh zh kdyh=

H +�O m[, @ H +O[� .O% m[,

@ O[�

dqg O[� @ � rqo| li O[ @ Ln= Vxfk frqglwlrq lv reylrxvo| vdwlv�hg e| wkh
ROV hvwlpdwru/ zklfk lv rewdlqhg e| vhwwlqj O @+[3[,�4[3= Wkh yduldqfh ri
wkh jhqhudo hvwlpdwru lq wkh fodvv ri olqhdu xqeldvhg hvwlpdwruv lv uhdglo| rewdlqhg
dv=

ydu +�O m[, @ H
�
O%%3O3 m[�

@ �5OO3=

Wr vkrz wkdw wkh ROV hvwlpdwru lv wkh prvw h!flhqw zlwklq wklv fodvv zh
kdyh wr vkrz wkdw wkh yduldqfh ri wkh ROV hvwlpdwru gl�hu iurp wkh yduldqfh ri
wkh jhqhulf hvwlpdwru lq wkh fodvv e| wr d srvlwlyh vhpl0gh�qlwh pdwul{1

Wr wklv dlp gh�qh G @ O� +[3[,�4[3> O[ @ L uhtxluhv G[ @ 3=

OO3 @
�
+[3[,

�4
[3 .G

��
[ +[3[,

�4
.G3

�
@ +[3[,

�4
[3[ +[3[,

�4
. +[3[,

�4
[3G3 .

.G[ +[3[,
�4

.GG3

@ +[3[,
�4

.GG3

iurp zklfk zh kdyh wkdw

ydu +�O m[, @ ydu
�e� m[�. �5GG3

zklfk suryhv wkh srlqw> lq idfw iru dq| jlyhq pdwul{G> qrw qhfhvvdulo| vtxduh/
wkh v|pphwulf pdwul{ GG3 lv srvlwlyh vhplgh�qlwh1

417 ROV hvwlpdwlrq ri wkh Vrorz jurzwk prgho

Wkh uhvxowv ri wkh dssolfdwlrq ri ROV wr wkh Vrorz jurzwk prgho duh uhsruwhg lq
Wdeoh 41 Zh uhsruw srlqw hvwlpdwhv dorqj zlwk vwdqgdug huuruv +vtxduh urrwv ri
wkh hohphqwv lq wkh sulqflsdo gldjrqdo ri wkh yduldqfh0fryduldqfh pdwul{ ri wkh
ROV hvwlpdwhv,1 Wkh Wdeoh lv edvhg rq d uhjuhvvlrq uxq e| xvlqj H0Ylhzv dqg
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h{dfwo| uhsolfdwhv wkh uhvxowv lq Wdeoh 4 ri Pdqnlz/ Urphu dqg Zhlo +4<<5/ s1
747,1

Wdeoh 4= Wkh hvwlpdwlrq ri wkh Vrorz prgho

Yduldeoh Frh!flhqw Vwg1 Huuru w0udwlr Sure1

F 8169:9<; 418733;5 617;8666 31333;

oq+v, 41658686 314:3944 :1:9;5;4 313333

oq+q. j . �, 0513466<3 31865;63 061::;9:5 313336

U0vtxduhg 31934:36 V1H1 ri uhjuhvvlrq 3193<789

oq+v, = orj ri vdylqjv udwh +gh�qhg dv OQV lq PUZ1[OV,
oq+q. j . �, =orj ri 3138. udwh ri jurzwk ri srsxodwlrq

+gh�qhg dv OQQJG lq PUZ1[OV,

Vrph frqvlghudwlrq rq wkhvh uhvxowv duh lq rughu1
Iluvw/ zh kdyh vshfl�hg d prgho e| ghulylqj lw gluhfwo| iurp wkh wkhru| dqg

zh kdyh hvwlpdwhg lw wr ghulyh hpslulfdo hylghqfh rq wkh ydolglw| ri wkh prgho*v
suhglfwlrq1 Lq wkh oljkw ri wkh dgrswlrq ri wklv vshfl�f vwudwhj| iru uhvhdufk/ wkh
uhvlgxdo ri wkh hvwlpdwhg prgho frxog eh lqirupdwlyh lq wkdw wkh| uh hfw wkh
lpsdfw ri doo yduldeohv rplwwhg iurp wkh fkrvhq vshfl�fdwlrq1 Wkh dqdo|vlv ri
uhvlgxdov frxog eh uhyhdolqj rq wkh plv0vshfl�fdwlrq ri wkh hvwlpdwhg prgho1

Vhfrqg/ wkh frh!flhqwv kdyh wkh h{shfwhg vljq exw wkh uhvwulfwlrq lpsolhg e|
wkh wkhru| duh qrw h{dfwo| vdwlv�hg1 Lq idfw/ wkh devroxwh ydoxhv ri wkh srlqw hv0
wlpdwhv ri wkh wzr hodvwlflwlhv duh gl�huhqw/ dqg wkhlu pdjqlwxgh grhv qrw pdwfk
dydlodeoh lqirupdwlrq rq wkh fdslwdo0rxwsxw udwlr1 PUZ revhuyh wkdw wkh hpslu0
lfdo revhuydwlrq ri d fdslwdo0rxwsxw udwlr ri derxw rqh wklug lv frqvlvwhqw zlwk
dq hodvwlflw| ri wkh sur0fdslwd rxwsxw zlwk uhvshfw wr wkh vdylqj udwh ri derxw
318 dqg hodvwlflw| ri wkh sur0fdslwd rxwsxw zlwk uhvshfw wr +q . j . �, ri derxw
�3=81 Wkh qdwxudo txhvwlrq zklfk udlvhv dw wklv srlqw lv uhodwhg wr wkh qdwxuh
ri hvwlpdwhg sdudphwhuv1 Jlyhq wkdw wkh| duh udqgrp yduldeoh/ lw vhhpv reylrxv
wr wu| dqg ghulyh wkhlu glvwulexwlrq lq rughu wr whvw vwdwlvwlfdoo| k|srwkhvlv ri
hfrqrplf lqwhuhvw1 Dq lqwhuhvwlqj jhqhudo k|srwkhvlv uhjdugv wkh vljql�fdqfh ri
wkh hvwlpdwhg frh!flhqwv/ zkloh pruh vshfl�f k|srwkhvlv duh ri lqwhuhvw lq whvwlqj
wkh suhglfwlrq ri wkh wkhru| +lq rxu fdvh �4 @ ��5> �4 @ 3=8> �5 @ �3=8,1
418 Uhvlgxdo dqdo|vlv

Frqvlghu wkh iroorzlqj uhsuhvhqwdwlrq=

e� @ | �[e�
@ | �[ +[3[,

�4
[3| @P|

zkhuhP @ Lq�T> dqg T @[ +[3[,�4[3= Wkh +q�q, pdwulfhvP dqg T/
kdyh wkh iroorzlqj surshuwlhv=
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l, wkh| duh v|pphwulf=P3@P>T3@ T>
ll, wkh| duh lghpsrwhqw= TT @T>PP @P>
lll, P[ @ 3>PT @ 3>T[ @[=

Qrwh wkdw wkh ROV surmhfwlrq iru | fdq eh zulwwhq dv e| @ [e� @ T|> qrwh
dovr wkdw e� @P|> iurp zklfk zh kdyh wkh nqrzq uhvxow ri ruwkrjrqdolw| ehwzhhq
wkh ROV uhvlgxdov dqg uhjuhvvruv1 Zh dovr kdyh

P| @P[� .P� @Pe�> jlyhq wkdw P[ @ 3= Wkhuhiruh zh kdyh d yhu|
zhoo vshfl�hg uhodwlrq ehwzhhq wkh ROV uhvlgxdov dqg wkh huuruv lq wkh prghoe� @P�/ zklfk fdqqrw eh xvhg wr ghulyh wkh huuruv jlyhq wkh uhvlgxdov dv wkhP
pdwul{ lv qrw lqyhuwleoh1

Zh fdq uh0zulwh wkh vxp ri vtxduhg uhvlgxdov dv=

V
�e�� @ e�3e� @ �3P3P� @ �3P�

V
�e�� lv dq reylrxv fdqglgdwh iru wkh frqvwuxfwlrq ri dq hvwlpdwh iru �5= Wr

ghulyh dq hvwlpdwh ri �5 iurp V
�e�� wkh frqfhsw ri wudfh lv xvhixo1 Wkh wudfh ri d

vtxduh pdwul{ lv wkh vxp ri doo hohphqwv rq lwv sulqflsdo gldjrqdo1 Wkh iroorzlqj
surshuwlhv duh uhohydqw=

l, jlyhq dq| wzr vtxduh pdwulfhv D dqg E>wu +D.E, @ wuD. wuE>
ll, jlyhq dq| wzr pdwulfhv D dqg E>wu +DE, @ wu +ED, >
lll, wkh udqn ri dq lghpsrwhqw pdwul{ lv htxdo wr lwv wudfh1
E| xvlqj surshuw| ll, wrjhwkhu zlwk wkh idfw wkdw d vfdodu frlqflghv zlwk lwv

wudfh zh kdyh =

�3P� @wu +�3P�, @ wu
�
P��3

�
Qrz zh fdq dqdo|}h wkh h{shfwhg ydoxh ri V

�e�� >frqglwlrqdo xsrq [=
H
�
V
�e�� m[� @ H

�
wuP��3 m[�

@ wuH
�
P��3 m[�

@ wuP +H��3 m[,

@ �5wuP

exw/ e| xvlqj surshuwlhv l, dqg ll,/ zh kdyh=

wuP @ wuLq�wu
�
[ +[3[,

�4
[3
�

@ q� wu
�
[3[ +[3[,

�4�
@ q� n

Wkhuhiruh dq xqeldvhg hvwlpdwh ri �5 lv jlyhq e| V
�e�� @ +q� n, =
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Wklv uhvxowv doorzv wkh frqvwuxfwlrq ri wkh vwdqgdug huuruv iru wkh hvwlpdwhg
ROV sdudphwhuv uhsruwhg lq wkh vhfrqg froxpq ri Wdeoh 41

Xvlqj wkh uhvxow ri ruwkrjrqdolw| ehwzhhq wkh ROV surmhfwlrqv dqg wkh ROV
uhvlgxdov zh fdq zulwh=

ydu +|, @ ydu +e|, . ydu +e�,
iurp zklfk zh fdq ghulyh wkh iroorzlqj/ uhvlgxdo edvhg/ lqglfdwru ri jrrgqhvv

ri �w=

U5 @
ydu +e|,
ydu +|,

@ 4� ydu +e�,
ydu +|,

Wkh lqirupdwlrq frqwdlqhg lq wkh U5 lv wr eh dvvrfldwhg zlwk wkh lqirupdwlrq
frqwdlqhg lq wkh vwdqgdug huuru ri wkh uhjuhvvlrq/ zklfk lv wkh vtxduhg urrw ri
wkh hvwlpdwhg yduldqfh ri ROV uhvlgxdov1 Qrwh wkdw/ zkhq d prgho lv hvwlpdwhg
lq orjdulwkpv/ wkh vwdqgdug huuru ri wkh uhjuhvvlrq grhv qrw ghshqg rq wkh xqlw
ri phdvxuhv lq zklfk wkh yduldeohv duh h{suhvvhg1 Lq idfw/ zh kdyh=

e� @ orj +|, � orj +e|,
@ orj

�
|e|
�
@ orj

�
4 .

| � e|e|
�
* | � e|e|

Zkhq wkh prghov duh qrw vshfl�hg lq orjv/ vwdqgdug huuruv duh xvxdoo| lq0
whsuhwhg e| glylglqj wkhp e| wkh phdq ri wkh ghshqghqw yduldeoh1

419 Hohphqwv ri glvwulexwlrq wkhru|

Zh frqvlghu wkh glvwulexwlrq ri d jhqhulf q0glphqvlrqdo yhfwru {> wrjhwkhu
zlwk wkh ghulyhg glvwulexwlrq ri wkh yhfwru | @ j +{, zklfk dgplwv lqyhuvh { @
k +|, >zlwk k @ j�4= Li sure+{4 ? { ? {5, @

U {5
{4

i +{, g{> dqg sure+|4 ? | ? |5, @U |5
|4

i� +|, g|> wkhq

i� +|, @ i +k +|,, M

zkhuh M @

������
Ck4
C|4

=== Ckq
C|4

=== === ===
Ck4
C|q

=== Ckq
C|q

������ @
��� CkC|3 ��� =

41914 Wkh qrupdo glvwulexwlrq

Wkh vwdqgdugl}hg qrupdo xqlyduldwh kdv wkh iroorzlqj glvwulexwlrq=
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i +}, @
4s
5�

h{s

�
�4

5
}5
�

H +}, @ 3> ydu +}, @ 4

E| frqvlghulqj wkh wudqvirupdwlrq { @ �} . �/ zh ghulyh wkh glvwulexwlrq ri
wkh xqlyduldwh qrupdo dv=

i +{, @
4

�
s
5�

h{s

#
�+{� �,5

5�5

$
H +}, @ �> ydu +}, @ �5

Frqvlghu qrz wkh yhfwru } @ +}4>}5===}q, > vxfk wkdw

i +}, @ l @ 4
q\
i +}l, @ +5�,�

q
5 h{s

�
�4

5
}3}
�

} lv /e| frqvwuxfwlrq/ d yhfwru ri qrupdo lqghshqghqw yduldeohv zlwk }hur phdq
dqg lghqwlw| yduldqfh0fryduldqfhpdwul{1 Wkh frqyhqwlrqdo qrwdwlrq lv } �Q +3> Lq, =

Frqvlghu qrz wkh iroorzlqj olqhdu wudqvirupdwlrq

{ @D}.�

zkhuh D lv dq +q{q,lqyhuwleoh pdwul{1 Zh frqvlghu wkh iroorzlqj wudqvirupd0
wlrq } @D�4 +{��, zlwk Mdfreldq M @

��D�4�� @ 4
mDm = E| dsso|lqj wkh irupxod

iru wkh wudqvirupdwlrq ri yduldeoh/ zh kdyh=

i +{, @ +5�,�
q
5

��D�4�� h{s��4

5
+{ ��,3D�43D�4 +{ ��,

�
zklfk/ e| gh�qlqj wkh srvlwlyh gh�qlwh pdwul{ 	 @DD3>fdq eh uh0zulwwhq dv

iroorzv=

i +{, @ +5�,�
q
5

���	� 4
5

��� h{s��4

5
+{��,3 	�4 +{ ��,

�
+414<,

Wkh frqyhqwlrqdo qrwdwlrq iru wkh pxowlyduldwh qrupdo lv { � Q +�>	, = Dq
xvhixo wkhruhp lv uhodwhg wr wkh pxowlyduldwh qrupdo=

Wkhruhp 414 Iru dq| { �Q +�>	, jlyhq dq| +p�q, E pdwul{ dqg dq| +p�4,
yhfwru g>li | @ E{. g> wkhq | �Q

�
E�. g>E	E3

�
=
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Frqvlghu sduwlwlrqlqj d q0yduldwh qrupdo yhfwru lq wzr vxe0yhfwru ri glphq0
vlrqv q4 dqg q� q4 dv iroorzv=

�
{4
{5

�
�Q

��
�4

�5

�
>

�
	44 	45

	54 	55

��
=

E| dsso|lqj wkh deryh wkhruhp/ zh rewdlq wkh wzr iroorzlqj uhvxowv=
l, {4 � Q +�4>	44, > zklfk lv rewdlqhg e| dsso|lqj wkh wkhruhp lq wkh fdvh

g @ 3>E @+Lq4 3, >
ll, +{4 m {5, � Q

�
�4 .	45	

�4
55 +{5��5, >	44 �	45	

�4
55 	54

�
> zklfk lv re0

wdlqhg e| dsso|lqj wkh wkhruhp lq wkh fdvh g @ 	45	
�4
55 {5>E @

�
Lq4 �	45	

�4
55

�
=

Uhvxowv ll, vkrzv fohduo| wkdw devhqfh ri fruuhodwlrq lv htxlydohqw wr lqgh0
shqghqfh zlwklq wkh iudphzrun ri d pxowlyduldwh qrupdo1 Wklv uhvxow lv mxvwl�hg
e| wkh idfw wkdw wkh qrupdo glvwulexwlrq lv hqwluho| ghvfulehg e| lwv �uvw wzr
prphqwv1

41915 Glvwulexwlrqv ghulyhg iurp wkh qrupdo

Frqvlghu } �Q +3> Lq, > dq q0yduldwh vwdqgdug qrupdo 1 Wkh glvwulexwlrq ri $ @
}3} lv gh�qhg dv d "5 zlwk q ghjuhhv ri iuhhgrp1 Frqvlghu qrz wzr yhfwruv }4
dqg }5 uhvshfwlyho| ri glphqvlrq q4 dqg q5 zlwk wkh iroorzlqj glvwulexwlrq=

�
}4
}5

�
�Q

��
3

3

�
>

�
Lq4 3
3 Lq5

��
=

Wkhq zh kdyh $4 @ }34}4 � "5 +q4, > $5 @ }35}5 � "5 +q5, > dqg $4 . $5 @
}34}4.}

3
5}5 � "5 +q4 . q5, > lq jhqhudo wkh vxp ri wzr lqghshqghqw "5 lv lq lwvhoi

glvwulexwhg dv "5 zlwk d qxpehu ri ghjuhhv ri iuhhgrp htxdo wr wkh vxp ri wkh
ghjuhhv ri iuhhgrp ri wkh wzr "5=

Iurp rxu glvfxvvlrq ri wkh pxowlyduldwh qrupdo lw iroorzv wkdw li { �Q +�>	, >
wkhq +{��,3 	�4 +{ ��, � "5 +q, =

D uhodwhg uhvxow hvwdeolvk wkdw li } �Q +3> Lq, dqg P lv d v|pphwulf lghp0
srwhqw +q � q, pdwul{ ri udqn u/ wkhq }3P} � "5 +u, =

Dqrwkhu glvwulexwlrq uhodwhg wr wkh qrupdo lv wkh I glvwulexwlrq1 Wkh I glv0
wulexwlrq lv rewdlqhg dv wkh udwlr ri wzr lqghshqghqw "5 glylghg e| wkh uhvshfwlyh
ghjuhhv ri iuhhgrp1 Jlyhq $4 � "5 +q4, > dqg $5 � "5 +q5,/ zh kdyh=

$4@q4
$5@q5

� I +q4> q5, =

Wkh Vwxghqw*v w glvwulexwlrq lv wkhq gh�qhg dv iroorzv=

wq @
s
I +4> q,=

Dqrwkhu xvhixo uhvxow hvwdeolvk wkdw wzr txdgudwlf irupv lq wkh vwdqgdug
pxowlyduldwh qrupdo/ }3P} dqg }3T}> duh lqghshqghqw liPT @ 3=Zh fdq �qdoo|
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vwdwh wkh iroorzlqj wkhruhp/ zklfk lv ixqgdphqwdo wr wkh vwdwlvwlfdo lqihuhqfh lq
wkh olqhdu prgho=

Wkhruhp 415 Li } �Q +3> Lq, zlwkP dqg T v|pphwulf dqg lghpsrwhqw pdwul0

fhv ri uhvshfwlyho| ri udqn u dqg v dqg PT @ 3> wkhq zh kdyh= }
3
T}

}3P}
u
v � I +v> u, =

41: Lqihuhqfh lq wkh olqhdu uhjuhvvlrq prgho

Lq rughu wr shuirup lqihuhqfh lq wkh olqhdu uhjuhvvlrq prgho d ixuwkhu k|srwkhvlv
lv qhhghg wr vshfli| wkh glvwulexwlrq ri | frqglwlrqdo xsrq [ =

| m[ �Q
�
[�> �5L

�
+4153,

ru/ htxlydohqwo|

x m[ �Q
�
3> �5L

�
+4154,

jlyhq +4=53, zh fdq lpphgldwho| ghulyh wkh glvwulexwlrq ri
�e� m[� zklfk/

ehlqj d olqhdu frpelqdwlrq ri d qrupdo glvwulexwlrq/ lv dovr qrupdo=

�e� m[� �Q
�
�> �5 +[3[,

�4�
= +4155,

+4=55, frqvwlwxwhv wkh edvlv wr frqvwuxfw frq�ghqfh lqwhuydov dqg wr shuirup
k|srwkhvlv whvwlqj lq wkh olqhdu uhjuhvvlrq prgho1 Frqvlghu wkh iroorzlqj h{suhv0
vlrq=

�e� � �
�3
[3[

�e� � �
�

�5
@
x3[ +[3[,�4[3[ +[3[,�4[3x

�5

@
x3Tx
�5

dqg/ e| dsso|lqj wkh uhvxowv ghulyhg lq wkh suhylrxv vhfwlrq/ zh nqrz wkdw =

x3Tx
�5

m[ � "5 +n, +4156,

+4=56, lv qrw yhu| xvhixo lq sudfwlfh/ dv zh gr qrw nqrz �5= Krzhyhu/ zh nqrz
wkdw

V
�e�� m[
�5

@
x3Px

�5
m[ � "5 +W � n, = +4157,

DvPT @ 3> zh nqrz wkh glvwulexwlrq ri wkh udwlr ri +4=56, wr +4=57, > pruh0
ryhu e| wdnlqj udwlr zh jhw ulg ri wkh xqnqrzq whup �5 =
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+e���,3[3
[+e���,

�5

v5

�5

@
x3Tx
x3Px

+W � n, � nI +n>W � n, = +4158,

Uhvxow +4=58, fdq eh xvhg e| rewdlqlqj iurp wkh wdeohv ri wkh I glvwulexwlrq
wkh fulwlfdo ydoxh I �� +n>W � n, vxfk wkdw=

sure ^I +n>W � n, A I �� +n>W � n,` @ � 3 ? � ? 4

iru gl�huhqw ydoxhv ri � zh duh lq wkh srvlwlrq ri hydoxdwlqj h{dfwo| lqhtxdolw|
ri wkh iroorzlqj irup=

sure

��e� � �
�3
[3[

�e� ��
�
� nv5I �� +n>W � n,

�
@ 4� �

zklfk gh�qh frq�ghqfh lqwhuydov iru � fhqwhuhg xsrq e�= K|srwkhvlv whvwlqj lv
vwulfwo| olqnhg wr wkh ghulydwlrq ri frq�ghqfh lqwhuydo1 Zkhq zh whvw k|srwkhvlv
zh dlp dw uhmhfwlqj wkh ydolglw| ri uhvwulfwlrqv lpsrvhg rq wkh prgho rq wkh ed0
vlv ri wkh vdpsoh hylghqfh1 Zlwklq wklv iudphzrun rxu k|srwkhvlv +5=9, � +4=55,
duh wkh pdlqwdlqhg k|srwkhvlv dqg wkh uhvwulfwhg yhuvlrq ri wkh prgho lv lghq0
wl�hg zlwk wkh qxoo k|srwkhvlv K3= Iroorzlqj wkh Qh|pdq0Shduvrq dssurdfk wr
k|srwkhvlv whvwlqj d vwdwlvwlf zlwk nqrzq glvwulexwlrq xqghu wkh qxoo lv ghulyhg1
Wkhq wkh suredelolw| ri �uvw w|sh huuru +uhmhfw K3 zkhq lw lv wuxh, lv �{hg dw �=
Iru h{dpsoh d whvw dw wkh ohyho � ri wkh qxoo k|srwkhvlv � @ �3> edvhg rq wkh
I0vwdwlvwlf/ lv jlyhq zkhq zh gr qrw uhmhfw wkh qxoo K3 li �3 olhv zlwklq wkh frq0
�ghqfh lqwhuydo dvvrfldwhg wr wkh suredelolw| 4��= Krzhyhu/ lq sudfwlfh/ wklv lv
qrw d xvhixo zd| ri surfhhglqj/ dv yhu| uduho| wkh hfrqrplf k|srwkhvhv ri lqwhuhvw
lqyroyh d qxpehu ri uhvwulfwlrqv htxdo wr wkh qxpehu ri hvwlpdwhg sdudphwhuv1
Uhfrqvlghu wkh Vrorz*v jurzwk prgho= zh kdyh wkuhh hvwlpdwhg sdudphwhuv exw
rqo| rqh uhvwulfwlrq1

Wkh jhqhudo fdvh ri lqwhuhvw wr wkh hfrqrplvw lv wkh rqh zkhq zh kdyh u
uhvwulfwlrqv rq wkh yhfwru ri sdudphwhuv zkhuh u ? n1 Li zh olplw rxu lqwhuhvw wr
wkh fodvv ri olqhdu uhvwulfwlrqv/ zh fdq h{suhvv wkhp dv iroorzv=

K3 @ U� @ u

zkhuh U lv d +u � n, pdwul{ ri sdudphwhuv zlwk udqn n dqg u lv dqg +u � 4,
yhfwru ri sdudphwhuv1 Wr looxvwudwh krz U dqg u duh frqvwuxfwhg/ frqvlghu wkh
edvh olqh fdvh ri wkh Vrorz prgho= zh zdqw wr lpsrvh wkh uhvwulfwlrq �4 @ ��5
rq wkh iroorzlqj vshfl�fdwlrq=



LQIHUHQFH LQ WKH OLQHDU UHJUHVVLRQ PRGHO 56

oq |l @ �3 . �4 oq +vl, . �5 oq +ql . j . �, . %l +4159,

U� @ u�
3 4 4

�3C�3
�4
�5

4D @ +3, =

Wkh glvwulexwlrq ri d nqrzq vwdwlvwlf xqghu wkh qxoo fdq eh ghulyhg e| dsso|0
lqj nqrzq uhvxowv1

Li
�e� m[� �Q

�
�> �5 +[3[,�4

�
> wkhq zh kdyh�

a

U� � um[
�
�Q

�
U� � u> �5U +[3[,

�4
U3
�

+415:,

Wkh whvw lv frqvwuxfwhg e| ghulylqj wkh glvwulexwlrq ri +4=5:, xqghu wkh qxoo
U� � u @ 3=

Jlyhq wkdw

�
a

U� � um [
�
@ U� � u.U +[3[,

�4
[
3
x

xqghu K3> zh kdyh

�
a

U� � u
�3 �

U +[3[,
�4
U3
��4 � a

U� � u
�

@ x3[ +[3[,
�4
U
3 �
U +[3[,

�4
U3
��4

U +[3[,
�4
[
3
x

@ x3Sx

zkhuh S lv d v|pphwulf lghpsrwhqw pdwul{ ri udqn u/ ruwkrjrqdo wr P=
Zh kdyh wkhq =

�
a

U� � u
�3 �

U +[3[,�4U3
��4 � a

U� � u
�

v5
� uI +u>W � n, xqghu K3=

Zklfk fdq eh xvhg wr whvw uhohydqw k|srwkhvlv1 Zh uhsruw wkh dssolfdwlrq ri
wklv phwkrgrorj| wr rxu hfrqrplf fdvh ri lqwhuhvw lq Wdeoh 51
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Wdeoh 5= Whvwlqj olqhdu uhvwulfwlrqv rq htxdwlrq +4=44,

I +q4> q5, Suredelolw|

�4 @ ��5 I +4> :5, @ 4=58895: 3=599537
�4 @ 3=8> �5 @ �3=8 I +5> :5, @ 56=7;4:5 3=333333

Wkh qxoo k|srwkhvlv �4 @ ��5 fdqqrw eh uhmhfwhg iru ydoxhv ri � vpdoohu
wkdq 315995/ wkhuhiruh vxfk k|srwkhvlv fdqqrw eh uhmhfwhg dw wkh frqyhqwlrqdo
�yh shu fhqw1 Zkloh wkh qxoo k|srwkhvlv �4 @ 3=8> �5 @ �3=8 lv uhmhfwhg dw wkh
frqyhqwlrqdo �yh shu fhqw/ dqg dovr dw wkh rqh shu fhqw ohyho1 Qrwh wkdw/ lq Wdeoh 4/
zh kdyh douhdg| uhsruwhg wkh w0ydoxhv rq hvwlpdwhg frh!flhqwv/ zklfk glg uhmhfw
wkh qxoo k|srwkhvlv ri wkh frh!flhqw ehlqj htxdo wr }hur dw frqyhqwlrqdo fulwlfdo
ohyhov1 Dq lqwhuhvwlqj vshfl�f fdvh ri wkh whvw ri wkh ydolglw| ri uhvwulfwlrqv rq
hvwlpdwhg frh!flhqwv duh whvw iru wkh vljql�fdqfh ri vxevhw ri frh!flhqwv/ zklfk
zh duh jrlqj wr glvfxvv lq wkh qh{w vhfwlrq1

41:14 Whvwlqj wkh vljql�fdqfh ri vxevhw ri frh!flhqwv

Lq wkh jhqhudo iudphzrun wr whvw olqhdu uhvwulfwlrqv vhw u @ 3>U @
�
Lu 3

�
> dqg

sduwlwlrq lq d fruuhvsrqglqj zd| � lqwr
�
�4 �5

�
= Lq wklv fdvh wkh uhvwulfwlrqv

U� � u @ 3 duh htxlydohqw wr �4 @ 3 lq wkh sduwlwlrqhg uhjuhvvlrq prgho=

| @[4�4 .[5�5 .x

lq zklfk sduwlwlrqlqj fuhdwhv wzr eorfnv ri glphqvlrq u dqg n � u1
Ehiruh surfhhglqj wr wkh glvfxvvlrq ri k|srwkhvlv whvwlqj lw xvhixo wr ghulyh

wkh irupxod iru wkh ROV hvwlpdwru lq wkh sduwlwlrqhg uhjuhvvlrq prgho1 Wr rewdlq

vxfk uhvxowv sduwlwlrq dv iroorzv wkh �qrupdo htxdwlrqv� [3[e� @[
3
| =

�
[3

4

[3
5

��
[4 [5

�# e�4e�5

$
@

�
[3

4

[3
5

�
|

ru/ htxlydohqwo|

�
[3

4[4 [
3
4[5

[3
5[4 [

3
5[5

�# e�4e�5

$
@

�
[3

4|

[3
5|

�
+415;,

v|vwhp +4=5;, fdq eh uhvroyhg lq wzr vwdjhv e| ghulylqj �uvw dq h{suhvvlrqe�5dv iroorzv=

e�5 @ +[3
5[5,

�4 �
[3

5| �[3
5[4

e�4

�
dqg wkhq e| vxevwlwxwlqj lw lq wkh �uvw htxdwlrq ri +4=5;, wr rewdlq=
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[3
4[4

e�4 .[
3
4[5 +[

3
5[5,

�4 �
[3

5| �[3
5[4

e�4

�
@[3

4|

iurp zklfk zh kdyh5=

e�4 @ +[3
4P5[4,

�4
[3

4P5|

P5 @
�
L �[5 +[

3
5[5,

�4
[3

5

�
=

Qrwh wkdw/ dvP5 lv lghpsrwhqw/ zh fdq dovr zulwh=

e�4 @ +[3
4P

3
5P5[4,

�4
[3

4P
3
5P5|

dqg e�4fdq eh lqwhusuhwhg dv wkh yhfwru ri ROV frh!flhqwv ri wkh uhjuhvvlrq ri
| rq wkh pdwul{ ri uhvlgxdov ri wkh uhjuhvvlrq ri [4 rq [5= Vr dq ROV uhjuhvvlrq
rq wzr uhjuhvvruv lv htxlydohqw wr wzr ROV uhjuhvvlrqv rq d vlqjoh uhjuhvvru
+Iulvfk0Zdxjk wkhruhp,1

Ilqdoo|/ frqvlghu wkh uhvlgxdov ri wkh sduwlwlrqhg prgho=

ex @ | �[4
e�4 �[5

e�5

ex @ | �[4
e� �[5 +[

3
5[5,

�4 �
[3

5| �[3
5[4

e�4

�

ex @P5| �P5[4
e�4

@P5| �P5[4 +[
3
4P5[4,

�4
[3

4P5|

@
�
P5�P5[4 +[

3
4P5[4,

�4
[3

4P5

�
|

exw zh douhdg| nqrz wkdw ex @P|>wkhuhiruh lw pxvw eh wkdw

P @
�
P5�P5[4 +[

3
4P5[4,

�4
[3

4P5

�
+415<,

Zh duh qrz lq wkh srvlwlrq ri uhfrqvlghu whvwlqj iru rxu qxoo ri lqwhuhvw1 Xqghu
K3 [4 kdv qr dgglwlrqdo h{solfdwru| srzhu iru | zlwk uhvshfw wr [5/ wkhuhiruh=

2Qrwh wkdw wkh h{suhvvlrq iru wkh hvwlpdwru fdq eh rewdlqhg e| dsso|lqj gluhfwo| rq wkh
qrupdo htxdwlrqv wkh irupxod ri wkh sduwlwlrqhg lqyhuvh=�

� �

� (

�
3�

'

�
. 3.�(3�

3(3��. (3� n (3��.�(3�

�

. '
�
�3 �(3��

�
3�
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K3 = | @[5�5 . x> +x m[4>[5, s Q
�
3> �5L

�
=

Qrwh wkdw wkh vwdwhphqw
| @[5�5 . x> +x m[5, � Q

�
3> �5L

�
lw lv dozd|v wuxh zlwklq rxu pdlqwdlqhg k|srwkhvhv1 Krzhyhu/ lq jhqhudo �5 9@

�5=
Lq rughu wr ghulyh d vwdwlvwlf wr whvw K3 uhphpehu wkdw wkh jhqhudo pdwul{

U +[3[,�4U3 lv wkh xsshu ohiw eorfn ri +[3[,�4 > zklfk zh fdq qrz zulwh dv

+[3
4P5[4,

�4
= Wkh vwdwlvwlf wdnhv wkhq wkh iroorzlqj irup=

e�34 +[3
4P5[4, e�4

uv5
@

@
|3P5[4 +[

3
4P5[4,

�4
[3

4P5|

|3P|

W � n

u
� I +W � n> u, +4163,

jlyhq +4=5<, > +4=5;, fdq eh uh0zulwwhq dv=

@
|3P5| � |3P|

|3P|

W � n

u
� I +W � n> u, +4164,

zkhuh wkh ghqrplqdwru lv wkh vxp ri vtxduhg uhvlgxdov lq wkh xqfrqvwudlqhg
prgho/ zkloh wkh qxphudwru lv wkh gl�huhqfh ehwzhhq wkh vxp ri uhvlgxdov lq wkh
frqvwudlqhg prgho dqg wkh vxp ri uhvlgxdov lq wkh xqfrqvwudlqhg prgho1

Frqvlghu qrz wkh olplw fdvh lq u @ 4 dqg �4 lv d vfdodu1 Lq wklv fdvh wkh
I 0vwdwlvwlf wdnhv wkh iroorzlqj irup=

e�5

4

v5 +[3
4P5[4,

s I +W � n> u, xqghu K3

zkhuh +[3
4P5[4,

�4 lv qrz wkh hohphqw +4> 4, ri wkh pdwul{ +[3[,�4 =
Xvlqj wkh uhvxow rq wkh uhodwlrq ehwzhhq wkh I dqg wkh Vwxghqw*v w glvwulexwlrq

zh kdyh =

e�4

v +[3
4P5[4,

4@5
� w +W � n, xqghu K3=

Wkhuhiruh dq lpphgldwh whvw ri vljql�fdqfh ri frh!flhqw fdq eh shuiruphg/
dv lw lv grqh lq Wdeoh 4/ e| wdnlqj wkh udwlr ehwzhhq hdfk hvwlpdwhg frh!flhqw
dqg wkh dvvrfldwhg vwdqgdug huuru1

Ohw xv qrz uhfrqvlghu rxu uhvxowv rq wkh Vrorz jurzwk prgho1 Zh fdqqrw
uhmhfw wkh qxoo ri wkh ydolglw| ri wkh prgho exw wkh srlqw hvwlpdwhv duh udwkhu
idu iurp wkh suhglfwhg frh!flhqw rq wkh edvlv ri wkh wkhru|1
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Wzr txhvwlrqv qdwxudoo| ulvh dw wklv vwdjh1
Iluvw zkdw lv wkh lpsdfw rq rxu frh!flhqw ri kdylqj hvwlpdwhg wkh prgho

zlwkrxw lpsrvlqj wkh wkhruhwlfdo uhvwulfwlrqvB Vhfrqg/ lv lw srvvleoh wr h{sodlq
wkh glvfuhsdqflhv ehwzhhq wkh hvwlpdwhg hodvwlflwlhv dqg wkh rqh suhglfwhg e| wkh
wkhru| rq wkh edvlv ri wkh plv0vshfl�fdwlrq ri wkh prgho/ l1h1 ri wkh rplvvlrq iurp
wkh hvwlpdwhg prgho ri vrph yduldeohv uhohydqw wr h{sodlq |B

Lq wkh iroorzlqj wzr vhfwlrqv zh wdnh wkhvh wzr txhvwlrqv lq wxuq1

41; Hvwlpdwlrq xqghu olqhdu frqvwudlqwv

Lq wklv vhfwlrq zh dqdo|}h wkh lpsdfw rq wkh ROV hvwlpdwru ri d nlqg ri plv0
vshfl�fdwlrq ghulylqj iurp ljqrulqj wkh h{lvwhqfh ri frqvwudlqwv rq hvwlpdwhg
sdudphwhu1 Wr dqdo|}h plv0vshfl�fdwlrq zh lqwurgxfh wkh gl�huhqfh ehwzhhq wkh
hvwlpdwhg prgho dqg wkh Gdwd Jhqhudwlqj Surfhvv +GJS,1

Wkh hvwlpdwhg prgho lv wkh olqhdu prgho dqdo|}hg xs wr qrz=

| @[� .x

zkloh wkh GJS lv lqvwhdg=

| @ [� .x

v=wr U� � u @ 3=

Zkhuh wkh frqvwudlqwv kdyh ehhq h{suhvvhg xvlqj wkh vr fdoohg lpsolflw irup1
D yhu| xvhixo dowhuqdwlyh zd| ri h{suhvvlqj frqvwudlqwv/ nqrzq dv wkh �h{solflw
irup� kdv ehhq h{suhvvhg e| Vdujdq +4<;;,=

� @ V� . v

zkhuh V lv d +n � +n � u,, pdwul{ ri udqn n � u dqg v lv d n � 4 yhfwru1
Wr vkrz krz frqvwudlqwv duh vshfl�hg lq wkh wzr dowhuqdwlyhv ohw xv uhfrq0

vlghu wkh uhvwulfwlrqv ri wkh Vrorz jurzwk prgho �4 @ ��5 rq wkh iroorzlqj
vshfl�fdwlrq=

oq |l @ �3 . �4 oq +vl, . �5 oq +ql . j . �, . %l +4165,

Xvlqj U� � u @ 3 zh kdyh=

�
3 4 4

�3C�3
�4
�5

4D @ +3,

zkloh xvlqj � @ V� . v zh kdyh
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�4
�5

4D @

3C4 3
3 4
3 �4

4D��3
�4

�
.

3C3
3
3

4D
Lq sudfwlfh wkh frqvwudlqwv lq h{solflw irup duh zulwwhq e| frqvlghulqj � dv

wkh yhfwru ri iuhh sdudphwhuv1 Qrwh wkdw wkhuh lv qr xqltxh zd| ri h{suhvvlqj
frqvwudlqwv lq h{solflw irup/ lq rxu fdvh wkh vdph frqvwudlqw frxog kdyh ehhq
lpsrvhg dv iroorzv=

3C�3
�4
�5

4D @

3C4 3
3 �4
3 4

4D��3
�5

�
.

3C3
3
3

4D
Dv wkh wzr dowhuqdwlyhv duh lqgl�huhqw U� � u @ 3 lv htxlydohqwo| zulwwhq dv

UV� .Uv� u @ 3 zklfk lpsolhv=
l, UV @ 3>
ll, Uv� u @ 3=
Zh vkdoo xvh wkh h{solflw irup ri lpsrvlqj frqvwudlqwv wr ghulyh wkh Uhvwulfwhg

Ohdvw Vtxduhv +UOV, hvwlpdwruv dqg wr hydoxdwh frqvlvwhqf| dqg uhodwlyh h!0
flhqf| ri ROV dqg UOV1

41;14 Wkh Uhvwulfwhg Ohdvw Vtxduhv +UOV, hvwlpdwru

Wr frqvwuxfw UOV vxevwlwxwh wkh frqvwudlqw lq wkh ruljlqdo prgho wr rewdlq=

| �[v @[V� .x +4166,

htxdwlrq +4=66,frxog eh uhzulwwhq dv =

|�@[�� . x +4167,

zkhuh |� @ | �[v>[� @[V=
Qrwh wkdw wkh wudqviruphg prgho ihdwxuhv wkh vdph uhvlgxdov zlwk wkh ruljlqdo

prgho> wkhuhiruh li k|srwkhvhv +5=9, � +4=53, krog iru wkh ruljlqdo prgho/ wkhq
wkh| dovr krog iru wkh wudqviruphg prgho1 Vr zh dsso| ROV wr wkh wudqviruphg
prgho wr rewdlq=

e� @ +[�3[�,�4[�3|� +4168,

@ +V3[3[V,�4 V3[3 +| �[v,

iurp +4=68, wkh UOV hvwlpdwlrq lv hdvlo| rewdlqhg e| dsso|lqj wkh wudqirupd0

wlrq e�uov@ Ve� . v= Vlploduo| wkh yduldqfh ri wkh UOV hvwlpdwru lv hdvlo| rewdlqhg
dv iroorzv=
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ydu
�e� m[� @ �5 +[�3[�,�4 @ �5 +V3[3[V,�4

ydu
�e�uov m[� @ ydu

�
Ve� . v m[�

@ Vydu
�e� m[�V3

@ �5V +V3[3[V,�4 V3=

Zh uhsruw lq Wdeoh 6 wkh UOV hvwlpdwru ri wkh Vrorz jurzwk prgho1 E|
frpsdulqj Wdeoh 4 dqg Wdeoh 6 zh qrwh wkdw hvwlpdwhg frh!flhqwv duh yhu| forvh
exw hvwlpdwhv lq Wdeoh 6 duh pruh suhflvh1 Zh dovr qrwh wkdw wkh k|srwkhvlv
�4 @ 3=8> �5 @ �3=8 lv vwloo uhmhfwhg/ ghvslwh rxu lpsrvlwlrq ri wkh wkhru|0edvhg
frqvwudlqw rq rxu hvwlpdwhg frh!flhqwv1

Wdeoh 6= Wkh hvwlpdwlrq ri wkh frqvwudlqhg Vrorz prgho

Yduldeoh Frh!flhqw Vwg1 Huuru w0udwlr Sure1

F :13;8: 314786 7;198 313333

oqv0oqqjg 41769;: 3146;;5 43168 313333

U0vtxduhg 318<7 V1H1 ri uhjuhvvlrq 3194

Wklv revhuydwlrq ohdgv qdwxudoo| wr wkh glvfxvvlrq ri wkh surshuwlhv ri ROV
dqg UOV lq wkh fdvh ri d GJS zlwk frqvwudlqwv1

xqeldvhgqhvv
Wklv lv hdv|/ xqghu wkh dvvxphg GJS wkh| duh erwk xqeldvhg dv vxfk surs0

huwlhv ghshqg rq wkh ydolglw| ri k|srwkhvhv +5=9, � +4=53, > zklfk lv qrw d�hfwhg
e| wkh lpsrvlwlrq ri frqvwudlqwv rq sdudphwhuv1

h!flhqf|
Rq wklv lvvxh zh qrwh lpphgldwho| wkdw li zh lqwhusuhw UOV dg wkh ROV

hvwlpdwru rq wkh wudqviruphg prgho +4=68,zh lpphgldwho| ghulyh wkh uhvxowv
wkdw wkh UOV lv wkh prvw h!flhqw hvwlpdwru dv wkh k|srwkhvhv iru wkh ydolglw|
ri wkh Jdxvv0Pdunry wkhruhp duh vdwlv�hg zkhq ROV lv dssolhg wr +4=68, = Qrwh

wkdw/ e| srvlqj O @+[3[,�4[3 lq wkh frqwh{w ri wkh wudqviruphg prgho/ zh gr
qrw lq jhqhudo rewdlq ROV exw zh rewdlq dq hvwlpdwru zkrvh frqglwlrqdo yduldqfh
zlwk uhvshfw wr [> frlqflghv zlwk wkh frqglwlrqdo yduldqfh ri wkh ROV hvwlpdwru1

Zh vxssruw wklv lqwxlwlrq zlwk d irupdo dujxphqw e| vkrzlqj wkdw wkh gli0
ihuhqfh ehwzhhq wkh yduldqfh ri wkh ROV hvwlpdwru dqg wkh yduldqfh ri wkh UOV
hvwlpdwru lv d srvlwlyh vhpl0gh�qlwh pdwul{1
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ydu
�e� m[�� ydu

�e�uov m[� @ �5 +[3[,
�4 � �5V +V3[3[V,�4 V3

Gh�qh D dv iroorzv=

D @+[3[,
�4 �V +V3[3[V,�4 V3

jlyhq wkdw

D[3[D @
�
+[3[,

�4 �V +V3[3[V,�4 V3
�
[3[

�
+[3[,

�4 � V +V3[3[V,�4 V3
�

@ +[3[,
�4 � 5V +V3[3[V,�4 V3 . V +V3[3[V,�4 V3V +V3[3[V,�4 V3

@ +[3[,
�4 � V +V3[3[V,�4 V3 @D

zh kdyh wkdw D lv srvlwlyh vhpl0gh�qlwh/ ehlqj wkh surgxfw ri d pdwul{ dqg
lwv wudqvsrvh1

Wkh ROV hvwlpdwru ljqruhv dydlodeoh lqirupdwlrq dqg wkhuhiruh lw lv ohvv h!0
flhqw wkdq wkh UOV hvwlpdwru1 Krzhyhu/ wkhuh lv qr gl�huhqfh ehwzhhq wkh wzr
hvwlpdwruv lq whupv ri xqeldvhgqhvv1

Vr idu zh kdyh hydoxdwhg wkh jdlqv ri lpsrvlqj wuxh uhvwulfwlrqv/ d uhodwhg
lqwhuhvwlqj h{huflvh lv wkh hydoxdwlrq ri wkh orvv ri lpsrvlqj idovh uhvwulfwlrqv1

41< Wkh h�hfwv ri plv0vshfl�fdwlrq

Zh frqvlghu wzr jhqhudo fdvhv ri plv0vshfl�fdwlrq wr hydoxdwh hpslulfdoo| wkhlu
lpsruwdqfh zlwklq wkh Vrorz prgho1 Zh wdnh �uvw wkh fdvh ri xqghu0sdudphwhul}dwlrq
+wkh hvwlpdwhg prgho rplwv yduldeohv lq wkh GJS, wr pryh rq wr wkh fdvh ri ryhu0
sdudphwhul}dwlrq +wkh hvwlpdwhg prgho lqfoxghv pruh yduldeohv wkdq wkh GJS,1
Zh hydoxdwh wkh h�hfwv ri plv0vshfl�fdwlrq rq wkh ROV hvwlpdwruv e| xvlqj uh0
vxowv iurp wkh sduwlwlrqhg uhjuhvvlrq prgho1

41<14 Xqghu0sdudphwhulvdwlrq

Jlyhq wkh iroorzlqj GJS=

| @[4�4.[5�5.x> +4169,

iru zklfk k|srwkhvhv +5=9,� +4=53, krog/ wkh iroorzlqj prgho lv hvwlpdwhg =

| @[4�4 . �= +416:,

Wkhuhiruh/ wkh ROV hvwlpdwhv duh jlyhq e| wkh iroorzlqj h{suhvvlrq
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e�xs

4 @ +[3
4[4,

�4
[3

4| +416;,

zkloh wkh ROV hvwlpdwhv zklfk zrxog kdyh ehhq rewdlqhg e| hvwlpdwlrq ri
wkh GJS zrxog kdyh ehhq=

e�4 @ +[3
4P5[4,

�4
[3

4P5| +416<,

Wkh hvwlpdwhv lq +4=6<, duh Ehvw Olqhdu Xqeldvhg Hvwlpdwruv e| frqvwuxfwlrq/
zkloh wkh hvwlpdwhv lq +4=6;, duh eldvhg xqohvv wkh fruuhodwlrq ehwzhhq [4dqg
[5 lv }hur1 Wr vkrz wklv srlqw frqvlghu wkdw=

e�4 @ +[3
4[4,

�4 �
[3

4| �[3
4[5

e�5

�
+4173,

@ e�xs4 . eGe�5 +4174,

zkhuh eG lv wkh yhfwru ri frh!flhqwv lq wkh uhjuhvvlrq ri [5 rq [4>dqg e�5 lv
wkh ROV hvwlpdwru rewdlqhg e| �wwlqj wkh GJS1

Wr surylgh ixuwkhu lqwhusuhwdwlrq ri wkhvh uhvxowv qrwh wkdw li zh kdyh=

H +| m[4>[5, @ [4�4.[5�5

H +[4m[5, @ [4G

wkhq

H +| m[4, @[4�4.[4G�5 @[4�=

Wkhuhiruh wkh ROV hvwlpdwru lq wkh xqghusdudphwhulvhg prgho lv d eldvhg
hvwlpdwru ri �4> exw lw lv dq xqeldvhg hvwlpdwru ri �= Wkhq/ li wkh remhfwlyh
ri wkh prgho lv iruhfdvwlqj dqg [4 lv pruh hdvlo| revhuyhg wkdq [5/ wkdq wkh
xqghsdudphwhulvhg prgho fdq eh vdiho| xvhg1 Rq wkh rwkhu kdqg/ li wkh remhfwlyh
ri wkh prgho lv wr whvw vshfl�f suhglfwlrqv rq sdudphwhuv +dv lw lv wkh fdvh zlwk
wkh Vrorz*v jurzwk prgho,/ wkdq wkh xvh ri wkh xqghu0sdudphwhulvhg prgho zloo
gholyhu eldvhg uhvxowv1 Zkhq zh duh lqwhuhvwhg lq wkh h�hfw ri [4 rq |> lqgh0
shqghqwo| iurp rwkhu idfwruv/ lw lv fuxfldo wr frqwuro iru wkh h�hfwv ri rplwwhg
yduldeohv1

41<15 Ryhu0sdudphwhul}dwlrq

Jlyhq wkh iroorzlqj GJS=

| @[4�4 . x +4175,

iru zklfk k|srwkhvhv +5=9,� +4=53,krog/ wkh iroorzlqj prgho lv hvwlpdwhg =
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| @[4�4 .[5�5 . y= +4176,

Wkh ROV hvwlpdwru ri wkh ryhu0sdudphwhul}hg prgho lv

e�rs4 @ +[3
4P5[4,

�4
[3

4P5| +4177,

zkloh/ e| hvwlpdwlqj wkh GJS/ zh rewdlq=

e�4 @ +[3
4[4,

�4
[3

4|= +4178,

E| vxevwlwxwlqj | iurp wkh GJS lw lv lpphgldwho| vkrzq wkdw erwk hvwlpdwruv
duh xqeldvhg1 Wkh gl�huhqfh lv qrz pdgh e| wkh yduldqfh1 Lq idfw zh kdyh =

ydu
�e�rs

4 m[4>[5

�
@ �5 +[3

4P5[4,
�4

+4179,

ydu
�e�4 m[4>[5

�
@ �5 +[3

4[4,
�4

+417:,

Lw fdq eh vkrzq wkdw wkh hvwlpdwru ghulyhg iurp wkh fruuhfw prgho lv pruh
h!flhqw1 Lq idfw/ wkh gl�huhqfh ehwzhhq wkh wzr yduldqfh0fryduldqfh pdwulfhv lv d
srvlwlyh vhpl0gh�qlwh pdwul{1 Wr vkrz wklv uhvxow uhphpehu wkdw li wzr pdwulfhv
D dqg E duh srvlwlyh gh�qlwh dqg D�E lv srvlwlyh vhpl0gh�qlwh/ wkhq dovr wkh
pdwul{ E�4�D�4 lv srvlwlyh vhpl0gh�qlwh1 Wkhq zh kdyh wr vkrz wkdw [3

4[4 �
[3

4P5[4 lv d srvlwlyh vhpl0gh�qlwh pdwul{1 Vxfk uhvxow lv doprvw lpphgldwho|
vkrzq=

[3
4[4 �[3

4P5[4 @ [3
4 +L�P5,[4

@ [3
4T5[4 @[3

4T5T5[4=

Zh fdq wkhq frqfoxgh wkdw ryhusdudphwhul}dwlrq lpsdfw rq wkh h!flhqf| ri
hvwlpdwruv dqg rq wkh srzhu ri whvwv ri k|srwkhvhv1

4143 Kxpdq fdslwdo lq wkh Vrorz*v jurzwk prgho

Ohw xv uhfrqvlghu wkh txhvwlrq ri wkh hvwlpdwhg hodvwlflwlhv lq wkh Vrorz jurzwk
prgho1 Zh kdyh vhhq wkdw wkh wkhru| lpsolhg uhvwulfwlrq rq wkh htxdolw| ri hodv0
wlflwlhv fdqqrw eh uhmhfwhg/ exw wkdw lpsrvlqj vxfk frqvwudlqw grhv qrw vroyh wkh
sureohp ri wkh lpsodxvleo| kljk ydoxhv iru wkh srlqw hvwlpdwhv ri hodvwlflwlhv1 Rxu
glvfxvvlrq ri wkh h�hfw ri rplwwhg yduldeohv rq ROV hvwlpdwlrq looxvwudwhv d sr0
whqwldo vroxwlrq wr wkh sureohp1 PUZ iroorz wklv ohdg dqg srlqw rxw wkdw kxpdq
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fdslwdo frxog eh wkh uhohydqw rplwwhg yduldeoh1 Wr looxvwudwh wkh lpsdfw ri kxpdq
fdslwdo rq wkh Vrorz jurzwk prgho/ ohw xv dxjphqw rxu vlpsoh vshfl�fdwlrq wr
frqvlghu wkuhh lqsxwv= sk|vlfdo fdslwdo/ N/ kxpdq fdslwdo/ K dqg oderxu/ O= E|
nhhslqj d frqvwdqw0uhwxuqv0wr0vfdoh Free0Grxjodv surgxfwlrq ixqfwlrq/ zh kdyh=

\w @ N�
w K

�
w +DwOw,

4���� +417;,

Gh�qh dv vk wkh iudfwlrq ri rxwsxw lqyhvwhg lq sk|vlfdo fdslwdo dqg dv vn wkh
iudfwlrq ri rxwsxw lqyhvwhg lq kxpdq fdslwdo1 Zh pdlqwdlq doo wkh rwkhu ruljlqdo
dvvxpswlrq lq wkh Vrorz*v prgho dqg zh dovr dvvxph wkdw sk|vlfdo dqg kxpdq
fdslwdo ghsuhfldwh dw wkh vdph vshhg1 Wkh hyroxwlrq ri wkh hfrqrp| ryhu wlph lv
qrz jryhuqhg e| wkh wzr iroorzlqj g|qdplf htxdwlrqv=

nw +4 . q, +4 . j, @ nw�4 +4� �, . vn|w�4 +417<,

kw +4 . q, +4 . j, @ kw�4 +4� �, . vk|w�4= +4183,

E| dvvxplqj �.� ? 4/ zh fdq ghulyh wkh vwhdg|0vwdwh ri wkh hfrqrp| gh�qhg
e| wkh wzr iroorzlqj uhodwlrqvklsv=

n� @

#
v4��n v�k
q. j . �

$ 4
4����

+4184,

k� @
�

v4��n v�k
q. j . �

� 4
4����

= +4185,

E| vxevwlwxwlqj wkhvh wzr uhodwlrqvkls lq wkh surgxfwlrq ixqfwlrq dqg wdnlqj
orjv zh kdyh dq h{suhvvlrq iru wkh sur0fdslwd ohyho ri rxwsxw lq vwhdg|0vwdwh=

oq

�
\ �w
Ow

�
@ oqD3 . jw.

�

4��� �
oq +vn, . +4186,

.
�

4� �� �
oq +vk, � �. �

4� �� �
oq +q . j . �, =

+4=85, vkrzv krz sur0fdslwd rxwsxw ghshqgv rq wkh udwh ri jurzwk ri srsxod0
wlrq/ wkh udwh ri dffxpxodwlrq ri kxpdq fdslwdo dqg wkh udwh ri dffxpxodwlrq ri
sk|vlfdo fdslwdo1 +4=85, qhvwv +4=;, > dqg looxvwudwh krz gluhfw hvwlpdwlrq ri +4=;,
pljkw gholyhu eldvhg hvwlpdwhv ri wkh sdudphwhuv ri lqwhuhvw dv d frqvhtxhqfh ri
xqghu0sdudphwhul}dwlrq1 PUZ frqvwuxfw d sur{| iru wkh udwh ri dffxpxodwlrq ri
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kxpdq fdslwdo e| phujlqj wzr gdwd0vhwv wr rewdlq d phdvxuh ri wkh shufhqwdjh ri
zrunlqj0djh srsxodwlrq wkdw lv lq vhfrqgdu|1 Wkh| fdoo vxfk yduldeoh VFKRRO
dqg wkh| lqfoxgh lwv orjdulwkp lq wkh uhjuhvvlrq1 Lq wklv fdvh hyhq li VFKRRO
lv rqo| sursruwlrqdo wr vk>lw fdq eh vdiho| xvhg lq wkh hvwlpdwlrq ri wkh htxdwlrq
ri lqwhuhvw dv rqo| wkh frqvwdqw zloo eh d�hfwhg1 Rq wkh rwkhu kdqg li VFKRRO
lv phdvxuhg zlwk huuru/ wkh phdvxuhphqw huuru zloo gholyhu eldv lq wkh hvwlpdwhv
rqo| li lw lv fruuhodwhg zlwk wkh rwkhu uhjuhvvruv1

Wkh uhvxowv ri wkh hvwlpdwlrq ri wkh dxjphqwhg Vrorz prgho duh uhsruwhg lq
Wdeoh 71

Wdeoh 7= Wkh hvwlpdwlrq ri wkh dxjphqwhg Vrorz prgho

Yduldeoh Frh!flhqw Vwg1 Huuru w0udwlr Sure1

F 71784 41486 61;8< 313335

oqv 31:3< 3148 71:58 313333

oqqjg 0417<: 31735 061:4< 313337

ovfk 31:5; 313<8 :1999 313333

U0vtxduhg 31:;5 V1H1 ri uhjuhvvlrq 3178

Qrwh wkdw qrz doo wkh prgho0edvhg uhvwulfwlrqv rq frh!flhqwv fdqqrw eh uh0
mhfwhg dqg wkdw hvwlpdwhg sdudphwhuv duh frpsdwleoh zlwk ydoxhv ri derxw 4@6 iru
� dqg �= Vxfk ydoxhv duh ghhphg wr eh yhu| uhdvrqdeoh e| PUZ zkr frqfoxgh
wkdw wkh hvwlpdwlrq ri wkh Vrorz prgho zlwkrxw kxpdq fdslwdo fdq eh frqvlghuhg
dv d ehqfkpdun fdvh wr looxvwudwh wkh h�hfw ri xqghusdudphwhul}dwlrq1

4144 Wkh lpsruwdqfh ri wlph0vhulhv lq pdfurhfrqrplfv

Uhvxowv rewdlqhg wkxv idu duh edvhg rq d furvv0vhfwlrqdo dqdo|vlv ri gl�huhqw
frxqwulhv/ zlwkrxw xvlqj lqirupdwlrq rq wkh wlph0vhulhv ehkdylxru ri uhohydqw
yduldeohv1 Krzhyhu/ prvw ri wkh lqwhuhvwlqj txhvwlrqv lq pdfurhfrqrplfv duh dq0
vzhuhg e| dqdo|}lqj wkh wlph0vhulhv ehkdylrxu ri yduldeohv1 Wkh Vrorz*v prgho
suhglfwv wkdw hdfk hfrqrplhv frqyhujhv wr lwv rzq vwhdg|0vwdwh1 Wkh reylrxv
lpsolfdwlrq lv wkdw/ ryhu0wlph/ gl�huhqfhv lq shu fdslwd rxwsxw ri frxqwulhv ihd0
wxulqj wkh vdph udwh ri fdslwdo dffxpxodwlrq dqg wkh vdph udwh ri jurzwk ri
srsxodwlrq vkrxog glvdsshdu1 Wkh hpslulfdo ydolglw| ri vxfk suhglfwlrq kdv ehhq
khdylo| txhvwlrqhg1 Uhfhqwo| dq dowhuqdwlyh wkhru| ri jurzwk kdv ghyhorshg= wkh
hqgrjhqrxv jurzwk wkhru| +Oxfdv ^8`/ Urphu ,1 Vxfk wkhru| edvlfdoo| prgl�hv
wkh qhz0fodvvlfdo jurzwk prgho e| lqwurgxflqj frqvwdqw uhwxuqv wr vfdoh lq wkh
surgxfwlrq ixqfwlrq iru rxwsxw lq h�hfwlyh xqlwv ri oderxu +� . � @ 4> lqvwhdg
ri � . � ? 4,= Lq vxfk w|sh ri prghov wkh vwhdg|0vwdwh ohyho ri rxwsxw lv qrw
gh�qhg61 Wkhuhiruh/ gl�huhqfhv ehwzhhq frxqwulhv fdq shuvlvw lqgh�qlwho| hyhq li

�Wkh qrq0h{lvwhqfh ri htxloleulxp jhqhudwhv vrph sureohpv iru wkh frqvwuxfwlrq ri d wkhru|
ri glvwulexwlrq1 Wkhvh sureohpv duh vroyhg e| lqwurgxflqj wkh lghd ri dq djjuhjdwh surgxfwlrq
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wkh frxqwulhv vkduh wkh vdph udwhv ri dffxpxodwlrq ri fdslwdo dqg ri jurzwk ri
srsxodwlrq1

Li rqh frqvlghuv wlph0vhulhv gdwd/ wkhq lw lv yhu| hdv| wr glvfulplqdwh ehwzhhq
wkh wzr prghov rq wkh edvlv ri wkhlu gl�huhqw suhglfwlrqv1 Frqvlghu wkh l0wk
frxqwu| lq rxu vdpsoh1 Li zh kdyh w @ 4> ===W wlph vhulhv revhuydwlrqv rq wkh
uhohydqw yduldeohv / wkhq zh fdq hvwlpdwh wkh �l sdudphwhu lq wkh iroorzlqj prgho=

�oq |l>w @ �l
�
oq |l>w�4 � oq |�l>w�4

�
. %lw +4187,

�oq |l>w @ +oq |l>w � oq |l>w�4, =

Wkh qhz0fodvvlfdo jurzwk prgho suhglfwv �l ? 3> zkloh wkh hqgrjhqrxv jurzwk
prgho suhglfwv �l A 3=

Lq idfw �l ? 3 zduudqwv frqyhujhqfh ri | wr lwv vwhdg|0vwdwh +zklfk lw lv wlph0
ydu|lqj lq wkdw wkh udwh ri dffxpxodwlrq ri fdslwdo dqg wkh udwh ri srsxodwlrq
jurzwk pljkw eh wlph0ydu|lqj,1 Zkloh lq wkh fdvh �l A 3> zh gr qrw kdyh frqyhu0
jhqfh ri | wr lwv vwhdg|0vwdwh1 Wkh pdlq frpsolfdwlrq lq hvwlpdwlqj dqg whvwlqj
wkh prgho ri lqwhuhvw zlwklq d wlph0vhulhv frqwh{w lv wkdw wkh k|srwkhvlv H +x m[,
@ 3 grhv qrw krog dqg wkh ghulydwlrq ri surshuwlhv ri hvwlpdwruv dqg vwdwlvwlfdo
glvwulexwlrq iru k|srwkhvhv whvwlqj uhtxluhv d qhz dssursuldwh iudphzrun/ zklfk
zh zloo glvfxvv lq wkh iroorzlqj fkdswhu1

Wr uhlqirufh rxu srlqw rq wkh lpsruwdqfh ri wlph vhulhv lq hydoxdwlqj pdfurh0
frqrplf wkhrulhv zh hydoxdwh wkh orvv ri lqirupdwlrq zkhq �l lv hvwlpdwhg e|
xvlqj wkh :8 furvv0vhfwlrqdo revhuydwlrq xvhg vr idu1

Zh fdq uh0zulwh+:=48, dv iroorzv=

oq |l>w @ +4 . �l, oq |l>w�4 . �l oq |
�
l>w�4 . %lw +4188,

e| uhfxuvlyho| vxevwlwxwlqj lq +4=88, >zh kdyh=

oq |l>w � oq |l>3 @ �
�
4� +4 . �l,

w
�
oq |l>3 � �l oq |

�
l m @ 3

w�4[
+4 . �l,

m .+4189,

.m @ 3
w[
+4 . �l,

m
%l>w�4

zklfk fdq eh uh0zulwwhq dv /

oq |l>w � oq |l>3 @ �
�
4� +4 . �l,

w
�
oq |l>3 .

�
4� +4 . �l,

w
�
oq |�l . yw+418:,

yw @ m @ 3
w[
+4 . �l,

m
%l>w�4= +418;,

ixqfwlrq gl�huhqw iurp wkh surgxfwlrq ixqfwlrq idfhg e| wkh vshfl�f �up/ lq idfw surgxfwlylw|
jdlqv dw �up ohyhov duh qrw h{sjhqrxv dv wkh| ghshqg rq wkh jhqhudo ohyho ri lqgxvwuldol}dwlrq
ri wkh vrflhw| +wkhru| ri wkh �ohduqlqj e| grlqj�,1 Iru d yhu| fohdu glvfxvvlrq ri wklv srlqw vhh
Iduphu+4<<9,1
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Zkhuh lq doo ghulydwlrq zh kdyh wdnhq wkh vwhdg|0vwdwh wr eh frqvwdqw1 Qrz
e| dgglqj wr wklv dvvxpswlrq �l @ �/ frqvwdqw dfurvv frxqwulhv1 Lw lv srvvleoh
wr hvwlpdwh +4=8:, rq rxu furvv vhfwlrq ri :8 frxqwulhv/ e| wdnlqj dv ghshqghqw
yduldeoh wkh gl�huhqfh ehwzhhq lqlwldo dqg �qdo rxwsxw1 PUZ gr vr e| wdnlqj
wkh gl�huhqfh ehwzhhq rxwsxw lq 4<;8 dqg rxwsxw lq 4<931 Qrwh wkdw wkh huuru
wlph lq wkh furvv0vhfwlrqdo prgho lv pxfk odujhu wkhq wkh huuru whup lq wkh wlph0
vhulhv prgho/ ehlqj wkh fxpxodwlrq ri 58 wlph vhulhv uhvlgxdov1 Zh uhsruw PUZ
lq Wdeoh 81 Qrwh wkdw zh frpsduh wkuhh prghov= wkh xqfrqglwlrqdo frqyhujhqfh
prgho/ dqg wzr frqglwlrqdo frqyhujhqfh prgho +Vrorz dqg dxjphqwhg Vrorz,1
Dv h{shfwhg wkh uhvxowv rq wkh hvwlpdwlrq ri � fkdqjh dv wkh vshfl�fdwlrq lv
fkdqjhg1 Wkh ulfkhu prgho jlyhv d srlqw hvwlpdwh iru � ri �3=35/ jlylqj vrph
vxssruw wr wkh qhz0fodvvlfdo prgho +zkdw lv wkh vwdqgdug0huuru dvvrfldwhg wr wklv
srlqw hvwlpdwhB,

Wdeoh 8= Whvwlqj frqyhujhqfh +ghs1ydu1 o|o;80o|93,

Yduldeoh Xqfrqglwlrqdo Vrorz Dxjphqwhg Vrorz

Frqvwdqw 3189; +31765, 5159 +31;7:, 517; +31:<8,

o|o93 031335 +31387, 03156 +31389, 03169 +31399,

oqv 0 3198 +31436, 3188 +31434,

oqqjg 0 03178 +31637, 03187 +315;9,

oqvfk 0 0 315: +313:<,

U5 3133335 316; 317:

� 3174 3165 3163

� 03133:; 03134 03134;

4145 Dowhuqdwlyh vwudwhjlhv ri uhvhdufk lq pdfurhfrqrphwulfv

Vrph �qdo uhpdunv rq wkh uhvhdufk vwudwhj| ehklqg wkh hpslulfdo zrun frqvlghuhg
vr idu fdq eh xvhixo wr vhw rxw wkh jhqhudo iudphzrun iru wkh rujdql}dwlrq ri wkh
pdwhuldo lq wklv errn1 Wkh vwduwlqj srlqw ri wkh uhvhdufk vwudwhj| ri Pdqnlz/
Urphu dqg Zhlo lv d wkhruhwlfdo prgho/ wkh Vrorz jurzwk prgho1 Wkh hvwlpdwhg
hpslulfdo uhodwlrq lv ghulyhg iurp wkh vroxwlrq ri wkh prgho1 Dv wkh hvwlpdwlrq ri
wkh uhodwlrq h{solflwo| ghulyhg iurp Vrorz jurzwk prgho gholyhuv glvdssrlqwlqj
uhvxowv/ d prgl�fdwlrq ri wkh prgho lv frqvlghuhg e| lqwurgxflqj kxpdq fdslwdo lq
wkh ruljlqdo iudphzrun1 Vxfk prgl�fdwlrq jhqhudwhv vdwlvidfwru| hpslulfdo uhvxowv
dqg lw lv fdsdeoh ri h{sodlqlqj wkh hpslulfdo idloxuh ri wkh ruljlqdo vshfl�fdwlrq1
Dw wklv srlqw wkh dxwkruv kdyh wkhlu phvvdjh dqg duh deoh wr frqyh| lw wr wkh
surihvvlrq1

Dq| hpslulfdo uhvhdufk vwudwhj| lv edvhg rq wkh frpelqdwlrq ri wkhruhwlfdo
dqdo|vlv dqg zrun rq wkh gdwd wr surgxfh prghov ri wkh hfrqrplhv1 Zh kdyh
vkrzq wkdw wlph0vhulhv duh wkh prvw qdwxudo hpslulfdo frxqwhusduw ri ydudldeohv lq
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pdfurhfrqrplf prghov1 Lq wkh qh{w fkdswhu zh glvfxvv wkh vwdwlvwlfdo iudphzrun
qhfhvvdu| wr dqdo|vh wlph0vhulhv1

Zh vkdoo wkhq lqwurgxfh lghqwl�fdwlrq> wkh fuxfldo vwdjh ri uhvhdufk lq dssolhg
pdfurhfrqrphwulfv zkhuh wkhru| dqg vwdwlvwlfdo dqdo|vlv ri wkh gdwd duh eurxjkw
wrjhwkhu1 Lq idfw/ wkh gl�huhqw dssurdfkhv fxuuhqwo| dgrswhg lq dssolhg hpslu0
lfdo zrun lq pdfurhfrqrplfv frxog eh xqghuvwrrg dv gl�huhqw vroxwlrqv wr wkh
lghqwl�fdwlrq sureohp1 Rq wkh edvlv ri wkh zrunlqj nqrzohgjh ri ixqgdphqwdov
exlow lq wkhvh wzr fkdswhuv/ zh vkdoo wkhq frqvlghu wkh gl�huhqw dssurdfkhv wr
dssolhg pdfurhfrqrphwulfv1 Zh vwduw iurp wkh Frzohv Frpplvvlrq dssurdfk/
e| glvfxvvlqj d prgho ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp exlow rq wkh
prvw idprxv �dg0krf� iudphzrun +wkh LV0OP prgho dxjphqwhg e| vrph vxsso|
ixqfwlrq, lpsrvhg rq wkh gdwd wr dvn wkh wlph krqrxuhg txhvwlrq �zkdw grhv
prqhwdu| srolf| gr�1 Vxfk prgho lv ghvljqhg wr lghqwli| wkh lpsdfw ri srolf| ydul0
deohv rq pdfurhfrqrplf txdqwlwlhv1 Wkh remhfwlyh ri wkh h{huflvh lv wr ghwhuplqh
wkh ydoxh wr eh dvvljqhg wr wkh prqhwdu| lqvwuxphqwv wr dfklhyh d jlyhq wdujhw
iru wkh pdfurhfrqrplf yduldeohv1 H{rjhqhlw| ri wkh srolf| yduldeohv lv dvvxphg
rq wkh jurxqg wkdw wkhvh duh wkh lqvwuxphqwv frqwuroohg e| wkh srolf|pdnhu1Zh
looxvwudwh krz wkh prgho lv xvhg e| hvwlpdwlqj d vpdoo rgho ri wkh XV hfrqrp|
dqg uhsolfdwh wkh hpslulfdo idloxuh ri wkh jhqhudwlrq ri pdfurhfrqrphwulf prghov
lq dfklhylqj wkh remhfwlyh ri wkhlu vlpxodwlrq1

Vxfk idloxuh kdv ehhq udwlrqdol}hg lq gl�huhqw zd|v/ ohdglqj wr gl�huhqw ds0
surdfkhv wr uhsodfh wkh Frzohv Frpplvvlrq uhvhdufk surjudpph1

Wkh OVH +^6`,dssurdfk h{sodlqv wkh idloxuh ri wkh Frzohv Frpplvvlrq phwkrg0
rorj| e| dwwulexwlqj lw wr wkh odfn ri dwwhqwlrq iru wkh vwdwlvwlfdo prgho xqghuo|lqj
wkh sduwlfxodu hfrqrphwulf vwuxfwxuh dgrswhg wr dqdo|vh wkh h�hfw ri dowhuqdwlyh
prqhwdu| srolflhv1 Wkh OVH phwkrgrorj| frqvlghuv hfrqrphwulf srolf| hydoxd0
wlrq dq lqwhuhvwlqj dqg ihdvleoh h{huflvh1 Krzhyhu/ wkh zd| lq zklfk wkh Frzohv
Frpplvvlrq dssurdfk ghdov zlwk d ohjlwlpdwh txhvwlrq lv qrw vhhq dv fruuhfw1 Wkh
odfn ri vx!flhqw lqwhuhvw iru wkh vwdwlvwlfdo prgho lv lqwhusuhwhg dv wkh urrw ri
wkh idloxuh ri wkh Frzohv Frpplvvlrq dssurdfk wr surylgh dw dffhswdeoh dqvzhu
wr dq lqwhuhvwlqj txhvwlrq1 Wkh gldjqrvlv lv fduhixo gldjqrvwlf fkhfnlqj rq wkh
vshfl�fdwlrq dgrswhg1 E| dsso|lqj wkh OVH dssurdfk wr wkh vdph sureohp idfhg
e| wkh Frzohv Frpplvvlrq prgho zh vkdoo vkrz phulwv dqg olplwv1 Rq wkh srvl0
wlyh vlgh/ zh hydoxdwh wkh lpsuryhphqwv rq wkh hfrqrphwulf vshfl�fdwlrq/ zkloh/
rq wkh qhjdwlyh vlgh/ zh vkrz zk| vxfk phwkrgrorj| kdv qrw ehhq xqlyhuvdoo|
dgrswhg dv d xqltxh vxevwlwxwh iru wkh Frzohv Frpplvvlrq dssurdfk1

Gl�huhqwo| iurp wkh OVH h{sodqdwlrq ri wudglwlrqdo vwuxfwxudo prghoolqj wkh
wzr prvw idprxv dqg ghprolvklqj fulwltxhv/ gxh wr Oxfdv +^69`, dqg Vlpv +^7;`,/
frqfhqwudwh rq wkh zhdn wkhruhwlfdo edvlv iru wkh Frzohv Frpplvvlrq prghov1
Wkh Oxfdv fulwltxh h{sodlqv wkh idloxuh ri vwuxfwxudo prghov zkhq wkh frh!fhqw
ghvfulelqj wkh lpsdfw ri prqhwdu| srolf| rq wkh pdfurhfrqrplf yduldeohv ri lq0
whuhvw ghshqg rq wkh prqhwdu| srolf| uhjlphv> lq wklv fdvh qr prgho hvwlpdwhg
xqghu d vshfl�f uhjlph fdq eh xvhg wr vlpxodwh wkh h�hfwv ri d gl�huhqw prqhwdu|
srolf| uhjlph1 Vxfk vlwxdwlrq lv qdwxudoo| jhqhudwhg zkhq djhqwv ehkdylrxu lv gh0
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whuplqhg e| lqwhuwhpsrudo rswlpl}dwlrq1 Wkh Vlpv fulwltxh dwwdfnv lghqwl�fdwlrq
iurp d gl�huhqw shuvshfwlyh/ srlqwlqj rxw wkdw wkh uhvwulfwlrqv qhhghg wr vxssruw
h{rjhqhlw| lq vwuxfwxudo Frzohv Frpplvlrq0w|sh prghov duh �lqfuhgleoh� lq dq
hqylurqphqw zkhuh djhqwv rswlplvh lqwhuwhpsrudoo|1

Wkh qdwxudo rxwfrph ri wkhvh wzr fulwltxhv lv wkdw srolf| vlpxodwlrq vkrxog
qrw eh xqghuwdnhq rq wkh edvlv ri vwuxfwxudo hfrqrphwulf prghov exw udwkhu rq
wkh edvlv ri vlpxodwlrq ri prgho hfrqrplhv edvhg rq plfurhfrqrplf irxqgdwlrqv1

Krzhyhu/ hfrqrphwulfv sod| vwloo dq lpsruwdqw uroh iru wkh vhohfwlrq ri wkh
dssursuldwh prgho hfrqrp| dqg iru wkh hvwlpdwlrq ri wkh ghhs sdudphwhuv gh0
vfulelqj wdvwh dqg whfkqrorj| dqg lqghshqghqw iurp h{shfwdwlrqv1

Wkh uhvhdufk surjudpph lqlwldwhg e| Vlpv ohdg wr wkh hvwlpdwlrq ri YDU
prghov lq hpslulfdo pdfurhfrqrplfv1 YDU prghov ri wkh wudqvplvvlrq phfkd0
qlvp duh qrw hvwlpdwhg wr |lhog dgylfh rq wkh ehvw prqhwdu| srolf|> wkh| duh
udwkhu hvwlpdwhg wr surylgh hpslulfdo hylghqfh rq wkh uhvsrqvh ri pdfurhfr0
qrplf yduldeohv wr prqhwdu| srolf| lpsxovhv lq rughu wr glvfulplqdwh ehwzhhq
dowhuqdwlyh wkhruhwlfdo prghov ri wkh hfrqrp|1 Prqhwdu| srolf| dfwlrqv vkrxog
eh lghqwl�hg xvlqj wkhru|0iuhh uhvwulfwlrqv/ wdnlqj lqwr dffrxqw wkh srwhqwldo hq0
grjhqhlw| ri srolf| lqvwuxphqwv1

Wkh Jhqhudolvhg Phwkrg ri Prphqwv lv wkh hfrqrphwulf phwkrgrorj| qdwx0
udoo| dssolhg wr wkh �uvw rughu frqglwlrqv iru wkh vroxwlrq ri lqwhuwhpsrudo rswl0
plvdwlrq sureohpv wr ghulyh hvwlpdwhv ri wkh ghhs sdudphwhuv lq wkh hfrqrp|1

Rqfh ghhs sdudphwhuv ri lqwhuhvw duh hvwlpdwhg/ wkh plfur0irxqghg prgho fdq
eh fdoleudwhg dqg wkh h�hfw ri uhohydqw hfrqrplf srolflhv fdq wkhq eh dvvhvvhg1

Zh vkdoo ghyrwh wkuhh fkdswhuv wr YDU prghov/ JPP hvwlpdwlrq dqg fdoleud0
wlrq wr looxvwudwh wkh vwudwhj| ri hpslulfdo uhvhdufk lq pdfurhfrqrplfv frqvlvwhqw
zlwk wkh ylhz wkdw srolf| dgylfh vkrxog eh edvhg rq wkh vlpxodwlrq ri wkhruhwlfdo
prghov frqvlghulqj h{solflwo| wkh lqwhuwhpsrudo rswlplvdwlrq sureohp ri djhqwv1
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514 Lqwurgxfwlrq= zkdw lv d wlph0vhulhv B

Lq wkh suhylrxv fkdswhu zh kdyh lqwurgxfhg wlph0vhulhv wr vkrz wkdw rqh ri wkh
ixqgdphqwdo surshuwlhv qhfhvvdu| wr shuirup ydolg hvwlpdwlrq dqg lqihuhqfh lq
wkh olqhdu prgho lv jhqhudoo| ylrodwhg e| wlph0vhulhv1 Lq wklv fkdswhu zh vkdoo
glvfxvv wklv lvvxh dw juhdwhu ghswk dqg ohqjwk e| gh�qlqj suhflvho| wlph vhulhv
dqg wkh ixqgdphqwdo frqfhswv wr dqdo|}h wkhp/ e| looxvwudwlqj krz wkh sureohp
lqwurgxfhg fdq eh uhvroyhg lq wkh frqwh{w ri vwdwlrqdu| wlph0vhulhv/ wr �qdoo|
h{whqg rxu glvfxvvlrq wr qrq0vwdwlrqdulw| dqg frlqwhjudwlrq1

Zh zulwh d wlph0vhulhv dv

i{4> {5> ==={Wj ru i{wj > w @ 4> ===W

zkhuh w lv dq lqgh{ ghqrwlqj wkh shulrg lq wlph lq zklfk { rffxuv1 Zh vkdoo
wuhdw {w dv d udqgrp yduldeohv/ khqfh d wlph0vhulhv lv d vhtxhqfh ri udqgrp
yduldeohv rughuhg lq wlph1 Vxfk vhtxhqfh lv nqrzq dv d vwrfkdvwlf surfhvv1 Wkh
suredelolw| vwuxfwxuh ri d vhtxhqfh ri udqgrp yduldeohv lv ghwhuplqhg e| wkh
mrlqw glvwulexwlrq ri d vwrfkdvwlf surfhvv1

D srvvleoh suredelolw| prgho iru vxfk d mrlqw glvwulexwlrq lv =

{w @ �w> �w � q=l=g=
�
3> �5�

�
l1h1 {w lv qrupdoo| lqghshqghqwo| glvwulexwhg ryhu wlph zlwk frqvwdqw ydul0

dqfh dqg }hur phdq1 Lq rwkhu zrugv {w lv d zklwh0qrlvh surfhvv1 D zklwh0qrlvh
surfhvv lv qrw d surshu prgho iru prvw pdfurhfrqrplf wlph0vhulhv ehfdxvh lw
grhv qrw ihdwxuh wkhlu prvw frpprq fkdudfwhulvwlf/ qdpho| shuvlvwhqfh1 Wr vkrz
wkh srlqw frqvlghu wkh gdwd0vhw XVXN1[OV zklfk frqwdlqv/ lq H[FHO irupdw/
txduwhuo| wlph vhulhv gdwd iru qrplqdo dqg uhdo shuvrqdo glvsrvdeoh lqfrph dqg
frqvxpswlrq lq wkh XN dqg wkh XV ryhu wkh vdpsoh 4<8<=404<<;=41 Wkh gdwd0vhw/
uhwulhyhg iurp GDWDVWUHDP/ frqwdlqv qlqh yduldeohv=
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Wdeoh 4= Gdwdvhw XVXN1[OV

xnsglvslg shuvrqdo glvsrvdeoh lqfrph lq wkh XN dw frqvwdqw 4<<5 sulfhv
xvsglvslg shuvrqdo glvsrvdeoh lqfrph lq wkh XV dw frqvwdqw 4<<5 sulfhv
xvfqgxue frqvxpswlrq ri gxudeoh jrrgv lq wkh XV dw fxuuhqw sulfhv
xvfqgxue frqvxpswlrq ri gxudeoh jrrgv lq wkh XV dw frqvwdqw 4<<5 sulfhv
xvfqqrqge frqvxpswlrq ri qrq0gxudeoh jrrgv lq wkh XV dw fxuuhqw sulfhv
xvfqqrqgg frqvxpswlrq ri qrq0gxudeoh jrrgv lq wkh XV dw frqvwdqw 4<<5 sulfhv
xvfqvhuye frqvxpswlrq ri vhuylfhv lq wkh XV dw fxuuhqw sulfhv
xvfqvhuyg frqvxpswlrq ri vhuylfhv lq wkh XV dw frqvwdqw 4<<5 sulfhv

Doo vhulhv duh dgmxvwhg iru vhdvrqdolw|1 Wr dvvhvv wkh ehkdylrxu ri dq w|slfdo
hfrqrplf wlph vhulhv djdlqvw wkh ehqfkpdun ri wkh zklwh0qrlvh surfhvv/ zh kdyh
lpsruwhg doo vhulhv lq dq H0Ylhzv zrun�oh dqg uxq wkh iroorzlqj urxwlqh=

vpso 4<8<=4 4<<;=4

jhqu o|xv@orj+xvsglvslg,

jhqu ZQ@ ;136.3169-quqg

sorw ZQ o|xv

Wkh urxwlqh jhqhudwhv wkh orj ri XV uhdo glvsrvdeoh lqfrph dqg dq duwl�fldo
vhulhv gh�qhg dv d frqvwdqw +;136, soxv d qrupdo udqgrp yduldeoh zlwk }hur phdq
dqg vwdqgdug ghyldwlrq ri 3169/ zkhuh ;136 dqg 3169 duh uhvshfwlyho| wkh vdpsoh
phdq dqg wkh vdpsoh vwdqgdug ghyldwlrq ri o|xv1 Kdylqj jhqhudwhg wkh vhulhv wkh
surjudp sorwv wkhp wr rewdlq wkh iroorzlqj uhvxow=

Iljxuh 5=4 fohduo| vkrzv wkdw wkh zklwh qrlvh prgho grhv qrw fdswxuh wkh
lqwhuhvwlqj surshuw| ri shuvlvwhqfh wkdw prwlydwhv wkh vwxg| ri wlph vhulhv1 Lq
rughu wr frqvwuxfw pruh uhdolvwlf prghov frpelqdwlrqv ri �w1 Zh vkdoo frqfhqwudwh
rq d fodvv ri prghov fuhdwhg e| wdnlqj olqhdu frpelqdwlrqv ri zklwh qrlvh/ wkh
DUPD prghov=

DU+4, = {w @ �{w�4 . �w

PD+4, = {w @ �w . ��w�4
DU+s, = {w @ �4{w�4 . �5{w�5 . ===. �s{w�s . �w

PD+t, = {w @ �w . �4�w�4 . ===. �t�w�t
DUPD+s> t, = {w @ �4{w�4 . ===. �s{w�s . �4�w�4 . ===. �t�w�t

Lq fdvh lw lv qrw douhdg| fohdu/ zh vkdoo vkrz zk| DUPD prghov duh rewdlqhg
e| wdnlqj olqhdu frpelqdwlrqv ri zklwh qrlvh lq wkh qh{w vhfwlrq/ zkhuh zh glvfxvv
wkh vwulfwo| qhfhvvdu| ixqgdphqwdov wr dqdo|}h wlph vhulhv1

Qrwh wkdw hdfk ri wkh deryh prghov fdq eh hdvlo| sxw wr dfwlrq wr jhqhudwh
wkh htxlydohqw wlph0vhulhv e| prgli|lqj dssursuldwho| dqg uxqqlqj wkh iroorzlqj
surjudpph lq Hylhzv/ zklfk jhqhudwhv dq DU+4, vhulhv=

vpso 4 4
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Ilj1 5141 D zklwh0qrlvh surfhvv dqg wkh orj ri XV uhdo glvsrvdeoh lqfrph

jhqu [@3

vpso 5 533

vhulhv {@318-{+04, .QUQG

Wkh surjudpph deryh jhqhudwhv d vdpsoh ri 533 revhuydwlrqv iurp dq DU+4,
prgho zlwk � @ 3=8= Wkh vhulhv lv �uvw lqlwldol}hg iru wkh �uvw revhuydwlrqv/ wkh
frppdqg vhulhv wkhq jhqhudwhv wkh vhulhv iru wkh vshfl�hg surfhvv/ hdfk revhuyd0
wlrq lv 318 wlph wkh suhylrxv revhuydwlrq soxv d udqgrp glvwxuedqfh gudzq iurp
d vhuldoo| lqghshqghqw vwdqgdug qrupdo glvwulexwlrq1

Wkh wlph vhulhv ehkdylrxu ri wkh jhqhudwhg [ lv sorwwhg lq Iljxuh 5151
Wkh iroorzlqj prgl�hg yhuvlrq ri wkh surjudpph zloo jhqhudwh dq DUPD+4/4,

vhulhv=

vpso 4 4

jhqu [@3

vpso 4 533

jhqu x@QUQG

vpso 5 533
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Ilj1 5151 D vwdwlrqdu| DUPD+4/4, surfhvv

vhulhv {@318-{+04, .x .317-x+04,

515 Dqdo|}lqj wlph0vhulhv= wkh ixqgdphqwdov1

Wr looxvwudwh hpslulfdoo| doo wkh ixqgdphqwdov zh frqvlghu dq lqwhuhvwlqj phpehu
ri wkh wkh DUPD idplo|= wkh DU prgho zlwk guliw =

{w @ �3 . �4{w�4 . �w +514,

�w � q=l=g=
�
3> �5�

�
Jlyhq wkdw hdfk uhdol}dwlrq ri rxu vwrfkdvwlf surfhvv lv d udqgrp yduldeoh/ wkh

�uvw uhohydqw ixqgdphqwdo lv wkh ghqvlw| ri hdfk revhuydwlrqv1 Lq sduwlfxodu/ zh
glvwlqjxlvk ehwzhhq frqglwlrqdo dqg xqfrqglwlrqdo ghqvlwlhv1 Kdylqj lqwurgxfhg
wkhvh wzr frqfhswv zh vkdoo gh�qh dqg glvfxvv vwdwlrqdulw|/ zh wkhq jhqhudol}h
irup rxu vshfl�f phpehu wr wkh zkroh idplo| ri DUPD prghov/ wr hqg wklv
vhfwlrq zlwk d glvfxvvlrq ri ghwhuplqlvwlf dqg vwrfkdvwlf wuhqgv dqg gh0wuhqglqj
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phwkrgv1 Qrwh wkdw dw wklv lqwurgxfwru| vwdjh zh frqfhqwudwh doprvw h{foxvlyho|
rq xqlyduldwh prghov1 Zh gr vr mxvw iru wkh vdnh ri h{srvlwlrq1 Diwhu wkh frp0
sohwlrq ri rxu lqwurgxfwru| wrxu/ zh vkdoo frqfhqwudwh rq pxowlyduldwh prghov/
zklfk duh wkh irfxv ri wklv errn1

51514 Frqglwlrqdo dqg xqfrqglwlrqdo ghqvlwlhv

Zh glvwlqjxlvk ehwzhhq frqglwlrqdo dqg xqfrqglwlrqdo ghqvlw| ri d wlph0vhulhv1
Wkh xqfrqglwlrqdo ghqvlw| lv rewdlqhg xqghu wkh k|srwkhvlv wkdw qr revhuyd0
wlrq rq wkh wlph vhulhv lv dydlodeoh/ zkloh frqglwlrqdo ghqvlwlhv duh edvhg rq wkh
revhuydwlrq ri vrph uhdol}dwlrq ri wkh udqgrp yduldeohv1 Lq wkh fdvh ri wkh wlph
vhulhv zh ghulyh xqfrqglwlrqdo e| sxwwlqj lghdoo| rxuvhoyhv dw wkh prphqw lq wlph
suhfhhglqj wkh revhuydwlrq ri dq| uhdol}dwlrq ri wkh wlph vhulhv1 Dw wkh prphqw
wkh lqirupdwlrq vhw lv jlyhq rqo| e| wkh nqrzohgjh ri wkh surfhvv jhqhudwlqj
wkh revhuydwlrqv1 Dv revhuydwlrqv ehfrph dydlodeoh frqglwlrqdo ghqvlwlhv fdq eh
frpsxwhg1 Dv glvwulexwlrqv duh vxppdul}hg e| wkhlu prphqwv/ ohw xv looxvwudwh
wkh gl�huhqfh ehwzhhq frqglwlrqdo dqg xqfrqglwlrqdo ghqvlwlhv e| orrnlqj dw rxu
DU+4, prgho1

Wkh prphqwv ri wkh ghqvlw| ri {w frqglwlrqdo xsrq {w�4 duh lpphgldwho|
rewdlqhg iurp +;=4;,dv iroorzv=

H +{w m {w�4, @ �3 . �4{w�4
Y du +{w m {w�4, @ �5�

Fry ^+{w m {w�4, > +{w�m m {w�m�4,` @ 3 iru hdfk m

Wr ghulyh wkh prphqwv ri wkh ghqvlw| ri {w frqglwlrqdo xsrq {w�5> zh qhhg
wr vxevwlwxwh iru {w�4 lq whupv ri {w�5 iurp +;=4;, wr rewdlq=

H +{w m {w�5, @ �3 . �3�4 . �54{w�5
Y du +{w m {w�5, @ �5�

�
4 . �54

�
Fry ^+{w m {w�5, > +{w�m m {w�m�5,` @ �4�

5
� iru m @ 4

Fry ^+{w m {w�5, > +{w�m m {w�m�5,` @ 3 iru m A 4

Ilqdoo|/ xqfrqglwlrqdo prphqwv duh ghulyhg e| vxevwlwxlqj uhfxuvlyho| iurp
+;=4;, wr h{suhvv {w dv d ixqfwlrq ri lqirupdwlrq dydlodeoh dw wlph wlph w3> wkh
prphqw ehiruh zh vwduw revhuylqj uhdol}dwlrqv ri rxu surfhvv1

H +{w, @ �3
�
4 . �4 . �54 . ===�w�44

�
. �w4{3

Y du +{w, @ �5�
�
4 . �54 . �74 . ===�5w�54

�
� +m, @ Fry +{w> {w�m, @ �m4 Y du +{w,

� +m, @
Fry +{w> {w�m,s

Y du +{w,Y du +{w�4,
@

�m4 Y du +{w,s
Y du +{w,Y du +{w�4,
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Qrwh wkdw � +m, dqg � +m, duh ixqfwlrq ri m/ nqrzq uhvshfwlyho| dv wkh dxwr0
fryduldqfh ixqfwlrq dqg wkh dxwrfruuhodwlrq ixqfwlrq1

51515 Vwdwlrqdulw|

D vwrfkdvwlf surfhvv lv vdlg wr eh vwulfo| vwdwlrqdu| li lwv mrlqw ghqvlw| ixqfwlrq
grhv qrw ghshqg rq wlph1 Pruh irupdoo| d vwrfkdvwlf surfhvv lv vwdwlrqdu| li /iru
hdfk m4> m5>===mq> wkh mrlqw glvwulexwlrq/

i +{w> {w.m4 > {w.m5>{w.mq,

grhv qrw ghshqg rq w1
D vwrfkdvwlf surfhvv lv vdlg wr eh fryduldqfh vwdwlrqdu| li lwv wzr �uvw xqgl0

frqglwlrqdo prphqwv gr qrw ghshqg rq wlph/ l1h1 li wkh iroorzlqj uhodwlrqv duh
vdwlv�hg iru hdfk k/l/m=

H +{w, @ H +{w.k, @ �

H
�
{5w
�
@ H

�
{5w.k

�
@ �5

H +{w.l{w.m, @ �lm

Lq wkh fdvh ri rxu DU+4, surfhvv wkh frqglwlrq iru vwdwlrqdulw| lv wkdw m�4m ? 4=
Lq idfw/ zkhq vxfk frqglwlrq lv vdwlv�hg zh kdyh=

H +{w, @ H +{w.k, @
�3

4� �4

Y du +{w, @ Y du +{w.k, @
�5�

4� �54

Fry +{w> {w�m, @ �m4 Y du +{w,

rq wkh rwkhu kdqg lw hdvlo| vkrzq wkdw/ zkhq m�4m @ 4> wkh surfhvv lv qrq
vwdwlrqdu|1

Lq idfw zh kdyh=

H +{w, @ �3w. {3

Y du +{w, @ �5� w

Fry +{w> {w�m, @ �5� +w � m,

Wr looxvwudwh judsklfdoo| wkh surshuwlhv ri gl�huhqw DU surfhvv zh jhqhudwh/
xvlqj wkh surjudpph lq H0ylhzv ghvfulehg deryh/ zh jhqhudwh wkuhh DU surfhvv
zlwk �4 vhw wr 319 +vhulhv [4,/ 31; +vhulhv [5,/ dqg 4 +vhulhv [6, uhvshfwlyho|1 Wr
doorz gluhfw frpsdulvrq zh gr qrw lqfoxgh d guliw lq doo surfhvv vr iru doo ri wkhp
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Ilj1 5161 Iluvw rughu dxwruhjuhvvlyh surfhvvhv zlwk �4 @ 3=9 +[4, > �4 @ 3=;
+[5, > �4 @ 4 +[6,

zh kdyh �3 @ 31 Wkh wlph0vhulhv ehkdylrxu ri wkh wkuhh0surfhvvhv lv uhsruwhg lq
Iljxuh 5161

Qrwh wkdw [4 dqg [5 whqg wr uhyhuw wrzdugv wkhlu xqfrqglwlrqdo phdq udwkhu
txlfno|1 Wkh xqfrqglwlrqdo phdq ri [6 lv dovr }hur exw [6 grhv qrw vkrz dq|
whqghqf| iru uhyhuwlqj wrzdugv lwv phdq/ lq idfw/ dv wkh vdpsoh vl}h jurzv/ wkh
yduldqfh ri [6 lqfuhdvhv zlwkrxw dq| erxqg1

51516 DUPD surfhvvhv

Ehiruh lqwurgxflqj wkh ixqgdphqwdov ri wlph0vhulhv zh kdyh dvvhuwhg wkdw zklwh0
qrlvh surfhvvhv zhuh wrr vlpsolvwlf wr ghvfuleh hfrqrplf wlph vhulhv dqg wkdw d
forvhu �w frxog eh rewdlqhg e| frqvlghulqj frpelqdwlrq ri zklwh0qrlvhv1 zh kdyh
wkhq lqwurgxfhg DUPD prghov dqg glvfxvvhg wkh ixqgdphqwdov wr xqghuvwdqg
wkhlu surshuwlhv/ exw zh kdyh qrw |hw vkrzq wkdw DUPDprghov fdq eh frqvlghuhg
dv frpelqdwlrq ri zklwh0qrlvh surfhvvhv1 Wkh srlqw lv vkrzq e| frqvlghulqj d
wlph0vhulhv dv d sro|qrpldo glvwulexwhg odj ri d zklwh0qrlvh surfhvv=
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{w @ xw . e4xw�4 . e5xw�5 . ===eqxw�q
@
�
4 . e4O. e5O

5 . ===. eqO
q
�
xw

@ e+O,xw

zkhuh O lv wkh odj rshudwru1 Wkh Zdog0ghfrpsrvlwlrq wkhruhp/ zklfk vwdwhv
wkdw dq| vwdwlrqdu| vwrfkdvwlf surfhvv frxog eh h{suhvvhg dv wkh vxp ri d gh0
whuplqlvwlf frpsrqhqw dqg ri d vwrfkdvwlf prylqj dyhudjh frpsrqhqw zduudqw
jhqhudolw| ri rxu uhsuhvhqwdwlrq1 Krzhyhu lq jhqhudo/ wr ghvfuleh vxffhvvixoo| d
wlph0vhulhv/ d yhu| kljk rughu lq wkh sro|qrpldo e+O, lv uhtxluhg1 Wklv ihdwxuh
fdq eh sureohpdwlf iru hvwlpdwlrq/ jlyhq wkh xvxdo olplwdwlrqv iru vdpsoh vl}hv1
Wklv srwhqwldo sureohp li wkh sro|qrpldo e+O, fdq eh uhsuhvhqwhg dv wkh udwlr ri
wzr sro|qrpldo ri orzhu rughu1 Lq wklv fdvh zh kdyh=

{w @ e +O,xw

@
d +O,

f +O,
xw

f +O,{w @ d +O,xw +515,

+5=5, lv dq DUPD surfhvv1 Wkh surfhvv lv vwdwlrqdu| zkhq wkh urrwv ri f +O, @
3 olh rxwvlgh wkh xqlw flufoh1 Wkh PD frpsrqhqw lv vdlg wr eh lqyhuwleoh zkhq wkh
urrwv ri d +O, @ 3 olh rxwvlgh wkh xqlw flufoh1 Lqyhuwlelolw| ri wkh PD frpsrqhqwv
doorz wr uhsuhvhqw lw dv dq dxwruhjuhvvlyh surfhvv1

Wr looxvwudwh krz wkh dxwrfryduldqfh dqg wkh dxwrfruuhodwlrq ixqfwlrqv ri
dq DUPD prgho duh ghulyhg/ zh frqvlghu wkh vlpsohvw fdvh= wkh DUPD+4/4,
surfhvv=

{w @ f4{w�4 . �w . d4�w�4 +516,

+4� f4O,{w @ +4 . d4O, �w

+5=6, fdq eh uh0zulwwhq dv=

{w @
4. d4O

4� f4O
�w

@ +4 . d4O,
�
4. f4O. +f4O,

5 . ===
�
�w

@
�
4 . +d4 . f4,O. f4 +d4 . f4,O

5 . f54 +d4 . f4,O
6 . ===

�
�w

Wkhq zh kdyh

Y du +{w, @
k
4. +d4 . f4,

5 . f54 +d4 . f4,
5 . ===

l
�5�

@

%
4 .

+d4 . f4,
5

4� f54

&
�5�
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Fry +{w>{w�4, @
�
+d4 . f4, . f4 +d4 . f4, . f54 +d4 . f4, . ===

�
�5�

@

%
+d4 . f4, .

f4 +d4 . f4,
5

4� f54

&
�5�

Khqfh

� +4, @
Fry +{w>{w�4,
Y du +{w,

@
+4 . d4f4, +d4 . f4,

4 . f54 . 5d4f4

Vxffhvvlyh ydoxhv iru � +m, duh rewdlqhg iurp wkh uhfxuuhqfh uhodwlrq � +m, @
f4� +m � 4, iru m � 5=

Wr looxvwudwh wkh gl�huhqfh ehwzhhq dq DU dqg dq DUPD/ zh kdyh jhqhu0
dwhg dq DU+31:, surfhvv dqg dq DUPD +31:/ 317, surfhvv lq H0Ylhzv1 Wkh wzr
dxwrfruuhodwlrq ixqfwlrqv +iru odjv xs wr 43, duh uhsruwhg lq Wdeoh 51

Wdeoh 5= Dxwrfruuhodwlrq ixqfwlrqv

DU +31:, DUPD +31:/317,
31:45 31;69
31894 3196<
3176: 317<4
31637 31697
31587 31638
315:3 31638
315:3 31646
315<; 31659
315:< 31656
315<9 31649

Qrwh wkdw wkh dxwrfruuhodwlrq ri wkh DUPD+4/4, surfhvv lv kljkhu wkdq wkh
dxwrfruuhodwlrq ri wkh DU+4, surfhvv/ wklv lv ehfdxvh d4 A 3=

51517 Ghwhuplqlvwlf dqg Vwrfkdvwlf Wuhqgv

Iljxuh 514 dw wkh ehjlqqlqj ri wklv fkdswhu vkrzv wkdw pdfurhfrqrplf wlph vhulhv/
ehvlgh ehlqj shuvlvwhqw/ ihdwxuh +jhqhudoo|, xszduglqj wuhqgv1 Qrq0vwdwlrqdulw|
ri wlph0vhulhv lv d srvvleoh pdqlihvwdwlrq ri d wuhqg1 Frqvlghu iru h{dpsoh wkh
udqgrp zdon zlwk guliw=
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Lq wklv fdvh uhfxuvlyh vxevwlwxwlrq |lhogv=
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�w�l +517,

zklfk vkrzv wkdw wkh qrq0vwdwlrqdu| vhulhv frqwdlqv erwk d ghwhuplqlvwlf +d3w,

dqg d vwrfkdvwlf

�
l @ 3

w�4S
�w�l

�
wuhqg1

Rqh ri wkh hdvlhvw zd| wr pdnh d qrq0vwdwlrqdu| vhulhv vwdwlrqdu| lv e| gli0
ihuhqflqj lw=

�{w @ {w � {w�4 @ +4� O,{w @ d3 . �w

Lq jhqhudo li d wlph vhulhv qhhgv wr eh gl�huhqfhg n wlphv wr eh vwdwlrqdu|/
wkhq wkdw vhulhv lv vdlg wr eh lqwhjudwhg ri rughu n ru L+n,1 Rxu udqgrp zdon lv
L+4,1Zkhq wkh g� wk gl�huhqfh ri d wlph0vhulhv {/ �g{w/ fdq eh uhsuhvhqwhg e|
dq DUPD+s> t, prgho zh vd| wkdw {w lv dq lqwhjudwhg prylqj0dyhudjh surfhvv ri
rughu s> g> t dqg zh ghqrwh lw dv DULPD+s> g> t,1

Lw lqwhuhvwlqj wr frpsduh wkh ehkdylrxu ri lqwhjudwhg surfhvv zlwk wkdw ri
wuhqg vwdwlrqdu| surfhvv1 Wuhqg vwdwlrqdu| surfhvvhv ihdwxuh rqo| d ghwhuplqlvwlf
wuhqg=

}w @ �. �w. �w +518,

Wkh }w surfhvv lv qrq0vwdwlrqdu|/ exw wkh qrq0vwdwlrqdu| lv uhpryhg mxvw e|
uhjuhvvlqj }w rq d ghwhuplqlvwlf wuhqg1 Wklv lv qrw wkh fdvh iru lqwhjudwhg sur0
fhvvhv olnh +8=59, zkhuh wkh uhprydo ri wkh ghwhuplqlvwlf wuhqg grhv qrw gholyhu
d vwdwlrqdu| wlph0vhulhv1 Ghwhuplqlvwlf wuhqg kdyh qr phpru| zkloh lqwhjudwhg
yduldeohv kdyh lq�qlwh phpru|1 Erwk lqwhjudwhg yduldeoh dqg ghwhuplqlvwlf wuhqg
h{klelwv v|vwhpdwlf yduldwlrqv/ exw lq rqh fdvh wkh yduldwlrq lv suhglfwdeoh lq wkh
rwkhu fdvh lw lv qrw1 Wklv srlqw lv hdvlo| vhhq lq Iljxuh 517 zkhuh zh uhsruw wkuhh
vhulhv iru d vdpsoh ri 533 revhuydwlrqv1 Wkh vhulhv duh jhqhudwhg lq H0ylhzv e|
uxqqlqj wkh iroorzlqj surjudpph=

vpso 4 4

jhqu VW4@3

jhqu VW5@3

vpso 5 533
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vhulhv VW4@ 314.VW4+04, .quqg

vhulhv VW5@314.VW5+04,.quqg

vhulhv GW@ 314-Cwuhqg .quqg

Zh kdyh d ghwhuplqlvwlf wuhqg +GW, jhqhudwhg e| vlpxodwlqj htxdwlrq +5=8,
zlwk � @ 3> � @ 3=4> dqg d zklwh0qrlvh lqghshqghqwo| glvwulexwhg dv d vwdqgdug
qrupdo +quqg,/ dqg wzr lqwhjudwhg vhulhv +VW4 dqg VW5,/ zklfk duh udqgrp
zdonv zlwk d guliw ri 3141 Wkh rqo| gl�huhqfh ehwzhhq VW4 dqg VW5 lv lq wkh
uhdol}dwlrqv iurp wkh huuru whupv/ zklfk duh gl�huhqw gudzlqjv iurp wkh vdph
vhuldoo| lqghshqghqw vwdqgdug qrupdo glvwulexwlrq1
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Ilj1 5171 Ghwhuplqlvwlf +GW, dqg vwrfkdvwlf +VW4 dqg VW5, wuhqgv

516 Shuvlvwhqfh1 D Prqwh0Fduor h{shulphqw

Shuvlvwhqfh ri wlph0vhulhv ghvwur|v rqh ri wkh fuxfldo surshuwlhv wr lpsohphqw
ydolg hvwlpdwlrq dqg lqihuhqfh lq wkh olqhdu prgho1 Zh kdyh douhdg| vhhq wkdw lq
wkh frqwh{w ri wkh olqhdu prgho

| @[� . �
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Wkh iroorzlqj surshuw| lv uhtxluhg wr lpsohphqw ydolg hvwlpdwlrq ddqg lqihu0
hqfh

H +� m[, @ 3 +519,

K|srwkhvlv +5=9, lpsolhv wkdw

H +�l m {4> ==={l> ==={q, @ 3 +l @ 4> ===q,

Wklqn ri wkh vlpsohvw wlph0vhulhv prgho iru d jhqhulf yduldeoh | =

|w @ d3 . d4|w�4 . �w

Lw lv fohdu wkdw li d4 9@ 3> wkhq/ dowkrxjk lw lv wuxh wkdw H +�w m |w�4, @ 3>
H +�w�4 m |w�4, 9@ 3 dqg +5=9,lv ghvwur|hg1

Wkh txhvwlrq lv krz vhulrxv lv wkh sureohp1 Wr dvvhvv lqwxlwlyho| wkh frqvh0
txhqfh ri shuvlvwhqfh zh frqvwuxfw d vpdoo Prqwh0Fduor vlpxodwlrq rq wkh vkruw
vdpsoh surshuwlhv ri wkh ROV hvwlpdwru ri wkh sdudphwhuv lq dq DU+4, surfhvv1

D Prqwh0Fduor vlpxodwlrq lv edvhg rq wkh jhqhudwlrq ri d vdpsoh iurp d
nqrzq Gdwd Jhqhudwlqj Surfhvv+GJS,1 D vhw ri udqgrp qxpehuv iurp d jlyhq
glvwulexwlrq lv jhqhudwhg �uvw +d qrupdoo| lqghshqghqw zklwh0qrlvh glvwxuedqfh
lq rxu fdvh, iru d vdpsoh vl}h ri lqwhuhvw +lq rxu fdvh 533 revhuydwlrqv, dqg wkhq
wkh surfhvv ri lqwhuhvw lv frqvwuxfwhg +lq rxu fdvh dq DU+4, surfhvv,1 Zkhq d
vdpsoh ri revhuydwlrqv rq wkh surfhvv ri lqwhuhvw lv dydlodeoh/ wkhq wkh uhohydqw
sdudphwhuv fdq eh hvwlpdwhg dqg wkhlu �wwhg ydoxh fdq eh frpsduhg zlwk wkh
nqrzq wuxh ydoxh1 Iru wklv uhdvrq wkh Prqwh0Fduor vlpxodwlrq lv d vruw ri frq0
wuroohg h{shulphqw1 Wkh rqo| srwhqwldo sureohp zlwk wklv surfhgxuh lv wkdw wkh
vhw ri udqgrp qxpehuv gudzq lv mxvw rqh srvvleoh rxwfrph dqg wkh hvwlpdwhv duh
ghshqghqw rq wkh vhtxhqfh ri vlpxodwhg zklwh0qrlvh uhvlgxdov1 Wr ryhufrph wklv
sureohp lq d Prqwh0Fduor vwxg| wkh GJS lv uhsolfdwhg pdq| wlphv1 Iru hdfk
uhsolfdwlrq d vhw ri hvwlpdwhv lv rewdlqhg dqg wkhq dyhudjhv dfurvv uhsolfdwlrqv ri
wkh hvwlpdwhg sdudphwhuv duh frpsxwhg wr eh dvvhvvhg djdlqvw wkh nqrzq wuxh
ydoxhv1

Rxu Prqwh0Fduor vlpxodwlrq lv shuiruphg e| uxqqlqj wkh iroorzlqj surjudpph
lq H0Ylhzv=

jhqu d4vxp@3

iru $l@4 wr 833

vpso 4 4

jhqu |~$l�@43

vpso 5 533

vhulhv |~$l�@4.31<-|~$l�+04, .quqg

htxdwlrq ht1ov |~$l�@ f+4,.f+5,-|~$l�+04,

ht1uov+f/v,



85 WKH SUREDELOLVWLF VWUXFWXUH RI WLPH VHULHV GDWD

jhqu d4vxp@d4vxp.Ubf5

qh{w

jhqu d4phdq@d4vxp2833

Wkh �uvw olqh ri wkh surjudpph jhqhudwh d vhulhv wr vwruh wkh ydoxhv ri wkh
hvwlpdwhg d4 lq hdfk uhsolfdwlrq1 Lq wkh qh{w vwhs zh vhw d frxqwhu wr nhhs wudfn
ri wkh uhsolfdwlrqv +lq wkh vshfl�f fdvh zh kdyh 833 ri wkhp,1Wkh orrs iru wkh �yh
kxqguhg uhsolfdwlrqv lv wkhq vhw1 Lq hdfk uhsolfdwlrqv d vdpsoh ri wzr kxqguhg
revhuydwlrqv iurp dq DU+4, lv jhqhudwhg dqg wkhq wkh dxwruhjuhvvlyh sdudphwhuv
lv hvwlpdwhg1 Qrwh wkdw vxfk hvwlpdwlrq lv shuiruphg uhfxuvlyho| vwduwlqj zlwk
d vdpsoh ri �yh revhuydwlrqv dqg wkhq e| dgglqj rqh revhuydwlrq dw wkh wlph
xqwlo wkh odvw rqh1 Wkh vhulhv ri wkhvh hvwlpdwhv lv vwruhg dw hdfk uhsolfdwlrqv
zlwk wkh frppdqg ht1uov+f/v,1 Dw wkh hqg ri doo uhsolfdwlrqv zh kdyh 833 kxqguhg
vhulhv hdfk frqwdlqlqj d vhulhv ri 4<8 hvwlpdwhg sdudphwhuv +wkh �uvw ehlqj
wkh sdudphwhu hvwlpdwhg rq wkh vdpsoh 408/ wkh vhfrqg ehlqj wkh sdudphwhu
hvwlpdwhg rq wkh vdpsoh 409/ wkh odvw rqh ehlqj wkh sdudphwhu hvwlpdwhg rq wkh
ixoo vdpsoh,1 Zh uhsruw wkh dyhudjh dfurvv uhsolfdwlrqv lq Iljxuh 5181
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Iurp wkh Iljxuh 518 zh qrwh wkdw wkh hvwlpdwh ri d4 lv khdylo| eldvhg lq vpdoo
vdpsohv/ exw wkh eldv lv uhgxfhg dv wkh vdpsoh jhwv odujhu wr hyhqwxdoo| glvdsshdu1
Lq idfw/ lw fdq eh vkrzq dqdo|wlfdoo| wkdw wkh dyhudjh ri wkh ROV hvwlpdwh ri d4
lv d4

�
4� 5

W

�
= Wklv lv dq lqwhuhvwlqj uhvxow/ zklfk frxog eh jhqhudol}hg1 Iru

vwdwlrqdu| wlph0vhulhv/ wkh fruuhodwlrq/ zklfk ghvwur|v wkh ruwkrjrqdolw| ehwzhhq
uhvlgxdov dqg uhjuhvvruv lq wkh olqhdu uhjuhvvlrq prgho/ whqgv wr glvdsshdu dv wkh
glvwdqfh ehwzhhq revhuydwlrqv lqfuhdvhv1 Wkhuhiruh/ dv zh vkdoo vkrz lq wkh qh{w
vhfwlrq/ wkh �qlwh vdpsoh uhvxowv fdq eh h{whqghg wr wlph0vhulhv e| frqvlghulqj
odujh vdpsohv1 Vxfk dlp lv rewdlqhg e| lqwurgxflqj dv|pswrwlf wkhru|1

517 Wkh wudglwlrqdo vroxwlrq= dv|pswrwlf wkhru|

Vwdwlrqdu| wlph0vhulhv ihdwxuh wlph0lqghshqghqw glvwulexwlrqv/ dv d frqvhtxhqfh
wkh h�hfw ri dq| vshfl�f lqqrydwlrq glvdsshdu dv wlph hodsvhv1 Zh vkdoo vkrz lq
wklv vhfwlrq ri wkh lqwxlwlrq jlyhq e| wkh vlpsoh Prqwh0Fduor vlpxowdlrq fdq eh
h{whqghg dqg dv|pwswrwlf wkhru| fdq eh xvhg wr shuirup ydolg hvwlpdwlrq dqg
lqihuhqfh zkhq prghoolqj vwdwlrqdu| wlph0vhulhv1

51714 Edvlf hohphqwv ri dv|pswrwlf wkhru|

Lq wklv vhfwlrq zh vkdoo lqwurgxfh wkh hohphqwv ri dv|pswrw|f wkhru| qhfhvvdu|
wr looxvwudwh krz doo wkh uhvxowv lq hvwlpdwlrq dqg lqihuhqfh iru wkh olqhdu prgho
dssolhg wr furvv0vhfwlrqdo gdwd lq Fkdswhu 4 fdq eh h{whqghg wr wlph0vhulhv prg0
hov71

Frqvlghu d vhtxhqfh i[Wj ri udqgrp yduldeohv zlwk wkh dvvrfldwhg vhtxhqfh
ri glvwulexwlrq ixqfwlrqv iIWj @ I4> ===> IW / zh jlyh wkh iroorzlqj gh�qlwlrqv ri
frqyhujhqfh iru [W

5171414 Frqyhujhqfh lq glvwulexwlrq Jlyhq d udqgrp yduldeoh [ zlwk glvwul0
exwlrq ixqfwlrq I / [W frqyhujhv lq glvwulexwlrq wr [ li wkh iroorzlqj htxdolw| lv
vdwlv�hg=

W $4olpsu i[W ? {3j @ su i[ ? {3j

iru doo {3>zkhuh wkh ixqfwlrq I +{, lv frqwlqxrxv1

5171415 Frqyhujhqfh lq suredelolw| Jlyhq d udqgrp yduldeoh [ zlwk glvwulex0
wlrq ixqfwlrq I/[W frqyhujhv lq suredelolw| wr [ li / iru hdfk � A 3>wkh iroorzlqj
uhodwlrq krogv=

W $4olpsu im[W �[m ? �j @ 4

Qrwh wkdw frqyhjhqfh lq suredelolw| lpsolhv frqyhujhqfh lq glvwulexwlrq1

eIru d irupdo wuhdwphqw ri doo wkhvh wrslfv vhh ZklwhEd93o�
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5171416 Fhqwudo olplw wkhruhp +irupxodwlrq ri Olqghehuj0Ohy|, Jlyhq d vh0
txhqfh i[Wj ri lghqwlfdoo| dqg lqghshqghqwo| glvwulexwhg udqgrp yduldeohv zlwk
phdq � dqg �qlwh yduldqfh �5/ gh�qlqj

b

[ @
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W
l @ 4
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[l

$ @
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�
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[ ��
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�

$ frqyhujhv lq glvwulexwlrq wr d vwdqgdug qrupdo1

5171417 Voxwvn|*v Wkhruhp Iru dq| udqgrp yduldeoh [W vxfk wkdw solp[W @
d/ zkhuh d lv d frqvwdqw/ jlyhq d ixqfwlrq j+�, frqwlqxrxv lq d/ zh kdyh wkdw
s olp j +[W , @ j +d, =

5171418 Fudphu*v Wkhruhp Jlyhq wzr udqgrp yduldeohv [W dqg \W vxfk wkdw
\W frqyhujhv lq glvwulexwlrq wr \ dqg [W frqyhujhv lq suredelolw| wr d frqvwdqw
d/ wkh wzr iroorzlqj uhodwlrqvklsv krog=

� [W . \W frqyhujhv lq glvwulexwlrq wr +d. \ ,

� \W@dW frqyhujhv lq glvwulexwlrq wr +\@d,

� \W � dW frqyhujhv lq glvwulexwlrq wr +\ � d,
Qrwh wkdw doo wkhruhpv lqwurgxfhg vr idu duh h{whqghg wr yhfwruv ri udqgrp

yduldeohv1

5171419 Pdqq0Zdog Wkhruhp Frqvlghu d yhfwru }w +n{4, ri udqgrp yduldeohv
zklfk vdwlv�hv wkh iroorzlqj surshuw|=

s olpW�4l @ 4
W[
}w}

3
w @T

zkhuh T lv d srvlwlyh gh�qlwh pdwul{1 Frqvlghu dovr d vhtxhqfh �w ri udqgrp
yduldeohv lghqwlfdoo| dqg lqghshqghqwo| glvwulexwhg zlwk }hur phdq dqg �qlwh
yduldqfh �5> iru zklfk �qlwh prphqwv ri hdfk rughu duh gh�qhg1 Li H +}w�w, @
3>wkhq zh kdyh

s olpW�4l @ 4
W[
}w�w @ 3>

u
4

W
l @ 4

W[
}w�w

g$ Q
�
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�
51715 Dssolfdwlrq wr prghov iru vwdwlrqdu| wlph0vhulhv

Frqvlghu wkh iroorzlqj wlph0vhulhv prgho=
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|w @ �|w�4 . �{w . xw

zkhuh {w lv d vwdwlrqdu| yduldeoh dqg m�m ? 4= Dv douhdg| vkrzq H +|wxw�l, 9@ 3
dqg wkh ROV hvwlpdwru ri � lv eldvhg1

Uh0zulwh wkh prgho dv =

|w @ }w� . xw

}w @
�
|w�4 {w

�
� @

�
�
�

�
E| dsso|lqj wkh Pdqq0Zdog uhvxowv zh fdq ghulyh wkh dv|pswrwlf glvwulexwlrq

ri wkh ROV hvwlpdwru ri �>e� =

e� g$ Q
�
�> �5T�4

�
dqg doo wkh �qlwh vdpsoh uhvxowv dydlodeoh iru furvv0vhfwlrq fdq eh h{whqghg

wr vwdwlrqdu| wlph0vhulhv mxvw e| frqvlghulqj odujh0vdpsoh wkhru|1

518 Vwrfkdvwlf0wuhqgv dqg vsxulrxv uhjuhvvlrqv

Iurp zkdw zh kdyh glvfxvvhg vr idu lw vkrxog eh fohdu wkdw prvw hfrqrphwulf
dqdo|vlv lv edvhg rq wkh yduldqfh dqg fryduldqfh dprqj yduldeohv1 Lq wkh fdvh
ri lqghshghqw vdpsolqj +furvv0vhfwlrq, zh fdq xvh �qlwh vdpsoh prphqwv iru
hvwlpdwlrq dqg lqihuhqfh/ lq wkh fdvh ri vwdwlrqdu| wlph0vhulhv wkh frqvlghudwlrq
ri prphqwv lq odujh vdpsohv fdq vroyh wkh sureohpv shfxoldu wr wlph0vhulhv lq
vpdoo vdpsohv1 Zlwklq wklv iudphzrun lw vkrxog eh lpphgldwho| fohdu wkdw qrq0
vwdwlrqdu| fdxvhv sureohpv1 Lq idfw/ zh nqrz xqfrqglwlrqdo prphqwv duh qrw
gh�qhg iru qrq0vwdwlrqdu| wlph0vhulhv1 Frqvlghu/ iru wkh vdnh ri looxvwudwlrq/ dq
ROV uhjuhvvlrq ri dq L+3, yduldeoh |w rq dq L+4, yduldeoh {w= Wkh ROV hvwlpdwru
ri wkh uhjuhvvlrq |w rq {w frqyhujhv wr }hur dv wkh vdpsoh vl}h lqfuhdvhv/ lq idfw
wkh yduldqfh ri {w> ehlqj glyhujhqw/ grplqdwhv wkh fryduldqfh ehwzhhq wkh wzr
yduldeohv1 Lq jhqhudo dv|pswrwlf wkhru| lv qrw dssolfdeoh wr qrq0vwdwlrqdu| wlph0
vhulhv +vhh/ iru h{dpsoh/ Kdwdqdnd+^56`, dqg Pdggdod0Nlp+^6<`, = Vr/ xqohvv doo
wkh wuhqgv revhuyhg lq wlph0vhulhv duh ghwhuplqlvwlf/ wkh vroxwlrq ri uhyhuwlqj wr
dv|pswrwlf wkhru| lv qrw gluhfwo| dffhvvleoh1

Wr jlyh dq lqwxlwlrq ri wkh lpsruwdqfh ri qrq0vwdwlrqdulw| lq wlph0vhulhv dqg
wr looxvwudwh wkh sureohpv uhodwhg wr qrq0vwdwlrqdulw|/ frqvlghu wkh uhvxowv ri d
�fud}|� uhjuhvvlrq/ rewdlqhg e| uhodwlqj wkh orj ri frqvxpswlrq lq wkh XV wr wkh
orj ri shuvrqdo glvsrvdeoh lqfrph lq wkh XN =
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Wdeoh 6= Uhjuhvvlqj XV frqvxpswlrq rq XN glvsrvdeoh lqfrph
Vdpsoh = 4<8< = 4 4<<; = 4 > Ghshqghqw Y duldeoh OFXV

Yduldeoh Frh!flhqw Vwg1 Huuru w0Vwdwlvwlf Sure1
F 0819459:9 314936:7 0671<<:73 313333
O\XN 4153;8<5 3134774< ;61;498: 313333

U0vtxduhg 31<:;746/ V1H1 ri uhjuhvvlrq 313855<4/ GZ0vwdw 3147379<

Qrwh wkdw wkh uhjuhvvlrq ihdwxuhv d yhu| kljk U5 dqg wkh XN glvsrvdeoh
lqfrph lv yhu| vljql�fdqw lq h{sodlqlqj XV frqvxpswlrq1 Zh kdyh d fdvh ri d
vsxulrxv uhjuhvvlrq/ zklfk zlwqhvvhv wkh uhohydqfh ri qrq0vwdwlrqdulw| lq hfr0
qrplf wlph0vhulhv1 Wr hoderudwh rq wklv srlqw frqvlghu wkh wzr iroorzlqj vlpsoh
xqlyduldwh wlph0vhulhv prghov iru O\XV dqg O\XN1

Wdeoh 7= Xqlyduldwh Wlph0vhulhv prghov iru XV frqvxpswlrq dqg XN glvsrvdeoh lqfrph

Frh!flhqw Vwg1 Huuru w0Vwdwlvwlf Sure1
Ghshqghqw yduldeoh OFXV
F 3136< 3133; 71<4 313333
OFXV+04, 31<<9 31334 <971< 313333

U0vtxduhg 31<<<;68/ V1H1 ri uhju 3133786:/ GZ vwdw 416<:7361

Ghshqghqw yduldeoh OFXV
F 31383 3137< 4133 3164;8
O\XN+04, 31<<9 31337 555 313333

U0vtxduhg 31<<<;68/ V1H1 ri uhju 3133786:/ GZ vwdw 416<:7361

ghvslwh wkh vlpsolflw| ri wkh wzr wlph0vhulhv prghov iru O\XV dqg O\XN/ zh
qrwh wkdw wkh| fdq erwk eh dssur{lpdwhg e| udqgrp zdon prghov=

OFXVw @ d3 . OFXVw�4 . �4w

O\ XNw @ e3 . O\ XNw�4 . �5w

�4w � q=l=g=
�
3> �5�4

�
�5w � q=l=g=

�
3> �5�5

�
Dv zh douhdg| nqrz/ uhfxuvlyh vxevwlwxwlrq |lhogv=
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OFXVw @ OFXV3 . d3w . l @ 3
w�4[

�4w�l

O\ XNw @ O\ XN3 . e3w. l @ 3
w�4[

�5w�l

Zkhq wkh iroorzlqj prgho lv hvwlpdwhg

OFXVw @e� . e� O\ XNw. exw>
wkh frh!flhqw e� lv vljql�fdqw dv erwk vhulhv kdyh d ghwhuplqlvwlf wuhqg1 Krzhyhu/
lq rughu wr kdyh d qrq0vsxulrxv uhodwlrq zh zrxog qhhg wkdw wkh uhjuhvvlrq uh0
pryhv dovr wkh vwrfkdvwlf wuhqg iurp wkh ghshqghqw yduldeohv/ ohdylqj vwdwlrqdu|
uhvlgxdov1 Li wklv grhv qrw kdsshq/ wkhq wkh fruuhodwlrq zh revhuyh fdq eh odehoohg
dv vsxulrxv1 Zh uhsruw lq Iljxuh 519 wkh uhvlgxdov iurp wkh ROV uhjuhvvlrq ri
OFXV rq O\XN/

ylvxdo lpsuhvvlrq frq�upv wkh lqwxlwlrq wkdw wkh uhjuhvvlrq kdv gholyhuhg
d vsxulrxv uhodwlrq/ kdylqj qrw uhpryhg wkh vwrfkdvwlf wuhqg irup wkh qrq0
vwdwlrqdu| ghshqghqw yduldeoh1 Wkh uhsruwhg GZ vwdwlvwlf ri 3147 jlyhv d pruh
irupdo edfnjurxqg wr wkh ylvxdo lpsuhvvlrq1 Lq idfw wkh Gxuelq0Zdwvrq vwdwlvwlf/
ruljlqdoo| ghvljqhg wr whvw iru wkh suhvhqfh ri �uvw rughu dxwrfruuhodwlrq lq wkh
uhvlgxdov/ fdq eh uh0fdoleudwhg wr whvw iru vwdwlrqdulw|1 Zh kdyh

GZ @
l @ 5

WS
+exw � exw�4,5

l @ 5
WSexw * 5 +4� e�,

zkhuh e� lv wkh ROV frh!flhqw iurp wkh uhjuhvvlrq ri exw rq exww�41 Wkh whvw
zdv ruljlqdoo| wdexodwhg wr whvw wkh k|srwkhvlv K3 = � @ 3> exw fulwlfdo ydoxhv
iru wkh qxoo ri qrq0vwdwlrqdulw| K3 = � @ 4> kdyh ehhq surylghg e| Vdujdq0
Ekdujdyd+^84`, = Dffruglqj wr vxfk fulwlfdo ydoxhv wkh qxoo ri qrq0vwdwlrqdulw|
fdqqrw eh uhmhfwhg e| dq revhuyhg ydoxh ri 3147 iru wkh GZ vwdwlvwlf1

Lq frqfoxvlrq zh qrwh wkdw qrq0vwdwlrqdulw| ri wlph0vhulhv lv sureohpdwlf lq
wkdw lw pljkw jhqhudwh vsxulrxv uhjuhvvlrq dqg lw grhv qrw doorz wkh xvh ri vwdq0
gdug odujh0vdpsoh wkhru| iru ydolg hvwlpdwlrq dqg lqihuhqfh lq wkh olqhdu prgho1
Ehiruh frqvlghulqj wkh vroxwlrqv wr wkh sureohp zh vkdoo lq wkh vhfwlrq foduli| lw
ixuwkhu e| uh0looxvwuwlqj lw irup d gl�huhqw shuvshfwlyh1

51814 Qrq0vwdwlrqdulw| dqg wkh olnholkrrg ixqfwlrq1

Frqvlghu d yhfwru {w frqwdlqlqj revhuydwlrqv dq wlph vhulhv yduldeohv dw wlph w1
D vdpsoh ri W wlph vhulhv revhuydwlrqv rq doo wkh yduldeohv fdq eh uhsuhvhqwhg
dv iroorzv=



8; WKH SUREDELOLVWLF VWUXFWXUH RI WLPH VHULHV GDWD

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

7.0

7.5

8.0

8.5

60 65 70 75 80 85 90 95

Residual Actual Fitted

Ilj1 5191 D vsxulrxv uhjuhvvlrq

[4
W @

599997
{4
=
=
=
{W

6::::8 =
Lq jhqhudo/ hvwlpdwlrq lv shuiruphg e| frqvlghulqj wkh mrlqw vdpsoh ghqvlw| ixqf0
wlrq/ nqrzq dovr dv wkh olnhololkrrg ixqfwlrq/ zklfk zh fdq h{suhvv dv G

�
[4

W m[3>�
�
=

Wkh olnholkrrg ixqfwlrq lv gh�qhg rq wkh sdudphwhuv vsdfh �> jlyhq wkh revhuyd0
wlrq ri wkh revhuyhg vdpsoh [4

W dqg ri d vhw ri lqlwldo frqglwlrqv [3= Vxfk lqlwldo
frqglwlrqv fdq eh lqwhusuhwhg dv wkh suh0vdpsoh revhuydwlrqv rq wkh uhohydqw ydul0
deohv +zklfk duh xvxdoo| qrw dydlodeoh,1 Lq fdvh ri lqghshqghqw revhuydwlrqv wkh
olnholkrrg ixqfwlrq fdq eh zulwwhq dv wkh surgxfw ri wkh ghqvlw| ixqfwlrqv iru hdfk
revhuydwlrq1 Krzhyhu wklv lv qrw wkh uhohydqw fdvh iru wlph0vhulhv/ dv wlph0vhulhv
revhuydwlrqv duh lq jhqhudo vhtxhqwldoo| fruuhodwhg1 Lq wkh fdvh ri wlph0vhulhv wkh
vdpsoh ghqvlw| lv wkhq frqvwuxfwhg xvlqj wkh frqfhsw ri vhtxhqwldo frqglwlrqlqj1
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Wkh olnholkrrg ixqfwlrq/ frqglwlrqhg zlwk uhvshfw wr lqlwldo frqglwlrqv/ fdq do0
zd|v eh zulwwhq dv wkh surgxfw ri d pdujlqdo ghqvlw| dqg d frqglwlrqdo ghqvlw|
dv iroorzv=

G
�
[4

W m [3>�
�
@ G +{4 m[3>�,G

�
[5

W m[4>�
�
=

Reylrxvo| zh dovr kdyh

G
�
[5

W m[3>�
�
@ G +{5 m[4>�,G

�
[6

W m[5>�
�

dqg/ e| uhfxuvlyh vxevwlwxwlrq/ zh hyhqwxdoo| rewdlq =

G
�
[4

W m[3>�
�
@ w @ 4

W\
G +{w m[w�4>�, =

Kdylqj rewdlqhgG
�
[4

W m[3>�
�
zh fdq lq wkhru| ghulyhG

�
[4

W >�
�
e| lqwhjudwlqj

zlwk uhvshfw wr[3 wkh ghqvlw| frqglwlrqdo rq suh0vdpsoh revhuydwlrqv1 Lq sudfwlfh
wklv frxog eh qrw wudfwdeoh dqdolwlfdoo| dv G +[3, lv qrw nqrzq1 Wkh k|srwkhvlv
ri vwdwlrqdulw| ehfrphv fuxfldo dw wklv vwdjh/ dv vwdwlrqdulw| uhvwulfwv wkh phpru|
ri wlph vhulhv dqg olplwv wr wkh �uvw revhuydwlrqv lq wkh vdpsoh wkh h�hfwv ri suh0
vdpsoh revhuydwlrqv1 Wklv lv wkh uhdvrq zk|/ lq wkh fdvh ri vwdwlrqdu| surfhvvhv/
lqlwldo frqglwlrqv fdq eh vlpso| ljqruhg1 Fohduo| wkh odujhu wkh vdpsoh/ wkh ehwwhu/
dv wkh zhljkw ri wkh lqirupdwlrq orvw ehfrphv vpdoohu1 Pruhryhu qrwh dovr wkdw/
hyhq e| rplwwlqj lqlwldo frqglwlrqv zh kdyh=

G
�
[4

W m[3>�
�
@ G +{4 m [3>�, w @ 5

W\
G +{w m[w�4>�, =

Wkhuhiruh wkh olnholkrrg ixqfwlrq lv vhsdudwhg lq wkh surgxfw rq W � 4 frq0
glwlrqdo glvwulexwlrq dqg rqh xqfrqglwlrqdo glvwulexwlrq1 Lq wkh fdvh ri qrq0
vwdwlrqdulw| wkh xqfrqglwlrqdo glvwulexwlrq lv qrw gh�qhg1 Rq wkh rwkhu kdqg/
lq wkh fdvh ri vwdwlrqdulw| wkh GJS lv frpsohwho| ghvfulehg e| wkh frqglwlrqdo
ghqvlw| ixqfwlrq G +{w m[w�4>�, =

5181414 Dq looxvwudwlrq= wkh �uvw rughu dxwruhjuhvvlyh surfhvv Wr jlyh pruh hp0
slulfdo frqwhqw wr rxu fdvh/ ohw xv frqvlghu djdlq wkh fdvh ri wkh xqlyduldwh �uvw
rughu dxwruhjuhvvlyh surfhvv1

{w m[w�4 �Q
�
�{w�4> �5

�
+51:,

G
�
[4

W m �>�5
�
@ G

�
{4 m �>�5

�
w @ 5

W\
G
�
{w m[w�4> �> �5

�
= +51;,

Iurp +5=;, lw lv fohdu wkdw wkh olnholkrrg ixqfwlrq lqyroyhv W � 4 frqglwlrqdo
ghqvlwlhv dqg rqh xqfrqglwlrqdo ghqvlwlhv1 Wkh frqglwlrqdo ghqvlwlhv duh jlyhq e|
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+5=:, > wkh xqfrqglwlrqdo ghqvlw| fdq eh ghulyhg rqo| lq wkh fdvh ri vwdwlrqdulw|1
Lq idfw jlyhq =

{w @ �{w�4 . xw

xw � Q=L=G
�
3> �5

�
>

zh fdq rewdlq e| uhfxuvlyh vxevwlwxwlrq=

{w @ xw . �xw�4 . ===. �q�4x4 . �q{3=

Dqg rqo| li m�m ? 4> wkh h�hfw ri wkh lqlwldo frqglwlrq glvdsshdu dqg zh fdq
zulwh wkh xqfrqglwlrqdo ghqvlw| ri {w dv=

G
�
{w m �> �5

�
@ Q

�
3>

�5

4� �5

�
=

Wkhuh xqghu vwdwlrqdulw| zh fdq zulwh grzq wkh h{dfw olnholkrrg ixqfwlrq dv=

G
�
[4

W m �> �5
�
@ +5�,�

W
5 ��W

�
4� �5

� 4
5 h{s

%
� 4

5�5

#�
4� �5

�
{54 . w @ 5

W[
+{w � �{w�4,

5

$&
+51<,

dqg hvwlpdwhv ri wkh sdudphwhuv ri lqwhuhvw duh ghulyhg e| pd{lpl}lqj wklv
ixqfwlrq1 Qrwh wkdw e� fdqqrw eh ghulyhg e| dqdo|wlfdo phwkrgv xvlqj wkh h{dfw
olnholkrrg ixqfwlrq/exw lw uhtxluhv frqglwlrqlqj wkh olnholkrrg dqg rshudwlqj d
julg vhdufk1 Qrwh dovr wkdw wkh lghd ri xvlqj lq odujh vdpsoh wkh dssur{lpdwh
olnholkrrg ixqfwlrq e| gursslqj wkh �uvw revhuydwlrq zrunv rqo| xqghu wkh k|0
srwkhvlv ri vwdwlrqdulw| lq d odujh vdpsohv1 Zkhq wkh �uvw revhuydwlrq lv gursshg
dqg wkh dssur{lpdwh olnholkrrg iqfwlrq lv frqvlghuhg/ lw fdq eh vkrzq dqdo|wlfdoo|
wkdw wkh PO hvwlpdwh ri � frlqflghv zlwk wkh ROV hvwlpdwh1

519 Xqlyduldwh ghfrpsrvlwlrqv ri wlph0vhulhv

Wkh jhqhudo vroxwlrq sursrvhg wr wkh sureohp lqwurgxfhg lq wkh suhylrxv vhfwlrq
lv wkh vhdufk iru d vwdwlrqdu| uhsuhvhqwdwlrq ri qrq0vwdwlrqdu| wlph0vhulhv1 Wklv
kdv ehhq grqh erwk lq dq xqlyduldwh dqg lq d pxowlyduldwh iudphzrun1 Dv dq
lqwurgxfwlrq zh vkdoo eulh | glvfxvv phwkrgrorjlhv xvhg lq d xql0yduldwh iudph0
zrun wr pryh vzliwo| wr ghfrpsrvlwlrqv lq d pxowlyduldwh iudphzrun/ zklfk duh
dw wkh khduw ri rxu glvfxvvlrq ri prghuq pdfurhfrqrphwulfv1

Ehyhulgjh0Qhovrq +4<;4, surylgh dq hohjdqw zd| ri ghfrpsrvlqj d qrq0vwdwlrqdu|
wlph0vhulhv lqwr d shupdqhqw frpsrqhqw dqg d whpsrudu|/ f|folfdo/frpsrqhqw e|
dsso|lqj DULPD phwkrgv1 Iru dq| qrq0vwdwlrqdu| wlph0vhulhv {w lqwhjudwhg ri
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wkh �uvw rughu wkh Zrog ghfrpsrvlwlrq wkhruhp frxog eh dssolhg wr lwv �uvw
gl�huhqfh/ wr gholyhu wkh iroorzlqj uhsuhvhqwdwlrq=

�{w @ �.F +O, �w

�w � q=l=g=
�
3> �5�

�
zkhuh F +O, lv d sro|qrpldo ri rughu t lq wkh odj rshudwru1 Frqvlghu qrz wkh
sro|qrpldo G +O, gh�qhg dv iroorzv=

G +O, @ F +O, �F +4, +5143,

jlyhq wkdw F +4, lv d frqvwdqw/ dovrG +O, zloo eh ri rughu t1 Lw fdq lpphgldwho|
eh vhhq wkdw

G +4, @ 3

wkhuhiruh 4 lv d urrw ri G +O, > dqg zh fdq zulwh

G +O, @ F� +O, +4� O, +5144,

zkhuh F� +O, lv d sro|qrpldo ri rughu t � 41
E| htxdwlqj +5=43, wr +5=44, zh kdyh=

F +O, @ F� +O, +4� O, .F +4,

dqg

�{w @ �.F� +O,��w .F +4, �w +5145,

e| lqwhjudwlqj +5=45, zh �qdoo| kdyh=

{w @ F� +O, �w . �w.F +4, }w

@ Fw . WUw

zkhuh }w lv d surfhvv iru zklfk zh kdyh�}w @ �w= Fw lv wkh f|folfdo frpsrqhqw
dqg WUw lv wkh wuhqg frpsrqhqw pdgh ri d ghwhuplqlvwlf wuhqg dqg d vwrfkdvwlf
wuhqg1 Qrwh wkdw wkh wuhqg frpsrqhqw fdq eh uhsuhvhqwhg dv iroorzv=

WUw @ WUw�4 . �.F +4, �w=
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51914 Ehyhulgjh0Qhovrq ghfrpsrvlwlrq ri dq LPD+4/4, surfhvv

Frqvlghu wkh surfhvv=

�{w @ �w . ��w�4> 3 ? � ? 4=

Lq wklv fdvh zh kdyh=

F +O, @ 4 . �O

F +4, @ 4 . �

F� +O, @
F +O,�F +4,

4�O
@ ��=

Wkh EQ ghfrpsrvlwlrq jlyhv wkh iroorzlqj uhvxow=

{w @ Fw . WUw

@ ���w . +4 . �, }w=

51915 Ehyhulgjh0Qhovrq ghfrpsrvlwlrq ri dq DULPD+4/4, surfhvv

Frqvlghu wkh surfhvv=

�{w @ ��{w�4 . �w . ��w�4

Lq wklv fdvh zh kdyh

F +O, @
4 . �O

4� �O

F +4, @
4 . �

4� �

F� +O, @
F +O, �F +4,

4� O

@ � � . �

+4� �, +4� �O,

dqg wkh EQ ghfrpsrvlwlrq jlyhv wkh iroorzlqj uhvxow=

{w @ Fw . WUw

@ � � . �

+4� �, +4� �O,
�w .

4. �

4� �
}w
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51916 Ghulylqj wkh Ehyhulgjh0Qhovrq ghfrpsrvlwlrq lq sudfwlfh

Wkh sudfwlfdo ghulydwlrq ri d EQ ghfrpsrvlwlrq iru dq| DULPD surfhvv lv hdvlo|
ghulyhg e| dsso|lqj d phwkrgrorj| vxjjhvwhg e| Fxgglqjwrq dqg Zlqwhuv+^9`, =
Iru dq| L+4, surfhvv/ zh kdyh vhhq wkdw wkh vwrfkdvwlf wuhqg fdq eh uhsuhvhqwhg
dv iroorzv=

WUw @ WUw�4 . � .F +4, �w +5146,

Wkh ghfrpsrvlwlrq fdq wkhq eh dssolhg e| wkh iroorzlqj vwhsv=

� lghqwli| wkh dssursuldwh DULPD prgho dqg hvwlpdwh �w dqg doo wkh sdudp0
hwhuv lq � dqg F +4, dqg

� jlyhq dq lqlwldo ydoxhv iru WU3 xvh +5=46, wr jhqhudwh wkh shupdqhqw frp0
srqhqw ri wkh wlph0vhulhv

� jhqhudwh wkh f|folfdo frpsrqhqw dv wkh gl�huhqfh ehwzhhq wkh revhuyhg
ydoxh lq hdfk shulrg dqg wkh shupdqhqw frpsrqhqw

Wkh deryh surfhgxuh zloo jlyh wkh shupdqhqw frpsrqhqw xs wr frqvwdqw/ li
wkh suhflvlrq ri wklv surfhgxuh lvqrw vdwlvidfwru|/ rqh fdq xvh ixuwkhu frqglwlrqv
wr lghqwli| pruh suhflvho| wkh ghfrpsrvlwlrq1 Iru h{dpsoh rqh fdq lpsrvh wkh
frqglwlrq wkdw wkh vdpsoh phdq ri wkh f|folfdo frpsrqhqw lv }hur wr slq grzq
wkh frqvwdqw lq wkh shupdqhqw frpsrqhqw1

Wr looxvwudwh krz wkh surfhgxuh zrunv lq sudfwlfh zh kdyh vlpxodwhg dq
DULPD+4/4/4, lq H0Ylhzv iru d vdpsoh ri 533 revhuydwlrqv/ e| uxqqlqj wkh
iroorzlqj surjudpph=

vpso 4 5

jhqu {@3

vpso 4 533

jhqu x@quqg

vpso 6 533

vhulhv {@ {+04, .319-{+04,0319-{+05, .x.318-x+04,

Iurp wkh suhylrxv vhfwlrq zh nqrz wkh h{dfw EQ ghfrpsrvlwlrq ri rxu {w =

{w @ Fw . WUw

@ � 4=4

+4� 3=9, +4� 3=9O,
�w .

4=8

3=7
}w

WUw @ WUw�4 .
4=8

3=7
�w

zh fdq wkhuhiruh jhqhudwh wkh shupdqhqw frpsrqhqw ri [ dqg wkh wudqvlwru|
frpsrqhqw dv iroorzv=

vpso 4 5
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jhqu s@3

vpso 6 533

vhulhv WU@ WU+04,.+4182317,-x

jhqu F\FOH@[0WU

Wkh vhulhv [/ WU dqg F\FOH duh uhsruwhg lq Iljxuh 51:1
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Ilj1 51:1 D Ehyhulgjh0Qhovrq ghfrpsrvlwlrq ri dq DULPD+4/4/4, surfhvv

Wklv lv h{dfwo| wkh surfhgxuh wkdw zh iroorz lq sudfwlfh h{fhsw wkdw zh hvwl0
pdwh sdudphwhuv udwkhu wkdq lpsxwh wkhp iurp wkh nqrzq GJS1

51917 Dvvhvvlqj wkh Ehyhulgjh0Qhovrq ghfrpsrvlwlrq

Wkh surshuwlhv ri wkh shupdqhqw dqg whpsrudu| frpsrqhqw ri dq lqwhjudwhg
wlph0vhulhv gholyhuhg e| wkh EQ ghfrpsrvlwlrq duh zruwk vrph frpphqwv1 Wkh
lqqrydwlrqv lq wkh shupdqhqw dqg wkh wudqvlwru| frpsrqhqwv duh shuihfwo| qhjd0
wlyho| fruuhodwhg/ pruhryhu wkh wuhqg frpsrqhqw lv pruh yrodwloh wkdq wkh dfwxdo
wlph vhulhv dv wkh qhjdwlyh fruuhodwlrq ehwzhhq wkh shupdqhqw dqg wkh wudqvlwru|
frpsrqhqw dfwv wr vprrwk wkh ruljlqdo wlph0vhulhv1 Wkhvh uhvxowv duh hdvlo| vhhq
iru wkh vlpsohvw fdvh zh kdyh douhdg| glvfxvvhg1 Iru h{dpsoh lq wkh fdvh ri wkh
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LPD+4/4, surfhvv wkh fruuhodwlrq ehwzhhq wkh lqqrydwlrqv lq wkh shupdqhqw dqg
wudqvlwru| frpsrqhqw lv 0Hw+4=8�w3=8�w, @ 4> wkh yduldqfh ri wkh lqqrydwlrq lq

wuhqg frpsrqhqw lv +4=8,5 �5� A �5� = Qrwh wkdw lq jhqhudo wkh yduldqfh ri lqqr0
ydwlrq pljkw kdyh hfrqrplf lqwhusuhwdwlrq dqg hfrqrplf wkhru| pljkw vxjjhvwv
gl�huhqw sdwwhuq ri fruuhodwlrqv ehwzhhq lqqrydwlrqv iurp d shuihfw qhjdwlyh fru0
uhodwlrq1 Dv zh vkdoo vhh lq rqh ri wkh qh{w fkdswhuv/ dq lqwhuhvwlqj sdwwhuq frxog
eh wkh devhqfh ri fruuhodwlrq ehwzhhq wkh lqqrydwlrq lq wkh f|foh dqg wuhqg
frpsrqhqw ri dq lqwhjudwhg wlph0vhulhv1 Lq jhqhudo/ gl�huhqw uhvwulfwlrqv rq wkh
fruuhodwlrq ehwzhhq wkh wuhqg dqg f|foh frpsrqhqwv ohdg wr wkh lghqwl�fdwlrq
ri gl�huhqw vwrfkdvwlf wuhqgv iru lqwhjudwhg wlph0vhulhv1 Dv d frqvhtxhqfh wkh
Ehyhulgjh0Qhovrq ghfrpsrvlwlrq lv qrw xqltxh1 Lq jhqhudo xql0yduldwh ghfrpsr0
vlwlrqv duh qrw xqltxh1 Wr vhh wklv srlqw pruh h{solflwo| zh fdq frpsduh wkh EQ
wuhqg zlwk wkh wuhqg h{wudfwhg xvlqj dq dowhuqdwlyh whfkqltxh zklfk kdv ehhq
uhfhqwo| yhu| vxffhvvixo lq wlph0vhulhv dqdo|vlv= Wkh Krgulfn0Suhvfrww �owhu1

Krgulfn dqg Suhvfrww sursrvhg wkhlu phwkrg wr dqdo|}h srvwzdu X1V1 exvl0
qhvv f|fohv lq d zrunlqj sdshu flufxodwhg lq wkh hduo| 4<;3v dqg sxeolvkhg lq
4<<:+^5:`,1 Wkh Krgulfn0Suhvfrww +KS, �owhu frpsxwhv wkh shupdqhqw frpsr0
qhqw WUw ri d vhulhv {w e| plqlpl}lqj wkh yduldqfh ri {w durxqg WUw/ vxemhfw wr
d shqdow| wkdw frqvwudlqv wkh vhfrqg gl�huhqfh ri WUw 1 Wkdw lv/ wkh KS �owhu lv
ghulyhg e| plqlpl}lqj wkh iroorzlqj h{suhvvlrq=

W

w @ 4
[

+{w � WUw,
5 . �

W�4
w @ 5

[k
+WUw.4 � WUw,

5 � +WUw � WUw�4,
5
l
=

Wkh shqdow| sdudphwhu � frqwurov wkh vprrwkqhvv ri wkh vhulhv/ e| frqwuroolqj
wkh udwlr ri wkh yduldqfh ri wkh f|folfdo frpsrqhqw wr wkh yduldqfh ri wkh vhulhv1
Wkh odujhu wkh �/ wkh vprrwkhu wkh WUw dssurdfkhv d olqhdu wuhqg dv � jrhv
wr lq�qlwh1 Lq sudfwlfdo dssolfdwlrqv � lv vhw wr 433 iru dqqxdo gdwd/ 4933 iru
txduwhuo| gdwd dqg 47733 iru prqwko| gdwd1

Lq wkh iroorzlqj Iljxuh zh uhsruw wkh EQ wuhqg dqg wkh KS wuhqg +zlwk
� @ 433, iru wkh gdwd jhqhudwhg lq wkh suhylrxv vhfwlrq1

Qrwh wkdw wkh EQ wuhqg lv pruh yrodwloh wkdq wkh KS wuhqg1 Lw lv srvvleoh wr
lqfuhdvh wkh yrodwlolw| ri wkh KS wuhqg e| uhgxflqj wkh sdudphwhu �> krzhyhu wkh
KS �owhu fdq uhdfk dw prvw wkh yrodwlolw| ri wkh dfwxdo wlph vhulhv zklfk/ dv zh
douhdg| nqrz/ lv vpdoohu wkdq wkh yrodwlolw| ri wkh EQ wuhqg1

Wkh KS �owhu kdv wkh dgydqwdjh ri uhprylqj wkh vdph wuhqg iurp doo wlph
vhulhv> wklv pljkw eh ghvludeoh dv vrph wkhruhwlfdo prghov/ dv iru h{dpsoh uhdo
exvlqhvv f|foh prghov/ lqglfdwh wkdw pdfurhfrqrplf yduldeohv vkduh wkh vdph
vwrfkdvwlf wuhqg1 Krzhyhu/ lw kdv ehhq vkrzq e| Kduyh| dqg Mdhjhu+^55`,wkdw
wkh xvh ri vxfk �owhu fdq ohdg wr wkh lghqwl�fdwlrq ri vsxulrxv f|folfdo ehkdylrxu1
Lq idfw wkh wzr dxwkruv deryh suhglfdwh d gl�huhqw dssurdfk wr prghoolqj wlph0
vhulhv/ nqrzq dv vwuxfwxudo wlph vhulhv prghoolqj/ zklfk/ zh gr qrw frqvlghu lq
rxu dqdo|vlv dv lw lv qrw uhodwhg wr pdfurhfrqrplf prghov/ exw fhuwdlqo| phulwv
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Ilj1 51;1 Wuhqg frpsrqhqwv= Krgulfn0Suhvfrww yhuvxv Ehyhulgjh0Qhovrq

vrph dwwhqwlrq18

Wkh frpsdulvrq ehwzhhq wkh KS dqg wkh EQ wuhqg uhlqirufhv wkh dujxphqw
ri qrq0xqltxhqhvv ri xqlyduldwh ghfrpsrvlwlrq pdgh ehiruh/ pruhryhu zh duh ohiw
zlwk wkh sureohp ri krz wr xvh wkh �owhuhg vhulhv lq dssolhg pdfurhfrqrphwulfv
dqg krz wr uhodwh wkhp wr wkhruhwlfdo prghov1 Wkh hpslulfdo frxqwhusduwv ri wkh0
ruhwlfdo pdfurhfrqrplf prghov duh pxowlyduldwh wlph0vhulhv1 Wkhruhwlfdo prghov
riwhq suhglfw wkdw gl�huhqw wlph0vhulhv vkduh wkh vdph vwrfkdvwlf wuhqg1 Wkh qdw0
xudo txhvwlrq dw wklv srlqw lv li lw lv srvvleoh wkdw wkh sureohp ri qrq0vwdwlrqdulw|
lq wlph0vhulhv frxog eh uhvroyhg e| frqvlghulqj pxowlyduldwh prghov1 Lq wklv frq0
wh{w/ vwdwlrqdulw| lv rewdlqhg e| frqvlghulqj frpelqdwlrq ri qrq0vwdwlrqdu| wlph
vhulhv vkdulqj wkh vdph vwrfkdvwlf wuhqgv1 Li vxfk uhvxowv frxog eh dfklhyhg/ lw
zrxog eh lq sulqflsoh srvvleoh wr mxvwli| wkh lghqwl�fdwlrq ri wuhqgv e| uhodwlqj
wkhp wr pdfurhfrqrplf wkhru|1 Zh vkdoo frqvlghu wklv srvvlelolw| lq wkh qh{w
vhfwlrqv1

DZh uhihu wkh lqwhuhvwhg uhdghu wr wkh zrun e| Dqguhz Kduyh| dqg Dxjxvwlq Pdudydoo1
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51: Pxowlyduldwh ghfrpsrvlwlrqv dqg g|qdplf prghov

Ohw xv uhfrqvlghu rxu vsxulrxv uhjuhvvlrq iru XV frqvxpswlrq lq wkh frqwh{w
ri d g|qdplf prgho1 Zh gr vr e| dxjphqwlqj wkh vwdwlf uhjuhvvlrq wr frqvlghu
frqvxpswlrq dqg lqfrph odjjhg xs wr rqh |hdu/ l1h1 zh frqvlghu irxu odjv ri hdfk
yduldeohv1 Uhvxowv vkrzq ryhu Wdeoh 7/ zlwqhvv wkdw wkh vsxulrxv uhjuhvvlrq uhvxow
glvdsshduv= l1h frqwhpsrudqhrxv dqg odjjhg XV glvsrvdeoh lqfrph lv vljql�fdqw
lq h{sodlqlqj XV frqvxpswlrq/ zkloh frqwhpsrudqhrxv dqg odjjhg XN glvsrvdeoh
lqfrph lv qrw1

Wdeoh 7= D g|qdplf prgho iru XV frqvxpswlrq

Ghshqghqw yduldeoh OFXVw/ uhjuhvvlrq e| ROV/ 4<93=404<<;=4

Prgho zlwk XV lqfrph Prgho zlwk XN lqfrph
Frh!flhqw V1H1 Frh!flhqw V1H

f 3169: 31439 31666 31483
OFXVw�4 31<;: 313;: 414<: 313;6
OFXVw�5 031339 31453 031489 31464
OFXVw�6 31345 31454 31475 31463
OFXVw�7 0314:5 313;8 0314<9 313;5
O\XV 3158; 3136:
O\XVw�4 031459 3137<
O\XVw�5 03139; 31383
O\XVw�6 31354 3137<
O\XVw�7 31367 31375
O\XN 3133< 31353
O\XNw�4 3134; 3135;
O\XNw�5 031367 3135;
O\XNw�6 0313496 3135;
O\XNw�7 313348 31355<
Wuhqg 313336< 313334 3133356 313334
U5 31<< 31<<
V1H1 31336: 313375
I0whvw rq lqfrph I+8/488,@431657 I+8/488,@4156<

1
Wklv lv dq lqwhuhvwlqj uhvxow zklfk ohdgv wr wklqn wkdw/ lq wkh fdvh dovr wkh

sureohpv uhodwhg wr qrq0vwdwlrqdulw| frxog eh vroyhg/ g|qdplf pxowlyduldwh wlph0
vhulhv prghov duh wkh uljkw irxqgdwlrq iru pdfurhfrqrphwulfv1

51:14 Frlqwhjudwlrq dqg Huuru Fruuhfwlrq Prghov

Wr h{sodlq zk| wkh vsxulrxv uhvxowv glvdsshdu zkhq g|qdplf prghov duh hvwl0
pdwhg ohw xv frqvlghu d vlpsol�hg yhuvlrq ri wkh g|qdplf vshfl�fdwlrq hvwlpdwhg
iru frqvxpswlrq=

fw @ d3 . d4fw�4 . d5|w . d6|w�4 . xw +5147,
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Wklv vshfl�fdwlrq kdv vrph lqwhuhvwlqj g|qdplf surshuwlhv zklfk duh zruwk
glvfxvvlqj1 Iluvw qrwh wkdw wkh vkruw0uxq hodvwlflw| ri frqvxpswlrq zlwk uhvshfw
wr lqfrph lv gl�huhqw iurp wkh orqj0uxq hodvwlflw|1 Lq idfw wkh vkruw0uxq hodvwlf0
lw| lv d5 zkloh wkh orqj0uxq hodvwlflw| lv d5.d6

4�d4 1 Wkh orqj0uxq hodvwlflw| lv irxqg
e| vhwwlqj doo yduldeohv lq wkh g|qdplf prgho +5=47,wr wkhlu vwhdg| vwdwh ydoxh
fw.l @

b

f> |w.l @
b

f = Wr vhh lpphgldwho| wklv srlqw frqvlghu wkh iroorzlqj uh0
sdudphwhulvdwlrq ri +5=47,=

�fw @ d3 . d5�|w �� +fw�4 � �4|w�4, . xw +5148,

� @ +4� d4, > �4 @
d5 . d6
4� d4

+5149,

Wkh hvwlpdwhg g|qdplf prgho lqfoxghv erwk �uvw gl�huhqfhv dqg ohyhov1 Wkh
suhvhqfh ri wkh ohyho yduldeohv jhqhudwhv d orqj0uxq vroxwlrq/ ghulyhg e| vhwwlqj
doo �uvw gl�huhqfhv hlwkhu wr }hur +vwhdg|0vwdwh zlwk qr ghwhuplqlvwlf wuhqg, ru
wr d frqvwdqw+vwhdg|0vwdwh,1 Qrwh qrz wkh uroh ri wkh whupv lq ohyho= zh fdq
lqwhusuhw �4|w�4 dv wkh orqj0uxq htxloleulxp ohyho f� iru wkh orj ri uhdo frqvxps0
wlrq f= Zkhq � ? 3 frqvxpswlrq lqfuhdvhv dw wlph w zkhqhyhu fw�4 ? f�w�4>
dqg ghfuhdvhv zkhqhyhu fw�4 A f�w�41Wkh v|vwhp htxloleudwhv lq suhvhqfh ri glv0
htxloleulxp +l1h1 d glvfuhsdqf| ehwzhhq f dqg f�, vxfk huuru fruuhfwlrq ihdwxuhv
jxdudqwhhv wkdw lq wkh orqj0uxq wkh frqvxpswlrq zloo frqyhujh wr lwv htxloleulxp
ydoxh1 Iru wklv uhdvrq wkh vshfl�fdwlrq +:=48, >zlwk � ? 3> lv whuphg Huuru Fru0
uhfwlrq Prgho1 Qrwh wkdw/ lq wkh fdvh ri dq HFP uhsuhvhqwdwlrq/ wkh gl�huhqfh
ehwzhhq f dqg f� lv d vwdwlrqdu| vhulhv1 Wklv gh�qhv fr0lqwhjudwlrq1 Zh vd| wkdw
wzr qrq vwdwlrqdu| yduldeohv lqwhjudwhg ri rughu t duh frlqwhjudwhg ri rughu s li
wkhuh h{lvw d olqhdu frpelqdwlrq ri wkhp zklfk lv lqwhjudwhg ri rughu s� t1 Wkh
fdvh s @ 4/ t @ 4/ lv lqwhuhvwlqj lq wkdw fr0lqwhjudwlrq lpsolhv dq HFP uhsuhvhq0
wdwlrq/ zklfk doorzv wr uh0zulwh d prgho lq ohyhov/ zklfk lqyroyhv qrq0vwdwlrqdu|
wlph0vhulhv/ dv d prgho zklfk lqyroyhv rqo| vwdwlrqdu| yduldeohv1 Vxfk yduldeohv
duh vwdwlrqdu| hlwkhu ehfdxvh wkh| duh �uvw glihuhqfhv ri qrq0vwdwlrqdu| yduldeohv
ru ehfdxvh wkh| duh vwdwlrqdu| olqhdu frpelqdwlrq ri qrq0vwdwlrqdu| yduldeohv
+frlqwhjudwlqj yhfwruv,1

Wkh lqfoxvlrq ri erwk gl�huhqfhv dqg ohyhov lq wkh hvwlpdwhg uhodwlrqvkls lv wkh
nh| idfwru wr wkh vroxwlrq ri wkh sureohpv uhodwhg wr qrq0vwdwlrqdulw| ri wkh ohyho
ri yduldeohv lqfoxghg lq wkh vshfl�fdwlrq1 Wklv vroxwlrq wr wkh qrq0vwdwlrqdulw|
sureohp kdv dovr wkh ihdwxuh ri uhyhdolqj lpphgldwho| wr wkh hfrqrplvw wkh orqj0
uxq surshuwlhv ri wkh hvwlpdwhg prgho1 Wr vhh wklv srlqw sudfwlfdoo| zh fdq xvh
H0Ylhzv wr vlpxodwh wkh iroorzlqj elyduldwh prgho=

�fw @ 3=58�|w � 3=5 +fw�4 � |w�4, . 3=336x4w +514:,

�|w @ 3=35 . 3=33<x5w

zkhuh x4w dqg x5w duh lqghshqghqwo| glvwulexwhg vwdqgdug qrupdo/ wkh sdudp0
hwhuv duh fdoleudwhg wr uh hfw wkh orqj0uxq surshuwlhv ri wkh frqvxpswlrq ixqfwlrq
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uhsruwhg lq Wdeoh 71 Wkh yrodwlolw| ri wkh lqqrydwlrqv duh djdlq fdoleudwhg wr hv0
wlpdwhg surfhvvhv rq uhdo gdwd iru wkh XV hfrqrp|> lqfrph lv pruh yrodwloh wkdq
frqvxpswlrq1

Wr vkrz wkh surshuwlhv ri wkh prgho/ zh �uvw jhqhudwh vdpsohv iru wkh wzr
lqqrydwlrq surfhvv/ wkhq zh jhqhudwh duwl�fldo gdwd iru frqvxpswlrq dqg lqfrph
e| frqvwuxfwlqj wkh deryh prgho dqg vroylqj lw g|qdplfdoo|1 Zh gr vr iru d
vdpsoh ri 433 revhuydwlrqv/ wkh vlpxodwhg vhulhv duh sorwwhg lq Iljxuhv 51< dqg
51431
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Ilj1 51<1 Wzr frlqwhjudwhg vhulhv

Qrwh wkdw wkh wkh ohyhov ri OF dqg O\/ vkduh d vwrfkdvwlf wuhqg/ zklfk
glvdsshduv iurp wkh vhulhv +OF0O\,1 Wkh sdudphwhu � lq wkh HFP vsh�fdwlrq
ghwhuplqhv wkh vshhg ri dgmxvwphqw lq suhvhqfh ri glvhtxloleulxp1 Wr looxvwudwh
wkh uroh ri wklv sdudphwhu zh uhsruw wkh wzr vhulhv +OF0O\, jhqhudwhg e| wdnlqj
wkh vdph lqqrydwlrqv iru wkh vdpsoh 4 5331 Wkh lqqrydwlrqv duh gudzq iru qrupdo
lqghshqghqw iru doo revhuydwlrqv/ h{fhsw iru revhuydwlrq 434 zkhuh wkh uhvlgxdov
lq wkh lqfrph surfhvv duh dxjphqwhg e| 313691 Zh kdyh wkhq d vkrfn irxu vwdq0
gdug ghyldwlrq dzd| iurp wkh phdq ri wkh glvwulexwlrq/ zh fdq wkhq ylvxdoo|
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Ilj1 51431 Glvhtxloleulxp

lqvshfw wkh ehkdylrxu ri wkh vlpxodwhg vhulhv lq wkh suhvhqfh ri dq rxwolhu1 Wkh
surfhvv +5=4:, lv xvhg wr jhqhudwh wkh �uvw wlph0vhulhv ri glvhtxloleuld/ zkloh wkh
vhfrqg wlph0vhulhv lv jhqhudwhg xvlqj nhhslqj doo sdudphwhuv xqfkdqjhg zlwk wkh
h{fhswlrq ri �/ zklfk lv wuheohg wr 319 iurp 3151 Wkh uhvxowlqj revhuydwlrqv iru
glvhtxloleuld duh uhsruwhg lq wkh Iljxuh 51441

Wkh glvhtxloleuld iurp wkh vhfrqg vlpxodwlrq uxq duh ohvv shuvlwhqw wr zlwqhvv
wkdw wkh vhfrqg v|vwhp ihdwxuh d idvwhvw vshhg ri dgmxvwphqw lq suhvhqfh ri
glvhtxloleulxp1 Doo wkh vlpxodwhg vhulhv duh frqwdlqhg lq wkh H0Ylhzv zrun�oh
HFP1ZI4/ zlwk zklfk wkh uhdghu fdq h{shulphqw wr frqylqfh khuvhoi ri wkh
surshuwlhv ri Huuru Fruuhfwlrq Prghov1

Dv dq dssolfdwlrq ri ixuwkhu lqwhuhvw ohw xv uhfrqvlghu wkh vwdwlf uhjuhvvlrq lq
wkh oljkw ri rxu glvfxvvlrq ri g|qdplf prghov1

Jlyhq wkh iroorzlqj GJS=
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Ilj1 51441 Vshhg ri dgmxvwphqwv dqg glvhtxloleulxp

|w @ d4|w�4 . d5{w . d6{w�4 . x4w +514;,

{w @ e4{w�4 . x5w�
x4w
x5w

�
� Q=L=G=

��
3
3

�
>

�
�44 3
3 �55

��
d vwdwlf prgho lv hvwlpdwhg e| ROV=

|w @ �{w . %w

e� @

S
{w|wS
{5w

Dvvhvv wkh uhvxowv ri uxqqlqj wkh vwdwlf prgho e| wdnlqj s olp
a
�=
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s olp e� @ s olp

�
d4

S
{w|w�4@WS
{5w@W

. d5 . d6

S
{w{w�4@WS
{5w@W

.

S
{wxw@WS
{5w@W

�
xqghu wkh k|srwkhvlv wkdw +5=4;, lv vwdwlrqdu| +e4 ? 4, zh fdq vxevwlwxwh iru

{w lq whupv ri {w�4 dqg x5w dqg dsso| Voxwvn|*v dqg Fudphu*v wkhruhp wr ghulyh
wkh iroorzlqj uhvxow=

s olp e� @
d5 . d6e4
4� d4e4

d5 � s olp e� � d5 . d6
4� d4

Qrwh wkdw dv e4 dssurdfkhv 3 wkh hodvwlf| ri | zlwk uhvshfw wr { gholyhuhg e|
wkh vwdwlf uhjuhvvlrq jrhv dv|pswrwlfdoo| wr wkh wuxh vkruw0uxq hodvwlflw|/ zkloh
dv e4 dssurdfkhv wr 4 vxfk hodvwlflw| frqyhujhv wr wkh orqj0uxq hodvwlflw|1 Whfk0
qlfdoo| vshdnlqj zh fdqqrw vkrz zkdw kdsshqv zkhq e4 lv rqh ehfdxvh wklv
ylrodwhv wkh vwdwlrqdulw| frqglwlrqv zklfk zh kdyh xvhg wr ghulyh wkh dv|ps0
wrwlf ehkdylrxu ri wkh ROV hvwlpdwru1 Krzhyhu/ frq�uplqj wkh deryh lqwxlwlrq/
Vwrfn+^88`, kdv vkrzq wkdw wkh ROV hvwlpdwru ri wkh sdudphwhuv ghwhuplqlqj
wkh orqj0uxq uhodwlrqvkls qrq0vwdwlrqdu| frlqwhjudwhg vhulhv lv vxshu0frqvlvwhqw1
Lq idfw lw frqyhujhv wrzdugv wkh wuxh ydoxh dw vshhg

�
4
W

�
>kljkhu wkdq wkh vshhg

ri pxfk
�

4s
W

�
>zlwk zklfk wkh ROV hvwlpdwru frqyhujhv wr lwv wuxh ydoxh lq uh0

juhvvlrq ehwzhhq vwdwlrqdu| wlph vhulhv1 Wklv uhvxow kdv jlyhq vrph edfnjurxqg
wr d wzr0vwhs uhvhdufk vwudwhj|/ dffruglqj wr zklfk wkh frlqwhjudwlqj uhodwlrqv lv
hvwlpdwhg �uvw lq vwdwlf prgho dqg wkh xvhg wr hvwlpdwh d g|qdplf HFP prgho/
lqyroylqj rqo| vwdwlrqdu| yduldeohv1 Wklv vwudwhj| lv ohvv h!flhqw wkdq wkh vlpxo0
wdqhrxv hvwlpdwlrq ri vkruw0uxq dqg orqj0uxq g|qdplfv1 Lq idfw wkh vwdwlf uhjuhv0
vlrq gholyhuv vxshu0frqvlwhqw hvwlpdwhv ri wkh frlqwhjudwlqj sdudphwhu ghvslwh
ehlqj plv0vshfl�hg/ ehfdxvh wkh rplwwhg yduldeohv duh wkh vwdwlrqdu| yduldeohv
ghwhuplqlqj wkh vkruw0uxq g|qdplfv/ zklfk/ lq odujh0vdpsohv/ vkrxog qrw d�hfw
wkh hvwlpdwlrq ri frlqwhjudwlqj sdudphwhuv1 Lw kdv ehhq vkrzq wkurxjk Prqwh0
Fduor vlpxodwlrq wkdw wkh glphqvlrq ri wkh vdpsohv uhtxluhg wr dsshdo wr wkh
vxshu0frqvlwhqf| wkhruhp duh pxfk kljkhu wkdq wkh glphqvlrq ri wkh vdpsohv
xvxdoo| dydlodeoh iru wlph0vhulhv prghoolqj +vhh/ iru h{dpsoh/ ^5`/^6`/ ^7`,1 Pruh0
ryhu wkh hpslulfdo frxqwhusduw ri pdfurhfrqrplf prghov duh xvxdoo| g|qdplf
pxowlyduldwh wlph0vhulhv prghov1 Wkhuhiruh/ wkhuh pxvw eh d sulfh wr eh sdlg lq
frqvlghulqj vwdwlf xql0yduldwh prghov dv d edvlv iru hpslulfdo zrun1 Zh vkdoo
ghyrwh pruh dwwhqwlrq wr wklv lvvxh lq wkh qh{w vhfwlrq1

51:15 Frlqwhjudwlrq lq d pxowlyduldwh iudphzrun

Vr idu zh kdyh vwuhvvhg wkh lpsruwdqfh ri wkh pdjqlwxgh ri wkh dgmxvwphqw
sdudphwhu � dv wkh uhohydqw glvfulplqdqw wr ghflgh rq frlqwhjudwlrq/ exw zh
kdyh qrw |hw surylghg d vwdwlvwlfdo iudphzrun wr whvw iru vxfk dq k|srwkhvlv1Zh
dovr phqwlrqhg wkh lpsruwdqfh ri glphqvlrqdolw| ri wkh v|vwhp wr eh frqvlghuhg
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lq hpslulfdo zrun1 Lq wklv vhfwlrq zh vkdoo hoderudwh rq wkhvh srlqwv dqg looxvwudwh
wkh Mrkdqvhq*v+^63`> ^67`, dssurdfk wr frlqwhjudwlrq lq d pxowlyduldwh iudphzrun1

Vr idu zh kdyh frqvlghuhg frlqwhjudwlrq lq d el0yduldwh frqwh{w1 Wklqjv gl�hu
zkhq zh frqvlghu d pxowlyduldwh frqwh{w1 Lq idfw / lq jhqhudo ehwzhhq q qrq0
vwdwlrqdu| vhulhv zh fdq kdyh xs wr q � 4 frlqwhjudwlqj yhfwru dqg wkh vlqjoh
htxdwlrq g|qdplf prghoolqj fdq fdxvh vhulrxv wurxeohv zkhq wkhuh duh pxowl0
soh frlqwhjudwlqj yhfwruv1 Wr looxvwudwh wkh sureohp ohw xv frqvlghu wkh fdvh ri dq
lqyhvwljdwru zkr xvhv frlqwhjudwlrq whfkqltxhv wr lqyhvwljdwh prqh| ghpdqg1 Iro0
orzlqj wkh vwdqgdug hfrqrplf edfnjurxqg wr hpslulfdo lqyhvwljdwlrqv ri prqh|
ghpdqg +vhh/ iru h{dpsoh/ Khqgu| dqg Hulfvvrq/^59`, wkh fkrvhq gdwd vhw lqfoxghv
prqh|/ p> d sulfh lqgh{/ s> uhdo lqfrph/ |/ wkh rzq lqwhuhvw udwh rq prqh|/ Up/
dqg wkh rssruwxqlw| frvw ri kroglqj prqh|/ Ue= Doo yduldeohv duh lq orjdulwkpv/
zlwk wkh h{fhswlrq ri lqwhuhvw udwhv1 Wkh lqyhvwljdwru vshfl�hv d g|qdplf vlqjoh0
htxdwlrq prgho iru uhdo prqh|/ wrzdugv wkh lghqwl�fdwlrq ri d prqh| ghpdqg
htxdwlrq/ zklfk wdnhv wkh iroorzlqj vkdsh=

+p� s,w @ d3 . d4 +p� s,w�4 . d5|w�4 . d6|w�5 . +514<,

.d7U
p
w�4 . d8U

p
w�5 . d9U

e
w�4 . d:U

e
w�5 . xw

Wklv vwdwlvwlfdo prgho �wv wkh gdwd zhoo1 Dv lw lv irxqg wkdw d4 ? 4/ wkh
lqyhvwljdwlrq ohdgv wr wkh lghqwl�fdwlrq ri d orqj0uxq htxloleulxp prqh| ghpdqg/
zklfk uhvxowv fohduo| irup wkh HFP uh0sdudphwul}dwlrq ri wkh g|qdplf prgho
+5=4<, =

� +p� s,w @ d3 � d6�|w�4 � d8�U
p
w�4 � d9�U

e
w�4 . +5153,

+d4 � 4,
�
+p� s,w�4 � +p� s,�w�4

�
. xw

+p� s,�w�4 @
d5 . d6
4� d4

|w�4 .
d7 . d8
4� d4

Up
w�4 .

d9 . d:
4� d4

Ue
w�4

Krzhyhu/ wkh jrrg �w ri wkh vwdwlvwlfdo prgho pljkw eh frpelqhg zlwk dq
lqfruuhfw lghqwl�fdwlrq ri wkh orqj0uxq vroxwlrq1 Wklqn/ iru h{dpsoh/ ri wkh fdvh lq
zklfk wkh qrq0vwdwlrqdu| yhfwru frqwdlqlqj wkh �yh yduldeohv ri lqwhuhvwv dgplwv
wzr frlqwhjudwlrq uhodwlrqvklsv=+p� s� |, dqg

�
Up � �55U

e
�
= Zkhuh wkh �uvw

rqh lv jhqhudwhg e| wkh vwdwlrqdulw| ri wkh yhorflw| ri flufxodwlrq ri prqh| dqg
wkh vhfrqg rqh e| wkh ehkdylrxu ri wkh edqnlqj vhfwru/ zklfk vhwv wkh lqwhuhvw
udwh rq prqh| dv d pdun0grzq rq wkh rssruwxqlw| frvw ri kroglqj prqh|1 Lq wkh
vkruw0uxq prqh| uhdfwv wr glvhtxloleuld zlwk uhvshfw wr erwk orqj0uxq vroxwlrqv/
khqfh prqh| ghpdqg lv fruuhfwo| sdudphwulvhg dv iroorzv=

�+p� s,w @ �3 . �4�|w�4 . �5�U
p
w�4 . �6�U

e
w�4 +5154,

��4 +pw�4 � sw�4 � |w�4, . �5
�
Up
w�4 � �55U

e
w�4
�
. xw
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Qrwh wkdw wkh vwdwlvwlfdo vshfl�fdwlrq ri +:=48, dqg +5=54, lv lghqwlfdo/ lq
idfw wkh uhvlgxdov xw duh wkh vdph/ krzhyhu lghqwl�fdwlrq lv yhu| gl�huhqw1 Lq
idfw zkhq +5=54, uhsuhvhqwv wkh fruuhfw vshfl�fdwlrq/ +:=48, lghqwl�hv dv orqj0uxq
hodvwlflwlhv zkdw lq idfw duh pl{wxuhv ri frlqwhjudwlqj sdudphwhuv dqg sdudphwhuv
ghwhuplqlqj wkh vshhg ri dgmxvwphqw zlwk uhvshfw wr glvhtxloleuld lq wkh wuxh
prgho1 Vlqjoh0htxdwlrq dssurdfk ohdgv wr eholhyh wkdw wkh orqj0uxq hodvwlflw|
ri prqh| ghpdqg zlwk uhvshfw wr wkh rssruwxqlw| frvw ri kroglqj prqh| lv
d9.d:
4�d4 >zkloh lq idfw vxfk hvwlpdwhg frh!flhqw lv d frqyroxwlrq ri wkh sdudphwhu
�5/ ghwhuplqlqj wkh vshhg zlwk zklfk prqh| ghpdqg uhdfwv wr d glvdoljqphqw
ri lqwhuhvw udwhv zlwk uhvshfw wr wkhlu htxloleulxp ydoxh/ dqg wkh sdudphwhu f>
ghwhuplqlqj wkh pdun0grzq ri wkh rzq lqwhuhvw udwh rq prqh| zlwk uhvshfw wr wkh
lqwhuhvw udwh rq wkh rssruwxqlw| frvw ri kroglqj prqh|1 Wklv lghqwl�fdwlrq kdv
vhulrxv frqvhtxhqfhv lq wkh lqwhsuhwdwlrq ri hvwlpdwhg sdudphwhuv1 Lq idfw zkhq
wkh deryh sureohp rffxuv d vwuxfwxudo lqvwdelolw| lq wkh vkruw0whup dgmxvwphqw
sdudphwhu �55 zrxog plv0ohdg wkh uhvhdufkhu lqwr wkh eholhi wkdw orqj0uxq prqh|
ghpdqg lv xqvwdeoh1

Wkh vroxwlrq ri wklv lghqwl�fdwlrq sureohp uhtxluhv d iudphzrun wr doorz wkh
uhvhdufkhu wr �qg wkh qxpehu ri frlqwhjudwlqj yhfwruv dprqj d vhw ri yduldeohv
dqg wr lghqwli| wkhp1 Wkh surfhgxuh sursrvhg e| Mrkdqvhq+^63`> ^65`, zlwklq wkh
iudphzrun ri wkh Yhfwru Dxwruhjuhvvlyh Prgho dfklhyhv erwk uhvxowv1

51:16 Wkh Mrkdqvhq Surfhgxuh

Wr looxvwudwh wkh surfhgxuh sursrvhg e| Mrkdqvhq frqvlghu wkh pxowlyduldwh jhq0
hudolvdwlrq ri wkh vlqjoh0htxdwlrq g|qdplf prgho glvfxvvhg vr idu/ l1h1 d Yhf0
wru Dxwruhjuhvvlyh Prgho +YDU, iru wkh yhfwru ri/ srvvleo| qrq0vwdwlrqdu|/ p0
yduldeohv |=

|w @D4|w�4 .D5|w�5 . ===.Dq|w�q .xw +5155,

e| surfhhglqj lq wkh vdph zd| zh glg iru wkh vlpsoh vlqjoh0htxdwlrq g|qdplf
prgho/ zh fdq uhsdudphwhulvh wkh YDU lq ohyhov dv d prgho lqyroylqj ohyhov dqg
�uvw0gl�huhqfhv ri yduldeohv1

Vwduw e| vxewudfwlqj |w�4 iurp erwk vlghv ri wkh YDU wr rewdlq=

�|w @ +D4 � L,|w�4 .D5|w�5 . ===.Dq|w�q . xw +5156,

qrz vxewudfw +D4 � L,|w�5 iurp erwk vlghv wr rewdlq=

�|w @ +D4 � L,�|w�4 . +D4 .D5 � L,|w�5 . ===.Dq|w�q . xw +5157,

E| lwhudwlqj wklv surfhgxuh xqwlo q04/ zh hqg xs zlwk wkh iroorzlqj vshfl�fd0
wlrq=



PXOWLYDULDWH GHFRPSRVLWLRQV DQG G\QDPLF PRGHOV :8

�|w @ �4�|w�4 .�4�|w�5 . ===.�|w�q . xw +5158,

@ l @ 4
q�4[

�l�|w�l .�|w�q . xw +5159,

zkhuh =

�l @ �
#
L � m @ 4

l[
Dm

$

� @ �
#
L � l @ 4

q[
Dl

$
Fohduo| wkh orqj0uxq surshuwlhv ri wkh v|vwhp duh ghvfulehg e| wkh surshuwlhv

ri wkh pdwul{ �= Wkhuh duh wkuhh fdvhv ri lqwhuhvw=

� udqn +�, @ 3= Wkh v|vwhp lv qrq0vwdwlrqdu|/ zlwk qr frlqwhjudwlrq ehwzhhq
wkh yduldeohv frqvlghuhg1 Wklv lv wkh rqo| fdvh lq zklfk qrq0vwdwlrqdulw| lv
fruuhfwo| uhpryhg mxvw e| wdnlqj �uvw gl�huhqfh ri wkh yduldeohv frqvlghuhg

� udqn +�, @p> ixoo= Wkh v|vwhp lv vwdwlrqdu|1

� udqn +�, @ n ? p1 Wkh v|vwhp lv qrq vwdwlrqdu| exw wkhuh duh n frlqwh0
judwlqj uhodwlrqvklsv dprqj wkh frqvlghuhg yduldeohv1 Lq wklv fdvh zh kdyh
� @ ��3/ zkhuh � lv dq +p� n, pdwul{ ri zhljkwv dqg � lv dq +p� n,
pdwul{ ri sdudphwhuv ghwhuplqlqj wkh frlqwhjudwlqj uhodwlrqvklsv1

Wkhuhiruh/ wkh udqn ri � lv fuxfldo lq ghwhuplqlqj wkh qxpehu ri frlqwhjudwlqj
yhfwruv1 Wkh Mrkdqvhq surfhgxuh lv edvhg rq wkh idfw wkdw wkh udqn ri d pdwul{
lv htxdo wr wkh qxpehu ri lwv fkdudfwhulvwlf urrwv wkdw gl�hu iurp }hur1 Khuh lv
wkh lqwxlwlrq rq krz wkh whvwv fdq eh frqvwuxfwhg1 Kdylqj rewdlqhg hvwlpdwhv
iru wkh sdudphwhuv lq wkh � pdwul{/ zh dvvrfldwh wr wkhp hvwlpdwhv iru wkh
p fkdudfwhulvwlf urrwv dqg zh rughu wkhp dv iroorzv �4 A �5 A === A �p1 Li wkh
yduldeohv duh qrw frlqwhjudwhg/ wkhq wkh udqn ri � lv }hur dqg doo wkh fkdudfwhulvwlf
urrwv zloo eh }hur1 Lq wklv fdvh hdfk ri wkh h{suhvvlrq oq+4� �l, zloo eh }hur1 Li
lqvwhdg wkh udqn ri � lv rqh/ dqg 3 ? �4 ? 4> wkhq oq+4� �4, zloo eh qhjdwlyh
dqg oq+4� �5, @oq+4� �6, @ === @oq+4� �p, @ 3= Mrkdqvhq ghulyhv d whvw rq
wkh qxpehu ri fkdudfwhulvwlf urrwv wkdw duh gl�huhqw iurp }hur e| frqvlghulqj wkh
wzr iroorzlqj vwdwlvwlfv=

�wudfh +n, @ �Wl @ n .4
p[

oq
�
4� e�l�

�pd{ +n> n . 4, @ �W oq
�
4� e�n.4

�
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zkhuh W lv wkh qxpehu ri revhuydwlrqv xvhg wr hvwlpdwh wkh YDU1 Wkh �uvw
vwdwlvwlf whvw wkh qxoo ri dw prvw n frlqwhjudwlqj yhfwruv djdlqvw d jhqhulf do0
whuqdwlyh1 Wkh whvw vkrxog eh uxq lq vhtxhqfh vwduwlqj iurp wkh qxoo ri dw prvw
}hur frlqwhjudwlqj yhfwruv xs wr wkh fdvh ri dw prvw p frlqwhjudwlqj yhfwruv1
Wkh vhfrqg vwdwlvwlf whvwv wkh qxoo ri dw prvw n frlqwhjudwlqj yhfwruv djdlqvw wkh
dowhuqdwlyh ri dw prvw n . 4 frlwhjudwlqj yhfwruv1 Erwk vwdwlvwlfv zloo eh vpdoo
xqghu wkh qxoo k|srwkhvlv1 Fulwlfdo ydoxhv duh wdexodwhg e| Mrkdqvhq dqg wkh|
ghshqg rq wkh qxpehu ri qrq0vwdwlrqdu| frpsrqhqw xqghu wkh qxoo dqg rq wkh
vshfl�fdwlrq ri wkh ghwhuplqlvwlf frpsrqhqw ri wkh YDU1 Mrkdqvhq kdv vkrzq
lq wkh sdvw +^66`, vrph suhihuhqfh iru wkh wudfh whvw rq wkh dujxphqw wkdw wkh
pd{lpxp hljhqydoxh whvw grhv qrw jlyh ulvh wr d frkhuhqw whvwlqj vwudwhj|1

Wr looxvwudwh eulh | wkh lqwxlwlrq ehklqg wkh surfhgxuh/ frqvlghu wkh YDU
uhsuhvhqwdwlrq ri rxu vlpsoh g|qdplf prgho +5=4;, > lqwurgxfhg lq rqh ri wkh
suhylrxv vhfwlrqv/ iru wkh wzr yduldeohv { dqg |=�

|w
{w

�
@

�
d44 d45
3 4

��
|w�4
{w�4

�
.

�
x4w
x5w

�
+515:,

+5=5:, fdq eh uhsdudphwhulvhg dv iroorzv lq whupv ri wkh YHFP uhsuhvhqwd0
wlrq= �

�|w
�{w

�
@

�
d44 � 4 d45

3 3

��
|w�4
{w�4

�
.

�
x4w
x5w

�
+515;,

iurp zklfk lw lv fohdu wkdw

� @

�
d44 � 4 d45

3 3

�
> � @

�
d44 � 4

3

�
> �3 @

�
4 � d45

4�d44
�

Wr h{sdqg rq wklv lqwxlwlrq ohw xv uhfrqvlghu rxu h{dpsoh rq prqh| ghpdqg
iurp wkh suhylrxv vhfwlrq1

Wkh edvholqh YDU frxog eh vshfl�hg dv iroorzv=

5997
+p� s,w

|w
Up
w

Ue
w

6::8 @ D3 .D4

5997
+p� s,w�4

|w�4
Up
w�4

Ue
w�4

6::8.D5

5997
+p� s,w�5

|w�5
Up
w�5

Ue
w�5

6::8.

5997
x4w
x5w
x6w
x7w

6::8
Zklfk frxog wkhq eh uhsdudphwhulvhg lq YHFP irup=

5997
�+p� s,w

�|w
�Up

w

�Ue
w

6::8 @ �3 .�

5997
+p� s,w�4

|w�4
Up
w�4

Ue
w�4

6::8.�4

5997
�+p� s,w�4

�|w�4
�Up

w�4
�Ue

w�4

6::8.

5997
x4w
x5w
x6w
x7w

6::8
Jlyhq wkdw zh nqrz wkdw wkhuh duh wzr frlqwhjudwlqj yhfwruv/ zh kdyh=
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� @ ��3

udqn � @ 5

�3 @
�
4 �4 3 3
3 3 4 ��55

�
Dv zh kdyh dqdo|vhg rqo| rqh htxdwlrq lq rxu suhylrxv glvfxvvlrq ri wkh

v|vwhp/ wkh rqo| frqvwudlqwv zh kdyh rq wkh vshfl�fdwlrq iru � duh �44 ? 3> �45 A
3= D srvvleoh vshfl�fdwlrq iru � zrxog wkhq eh=

� @

5997
�44 �45
3 3
3 �65
3 3

6::8
zlwk wkh deryh vshfl�fdwlrq iru wkh ordglqjv/ prqh| ghpdqg dgmxvwv erwk lq

suhvhqfh ri plvdoljqhphqwv ri yhorflw| zlwk uhvshfw wr wkh htxloleulxp yhorflw|
dqg ri plvdoljqphqwv ri lqwhuhvw udwhv zlwk uhvshfw wr wkhlu htxloleulxp vsuhdg1 Lq
sduwlfxodu prqh| ghpdqg lqfuhdvhv zkhq yhorflw| lv �wrr kljk� dqg wkh rssruwx0
qlw| frvw ri kroglqj prqh| lv �wrr orz�1 Lq fdvh ri glvhtxloleulxp lq lqwhuhvw udwhv
lw lv wkh lqwhuhvw rq prqh| zklfk dgmxvwv/ zkloh wkh g|qdplfv ri lqwhuhvw udwhv
rq wkh dowhuqdwlyh ri prqh| lq djhqwv*sruwirolr grhv qrw uhdfw wr glvhtxloleuld15997

�44 �45
3 3
3 �65
3 3

6::8�4 �4 3 3
3 3 4 ��55

�
@

5997
�44 ��44 �45 ��45�55
3 3 3 3
3 3 �65 ��65�55
3 3 3 3

6::8
51:17 Lghqwl�fdwlrq ri pxowlsoh frlqwhjudwlqj yhfwruv

Wkh Mrkdqvhq surfhgxuh doorzv wr lghqwli| wkh qxpehu ri frlqwhjudwlqj yhfwruv1
Krzhyhu/ lq wkh fdvh ri h{lvwhqfh ri pxowlsoh frlqwhjudwlqj yhfwruv/ dq lqwhuhvw0
lqj lghqwl�fdwlrq sureohp dulvhv1 Lq idfw/ � dqg �> duh rqo| ghwhuplqhg xs wr
wkh vsdfh vsdqqhg e| wkhp dqg/ iru dq| qrq0vlqjxodu pdwul{ � frqirupdeoh e|
surgxfw/ zh kdyh=

� @ ��3 @ ���4��3

Lq rwkhu zrugv � dqg �3� duh wzr revhuydwlrqdoo| htxlydohqw edvlv ri wkh frlq0
whjudwlqj vsdfh1 Wkh reylrxv lpsolfdwlrq lv wkdw/ ehiruh vroylqj vxfk lghqwl�fdwlrq
sureohp/ qr phdqlqjixo hfrqrplf lqwhusuhwdwlrq ri frh!flhqwv lq frlqwhjudwlqj
yhfwruv fdq eh sursrvhg1 Wkh vroxwlrq wr vxfk sureohp lv dfklhyhg e| lpsrvlqj
d vx!flhqw qxpehu ri uhvwulfwlrqv rq sdudphwhuv vxfk wkdw wkh pdwul{ vdwlvi|lqj
vxfk frqvwudlqwv lq wkh frlqwhjudwlqj vsdfh lv xqltxh1 Vxfk fulwhulrq lv ghulyhg lq
Mrkdqvhq+4<<5, dqg glvfxvvhg lq wkh zrun ri Mrkdqvhq0Mxvholxv/ Jldqqlql+^48`,
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dqg Kdplowrq+^53`,1 Jlyhq wkh pdwul{ ri frlqwhjudwlqj yhfwruv � zh fdq irupxodwh
olqhdu frqvwudlqwv rq wkh gl�huhqw frlqwhjudwlqj yhfwruv xvlqj wkh Ul pdwulfhv ri
glphqvlrqv ul�q= Ohw xv frqvlghu wkh froxpqv ri �> l1h1 wkh sdudphwhuv lq hdfk
frlqwhjudwlqj yhfwruv/ ljqrulqj wkh qrupdolvdwlrq frqvwudlqw wr4 ri rqh yduldeoh lq
hdfk frlqwhjudwlqj yhfwru1 Dq| vwuxfwxuh ri olqhdu frqwudlqwv fdq eh uhsuhvhqwhg
dv iroorzv=

Ul�l @ 3

Ul +ul � q, > �l+q� 4,>udqn Ul @ ul=
Wkh vdph frqvwudlqwv fdq eh h{suhvvhg lq h{solflw irupv dv iroorzv=

�l @ Vl�l

Vl +q� +q� ul,, > �l+q� 4,> �l ++q � ul,� 4, > udqn Vl @ q� ul>UlVl @ 3=
D qhfhvvdu| dqg vx!flhqw frqglwlrq iru lghqwl�fdwlrq ri sdudphwhuv lq wkh

l� wk frlqwhjudwlqj yhfwruv lv wkh iroorzlqj=

udqn +Ul�, @ u � 4 +515<,

zkhq +9=8, lv vdwlv�hg lw lv qrw srvvleoh wr uhsolfdwh wkh frlqwhjudwlqj yhfwru
l� wk e| wdnlqj olqhdu frpelqdwlrqv ri wkh sdudphwhuv lq wkh rwkhu frlqwhjudwlqj
yhfwruv1 Lq wklv fdvh wkh pdwul{ rewdlqhg e| dsso|lqj wr wkh frlqwhjudwlqj vsdfh
wkh uhvwulfwlrqv ri wkh l � wk frlqwhjudwlqj yhfwruv kdv udqn u � 41

D qhfhvvdu| frqglwlrq iru lghqwl�fdwlrq lv lpphgldwho| ghulyhg lq wkdw Ul�

pxvw kdyh hqrxjk urzv wr vdwlvi| frqglwlrq +9=8, > wkhuhiruh d qhfhvvdu| frqglwlrq
iru lghqwl�fdwlrq lv wkdw hdfk frlqwhjudwlqj yhfwruv kdv dw ohdvw u�4 uhvwulfwlrqv1

D vx!flhqw frqglwlrq iru lghqwl�fdwlrq lv surylghg e| Mrkdqvhq e| frqvlghulqj
wkh lpsolflw dqg h{solflw irup ri h{suhvvlqj frqvwudlqwv=

Wkhruhp 514 Wkh l0wk frlqwhjudwlqj yhfwru lv lghqwl�hg e| wkh frqvwudlqwv V4>V5> ===Vu
li iru hdfk n@4/111/u04 dqg iru hdfk vhw ri lqglfhv 4 ? m4 ? === ? mn ? u> qrw frq0
wdlqlqj l/ zh kdyh wkdw = udqn ^UlVm4 > ===UlVmn ` A n

Jlyhq lghqwl�fdwlrq ri wkh v|vwhp zh fdq glvwlqjxlvk wkh fdvh ri mxvw0lghqwl�fdwlrq
dqg ryhu0lghqwl�fdwlrq1 Lq fdvh ri ryhu0lghqwl�fdwlrq/ wkh ryhu0lghqwli|lqj uhvwulf0
wlrqv duh whvwdeoh1

51:1714 Dq looxvwudwlyh h{dpsoh Ohw xv uhfrqvlghu rxu h{dpsoh rq prqh| gh0
pdqg1Frqvlghulqj wkh iroorzlqj yhfwruldo uhsuhvhqwdwlrq ri wkh vhulhv

�
p� s | Up Ue

�3
/

dqg ohdylqj dvlgh qrupdol}dwlrqv/ wkh pdwul{ � fdq eh uhsuhvhqwhg dv iroorzv=

3EEC
�44 3
��44 3
3 �65
3 ��75

4FFD
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jlyhq wkh iroorzlqj jhqhudo uhsuhvhqwdwlrq ri wkh pdwul{ � =

3EEC
�44 �45
�54 �55
�64 �65
�74 �75

4FFD
rxu frqvwudlqwv lpso| wkh iroorzlqj vshfl�fdwlrq iru wkh pdwulfhv Ul dqv Vl =

U4 @

3C4 4 3 3
3 3 4 3
3 3 3 4

4D > V4 @

3EEC
4
�4
3
3

4FFD

U5 @

�
4 3 3 3
3 4 3 3

�
> V5 @

3EEC
3 3
3 3
4 3
3 4

4FFD
Wkh qhfhvvdu| frqglwlrqv iru lghqwl�fdwlrq duh reylrxvo| vdwlv�hg/ zkloh wkh

vx!flhqw frqglwlrqv iru lghqwl�fdwlrq uhtxluhv= udqn+U4V5, � 4> udqn+U5V4, � 4=
Wkh| duh dovr vdwlv�hg/ lq idfw=

U4V5 @

3C3 3
4 3
3 4

4D >U5V4 @

�
4
�4

�

51:18 K|srwkhvlv whvwlqj zlwk pxowlsoh frlqwhjudwlqj yhfwruv

Wkh Mrkdqvhq surfhgxuh doorzv iru whvwlqj wkh ydolglw| ri uhvwulfwhg irupv ri frlq0
whjudwlqj yhfwruv1 Pruh suhflvho|/ wkh ydolglw| ri uhvwulfwlrqv lq dgglwlrqv+ryhu0
lghqwli|lqj uhvwulfwlrqv, wr wkrvh qhfhvvdu| wr lghqwli| wkh orqj0uxq htxloleuld
frxog eh whvwhg1 Wkh lqwxlwlrq ehklqg wkh frqvwuxfwlrq ri doo whvwv lv wkdw zkhq
wkhuh duh u frlqwhjudwlqj yhfwruv rqo| wkhvh u olqhdu frpelqdwlrq ri yduldeohv duh
vwdwlrqdu|/ wkhuhiruh wkh whvw vwdwlvwlfv lqyroyh frpsdulqj wkh qxpehu ri frlq0
whjudwlqj yhfwruv xqghu wkh qxoo dqg wkh dowhuqdwlyh k|srwkhvlv1 Iroorzlqj wklv
lqwxlwlrq/ zh xqghuvwdqg lpphgldwho| zk| rqo| ryhu0lghqwli|lqj uhvwulfwlrqv fdq
eh whvwhg/ lq idfw mxvw0lghqwl�hg prgho ihdwxuh wkh vdph orqj0uxq pdwul{ �> dqg
wkhuhiruh wkh vdph hljhqydoxhv ri �= Frqvlghu wkh fdvh ri whvwlqj uhvwulfwlrqv rq d
vhw u ri lghqwl�hg frlqwhjudwlqj yhfwruv vwdfnhg lq wkh pdwul{ �= Wkh whvw vwdwlvwlf
lqyroyhv frpsdulqj wkh qxpehu ri frlqwhjudwlqj yhfwruv xqghu wkh qxoo dqg wkh
dowhuqdwlyh k|srwkhvlv1 Ohw e�4> e�5>===> e�u> wkh rughuhg hljhqydoxhv ri wkh � pdwul{

lq wkh xquhvwulfwhg prgho/ dqg e��4> e��5> ===> e��uwkh rughuhg hljhqydoxhv ri � pdwul{
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lq wkh uhvwulfwhg prgho/ uhvwulflwlrqv rq � duh whvwdeoh e| iruplqj wkh iroorzlqj
whvw vwdwlvwlf=

Wl @ 4
u[k

oq
�
4� e��l�� oq

�
4� e�l�l +5163,

Mrkdqvhq +^65`, vkrzv wkdw wkh vwdwlvwlf +5=63, wdnhv d "5 glvwulexwlrq zlwk gh0
juhhv ri iuhhgrp htxdo wr wkh qxpehu ri ryhu0lghqwli|lqj uhvwulfwlrqv1 Qrwh wkdw

vpdoo ydoxhv ri e��l zlwk uhvshfw wr e�l lpso| d uhgxfwlrq ri udqn ri � zkhq wkh
uhvwulfwlrqv duh lpsrvhg dqg khqfh wkh uhmhfwlrq ri wkh qxoo k|srwkhvlv1 Wklv whvw0
lqj surfhgxuh fdq eh h{whqghg wr whvwv rq uhvwulfwlrqv rq wkh pdwul{ ri zhljwkv
� ru rq wkh ghwhuplqlvwlf frpsrqhqwv +frqvwdqw dqg wuhqgv, ri wkh frlqwhjudwlqj
yhfwruv1

51:19 Frlqwhjudwlrq dqg Frpprq Vwrfkdvwlf Wuhqgv

Kdylqj glvfxvvhg wkh YHFP uhsuhvhqwdwlrq iru d yhfwru ri p qrq0vwdwlrqdu|
yduldeohv dgplwwlqj n frlqwhjudwlqj uhodwlrqvklsv/ lw lv lqwhuhvwlqj wr frpsduh
lw zlwk wkh pxowlyduldwh h{whqvlrq ri wkh Ehyhulgjh0Qhovrq ghfrpsrvlwlrq1 Frq0
vlghu wkh vlpsoh fdvh ri dq L+4, yhfwru |w ihdwxulqj �uvw rughu g|qdplfv dqg qr
ghwhuplqlvwlf frpsrqhqwv=

�|w @ ��3|w�4 .xw +5164,

zkhuh � lv wkh +p�n, pdwul{ ri ordglqjv dqg � lv wkh +p� n, pdwul{ ri sdudp0
hwhuv lq wkh frlqwhjudwlqj uhodwlrqvklsv1 Zkhq Dv |w lv L+4,/ zh fdq dsso| wkh
Zrog ghfrpsrvlwlrq wkhruhp wr �|w wr rewdlq wkh iroorzlqj uhsuhvhqwdwlrq=

�|w @ F +O,xw

Iurpzklfk/ e| dsso|lqj wkh dojheud looxvwudwhg lq rxu glvfxvvlrq ri wkh xqlyduldwh
Ehyhulgjh0Qhovrq ghfrpsrvlwlrq/ zh fdq ghulyh wkh iroorzlqj vwrfkdvwlf wuhqgv
uhsuhvhqwdwlrq=

|w @ F� +O,xw .F +4, }w

zkhuh }w lv d surfhvv iru zklfk zh kdyh �}w @ xw= Wkh h{lvwhqfh ri frlqwhjud0
wlrq lpsrvhv vrph uhvwulfwlrqv rq wkh F pdwulfhv/ lq idfw wkh vwrfkdvwlf wuhqgv
pxvw fdqfho rxw zkhq wkh n vwdwlrqdu| olqhdu frpelqdwlrqv ri wkh yduldeohv lq |w
duh frqvlghuhg lq rwkhu zrugv zh pxvw kdyh=

�3F +4, @ 3

E| lqyhvwljdwlqj ixuwkhu wkh uhodwlrq ehwzhhq wkh YHFP dqg wkh vwrfkdvwlf
wuhqgv uhsuhvhqwdwlrqv zh fdq jlyh d pruh suhflvh sdudphwhulvdwlrq ri wkh pdwul{
F +4, =
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Qrwh �uvw wkdw htxdwlrq +5=54, fdq eh uh0zulwwhq dv =

|w @
�
Lp .��3

�
|w�4 .xw +5165,

Suhpxowlso|lqj wklv v|vwhp e| �3 |lhogv=

�3|w @ �3
�
Lp .��3

�
|w�4 .�3xw

@
�
Ln .��3

�
�3|w�4 .�3xw

Vroylqj wklv prgho uhfxuvlyho|/ zh rewdlq wkh PD uhsuhvhqwdwlrq iru wkh n frlq0
whjudwlqj uhodwlrqvklsv=

�3|w @
4

l @ 3
[�

Ln .��3
�l
�3xw�l +5166,

E| vxevwlwxwlqj +5=66, lq +5=54, zh kdyh wkh PD uhsuhvhqwdwlrq iru �|w =

�|w @
4

l @ 4
[

�
�
Ln .��3

�l�4
�3xw�l .xw

iurp zklfk zh kdyh=

F +4, @ Lq ��
�
�3�

��4
�3 +5167,

Qrz qrwh wkh ehdwlixo9 uhodwlrq

Lq @ �B +�3B�B,
�4

�3B .�
�
�3�

��4
�3 +5168,

zkhuh �B> �B duh ++p� +p� n,, pdwulfhv ri udqn p � n vxfk wkdw �3B� @
3> �3B� @ 3=

E| xvlqj +5=68, lq +5=67, > zh kdyh

F +4, @ �B +�3B�B,
�4

�3B

dqg

|w @ F� +O,xw . �B +�3B�B,
�4

+�3B}w,

zklfk vkrzv wkdw d v|vwhp ri p yduldeohv zlwk n frlqwhjudwlqj uhodwlrqvklsv
ihdwxuhv +p�n, olqhduo| lqghshqghqw frpprq wuhqgv +WU,1 Wkh frpprq wuhqgv

SVhh MrkdqvhqEd67o� csdjh 73
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duh jlyhq e| +�3B}w,/ zkloh wkh frh!flhqwv rq wkhvh wuhqgv duh �B +�3B�B,
�4

=Qrwh
dovr wkdw vwrfkdvwlf wuhqgv ghshqg rq d vhw ri lqlwldo frqglwlrqv dqg rq fxpxodwhg
glvwxuedqfhv lq idfw

WUw @ WUw�4 .F +4,xw

Rxu eulhi glvfxvvlrq vkrxog kdyh pdgh fohdu wkdw wkh YHFP prgho dqg wkh
PD prgho duh frpsohphqwdu|1 Dv d frqvhtxhqfh wkh lghqwl�fdwlrq sureohp uho0
hydqw iru wkh yhfwru ri sdudphwhuv lq wkh frlqwhjudwlqj yhfwruv � lv dovr uhohydqw
iru wkh yhfwru ri sdudphwhuv ghwhuplqlqj wkh vwrfkdvwlf wuhqgv �B= Krzhyhu/
wkhuh lv rqh dvshfw lq zklfk wkh wzr frqfhswv duh gl�huhqw1 Lq wkhru|/ lghqwl�hg
frlqwhjudwlqj uhodwlrqvklsv rq d jlyhq vhw ri yduldeohv vkrxog eh urexvw wr dxj0
phqwdwlrq ri wkh lqirupdwlrq vhw e| dgglqj qhz yduldeohv/ zklfk vkrxog kdyh
d }hur frh!flhqw lq wkh frlqwhjudwlqj yhfwruv ri wkh YHFP uhsuhvhqwdwlrq ri
wkh odujhu lqirupdwlrq vhw1 Wklv lv qrw wuxh iru wkh vwrfkdvwlf wuhqgv1 Frqvlghu
wkh fdvh ri dxjphqwlqj dq lqirupdwlrq vhw frqvlwlqj ri p yduldeohv dgplwwlqj
n frlqwhjudwlqj yhfwruv wr p. q yduldeohv/ wkh qxpehu ri frlqwhjudwlqj yhfwruv
lv frqvwdqw zkloh wkh qxpehu ri vwrfkdvwlf wuhqgv lqfuhdvhv e| q> pruhryhu dq
xqdqwlflsdwhg vkrfn lq d vpdoo v|vwhp qhhg qrw wr eh xqdqwlflsdwhg lq d odujhu
v|vwhp1 Qrwh wkdw zh kdyh dgghg lq wkhru| wr rxu vwdwhphqw/ wklv lv ehfdxvh/
lq sudfwlfh/ jlyhq wkh vl}h ri dydlodeoh vdpsohv dssolfdwlrq ri wkh surfhgxuh wr
dqdo|}h frlqwhjudwlrq lq d odujhu vhw ri yduldeohv pljkw ohdg wr lghqwli| gl�huhqw
frlqwhjudwlqj uhodwlrqvklsv iurp wkrvh rewdlqhg rq d vpdoohu vhw ri yduldeohv1

51:1: YHFP dqg frpprq wuhqgv uhsuhvhqwdwlrqv

Wkh mrlqw ehkdylrxu ri frqvxpswlrq dqg lqfrph xqghu wkh Shupdqhqw Lqfrph
K|srwkhvlv +SLK, lv d jrrg hpslulfdo h{dpsoh wr looxvwudwh YHFP dqg frpprq
wuhqgv uhsuhvhqwdwlrqv1 Ohw |w> |

s
w dqg fw ghqrwh uhvshfwlyho| wkh orjdulwkpv ri

djjuhjdwh glvsrvdeoh lqfrph/ shupdqhqw lqfrph dqg frqvxpswlrq1 Xqghu SLK
wkh mrlqw glvwulexwlrq ri frqvxpswlrq dqg lqfrph fdq eh fkdudfwhulvhg dv iroorzv=

|w @ |sw . yw

|sw @ �| . |sw�4 . xw

fw @ |sw

shupdqhqw lqfrph lv wkh vwrfkdvwlf wuhqg ri lqfrph/ zklfk lv pdgh ri wkh shu0
pdqhqw frpsrqhqw dqg ri d wudqvlwru| frpsrqhqw/ yw dqg xw duh wkh vkrfnv wr
wkh wudqvlwru| dqg wkh shupdqhqw frpsrqhqw ri lqfrph/ lw lv qdwxudo wr wklqn ri
wkhp dv ruwkrjrqdo vkrfnv qrupdoo| dqg lqghshqghqwo| glvwulexwhg1 Frqvxps0
wlrq dqg lqfrph duh frlqwhjudwhg/ lq idfw wkh| vkduh wkh vlqjoh xqrevhuydeoh
frpprq vwrfkdvwlf wuhqg lq wklv v|vwhp1

E| holplqdwlqj wkh xqrevhuydeoh vwrfkdvwlf wuhqg iurp wkh v|vwhp/ zh kdyh
d el0yduldwh vwuxfwxudo uhsuhvhqwdwlrq=
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|w @ fw . yw +5169,

fw @ �| . fw�4 . xw

Zh rewdlq wkh YDU+4, uhsuhvhqwdwlrq e| vxevwlwxwlqj iru fw lq wkh �uvw htxd0
wlrq iurp wkh vhfrqg htxdwlrq ri +5=69,

�
|w
fw

�
@

�
�|
�|

�
.

�
3 4
3 4

��
|w�4
fw�4

�
.

�
zw

xw

�
zw @ xw . yw

Iurp zklfk zh lpphgldwho| rewdlq wkh YHFP uhsuhvhqwdwlrq

�
�|w
�fw

�
@

�
�|
�|

�
.

��4 4
3 3

��
|w�4
fw�4

�
.

�
zw

xw

�
zkhuh

� @

��4 4
3 3

�
@

�
4
3

���4 4 �
@ ��3

Wkh ghulydwlrq ri wkh frpprq wuhqgv uhsuhvhqwdwlrq lv ghulyhg e| frqvlghulqj
wkdw/ dv |w�fw @ yw> wkh PD uhsuhvhqwdwlrq iru frqvxpswlrq dqg lqfrph jurzwk
lv wkhq

�
�|w
�fw

�
@

�
�|
�|

�
.

�
4 3
3 4

��
zw

xw

�
.

��4 4
3 3

��
zw�4
xw�4

�
iurp zklfk zh kdyh

�
|w
fw

�
@

�
�|
�|

�
w.F� +O,

�
zw

xw

�
.F+4,}w

dqg

F+4, @ �B +�3B�B,
�4

�3B�
3 4
3 4

�
@

�
4
4

���
3 4

��4
4

���4 �
3 4

�
Jlyhq wkdw lq wklv dssolfdwlrq +�3B�B,

�4 @ 4/ lw iroorzv wkdw frqvxpswlrq dqg
lqfrph kdyh d vlqjoh frpprq vwrfkdvwlf wuhqg1 Vxfk wuhqg fdq eh uhsuhvhqwhg dv
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�3B

3C��|
�|

�
w .

3C l @ 4
wS
zw

l @ 4
wS
xw

4D4D > dqg rqo| vkrfnv wr wkh shupdqhqw frpsrqhqw

ri lqfrph hqwhu wkh wuhqg1

51; Pxowlyduldwh frlqwhjudwlrq= dq dssolfdwlrq wr XV gdwd

Wr looxvwudwh hpslulfdoo| krz frlqwhjudwlrq dqdo|vlv lv shuiruphg ohw xv frq0
vlghu prqwko| gdwd iurp wkh XV hfrqrp| iru wkh yduldeohv frqvlghuhg lq ed0
vlf pdfurhfrqrplf prghov= wkh orj ri wkh uhdo P5 +p� s, >dqqxdo/ vhdvrqdoo|
dgmxvwhg/ FSL lq dwlrq +�, / wkh orj ri prqwko| uhdo JGS +|, > wkh qrplqdo
rzq uhwxuq rq P5 +Up, > wkh qrplqdo rssruwxqlw| frvw ri kroglqj prqh| dv
phdvxuhg e| wkh lqwhuhvw udwh rq wkuhh0prqwk Wuhdvxu| Eloov

�
Ue
�
= Doo vhulhv

h{fhsw Up duh wkrvh xvhg lq Ohhshu0Vlpv0]kd+^6;`, > Up kdv ehhq uhwulhyhg e|
wkh Vw1Orxlv IHG Zhevlwh dw kwws=22zzz1vwov1iue1ruj2iuhg21 Wkh| duh dydlodeoh lq
wkh �oh OV]XVD1[OV1 Zh vkdoo shuirup frlqwhjudwlrq dqdo|vlv xvlqj wkh sdfndjh
SF0ILPO e| Grruqln dqg Khqgu| +^8`,/ dowhuqdwlyh phqx0gulyhq sdfndjhv duh
dydlodeoh lq UDWV +vhh ^74`/ ^54`, > H0Ylhzv grhv qrw doorz wr shuirup doo wkh
vwhsv ri wkh dqdo|vlv lq wkdw vshfl�fdwlrq dqg whvwlqj ri wkh orqj0uxq uhvwulfwlrqv
duh qrw +|hw, dydlodeoh1

51;14 Vshfl�fdwlrq ri wkh YDU

Wkh �uvw vwhs ri wkh hpslulfdo dqdo|vlv lv wkh vshfl�fdwlrq ri wkh YDU1 Wkh
vshfl�fdwlrq ri wkh YDU uhtxluhv wkh frqvlghudwlrq ri wzr lvvxhv shuwdlqlqj uh0
vshfwlyho| wr wkh vhw ri yduldeohv lqfoxghg lq wkh YDU dqg wr wkh odj ohqjwk
ri wkh YDU1 Wkhvh duh lpsruwdqw lvvxhv lq wkdw plv0vshfl�fdwlrq ri wkh YDU
ohdgv wr plvohdglqj lqihuhqfh1 Lq jhqhudo wkh vhw ri yduldeohv wr eh lqfoxghg lq
wkh YDU lv ghwhuplqhg e| wkh hfrqrplf sureohp dw kdqg/ krzhyhu wklv fulwhulrq
grhv qrw uxoh rxw wkh srvvlelolw| ri plv0vshfl�fdwlrq1 Frqvlghu wkh fdvh ri wkh
vhw ri yduldeohv fkrvhq iru rxu h{dpsoh/ wkh| lqfoxgh doo wkh yduldeohv xvhg lq d
vlpsoh LV0OP prgho ri d forvhg hfrqrp|/ exw qrwklqj jxdudqwhhv wkdw wkh XV
hfrqrp| lv fruuhfwo| ghvfulehg e| vxfk prgho1 Vxssrvh wkdw wkh fhqwudo edqn
wdujhwv h{shfwhg lq dwlrq e| xvlqj vkruw whup lqwhuhvw udwhv dv dq lqvwuxphqw1
Wkh prgho lv plv0vshfl�hg li lw rplwv dq| ohdglqj lqglfdwru iru lq dwlrq prq0
lwruhg e| Fhqwudo Edqn1 Dq reylrxv fdqglgdwh lv wkh frpprglw| sulfh lqgh{
exw wkhuh pljkw eh pruh/ vxfk dv orqj0whup lqwhuhvw udwhv ru rwkhu dvvhw sulfhv1
Lq devhqfh ri dq reylrxv edvholqh prgho/ wkh ehkdylrxu ri uhvlgxdov lv wdnhq dv
dq lqglfdwru ri plv0vshfl�fdwlrq1 Lq d fruuhfwo| vshfl�hg prgho uhvlgxdov vkrxog
eh udqgrp qrupdo yduldeohv zlwk }hur phdq dqg frqvwdqw yduldqfh0fryduldqfh
pdwul{/ ghsduwxuh ri �wwhg uhvlgxdov iurp wkrvh k|srwkhvhv frxog eh wdnhq dv dq
lqglfdwru ri plv0vshfl�fdwlrq1 Krzhyhu/ hyhq zkhq doo wkh uhohydqw yduldeohv kdyh
ehhq lqfoxghg/ wkh prgho frxog eh vwloo plv0vshfl�hg ehfdxvh ri rplwwhg uhohydqw
g|qdplfv1 Wkh vhohfwlrq ri wkh rughu ri wkh YDU lv dq lpsruwdqw vwhs lq wkh
vshfl�fdwlrq1 Vlpv+^7;`, vxjjhvwv d vwdwlvwlfv wr whvw wkh ydolglw| ri uhvwulfwlrqv
lpsrvhg rq d jhqhudo prgho=
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+W � n, ^orj m	u m � orj m	xqu m`
zkhuh W lv wkh vdpsoh vl}h/ n lv wkh qxpehu ri sdudphwhuv hvwlpdwhg lq hdfk

htxdwlrq ri wkh YDU/ m	um lv wkh ghwhuplqdqw ri wkh yduldqfh0fryduldqfh pd0
wul{ ri wkh uhvlgxdov ri wkh �wwhg uhvwulfwhg prgho/ m	xqum lv wkh ghwhuplqdqw ri
wkh yduldqfh0fryduldqfh pdwul{ ri wkh uhvlgxdov ri wkh �wwhg jhqhudo xquhvwulfwhg
prgho1 Wkh vwdwlvwlf kdv d "5 glvwulexwlrq zlwk ghjuhhv ri iuhhgrp htxdo wr wkh
qxpehu ri uhvwulfwlrqv lq wkh v|vwhp1 Wkh whup +W � n, lqfoxghv d vpdoo vdpsoh
fruuhfwlrq/ lq idfw dv W ehfrphv odujhu wkh fruuhfwlrq iru vpdoo vdpsoh +W � n, @W
frqyhujhv wrzdugv xqlw|1 Reylrxvo|/ wkh vhohfwlrq ri yduldeohv dqg wkh vhohfwlrq ri
wkh odj ohqjwk duh qrw lqghshqghqw surfhvvhv/ lq idfw d orqjhu odj ohqjwk pljkw eh
wkh frqvhtxhqfh ri rplvvlrq ri rqh uhohydqw yduldeoh iurp wkh YDU1 Lq sudfwlfh
zh vkdoo vwduw iurp d edvholqh YDU lqfoxglqj wkh vhw ri yduldeohv vxjjhvwhg e|
wkh wkhru| dqg d vx!flhqwo| orqj odj/ fkhfn wkh ehkdylrxu ri uhvlgxdov1 Zkhq
zhoo0ehkdyhg uhvlgxdov duh rewdlqhg/ zh surfhhg wr uhgxfwlrq ri wkh odj ohqjwk
e| whvwlqj wkh ydolglw| ri wkh lpsolhg uhvwulfwlrqv1

Rxu jhqhudo edvholqh prgho lv d YDU hvwlpdwhg ryhu wkh vdpsoh 4<93=404<:<=9/
lqfoxglqj �iwhhq odjv ri hdfk ri wkh �yh yduldeohv/ d frqvwdqw dqg d wuhqg/ vr zh
kdyh=
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Zh kdyh fkrvhq wr hqg rxu hvwlpdwlrq lq 4<:< ehfdxvh/ iurp wkh vhfrqg sduw
ri 4<:< wr 4<;5/ wkh Ihg kdv fkdqjhg lv rshudwlqj surfhgxuh prylqj iurp dq
lqwhuhvw udwh wdujhwlqj uhjlph wr d uhvhuyhv wdujhwlqj uhjlph1 Dv d frqvhtxhqfhv
sdudpdwhuv lq wkh Ihg*v uhdfwlrq ixqfwlrq pxvw kdyh fkdqjhg1 Lw lv yhu| lpsru0
wdqw wr hvwlpdwh frlqwhjudwlqj prghov xvlqj gdwd iurp d vlqjoh uhjlph1 Lq idfw/
vwuxfwxudo lqvwdelolw| pljkw eh yhu| gdqjhurxv zkhq frlqwhjudwhg prghov duh
xvhg1 Wkh lqwxlwlrq lv yhu| vlpsoh/ lq wkh suhvhqfh ri sdudphwhuv lqvwdelolw| d fr0
lqwhjudwhg prgho lv yhu| olnho| wr sxvk wkh v|vwhp wrzdugv wkh �zurqj� orqj0whup
htxloleuld zlwk yhu| vhulrxv frqvhtxhqfhv iru iruhfdvwlqj dqg srolf| vlpxodwlrq1
Fkhfnlqj uhvlgxdo ehkdylrxv lv yhu| lpsruwdqw dovr zlwk wklv uhvshfw/ dv sdwkr0
orjlf ehkdylrxu ri uhvlgxdov lv d fohdu v|pswrp ri sdudphwhuv* lqvwdelolw|1

Wkh hvwlpdwlrq ri rxu edvh0olqh prgho gholyhuv wkh vhw ri uhvlgxdov uhsruwhg
lq Iljxuh 51451

Wkh uhvlgxdo duh qrupdol}hg/ khqfh uhvlgxdo zlwk devroxwh ydoxh kljkhu wkdq
41<9 rffxu zlwk d suredelolw| ri rqh shufhqw xqghu wkh qxoo ri qrupdolw|1 Zh
qrwh pdq| rxwolhuv/ lq idfw zkhq d irupdo whvw ri qrupdolw| ri uhvlgxdov lv shu0
iruphg wkh qxoo lv vwurqjo| uhmhfwhg:1 Wklv lv zruu|lqj lq wkdw qrq0qrupdolw|

.Zh vkdoo glvfxvv whvwv iru qrupdolw| dw d odwhu vwdjh ri wkh errn
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Ilj1 51451 YDU uhvlgxdov zlwk rxwolhuv

pljkw vljqdo plv0vshfl�fdwlrq exw dovr lq wkdw ghsduwxuh iurp qrupdolw| pljkw
lqgxfh plvohdglqj lqihuhqfh lq wkh dssolfdwlrq ri wkh Mrkdqvhq surfhgxuh1 Lq0
whuhvwlqjo|/ prvw rxwolhuv rffxu rq rffdvlrq ri wkh rlo sulfh fulvhv1 Vr/ sure0
deo| d frpprglw| sulfh lqgh{ lv wkh uhohydqw rplwwhg yduldeohv fdxvlqj qrq0
qrupdolw| lq wkh uhvlgxdov1 Krzhyhu/ wkh lqfoxvlrq ri d frpprglw| sulfh lqgh{
dv d ixuwkhu hqgrjhqrxv yduldeoh lq rxu v|vwhp zrxog vlpso| vkliw wkh rxw0
olhu sureohp iurp rxu htxdwlrq iru lqwhuhvw udwhv wr wkh frpprglw| sulfh lq0
gh{1 Lq idfw qr yduldeoh lqfoxghg lq wklv v|vwhp kdv dq kljk h{sodqdwru| sr0
whqwldo iru d frpprglw| sulfh lqgh{1 Zh kdyh wkhq lqfoxghg lq wkh v|vwhp
frqwhpsrudqhrxv dqg odjjhg +xs wr wkh vl{wk odj, frpprglw| sulfh lq dwlrq1
Zh frqvlghu frpprglw| sulfh lq dwlrq dv d vwdwlrqdu| h{rjhqrxv yduldeoh/ wklv
fkrlfh vkdoo eh glvfxvvhg odwhu rq1 Zh kdyh dovr lqfoxghg gxpplhv iru h{fhs0
wlrqdo shulrgv gxulqj wkh rlo sulfh fulvhv dv h{rjhqrxv yduldeohv lq rxu v|v0
whp1 Lq jhqhudo/ gxpPP\\ lv d yduldeoh wdnlqj ydoxh 4 lq wkh PP prqwk
ri wkh |hdu \\ dqg }hur dq|zkhuh hovh1 Zh lqfoxgh wkh iroorzlqj gxpp| ydul0
deohv= gxp:639/gxp:63:/ gxp:63;/ gxp:643/ gxp:644/ gxp:645/ gxp:735/
gxp:736/ gxp:73:/ gxp:73;/gxp:73</ gxp:834/ gxp:838/ gxp:;39/ gxp:;3;/
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gxp:;44/ gxp:<371 Qrwh wkdw wkh lqfoxvlrq ri gxpplhv dqg h{rjhqrxv yduldeohv
lq wkh vshfl�fdwlrq prgl�hv wkh ghwhuplqlvwlf qxfohxv ri rxu prgho dqg dssur0
suldwh fulwlfdo ydoxhv iru wkh whvwv vkrxog eh uh0frpsxwhg+vhhBB/BB,1 Zh gr qrw
wdnh wklv vwhs dqg uhsruw wkh fulwlfdo ydoxhv dxwrpdwlfdoo| lqglfdwhg e| yhuvlrq <
ri Sf0Ilpo lq Wdeoh :1

Wkh lqfoxvlrq ri wkh gxpplhv lq wkh v|vwhp gholyhuv d qhz vhw ri uhvlgxdov/
uhsruwhg lq Iljxuh 5146/ zklfk duh yluwxdoo| iuhh iurp rxwolhuv dqg gr qrw vkrz
dq| ghsduwxuh iurp wkh k|srwkhvlv ri qrupdolw|1
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Ilj1 51461 YDU uhvlgxdov zlwkrxw rxwolhuv

Zh surfhhg wkhq wr dvvhvv wkh srvvlelolw| ri vlpsol�fdwlrq ri wkh v|vwhp1 Wkh
surjuhvvlyh vlpsol�fdwlrq vwudwhj|/ edvhg rq wkh olnholkrrg udwlr whvwv glvfxvvhg
deryh/ ohdgv xv wr d vshfl�fdwlrq zlwk 9 odjv1

51;15 Vhohfwlrq ri wkh ghwhuplqlvwlf frpsrqhqwv lq wkh YHFP vshfl�fdwlrq

Wkh fkrlfh ri wkh ghwhuplvwlf frpsrqhqwv lq wkh YDU lv qrw wulyldo/ jlyhq wkdw lw
d�hfwv wkh glvwulexwlrq ri wkh uhohydqw vwdwlvwlfv wr shuirup frlqwhjudwlrq dqdo|vlv1
Jlyhq wkh iroorzlqj jhqhudo YHFP prgho=



;; WKH SUREDELOLVWLF VWUXFWXUH RI WLPH VHULHV GDWD

�|w @ �3 . �4w.�4�|w�4 .�4�|w�5 . ===.�|w�q . xw

�yh srvvleoh vshfl�fdwlrqv iru wkh ghwhuplqlvwlf frpsrqhqwv kdyh ehhq frq0
vlghuhg lq wkh olwhudwxuh=

+l, �3 @ 3> �4 @ 3 wklv zrxog ghwhuplqh d }hur phdq lq wkh L+3, frpsrqhqwv
dqg d qrq0}hur phdq lq wkh L+4, frpsrqhqwv

+ll, �3 @ ��4> �4 @ 3 wklv zrxog uhvwulfw wkh frqvwdqw wr ehorqj wr wkh
frlqwhjudwlqj vsdfh lqgxflqj d qrq0}hur phdq erwk lq wkh L+3, dqg wkh L+4,
frpsrqhqwv

+lll, �3 @ xquhvwulfwhg> �4 @ 3 wklv zrxog jhqhudwh d }hur phdq lq wkh L+3,
frpsrqhqwv dqg d olqhdu wuhqg lq wkh L+4, frpsrqhqw

+ly, �3 @ xquhvwulfwhg> �4 @ ��4 wklv zrxog jhqhudwh d olqhdu wuhqg erwk lq
wkh L+3, dqg wkh L+4, frpsrqhqwv

+y, �3 @ xquhvwulfwhg> �4 @ xquhvwulfwhg> wklv zrxog jhqhudwh d olqhdu wuhqg
lq wkh L+3, frpsrqhqwv dqg d txdgudwlf wuhqg lq wkh L+4, frpsrqhqwv

Gl�huhqw fulwlfdo ydoxhv kdyh ehhq wdexodwhg iru hdfk vshfl�fdwlrq +^B`, dqg
duh qrz dxwrpdwlfdoo| dydlodeoh lq doo sdfndjhv shiruplqj wkh Mrkdqvhq surfh0
gxuh1 Qrwh wkdw wkh lqfoxvlrq ri lqwhuyhqwlrq gxpplhv dovr prgl�hv wkh ghwhuplq0
lvwlf frpsrqhqwv ri wkh YDU dqg wklv uhtxluhv lq sulqflsoh lq dg0krf wdexodwlrq
ri wkh uhohydqw fulwlfdo ydoxhv+^44`,1

Lq rxu dssolfdwlrq zh fkrrvh vshfl�fdwlrq +ly, dv vrph ri rxu vhulhv vkrz
wuhqgv lq ohyhov dqg/ dv douhdg| vwdwhg/ zh ljqruh wkh prgl�fdwlrq ri wkh uhohydqw
glvwulexwlrq jhqhudwhg e| wkh lqfoxvlrq ri gxpplhv1

51;16 Whvw iru wkh udqn ri �

Kdylqj vshfl�hg wkh YDU dqg fkrvhq wkh vshfl�fdwlrq ri wk ghwhuplqlvwlf frp0
srqhqw / zh fdq hvwlpdwh wkh � pdwul{ dqg vwduw rxu dqdo|vlv ri wkh orqj0uxq
surshuwlhv ri wkh v|vwhp1Zh dsso| wkh Mrkdqvhq surfhgxuh wr lghqwli| wkh udqn
ri wkh pdwul{ � lq wkh iroorzlqj uh0sdudphwhulvdwlrq ri rxu prgho=
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Wkh uhvxowv ri wkh Mrkdqvhq surfhgxuh duh uhsruwhg lq Wdeoh 9=
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Wdeoh 9= Dqdo|vlv ri wkh � pdwul{ lq wkh hvwlpdwhg YDU prgho

Hljhqydoxh K3 = udqn @ s Hljhqydo F1Hljhqydo <8( Wudfh F1Wudfh <8(
314;8 s @ 3 781:7 6<194 6:18 46714 44914 ;:16
3147; s � 4 681<6 64144 6418 ;;169 :9186 96
31466 s � 5 65147 5:1;7 5818 85177 78174 7517
313;6 s � 6 4<189 491<7 4< 5316 4:18; 5816
313366 s � 7 31:7 3197 4516 31:7 3197 4516

zkhuh Hljhqydolv wkh pd{ hljhqydoxh whvw/ F1Hljhqydoxh lv wkh pd{ hljhqydoxh
whvw fruuhfwhg iru vpdoo vdpsoh/ l1h1 xvlqj W � n lqvwhdg ri W / Wudfh lv wkh wudfh
whvw/ F1Wudfh lv wkh wudfh whvw fruuhfwhg iru vpdoo vdpsoh dpg <8( duh wkh fulwlfdo
ydoxhv wdexodwhg iru rxu vshfl�fdwlrq ri wkh ghwhuplqlvwlf frpsrqhqwv1 Wdeoh :
srvhv dq lqwhuhvwlqj sureohp wr wkh dssolhg uhvhudfkhu lq wkdw wkh wudfh vwdwlvwlfv
dqg wkh pd{lpxp hljhqydoxh vwdwlvwlf gholyhu gl�huhqw uhvxowv/ zlwk pruh uhohydqw
gl�huhqfhv lq wkh fdvh ri wkh dgrswlrq ri vpdoo vdpsoh fruuhfwlrq iru wkh vwdwlvwlfv1
Zh rsw iru uhmhfwlqj wkh qxoo ri dw prvw rqh frlqwhjdwlqj yhfwru dqg gr qrw uhmhfw
wkh qxoo ri dw prvw wzr1 Ri frxuvh/ vxfk fkrlfh lv ghedwdeoh1

Qrwh wkdw/ ehiruh dq| lghqwli|lqj uhvwulfwlrqv duh lqwurgxfhg/ prvw dydlodeoh
frlqwhjudwlqj sdfndjhv gr gholyhu vrph srlqw hvwlpdwhv ri wkh � dqg � pdwulfhv
dv iroorzv=

Wdeoh := Frlqwhjudwlqj yhfwruv= wkh Mrkdqvhq lqwhusuhwdwlrq1

Vwdqgduglvhg �3

| � p� s Up Ue Wuhqg

4 313:; 03173 6188 061<9 0314;
413; 4 03194 04153 0413; 03148

Vwdqgduglvhg �
| 03135 031346
� 3135 031338
p� s 3137: 03134;
Up 0313333; 031335
Ue 3136 3134

Wkhvh hvwlpdwhv duh rewdlqhg e| lpsrvlqj d ghidxow lghqwl�fdwlrq zklfk gh0
olyhuv frlqwhjudwlqj yhfwruv ruwkrjrqdo wr hdfk rwkhu +^69`, = Lq vrph frqwh{w/ iru
h{dpsoh d ghpdqg dqg vxsso| v|vwhp/ wklv dvvxpswlrq pljkw eh wkh hfrqrplf
fdvh ri lqwhuhvw1 Krzhyhu/ wklv lv qrw wkh fdvh lq jhqhudo dqg lq rxu vshfl�f h{dp0
soh1 Lq wkh qh{w vhfwlrq zh vkdoo hydoxdwh wkh srwhqwldo ri gl�huhqw lghqwl�fdwlrq
ri hfrqrplf lqwhuhvw e| fkhfnlqj wkh ydolglw| ri ryhu0lghqwli|lqj uhvwulfwlrqv1



<3 WKH SUREDELOLVWLF VWUXFWXUH RI WLPH VHULHV GDWD

51;17 Vshfl�fdwlrq dqg whvwlqj ri wkh orqj0uxq uhvwulfwlrqv

Zh frqvlghu wzr gl�huhqw sursrvdov1 Lq wkh �uvw rqh zh lghqwli| d wudglwlrqdo
prqh| ghpdqg dqg d uhodwlrq ehzhhq wkh rzq lqwhuhvw udwh rq prqh| dqg wkh
rssruwxqlw| frvw ri kroglqj prqh|1 Dv dq dowhuqdwlyh/ zh lghqwli| dq lqwhuhvw udwh
uhdfwlrq ixqflrq lq zklfk wkh qrplqdo lqwhuhvw udwh uhvsrqgv wr lq dwlrq/ rxwsxw
dqg d olqhdu wuhqg/ dorqjzlwk d uhodwlrq ehwzhhq lqwhuhvw udwhv dqg lq dwlrq1 Zh
kdyh vhohfwhg wkhvh wzr vshfl�fdwlrqv ehfdxvh/ dv zh vkdoo vhh/ wkh| irup wkh
edvlv iru wzr dowhuqdwlyh wdujhwlqj vwudwhjlhv= lq dwlrq wdujhwlqj yld wkh frqwuro
ri prqh| jurzwk dqg lq dwlrq wdujhwlqj yld wkh frqwuro ri lqwhuhvw udwhv1

Zh fdq sdudphwhulvh wkh uhvwulfwlrqv lpsolhg wkh �uvw lghqwl�fdwlrq vfkhph
dv iroorzv=
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Wkh uhvxowv/ uhsruwhg lq Wdeoh </ vkrz wkdw wkh wzr ryhu0lghqwli|lqj uhvwulf0
wlrqv duh qrw uhmhfwhg1 Wkh �uvw frlqwhjudwlqj yhfwru lv frqvlvwhqw zlwk d prqh|
ghpdqg ixqfwlrq dv idu dv wkh vhpl0hodvwlflwlhv zlwk uhvshfw wr lqwhuhvw udwhv duh
frqfhuqhg/ wkh hodvwlflw| zlwk uhvshfw wr lqfrph lv vrphzkdw kljk/ dowkrxjk lw lv
frpshqvdwhg e| d ghwhuplqlvwlf wuhqg zlwk wkh rssrvlwh vljq1 Krzhyhu/ orrnlqj
dw wkh zhljkwv rq wkh frlqwhjudwlqj yhfwruv zh qrwh wkdw uhdo prqh| uhdfwv yhu|
olwwoh wr glvhtxloleulxp lq wkh �uvw frlqwhjudwlqj uhodwlrqvkls1 Lq idfw wkh rqo|
vwurqjo| vljql�fdqw zhljkw lv wkh rqh ghvfulelqj wkh uhdfwlrq ri uhdo lqfrph wr
glvhtxloleulxp lq wkh vhfrqg frlqwhjudwlqj uhodwlrqvkls1
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Wdeoh <= D vfkhph ri ryhulghqwl�hg frlqwhjudwlqj yhfwruv

Vwdqgduglvhg �3

| � p� s Up Ue Wuhqg
+3=4:,�5=53 3 4 +5=49,�:=5< +3=<9,:=84 +3=39,3=6;

3 +3=55,4=3; 3 +3=8<,�6=49 4 3

Vwdqgduglvhg �

| +3=348,3=397 +3=369,�3=4:
� +3=33<,�3=3349 +3=354,�3=367
p� s +3=33<,�3=34< +3=356,�3=347
Up +3=3334,�3=3339 +3=336,3=335
Ue +3=33;,�3=356 +3=35,3=36

OU0whvw/ udqn@5="5+5, @ 4136 ^318<`

Zh wkhq frqvlghu wkh vhfrqg dowhuqdwlyh dqg sdudphwhulvh uhvwulfwlrqv dv iro0
orzv=
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Wkh uhvxowv/ uhsruwhg lq Wdeoh </ vkrz wkh sodxvlelolw| ri wkh lqwhusuhwdwlrq
ri wkh �uvw frlqwhjudwlqj uhodwlrq dv d uhdfwlrq ixqfwlrq iru wkh prqhwdu| srolf|
pdnhu1 Srolf| udwhv uhdfw wr lq dwlrq/ zlwk d frh!flhqw zklfk fdq eh uhvwulfwhg
wr rqh/ dqg wr ghyldwlrq ri rxwsxw irup d ghwhuplqlvwlf wuhqg +d qrq0vwdwlrqdu|
yduldeoh lq rxu vshfl�fdwlrq,1 Wkh hvwlpdwhg zhljkwv vwurqjo| vxssruw wkh lghq0
wl�fdwlrq ri wklv uhodwlrqvkls dv dq htxloleulxp iru wkh srolf| udwhv1 Wkh vhfrqg
frlqwhjudwlqj yhfwru grhv qrw gl�hu vljql�fdqwo| iurp wkh rqh rewdlqhg zlwklq
wkh �uvw lghqwl�fdwlrq vfkhph1
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Wdeoh <= D vfkhph ri ryhulghqwl�hg frlqwhjudwlqj yhfwruv

Vwdqgduglvhg �3

| � p� s Up Ue Wuhqg
+3=36,�3=55 �4 3 3 +3=9;,4 +3=33<,3=3;

3 +3=4:,�3=<9 3 +3=7:,5=:8 4 3

Vwdqgduglvhg �

| +3=39<,3=46546 +3=36<,�3=335
� +3=36;,3=37: +3=355,�3=34:
p� s +3=375,�3=3< +3=367,�3=3<
Up +3=338,3=33: +3=335<,3=336
Ue +3=369,�3=46 +3=354,�3=395

OU0whvw/ udqn@5= "5+7, @ 914 ^314<`

Zh frqfoxgh rxu dqdo|vlv ri wkhvh wzr dowhuqdwlyh lghqwl�fdwlrq vfkhphv e|
vwuhvvlqj wkdw vwdwlvwlfdo fulwhuld gr qrw ohdg wr dq xqhtxlyrfdo lghqwl�fdwlrq/
wkhq wkh fkrlfh ehwzhhq wkh wzr dowhuqdwlyhv lv yhu| olnho| wr uho| rq hfrqrplf
fulwhuld1

51< Pxowlyduldwh ghfrpsrvlwlrqv= vrph frqvlghudwlrqv

Wkh sxusrvh ri rxu looxvwudwlrq ri wkh Mrkdqvhq surfhgxuh lq wkh suhylrxv vhfwlrq
zdv wr vkrz wkdw wkh lghqwl�fdwlrq ri frlqwhjudwlqj yhfwruv uhtxluhv lqyroyhv d
pxowl0vwhs surfhvv1 Wkh rxwfrph ri pdq| ri wkhvh vwhsv lv qrw vr fohdu0fxw dqg
wkhuhiruh wkh �qdo surgxfw pljkw eh gl�hu dfurvv uhvhdufkhuv1 Wkh suhvhqfh ri
vwuxfwxudo euhdnv sdluhg zlwk wkh vshfl�fdwlrq lvvxhv dqg vl}h ri dydlodeoh vdp0
sohv kdyh dq lpsruwdqw lpsdfw rq wkh hpslulfdo dssolfdwlrq ri wkh surfhgxuh1
Dowhuqdwlyh phwkrgv wr wkh wklv surfhgxuh kdyh ehhq sursrvhg lq wkh olwhudwxuh/
vhh/ iru h{dpsoh/ Kruydwk dqg Zdwvrq+^5;`,/ Skloolsv +^78`, > Uhlphuv+^7:`, dqg
Vdlnnrqhq+^7<`, = Krzhyhu/ lw lv lpsruwdqw wr uhphpehu wkdw wkh vshfl�fdwlrq ri
d g|qdplf prgho lq ohyhov kdv suryhg vx!flhqw wr uhpryh wkh vsxulrxv uhjuhv0
vlrq sureohp dqg wkdw wkh YHFP uhsuhvhqwdwlrq ri d YDU prgho lq ohyho lv
mxvw d uhsdudphwhulvdwlrq/ ehiruh wkh udqn uhgxfwlrq uhvwulfwlrqv duh lpsrvhg1
Vlpv/Vwrfn dqg Zdwvrq+^84`, > dujxh wkdw d YDU prgho lq ohyhov lq wkh suhv0
hqfh ri frlqwhjudwlrq lv ryhu0sdudphwhulvhg dqg wkhuhiruh ohdgv wr lqh!flhqw exw
frqvlvwhqw hvwlpdwhv ri wkh sdudphwhuv ri lqwhuhvw1 Wkh orvv ri h!flhqf| kdv wr
eh zhljkwhg djdlqvw wkh ulvn ri lqfrqvlvwhqf| ri hvwlpdwhv zklfk rffxuv zkhq
wkh �zurqj� frlqwhjudwlqj uhvwulfwlrqv duh lpsrvhg1 Lpsrvlqj wkh �zurqj� frlq0
whjudwlqj sdudphwhuv zloo pdnh wkh v|vwhp frqyhujh wr wkh �zurqj� orqj0uxq
htxloleuld exw lw zloo dovr eldv wkh vkruw0uxq g|qdplfv dv wkh v|vwhp lv sxoohg lq
wkh zurqj gluhfwlrq1 Iru wklv uhdvrq wkh uhfhqw uhvhdufk kdv wdnhq d gh�qhg olqh
dqg YDU lq ohyhov udwkhu wkdq fr0lqwhjudwhg YDUv duh xvhg zkhq wkh lvvxh ri
hfrqrplf lqwhuhvw lv qrw uhodwhg wr wkh vkruw0uxq udwkhu wkdq wr wkh orqj0uxq1 D
vwdqgdug h{dpsoh lv wkh dqdo|vlv ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp1 Ri
frxuvh wkhuh lv pruh lq Vlpv/Vwrfn dqg Zdwvrq+^84`, wkdq wkhvh frqvlghudwlrqv1
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Lq idfw wkh| vkrz wkdw vwdqgdug glvwulexwlrq fdq eh dssolhg zkhq grlqj lqihuhqfh
lq d YDU prgho zklfk lqyroyhv yduldeohv dgplwwlqj vwdwlrqdu| olqhdu frpelqd0
wlrqv/ uhyhuwlqj wr qrq0vwdqgdug glvwulexwlrqv lv qhfhvvdu| rqo| zkhq wkh vxevhwv
ri yduldeohv rq zklfk lqihuhqfh lv shuiruphg gr qrw dgplw dq| vwdwlrqdu| olqhdu
frpelqdwlrq1
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Dv d pdwwhu ri idfw frlqwhjudwhg YDUv duh pdlqo| gdwd0gulyhq vshfl�fdwlrqv1
Wkh pdfur0prgho iru wkh uhohydqw GJS lv qrw ixoo| vshfl�hg/ dv lw lv fohduo|
wkh fdvh zlwk wkh h{dpsoh glvfxvvhg lq wklv fkdswhu zkhuh zh vwduwhg r� rxu
lqyhvwljdwlrq e| d prgho fhqwhuhg rq prqh| dqg zh hqg xs vshfli|lqj d orqj0uxq
vwuxfwxuh zkhuh wkh txdqwlw| ri prqh|/ ehlqj ixoo| ghpdqg ghwhuplqhg/ sod|v
qr uroh lq wkh prqhwdu| wudqvplvvlrq phfkdqlvp1 Lw lv qrw hdv| wr lqwhusuhw wkh
uhvxowv iurp d vlpxowdqhrxv prgho/ zkhq zh kdyh +orrvh, wkhrulhv jhqhudwlqj rqo|
d vxevhw ri wkh htxdwlrqv1 Pruhryhu/ wkhuh duh gl!fxowlhv zlwk dq dssurdfk dlphg
glvfulplqdwlqj ehwzhhq wkhrulhv rq wkh edvlv ri wkh rxwfrph ri whvw vwdwlvwlfv/
edvhg rq d qxpehu ri mrlqw k|srwkhvlv/ vrph ri zklfk duh fohduo| lqghshqghqw
iurp wkh wkhrulhv whvwhg1 Wkhuh lv dovr dq lvvxh zlwk wkh fulwlfdo ydoxhv iru wkh
whvwlqj surfhgxuhv lq wkh Mrkdqvhq iudphzrun1 Iluvw/ wkh| ghshqg fuxfldoo| rq
wkh vshfl�fdwlrq ri wkh ghwhuplqlvwlf qxfohxv ri wkh YDU / vr wkh lqfoxvlrq ri
gxpplhv iru rxwolhuv lqwurgxfhv prgl�fdwlrqv lq wkh uhohydqw fulwlfdo ydoxhv1 D
vroxwlrq wr wklv sureohp lv dydlodeoh/ vhh Mrkdqvhq0Qlhovhq^44`1 Vhfrqg/ uhfhqw
zrun e| Mrkdqvhq^68`/ kdv vkrzq wkdw lw lv lpsruwdqw wr lpsohphqw vpdoo vdpsoh
fruuhfwlrqv iru wkh dv|pswrwlf fulwlfdo ydoxhv/ zkhq dssolfdeoh1 Wdnlqj wkhvh wzr
dvshfwv wrjhwkhu/ lw lv olnho| wkdw d uh0dvvhvvphqw ri doo wkh hpslulfdo hylghqfh
sursrvhg lq wkh qlqhwlhv zlwkrxw lpsohphqwlqj wkh dssursuldwh fruuhfwlrqv lv
qhfhvvdu|1 Vr zkdw gr zh pdnh ri doo wkh vhqwhqfhv lvvxhg rq wkhrulhv xvlqj wkh
zurqj fulwlfdo ydoxhvB

Qrwh dovr wkdw frlqwhjudwlrq dqdo|vlv edvhg rq d pxowl0vwhs iudphzrun= vshfl0
�fdwlrq ri wkh YDU dqg lwv ghwhuplqlvwlf frpsrqhqw/ lghqwl�fdwlrq ri wkh qxpehu
ri frlqwhjudwlqj yhfwruv/ lghqwl�fdwlrq ri wkh sdudphwhuv lq frlqwhjudwlqj yhf0
wruv/ whvwv rq wkh vshhg ri dgmxvwphqw zlwk uhvshfw wr glvhtxloleuld1 Wkh uhvxowv
ri wkh �qdo whvw ghshqg rq wkh rxwfrph ri wkh suhylrxv vwdjhv lq wkh hpslulfdo
dqdo|vlv/ exw wkh rxwfrph ri hdfk vwhs lv qrw vr hdvlo| dqg xqltxho| hvwdeolvkhg
hpslulfdoo|1

Ri frxuvh wkhuh lv vrphwklqj wr eh vdlg iru d phwkrgrorj| dlphg dw h{sorlw0
lqj frlqwhjudwlrq wr gholyhu d vwdwlrqdu| uhsuhvhqwdwlrq ri d qrq0vwdwlrqdu| yhfwru
dxwruhjuhvvlyh surfhvv lq zklfk vkruw0uxq dqg orqj0uxq g|qdplfv duh qdwxudoo|
vhsdudwhg dqg vrxqg vwdwlvwlfdo lqihuhqfh fdq eh dssolhg1 Krzhyhu/ wkh sudf0
wlfdo lpsohphqwdwlrq ri vxfk phwkrgrorj| uhtxluhv wkhuhvhdufkhu wr ghdo zlwk
vshfl�fdwlrq dqg lghqwl�fdwlrq sureohpv zklfk duh qrw hdvlo|/ dqg deryh doo qrw
xqltxho|/ vroyhg1
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614 Lqwurgxfwlrq

YDU lq ohyhov dqg YHFP uhsuhvhqwdwlrqv vshfli| wkh suredelolvwlf vwuxfwxuh ri
wkh gdwd1 Frqvlghu wkh fdvh ri dq hpslulfdo lqyhvwljdwlrq ri wkh prqhwdu| wudqv0
plvvlrq phfkdqlvp jhdu wr hydoxdwh wkh lpsdfw ri prqhwdu| srolf| rq pdfurh0
frqrplf yduldeohv/ dqg sduwlwlrq wkh yhfwru ri q yduldeohv ri lqwhuhvw lqwr wzr
vxevhwv= \>zklfk uhsuhvhvhqwv wkh yhfwru ri pdfurhfrqrplf yduldeohv ri lqwhuhvw
dqgP> wkh yhfwru ri prqhwdu| yduldeohv ghwhuplqhg e| wkh lqwhudfwlrq ehwzhhq
wkh prqhwdu| srolf| pdnhu dqg wkh hfrqrp|1 Dv zh kdyh vhhq wkdw wkh YHFP lv
rewdlqhg e| lpsrvlqj uhvwulfwlrqv rq wkh YDU/ frqvlghu wkh jhqhudo xquhvwulfwhg
v|vwhp=

�
\w

Pw

�
@ G4+O,

�
\w�4
Pw�4

�
.xw +614,

xw @

�
x\w
xPw

�
xw m Lw�4 � q=l=g=

�
3>
[�

�
\w

Pw
m Lw�4

�
�
�
G4+O,

�
\w�4
Pw�4

�
>
[�

Wklv v|vwhp vshfl�hv wkh vwdwlvwlfdo glvwulexwlrq iru wkh yhfwru ri yduldeohv ri
lqwhuhvw frqglwlrqdo xsrq wkh lqirupdwlrq vhw dydlodeoh dw w � 41 Lq wkh fdvh ri d
YHFP vshfl�fdwlrq/ diwhu wkh vroxwlrq ri wkh lghqwl�fdwlrq sureohpv ri frlqwh0
judwlqj yhfwruv/ wkh lqirupdwlrq vhw dydlodeoh dw w� 4 frqwdlqv q odjjhg hqgrjh0
qrxv yduldeohv dqg u frlqwhjudwlqj yhfwruv1 Zh idfh dq lghqwl�fdwlrq sureohp lq
wkdw wkhuh lv pruh wkdq rqh vwuxfwxuh ri hfrqrplf lqwhuhvw zklfk fdq jlyh ulvh wr
wkh vdph vwdwlvwlfdo prgho iru rxu yhfwru ri yduldeohv1

Lq idfw iru dq| jlyhq vwuxfwxuh/

D

�
\w

Pw

�
@ F4+O,

�
\w�4
Pw�4

�
.E

�
�\w
�Pw

�
+615,�

�\w
�Pw

m Lw�4
�
� +3> L, +616,
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zklfk jlyh ulvh wr wkh revhuyhg uhgxfhg irup +7=44, zkhq wkh iroorzlqj uhvwulf0
wlrqv duh vdwlv�hg=

D�4F4+O, @ G4+O,> D

�
x\w
xPw

�
@ E

�
�\w
�Pw

�
wkhuh h{lvwv d zkroh fodvv ri vwuxfwxuhv zklfk jlyh ulvh wr wkh vdph vwdwlvwlfdo

prgho +7=44, xqghu wkh vdph fodvv ri uhvwulfwlrqv =

ID

�
\w

Pw

�
@ IF4+O,

�
\w�4
Pw�4

�
.IE

�
�\w
�Pw

�
+617,

zkhuh I lv dq dgplvvleoh pdwul{ lq wkh vhqvh lw lv frqirupdeoh e| surgxfw
zlwk D> F4 +O,/ E dqg ID> IF4+O,> IE ihdwxuh wkh vdph uhvwulfwlrq zlwk D>
F4 +O,/ E=

61414 Lghqwl�delolw|

D prgho lv lghqwl�deoh li doo lwv srvvleoh vwuxfwxuh duh lghqwl�deoh/ l1h1 hdfk vwuxf0
wxuh lv dvvrfldwhg wr d gl�huhqw glvwulexwlrq/ wklv kdsshqv zkhq wkh rqo| dgplv0
vleoh I pdwul{ lv lghqwlw|1

Ohw xv vkrz wkh srlqw e| frqvlghulqj lghqwl�fdwlrq ri wkh �uvw htxdwlrq1 Lq
rughu wr dfklhyh lghqwl�fdwlrq vrph uhvwulfwlrqv pxvw eh lpsrvhg/ dv wkh qxpehu
ri sdudphwhuv lq wkh uhgxfhg irup +7=44, lv vpdoohu wkdq wkh qxpehu ri sdudp0
hwhuv lq wkh vwuxfwxuh +6=5, = Iru wkh vdnh ri h{srvlwlrq zh ehjlq e| frqvlghulqj
}hur uhvwulfwlrqv rq wkh pdwulfhv D dqg F4>ghwhuplqlqj wkh �uvw prphqw ri wkh
frqglwlrqdo glvwulexwlrqv ri wkh yhfwru ri yduldeohv ri lqwhuhvw dqg frqfhqwudwh rq
d �uvw rughu dxwruhjuhvvlyh uhsuhvhqwdwlrq=

D

�
\w

Pw

�
@ F4

�
\w�4
Pw�4

�
.

�
�\w
�Pw

�
+618,�

�\w
�Pw

�
@ E

�
�\w
�Pw

�
]hur uhvwulfwlrqv rq wkh �uvw htxdwlrqv fdq eh uhsuhvhqwhg dv iroorzv=

4
q � 4

�
4> d34 3
D�4 D4

�
>

�
f34 3
F�4 F4

�
vr +q� q4, hqgrjhqrxv yduldeohv dqg +q� n4, h{rjhqrxv yduldeohv duh uh0

vwulfwhg wr }hur1 D�4 lv d ++q � 4,� q4, pdwul{ frqwdlqlqj wkh frh!flhqwv zlwk
zklfk wkh q4yduldeohv hqwhulqj frqwhpsrudqhrxvo| wkh �uvw htxdwlrq hqwhuv wkh
uhpdlqlqj q�4 htxdwlrqv lq wkh v|vwhp/D4 lv d ++q� 4, +q� q4,,pdwul{ frqwdlq0
lqj wkh frh!flhqwv zlwk zklfk wkh q � q4yduldeohv hqwhulqj frqwhpsrudqhrxvo|
wkh �uvw htxdwlrq hqwhuv wkh uhpdlqlqj q � 4 htxdwlrqv lq wkh v|vwhp1 Dqdor0
jrxvo|/ F�4 lv d ++q� 4,� n4, pdwul{ frqwdlqlqj wkh frh!flhqwv zlwk zklfk wkh



LQWURGXFWLRQ 434

n4 yduldeohv hqwhulqj zlwk d odj lq wkh �uvw htxdwlrq hqwhuv wkh uhpdlqlqj q� 4
htxdwlrqv lq wkh v|vwhp/ F4 lv d ++q� 4, +q� n4,, pdwul{ frqwdlqlqj wkh frh!0
flhqwv zlwk zklfk wkh q�q4 yduldeohv qrw hqwhulqj zlwk d odj lq wkh �uvw htxdwlrq
hqwhuv dv odjjhg yduldeohv wkh uhpdlqlqj q�4 htxdwlrqv lq wkh v|vwhp1 Uhsuhvhqw
wkh �uvw urz ri I dv

�
4 i 3

�
= Dgplvvlelolw| lpsolhv

i 3 +D4 m F4, @ 3

lq idfw rqo| zkhq wkhvh frqglwlrqv duh vdwlv�hg wkh �uvw urz ri ID> IF4

ihdwxuh wkh vdph uhvwulfwlrq zlwk D> F4=
Lghqwl�fdwlrq lpsolhv wkdw wkh rqo| vroxwlrq lv i 3 @ 3/ dv wkh �uvw urzv ri dq

+q� q, lghqwlw| pdwul{ kdv xqlw| dv wkh �uvw hohphqw dqg }hurhv dv wkh uhpdlqlqj
+q� 4, hohphqwv= Wkhuhiruh wkh frqglwlrq iru lghqwl�fdwlrq lv

udqn +D4 m F4, @ q� 4=

Wklv lv d qhfhvvdu| dqg vx!flhqw frqglwlrq iru lghqwl�fdwlrq1 Dv +D4 m E4,
kdv +q� 4, urzv dqg +q� q4, . +q � n4, froxpqv/ d qhfhvvdu| frqglwlrq iru
lghqwl�fdwlrq lv wkdw wkh qxpehu ri froxpv lv vx!flhqwo| odujh wr ohw wkh udqn eh
htxdo wr q� 4 =

q� n4 � q4 � 4=

Wkhuhiruh/ lq rughu iru wkh �uvw htxdwlrq wr eh lghqwl�hg/ zh qhhg wkdw wkh
qxpehu ri rplwwhg odjjhg yduldeohv pxvw eh juhdwhu wkdq wkh qxpehu ri lqfoxghg
frqwhpsrudqhrxv yduldeohv plqxv rqh +wkh rqh yduldeoh zlwk uhvshfw wr zklfk wkh
htxdwlrq lv qrupdol}hg,1 Dw wklv srlqw lw lv qdwxudo wr vwdwh wkdw wkh prgh lv qrw
lghqwl�hg zkhq q�n4 ? q4�4> wkh prgho lv mxvw0lghqwl�hg zkhq q�n4 @ q4�4>
wkh prgho lv ryhu0lghqwl�hg/ zlwk q.4�+q4 . n4, A ryhu0lghqli|lqj uhvwulfwlrqv/
zkhq q� n4 A q4 � 4=

Wklv glvfxvvlrq ri lghqwl�delolw| fdq eh jhqhudolvhg wr qrq0}hur uhvwulfwlrqv
e| frqvlghulqj wkh iroorzlqj uhsuhvhqwdwlrq=

3EEC
\w

Pw

\w�4
Pw�4

4FFD @ zw> +D m �F4, @G

�w @

�
�\w
�Pw

�
wkh v|vwhp ehfrphv
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Gzw @ �w +619,

G @

3CG3
4

=
G3

q

4D
Jhqhudo uhvwulfwlrq rq wkh l0wk htxdwlrq fdq eh uhsuhvhqwhg dv=

UlGl @ 3>

zkhuh Ul lv wkh +nl � +q. q,, pdwul{ lpsrvlqj nl uhvwulfwlrqv rq wkh 5q
hohphqwv ri l0wk htxdwlrq lq wkh v|vwhp1

Qhfhvvdu| dqg vx!flhqw frqglwlrq iru lghqwl�fdwlrq duh wkhq

udqn Ul +G4 mG5=== mGq, @ q� 4

zklfk vkrzv wkh htxlydohqfhv ehwzhhq wkh frqglwlrqv iru vkruw0uxq lghqwl�0
fdwlrq dqg wkh frqglwlrqv uhtxluhg wr dfklhyh orqj0uxq lghqwl�fdwlrq ri frlqwh0
judwlqj sdudphwhuv1 Zh hqg wklv vhfwlrq e| qrwlqj wkh vkruw0uxq dqg orqj0uxq
lghqwl�fdwlrq lq d YHFP duh wzr frpsohwho| vhsdudwhg sureohpv +^49`, =Frqvlghu
wkh vlpsohvw YHFP uhsuhvhqwdwlrq ri d �uvw rughu YDU=

�|w @ +D4 � L,|w�4 .xw
@ �|w�4 . xw=

Zkhq wkh orqj0uxq lghqwl�fdwlrq sureohp lv vroyhg zh ghfrpsrvh � lqwr ��3

dqg zh fdq uh0zulwh wkh YHFP dv iroorzv=

�|w @ �}w�4 . xw
}w�4 @ �3|w�4

zklfk pdnhv fohdu wkdw wkh lghqwl�fdwlrq ri sdudphwhuv lq wkh vwuxfwxudo irup=

D�|w @D�}w�4 .Dxw

lv lqghshqghqw iurp wkh lghqwl�fdwlrq ri sdudphwhuv lq wkh pdwul{ �=
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615 Lghqwl�fdwlrq lq wkh �Frzohv Frpplvvlrq� dssurdfk

Wkh wudglwlrqdo/ xvxdoo| uhihuuhg wr dv wkh Frzohv Frpplvvlrq/ dssurdfk wr
hfrqrphwulf prghoolqj ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp lv dlphg dw wkh
txdqwlwdwlyh hydoxdwlrq ri wkh h�hfwv ri prgl�fdwlrq lq wkh h{rjhqrxv yduldeohv
lq wkh v|vwhp rq wkh hqgrjhqrxv yduldeohv lq wkh v|vwhp1 Yduldeohv frqwuroohg
e| wkh prqhwdu| srolf| pdnhu +wkh lqvwuxphqwv ri prqhwdu| srolf|, duh wdnhq
dv h{rjhqrxv/ zkloh pdfurhfrqrplf yduldeohv/ zklfk uhsuhvhqwv wkh �qdo jrdov
ri wkh srolf| pdnhu/ duh wdnhq dv hqgrjhqrxv1 Wkh srolf| h{shulphqw ri lqwhuhvw
frqvlvwv xvxdoo| lq prgli|lqj vxfk h{rjhqrxv yduldeohv wr dvvhvv wkh lpsdfw rq
wkh pdfurhfrqrplf yduldeohv ri lqwhuhvw1 Ohdylqj dvlgh wkh ghwhuplqlvwlf frpsr0
qhqw/ wkh Frzohv Frpplvvlrq vshfl�fdwlrq prgl�hv wkh jhqhudo g|qdplf prgho
ri wkh suhylrxv vhfwlrq / dv iroorzv=
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\w�4
Pw�4
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@ F4+O,
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\w�4
Pw�4

�
.F5+O,

�
b

Pw

�
.

�
�\w
�Pw

�
+61:,

zkhuh \ uhsuhvhqwv wkh yhfwru ri pdfurhfrqrplf yduldeohv ri lqwhuhvw/ zkloh
P lv wkh yhfwru ri prqhwdu| yduldeohv ghwhuplqhg e| wkh lqwhudfwlrq ehwzhhq

wkh prqhwdu| srolf| pdnhu dqg wkh hfrqrp| dqg
b

P uhsuhvhqwv d vxe0yhfwru ri
wkh prqhwdu| yduldeohv/ dvvxphg h{rjhqrxv ehfdxvh gluhfwo| dqg ixoo| frqwuroohg
e| wkh prqhwdu| srolf| pdnhu1 Wkh surfhvv jhqhudwlqj wkhvh yduldeohv grhv qrw
frqwdlq dq| lqwhudfwlrq zlwk wkh rwkhu yduldeohv lq wkh v|vwhp1 F4+O,> F5+O, duh
sro|qrpldov lq wkh odj rshudwru O> wdnlqj wkh jhqhudo irup Fl+O, @ f3 . f4O.
f5O

5 . ===fqO
q=

Wkh jhqhudo frqglwlrqv iru lghqwl�fdwlrq ghulyhg lq wkh suhylrxv vhfwlrq duh
dssolfdeoh wr wkh deryh vshfl�fdwlrq1 Lq idfw wkh frqvlghudwlrq ri vrph yduldeohv
dv h{rjhqrxv dlgv lghqwl�fdwlrq lq wkdw h{rjhqrxv yduldeohv duh wuhdwhg/ iurp wkh
srlqw ri ylhz ri lghqwl�fdwlrq/ dv wkh odjjhg hqgrjhqrxv yduldeohv1 Frqvlghulqj
wkh jhqhudo frqglwlrqv iru lghqwl�fdwlrq

udqn Ul +G4 mG5=== mGq, @ q� 4

qrwh wkdw wkh lqfoxvlrq ri h{rjhqrxv yduldeohv lqfuhdvh wkh froxpqv ri wkh pdwul{
Ul +G4 mG5=== mGq, dqg wkhuhiruh wkh fkdqfhv iru wkh prgho wr eh lghqwl�hg1

61514 Dq looxvwudwlrq= lghqwli|lqj wkh LV0OP0DG0DV prgho

Ohw xv frqvlghu wkh vlpsohvw srvvleoh pdfurhfrqrplf prgho iru d forvhg hfrqrp|
wr looxvwudwh krz frqglwlrqv iru lghqwl�fdwlrq fdq eh fkhfnhg1 Wkh prgho frqvlvwv
ri irxu htxdwlrqv=
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|w @ f44 . |�w � d46+Uw � �hw , . �4w +61;,

�w @ �hw . d54 +|w � |�w , . �5w +61<,

pw � sw @ f46 . d64|w � d66Uw . �6w +6143,

�hw @ ��w�4 . +4� �,�w . �7w= +6144,

Htxdwlrq +6=43, ghvfulehv dq OP htxdwlrq/ zklfk/ iru d4 @ 4> uhodwhv wkh
qrplqdo lqwhuhvw udwh wr +wkh orj ri, prqh| yhorflw| flufxodwlrq1 Htxdwlrq +:=8:,
ghvfulehv dq LV fxuyh lq forvh hfrqrp| dqg vkrzv lpphgldwho| wkdw prqhwdu|
srolf| dxwkrulw| fdq lq xhqfh wkh ohyho ri dfwlylw| rqo| li/ e| frqwuroolqj wkh qrp0
lqdo lqwhuhvw udwh/ lw pdqdjhv wr lq xhqfh wkh uhdo lqwhuhvw udwh1 Htxdwlrq +:=8;, lv
dq h{shfwdwlrqv dxjphqwhg Skloolsv fxuyh/ dffruglqj wr zklfk dfwxdo lq dwlrq lv
ghwhuplqhg e| h{shfwhg lq dwlrq dqg ghyldwlrqv ri rxwsxw iurp lwv srwhqwldo ohyho
|�/ zklfk zh wdnh dv d ghwhuplqlvwlf wuhqg1 Htxdwlrq +6=44, ghvfulehv wkh phfk0
dqlvp zlwk zklfk h{shfwdwlrqv duh iruphg1 Wkh h{wuhph fdvh ri sulfh0vwlfnlqhv
lv rewdlqhg e| srvlqj � @ 4> zkloh wkh fdvh ri udwlrqdo h{shfwdwlrqv0shuihfw sulfh
 h{lelolw| lv rewdlqhg e| srvlqj � @ 31

Qrwh wkdw qr htxdwlrq iru prqh| lv lqfoxghg lq wkh prgho 1 Lq idfw prqh|
vxsso| lv qrw prghoohg dv lw lv frqvlghuhg h{rjhqrxv/ l1h1 ixoo| frqwuroohg e|
wkh prqhwkdu| dxwkrulw|1 Wkh hfrqrphwulfldq*v wdvn lv wkh hvwlpdwlrq ri wkh
xqnqrzq sdudphwhuv wr vlpxodwh wkh lpsdfw ri gl�huhqw sdwk iru wkh h{rjhqrxv
yduldeoh frqwuroohg e| wkh prqhwdu| dxwkrulw|1 Wkh prgho xvhv irxu htxdwlrqv
wr ghwhuplqh irxu hqgrjhqrxv yduldeohv/ �w> �hw >Uw hg |w> iru jlyhq ydoxhv ri wkh
wzr h{rjhqrxv yduldeohv |�w dqg pw= Wkh h{rjhqhlw| vwdwxv lv dwwulexwhg wr |�w
dqg pw/ hlwkhu ehfdxvh wkh| ghvfuleh wkh dydlodeoh whfkqrorj| dqg ghprjudsk|
ru ehfdxvh wkh| duh ixoo| frqwuroohg e| wkh srolf|0pdnhu1

Frqvlghu wkh h{wuhph fdvh ri sulfh0vwlfnlqhvv/ jlyhq e| � @ 4> dqg xvh htxd0
wlrq +6=44, wr holplqdwh h{shfwhg lq dwlrq iurp wkh prgho/ wkh LV0OP0DG0DV
prgho fdq eh vshfl�hg dv d vshfldo fdvh ri rxu jhqhudo vshfl�fdwlrq +6=:, =

D

599997
|w
sw
Uw

pw

|�w

6::::8 @ F3

�
4
w

�
.F4

57|w�4sw�4
pw�4

68.F5

�
|w�5
sw�5

�
.

599997
�4w
�5w
�6w
�7w
�8w

6::::8 +6145,

D @

599997
4 3 d46 3 �4
�d54 4 3 3 d54
�d64

d66
� 4

d66
4 4

d66
3

3 3 3 4 3
3 3 3 3 4

6::::8



LGHQWLILFDWLRQ LQ WKH �FRZOHV FRPPLVVLRQ� DSSURDFK 438

F3 @

599997
f3>44 3
f3>54 3
f3>64 3
f3>74 3
f3>84 f3>85

6::::8 > F4 @

599997
3 d46 3
3 5 3
3 3 3
3 3 4
3 3 3

6::::8 > F5 @

599997
�d46 3
3 �4
3 3
3 3
3 3

6::::8 =

Qrwh wkdw |�w lv d ghwhuplqlvwlf wuhqg dqg prqh| lv h{rjhqrxv lq wkdw lwv udwh
ri jurzwk lv �{hg wr f74> wkh h�hfw ri prqhwdu| srolf| rq pdfurhfrqrplf ydul0
deohv lv hydoxdwhg e| dvvhvvlqj wkh lpsdfw rq wkh v|vwhp ri prgl�fdwlrqv lq wklv
sdudphwhu1 Wr dsso| wr wklv vshfl�f fdvh rxu jhqhudo glvfxvvlrq ri lghqwl�delolw|
frqvlghu wkdw/ xvlqj wkh uhsuhvhqwdwlrq +6=9, > zh kdyh=
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59999999999999999997
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4 3 d46 3 �4
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f3>44 3
f3>54 3
f3>64 3
f3>74 3
f3>84 f3>85

3 d46 3
3 5 3
3 3 3
3 3 4
3 3 3

�d46 3
3 �4
3 3
3 3
3 3

6::::8 =

Wkh uhvwulfwlrqv lq wkh �uvw htxdwlrqv duh lpsrvhg e| wkh iroorzlqj pdwul{=
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U4 @

59999999999997

3 4 3 3 3 3 3 3 3 3 3 3
3 3 3 4 3 3 3 3 3 3 3 3
4 3 3 3 4 3 3 3 3 3 3 3
3 3 3 3 3 3 4 3 3 3 3 3
3 3 3 3 3 3 3 4 3 3 3 3
3 3 �4 3 3 3 3 3 4 3 3 3
3 3 3 3 3 3 3 3 3 4 3 3
3 3 �4 3 3 3 3 3 3 3 4 3
3 3 3 3 3 3 3 3 3 3 3 4

6::::::::::::8
Wkh �uvw htxdwlrq lv wkhq ryhu0lghqwl�hg zlwk �yh +qlqh0irxu, ryhu0lghqwli|lqj

uhvwulfwlrqv zkhq wkh iroorzlqj udqn frqglwlrq lv vdwlv�hg=

udqn U4 +G4 mG5=== mG8, @ 7

udqn

5997
�d54 4 3 3 d54
�d64

d66
� 4

d66
4 4

d66
3

3 3 3 4 3
3 3 3 3 4

f3>54 3
f3>64 3
f3>74 3
f3>84 f3>85

3 5 3
3 3 3
3 3 4
3 3 3

3 �4
3 3
3 3
3 3

6::8 @ 7=

E| dsso|lqj wkh surfhgxuh wr doo wkh htxdwlrqv lq wkh v|vwhp lw fdq eh vkrzq
wkdw wkh vhfrqg htxdwlrq lv ryhu0lghqwl�hg zlwk �yh ryhu0lghqwli|lqj uhvwulfwlrqv/
wkh wklug htxdwlrq lv ryhu0lghqwl�hg zlwk wkuhh ryhu0lghqwli|lqj uhvwulfwlrqv/ wkh
irxuwk htxdwlrq lv ryhu0lghqwl�hg zlwk vl{ ryhu0lghqwli|lqj uhvwulfwlrqv/ wkh �iwk
htxdwlrq lv ryhu0lghqwl�hg zlwk �yh ryhu0lghqwli|lqj uhvwulfwlrqv1 Zh frqfoxgh
wkdw wkh prgho lv lghqwl�hg dqg lpsrvhv d wrwdo wzhqw|0irxu ryhu0lghqwli|lqj
uhvwulfwlrqv1

616 Wkh juhdw fulwltxhv

Frzohv Frpplvvlrq dssurdfk wr lghqwl�fdwlrq ri vwuxfwxudo hfrqrphwulf prghov
eurnh grzq lq wkh vhyhqwlhv zkhq lw zdv glvfryhuhg wkdw wklv w|sh ri prghov

�111glg qrw uhsuhvhqw wkh gdwd/ 111 glg qrw uhsuhvhqw wkh wkhru|111 zhuh lqh�hfwlyh iru
sudfwlfdo sxusrvhv ri iruhfdvwlqj dqg srolf| hydoxdwlrq111� Ed4:o�1

Gl�huhqw h{sodqdwlrqv ri wkh idloxuh ri Frzohv Frpplvvlrq dssurdfk jdyh
ulvh wr wkh gl�huhqw surplqhqw phwkrgv ri hpslulfdo uhvhdufk= wkh OVH +Orq0
grq Vfkrro ri Hfrqrplfv, dssurdfk/ wkh YDU dssurdfk/ dqg wkh lqwhuwhpsrudo
rswlpl}dwlrq0Uhdo Exvlqhvv F|foh dssurdfk1 Zh vkdoo glvfxvv dqg looxvwudwh wkh
hpslulfdo uhvhdufk vwudwhj| ri wkhvh wkuhh dowhuqdwlyh dssurdfkhv e| lqwhusuhwlqj
wkhp dv gl�huhqw sursrvdov wr vroyh sureohpv revhuyhg lq wkh Frzohv Frpplvvlrq
dssurdfk1

Wkh OVH dssurdfk zdv lqlwldwhg e| Ghqlv Vdujdq exw rzhv lwv gl�xvlrq wr
d qxpehu ri Vdujdq*v vwxghqwv dqg lw h{wuhpho| zhoo ghvfulehg lq wkh errn e|
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Gdylg Khqgu| +^<`, = Wklv dssurdfk wr pdfurhfrqrphwulf prghoolqj h{sodlqv wkh
lqh�hfwlyhqhvv ri wkh Frzohv Frpplvvlrq prghov iru sudfwlfdo sxusrvhv ri iruh0
fdvwlqj dqg srolf| lq whupv ri wkhlu lqfdsdelolw| ri uhsuhvhqwlqj wkh gdwd1 Wkh
urrw ri wkh idloxuh ri wkh wudglwlrqdo dssurdfk olhv lq wkh olwwoh dwwhqwlrq sdlg
wr wkh vwdwlvwlfdo prgho lpsolflw lq wkh hvwlpdwhg vwuxfwxuh1 Frqvlghu rxu vlp0
soh h{dpsoh ri wkh LV0OP0DG0DV prgho/ wkh lghqwl�hg vwuxfwxuh lv hvwlpdwhg
zlwkrxw fkhfnlqj wkdw wkh lpsolflw vwdwlvwlfdo prgho lv dq dffxudwh ghvfulswlrq
ri wkh gdwd1 Vsdqrv +^53`, frqvlghuv wkd fdvh ri d vlpsoh ghpdqg dqg vxsso|
prghov wr vkrz krz uhgxfhg irup duh ljqruhg lq wkh wudglwlrqdo dssurdfk/ lq
idfw prvw ri wkh zlgho| xvhg hvwlpdwruv doorz wr ghulyh qxphulfdo ydoxhv iru wkh
vwuxfxwudo sdudphwhuv zlwkrxw hyhq vhhlqj wkh vwdwlvwlfdo prghov uhsuhvhqwhg e|
wkh uhgxfhg irup1 Wkhuh duh vhyhudo srvvleoh fdxvhv iru wkh lqdghjxdf| ri vwd0
wlvwlfdo prghov lpsolflw lq vwuxfwxudo hfrqrphwulf prghov= rplvvlrq ri uhohydqw
yduldeohv/ rplvvlrq ri wkh uhohydqw g|qdplfv iru wkh lqfoxghg yduldeohv +qrwh/ iru
h{dpsoh/ wkdw wkh hvwlpdwhg prqh| ghpdqg lq rxu vlpsoh h{dpsoh uhodwlrq lv
d vlpsoh/ vwdwlf htxdwlrq,/ lqydolg dvvxpswlrqv ri h{rjhqhlw|1 Wkh OVH vroxwlrq
wr wkh vshfl�fdwlrq sureohp lv wkh wkhru| ri uhgxfwlrq1 Dq| hfrqrphwulf prgho
lv lqwhusuhwhg dv d vlpsol�hg uhsuhvhqwdwlrq ri wkh xqrevhuydeoh Gdwd Jhqhudw0
lqj Surfhvv +GJS,1 Iru wkh uhsuhvhqwdwlrq wr eh ydolg ru �frqjuxhqw�/ wr xvh
Khqgu|*v rzq whuplqrorj|/ wkh lqirupdwlrq orvw lq prylqj iurp wkh GJS wr wkh
lwv uhsuhvhqwdwlrq/ jlyhq e| wkh dgrswhg vshfl�fdwlrq/ pxvw eh luuhohydqw wr wkh
sureohp dw kdqg1 Dghtxdf| ri wkh vwdwlvwlfdo prgho lv hydoxdwhg e| dqdo|}lqj wkh
uhgxfhg irup1 Wkhuhiruh/ wkh surplqhqfh ri vwuxfwxudo prgho zlwk uhvshfw wr uh0
gxfhg irup uhsuhvhqwdwlrq lq wkh Frzohv Frpplvvlrq dssurdfk wr lghqwl�fdwlrq
dqg vshfl�fdwlrq lv uhyhuvhg1 Wkh OVH dssurdfk vwduwv lwv vshfl�fdwlrq dqg lghq0
wl�fdwlrq surfhgxuh e| vshfli|lqj d jhqhudo g|qdplf uhgxfhg irup prgho1 Wkh
frqjuxhqf| ri vxfk prgho fdqqrw eh gluhfwo| dvvhvvhg djdlqvw wkh wuxh GJS/
zklfk lv qrw revhuydeoh1 Krzhyhu/ d vhulhv ri gldjqrvwlf whvwv duh sursrvhg dv
fulwhuld iru hydoxdwlqj wkh frqjuxhqf| ri wkh edvholqh prgho1 Wkh jhqhudo sulq0
flsoh jxlglqj wkh dssolfdwlrq ri vxfk fulwhuld lv wkdw frqjuxhqw prghov vkrxog
ihdwxuh wuxh udqgrp uhvlgxdov/ khqfh dq| ghsduwxuh ri wkh yhfwru ri uhvlgxdov
iurp d udqgrp qrupdo pxowlyduldwh glvwulexwlrq vkrxog eh wdnhq dv d v|pswrp
ri plv0vshfl�fdwlrq1 Rqfh wkh edvh0olqh prgho kdv ehhq ydolgdwhg/ wkh uhgxfwlrq
surfhvv ehjlqv e| vlpsoli|lqj wkh g|qdplfv dqg e| uhgxflqj wkh glphqvlrqdolw|
ri wkh prgho e| rplwwlqj wr lqfoxgh htxwlrqv iru wkrvh yduldeohv iru zklfk wkh
qxoo k|srwkhvlv ri h{rjhqhlw| lv qrw uhmhfwhg1 Lq idfw wkh frqfhsw ri h{rjhqhlw|
lv uh�qhg zlwklq wkh OVH dssurdfk dqg lv eurnhq grzq lq gl�huhqw fdwhjrulhv/
ghwhuplqhg e| wkh sxusrvh ri wkh hvwlpdwlrq ri wkh hfrqrphwulf prgho1 D ixuwkhu
vwdjh lq wkh vlpsol�fdwlrq surfhvv frxog eh wkh lpsrvlwlrq ri wkh udqn uhgxfwlrq
uhvwulfwlrqv lq wkh pdwul{ ghwhuplqlqj wkh orqj0uxq htxloleuld ri wkh v|vwhp dqg
wkh lghqwl�fdwlrq ri frlqwhjudwlqj yhfwruv1 Wkh surgxfw ri wklv vwdjh lv d vwdwlvwl0
fdo prgho iru wkh gdwd/ srvvleo| glvfulplqdwlqj ehwzhhq vkruw0uxq g|qdplfv dqg
orqj0uxq htxloleuld1 Rqo| diwhu wklv ydolgdwlrq surfhgxuh vwuxfwxudo prgho duh
lghqwl�hg dqg hvwlpdwhg1 Mxvw0lghqwl�hg vshfl�fdwlrq gr qrw uhtxluh dq| ixuwkhu
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whvwlqj/ dv wkhlu lpsolflw uhgxfhg irup grhv qrw lpsrvh dq| ixuwkhu uhvwulfwlrqv
rq wkh edvh0olqh vwdwlvwlfdo prgho1 Wkh ydolglw| ri ryhu0lghqwl�hg vshfl�fdwlrq lv
lqvwhdg whvwhg e| hydoxdwlqj wkh ydolglw| ri wkh uhvwulfwlrqv lpsolflwo| lpsrvhg rq
wkh jhqhudo uhgxfhg irup1 Diwhu wklv odvw gldjqrvwlfv iru wkh ydolglw| ri wkh uhgxf0
wlrq surfhvv kdyh ehhq shuiruphg/ vwuxfwxudo prghov duh xvhg iru wkh sudfwlfdo
sxusrvhv ri iruhfdvwlqj dqg srolf| hydoxdwlrq1

Li wkh OVH dssurdfk �qgv lwv h{sodqdwlrq ri wkh idloxuh ri Frzohv Frpplv0
vlrq prghov lq wkhlu lqfdsdelolw| ri uhsuhvhqwlqj wkh gdwd/ gl�huhqw dssurdfkhv/
lqlwldwhg e| wzr idprxv fulwltxhv e| Oxfdv +^69`, dqg Vlpv +^7;`, > uhodwh wkhlu
h{sodqdwlrqv ri wkh idloxuh wr wkh lqfdsdelolw| ri Frzohv Frpplvvlrq prghov wr
uhsuhvhqw wkh wkhru|1 Wkh jhqhudo fodvv ri wkhruhwlfdo prghov ri uhihuhqfh iru
wkhvh wzr fulwltxhv duh iruzdug0orrnlqj lqwhuwhpsrudo rswlpl}dwlrq prghov1 Ox0
fdv dwwdfnv wkh lghqwl�fdwlrq vfkhph sursrvhg e| wkh Frzohv Frpplvvlrq e|
srlqwlqj rxw wkdw wkhvh prgho gr qrw wdnh h{solflwo| lqwr dffrxqw h{shfwdwlrqv
dqg wkhuhiruh lghqwl�hg sdudphwhuv zlwklq wkh Frzohv Frpplvvlrq dssurdfk duh
lq idfw pl{wxuh ri �ghhs sdudphwhuv� ghvfulelqj suhihuhqfh dqg whfkqrorj| lqwr
wkh hfrqrp| dqg h{shfwdwlrqdo sdudphwhuv zklfk/ e| wkhlu qdwxuh/ duh qrw vwdeoh
dfurvv gl�huhqw srolf| uhjlphv1 Wkh pdlq frqvhtxhqfh ri vxfk lqvwdelolw| dfurvv
gl�huhqw uhjlph lv wkdw wudglwlrqdo vwuxfwxudo pdfur0prgho duh xvhohvv iru wkh
sxusrvh ri srolf| vlpxodwlrq1 Wr vkrz wkh srlqw ohw xv uhfrqvlghu wkh fdvh ri rxu
vlpsoh prgho ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp hvwlpdwhg iru vlpxodwlqj
wkh lpsdfw ri gl�huhqw prqhwdu| srolflhv rq pdfurhfrqrplf yduldeohv1

Dvvxph wkh iroorzlqj GJS/ lq zklfk h{shfwhg prqhwdu| srolf| pdwwhuv iru
wkh ghwhuplqdwlrq ri pdfurhfrqrplf yduldeohv lq wkh hfrqrp|=�
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D Frzohv Frpplvvlrq prgho lv hvwlpdwhg zlwkrxw h{solflwo| lqfoxglqj h{shf0
wdwlrqv ryhu d vdpsoh ihdwxulqj wkh iroorzlqj prqh| vxsso| uxoh=

Pw.4 @ d3 .Pw= +6147,

Wkh �wwhg prgho zloo wkhuhiruh kdyh wkh iroorzlqj vshfl�fdwlrq=
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+6=48, lv qrw wkh fruuhfw prgho wr vlpxodwh wkh lpsdfw ri dq| uxoh gl�huhqw
iurp +6=47, = Frqvlghu wkh fdvh ri =

Pw.4 @ d4 .Pw

Wkh fruuhfw prgho/ lq whupv ri revhuydeoh yduldeohv/ iru vlpxodwlqj wkh h�hfw
ri wkh qhz srolf| zrxog eh=
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dqg vlpxodwlrq edvhg rq +6=48, zrxog jlyh wkh zurqj suhglfwlrq rq wkh h�hfw
ri prqhwdu| srolf|1

Wkh Vlpv +^7;`, fulwltxh uxqv sdudooho wr wkh Oxfdv fulwltxh exw frqfhqwudwh
rq wkh vwdwxvw ri h{rjhqhlw| duelwudulo| dwwulexwhg wr vrph yduldeohv wr dfklhyh
lghqwl�fdwlrq zlwklq vwuxfwxudo Frzohv Frpplvvlrq prghov1 Vlpv dujxhv wkdw qr
yduldeoh fdq eh ghhphg dv h{rjhqrxv lq d zruog ri iruzdug0orrnlqj djhqwv zkrvh
ehkdylrxu ghshqgv rq wkh vroxwlrq ri dq lqwhuwhpsrudo rswlpl}dwlrq prgho1 Djdlq
zlwk uhihuhqfh wr rxu h{dpsoh/ uhfrqvlghu wkh fdvh iru h{rjhqhlw| ri prqh| vxs0
so|1 Li wkh prqhwdu| dxwkrulw| xvhv prqh| vxsso| dv dq lqvwuxphqw wr dfklhyh
jlyhq wdujhwv iru wkh pdfurhfrqrplf yduldeohv/ wkhq lw zrxog eh yhu| �qdwxudo�
iru prqh| vxsso| wr uhdfw qrw rqo| wkh rxwsxw dqg lq dwlrq exw dovr wr ohdglqj lq0
glfdwruv iru wkhvh yduldeohv1Dvvxplqj prqh| vxsso| dv h{rjhqrxv/ wkh hvwlpdwhg
prgho rplwv frpsohwho| d yhu| uhohydqw ihhgedfn dqg orrvhv dq lpsruwdqw ihd0
wxuh ri wkh gdwd1 Pruhryhu/ e| dvvxplqj lqfruuhfwo| h{rjhqhlw|/ wkh prgho pljkw
lqgxfh d vsxulrxv vwdwlvwlf h!fdf| ri prqhwdu| srolf| lq wkh ghwhuplqdwlrq ri
pdfurhfrqrplf yduldeohv1 Wkh hqgrjhqhlw| ri prqh| grhv jhqhudwh d fruuhodwlrqv
ehwzhhq pdfurhfrqrplf yduldeohv dqg prqhwdu| yduldeohv/ zklfk/ e| dvvxplqj
lqydolgo|/ prqh| dv h{rjhqrxv frxog eh lqwhusuhwhg dv d fdxvdo uhodwlrq uxqqlqj
iurp prqh| wr wkh pdfurhfrqrplf yduldeohv1

Zh vkdoo ghyrwh wr vrph ghhshu looxvwudwlrq ri wkh gl�huhqw dssurdfkhv wr
lghqwl�fdwlrq lq uhvsrqvh wr wkh sureohpv zlwk wkh Frzohv Frpplvvlrq dssurdfk/
zh vkdoo wkhq ghyrwh wkh uhvw ri wkh errn wr wkh looxvwudwlrq ri krz vxfk gl�huhqw
dssurdfkhv duh sxw wr zrun wr frqvwufxw pdfurhfrqrphwulf prghov1

617 Lghqwl�fdwlrq lq wkh OVH phwkrgrorj|

Wr looxvwudwh wkh OVH dssurdfk wr lghqwl�fdwlrq uh0frqvlghu wkh Frzohv Frpplv0
vlrq vshfl�fdwlrq ri wkh LV0OP0DV prgho1 Wkh Frzohv Frpplvvlrq*v vwudwhj|
gluhfw vshfl�hv ri dq lghqwl�hg vwuxfwxuh ri lqwhuhvw vxfk dv +8=4, = Wkh OVH uh0
vhdufk vwudwhj| ehjlqv irup wkh vshfl�fdwlrq ri d jhqhudo vwdwlvwlfdo prgho/ l1h1
d uhgxfhg irup1 Wkhuh duh qr vshfl�f uxoh lq wkh fkrlfh ri wkh edvholqh vshfl0
�fdwlrq/ wkh rqo| frqvwudlqw ehlqj wkdw vxfk vshfl�fdwlrq vkrxog eh vx!fhqwo|
jhqhudo wr gholyhu d frqjuxhqw uhsuhvhqwdwlrq ri wkh xqghuo|lqj xqnqrzq Gdwd
Jhqhudwlqj Surfhvv1 D srvvleoh edvholqh vshfl�fdwlrq frxog eh wkh iroorzlqj=
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Qrwh wkdw wklv prgho lv pxfk pruh jhqhudo wkdq wkh Frzohv Frpplvvlrq

vshfl�fdwlrq dv idu dv wkh g|qdplfv ri doo yduldeohv lv frqfhuqhg/ pruhryhu qr d0
sulrul uhvwulfwlrq rq wkh qdwxuh ri wkh wuhqg lv lpsrvhg1 Wkh �uvw vwhs ri wkh prgho
ydolgdwlrq surfhgxuh frqvlvwv lq wkh hydoxdwlrq ri wkh odj wuxqfdwlrq= lv wkh fkrvhq
ohqjwk ri wkh sro|qrpldo lq wkh odj rshudwru +O @ 5/ lq rxu fdvh, orqj hqrxjk
wr fdswxuh wkh g|qdplfv lq wkh gdwd B Li wkh dqvzhu lv |hv/ wkhq wkh qh{w vwhs
ri wkh vshfl�fdwlrq vwudwhj| fdq eh wdnhq/ wr lghqwli| wkh orqj0uxq vwuxfwxuh dqg
uh0vshfli| wkh uhgxfhg irup dv d YHFP1 Dv zh kdyh douhdg| srlqwhg rxw wklv vwhs
fdq eh vnlsshg dw wkh rqo| ulvn ri orvv lq h!flhqf|1 Wr nhhs wkh OVH vshfl�fdwlrq
pruh gluhfwo| frpsdudeoh zlwk wkh Frzohv Frpplvvlrq LV0OP0DV prgho/ zh gr
uxq wklv ulvn dqg nhhs wkh uhgxfhg irup lq ohyhov1 Wkh odvw vwhs ri wkh OVH
lghqwl�fdwlrq vwudwhj| lv wkh vshfl�fdwlrq ri vwuxfwxudo prghov1 Mxvw0lghqwl�hg
prgho gr qrw lpsrvh dq| ixuwkhu uhvwulfwlrq rq ydolgdwhg uhgxfhg irup/ zkloh
ryhu0lghqwl�hg vwuxfwxuh gr lpsrvh whvwdeoh uhvwulfwlrqv rq wkh uhgxfhg irup1
Whvwlqj vxfk uhvwulfwlrqv lv wkh �qdo prgho hydoxdwlrq fulwhuld1 Zh kdyh vhhq
wkdw lq rxu vshfl�f h{dpsoh zh kdyh wzhqw| �yh ryhu0lghqwli|lqj uhvwulfwlrqv1
Wkh ydolglw| ri wkh ryhu0lghqwli|lqj uhvwulfwlrqv fdq eh fkhfnhg e| frpsdulqj
wkh uhgxfhg irup lpsolflw lq wkh vwuxfwxudo prgho +8=4, zlwk wkh jhqhudo uhgxfhg
irup +6=4:, = Wkh uhgxfhg irup lpsolflw lq wkh vwuxfwxudo prgho +8=4, lv irxqg e|
suh0pxowlso|lqj wkh prgho e|=
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qrwh wkdw +6=4;, lpsrvhv pruh wkdq wzhqw|0�yh uhvwulfwlrqv rq +6=4:, > lq

idfw lw lpsrvhv wzhqw|0�yh ryhu0lghqwli|lqj uhvwulfwlrqv rq +6=4:, lq dgglwlrq wr
wkrvh qhfhvvdu| wr ghwhuplqh wkh fkrvhq vshfl�fdwlrq iru pw dqg |�w 1 Wkh OVH
phwkrgrorj| �qgv wkh urrwv ri wkh idloxuh ri Frzohv Frpplvvlrq prghov lq wkh
fkrlfh ri vshfl�fdwlrq udwkhu wkdq jhqhudo edvholqh vshfl�fdwlrqv1

618 Lghqwl�fdwlrq lq wkh YDU phwkrgrorj|

Zh kdyh vhhq wkdw wkh OVH phwkrgrorj| kdv lqwhsuhwhg wkh idloxuh ri wkh wudgl0
wlrqdo Frzohv Frpplvvlrq dssurdfk dv wkh uhvxow ri d vshfl�fdwlrq vwudwhj| ohdg0
lqj wr plv0vshfl�hg dqg loo0lghqwl�hg prgho1 Wkh OVH phwkrgrorj| krzhyhu grhv
qrw txhvwlrq wkh srwhqwldo ri pdfurhfrqrphwulf prghoolqj iru vlpxodwlrq dqg
hfrqrphwulf srolf| hydoxdwlrq1 Wkh YDU dssurdfk vkduh zlwk wkh OVH dssurdfk
wkh gldjqrvlv ri wkh sureohp ri Frzohv Frpplvvlrq prghov exw dovr txhvwlrqv wkh
srwhqwldo ri pdfurhfrqrphwulf prghoolqj iru srolf| vlpxodwlrq dqg hfrqrphwulf
srolf| hydoxdwlrq1 YDU prghov gl�hu iurp vwuxfwxudo OVH prghov dv wr wkh sxu0
srvh ri wkhlu vshfl�fdwlrq dqg hvwlpdwlrq1 Lq wkh wudglwlrqdo dssurdfk wkh w|slfdo
txhvwlrq dvnhg zlwklq d pdfurhfrqrphwulf iudphzrun lv �Zkdw lv wkh rswlpdo
uhvsrqvh e| wkh prqhwdu| dxwkrulw| wr pryhphqw lq pdfurhfrqrplf yduldeohv lq
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rughu wr dfklhyh jlyhq wdujhwv iru wkh vdph yduldeohvB�1 Diwhu wkh Oxfdv* fulwltxh
txhvwlrqv olnh �Krz vkrxog d Fhqwudo Edqn uhvsrqg wr vkrfnv lq pdfurhfrqrplf
yduldeohvB� duh wr eh dqvzhuhg zlwklq wkh iudphzrun ri txdqwlwdwlyh prqhwdu|
jhqhudo htxloleulxp prghov ri wkh exvlqhvv f|foh1 Vr wkh dqvzhu kdv wr eh edvhg
rq d wkhruhwlfdo prgho udwkhu wkdq rq dq hpslulfdo dg0krf pdfurhfrqrphwulf
prgho1 Zlwklq wklv iudphzrun wkhuh lv d qhz uroh iru hpslulfdo dqdo|vlv/ l1h1 wr
surylgh wkh hylghqfh rq wkh vw|ol}hg idfwv wr eh lqfoxghg lq wkh wkhruhwlfdo prgho
dgrswhg iru srolf| dqdo|vlv dqg wr ghflgh ehwzhhq frpshwlqj jhqhudo htxloleulxp
prqhwdu| prghov1 Wkh rshudwlrqdol}dwlrq ri wklv uhvhdufk surjudpph lv yhu| zhoo
ghvfulehg lq d uhfhqw sdshu e| Fkulvwldqr/ Hlfkhqedxp dqg Hydqv +^47`,1 Wkuhh
duh wkh uhohydqw vwhsv=

� prqhwdu| srolf| vkrfnv duh lghqwl�hg lq dfwxdo hfrqrplhv>

� wkh uhvsrqvh ri uhohydqw hfrqrplf yduldeohv wr prqhwdu| vkrfnv lv wkhq
ghvfulehg>

� wkh vdph h{shulphqw lv wkhq shuiruphg lq wkh prgho hfrqrplhv wr frpsduh
dfwxdo dqg prgho0edvhg uhvsrqvhv dv dq hydoxdwlrq wrro dqg d vhohfwlrq
fulwhulrq iru wkhruhwlfdo prghov1

Wr slq grzq pruh suhflvho| wkh v|pphwulhv dqg gl�huhqfhv ehwzhhq OVH0
w|sh vwuxfwxudo prghov dqg YDU prghov frqvlghu djdlq wkh fdvh ri wkh prqhwdu|
wudqvplvvlrq phfkdqlvp +PWP,1 Wkh wzr w|sh ri prghov kdyh d frpprq vwuxf0
wxuh zklfk zh kdyh uhsuhvhqwhg dv iroorzv=

D

�
\w

Pw

�
@ F+O,

�
\w�4
Pw�4

�
.E

�
�\w
�Pw

�
+614<,

Wkh pdlq gl�huhqfh ehwzhhq wkh wzr dssurdfkhv olhv lq wkh dlp iru zklfk prghov
duh hvwlpdwhg1

Wudglwlrqdo Frzohv Frpplvvlrq vwuxfwxudo prghov duh ghvljqhg wr lghqwli|
wkh lpsdfw ri srolf| yduldeohv rq pdfurhfrqrplf txdqwlwlhv lq rughu wr ghwhuplqh
wkh ydoxh wr eh dvvljqhg wr wkh prqhwdu| lqvwuxphqwv +P, wr dfklhyh d jlyhq
wdujhw iru wkh pdfurhfrqrplf yduldeohv +\,/ dvvxplqj h{rjhqhlw| ri wkh srolf|
yduldeohv lq P rq wkh jurxqg wkdw wkhvh duh wkh lqvwuxphqwv frqwuroohg e| wkh
srolf|pdnhu1 Lghqwl�fdwlrq lq wudglwlrqdo vwuxfwxudo prghov lv rewdlqhg zlwkrxw
dvvxplqj wkh ruwkrjrqdolw| ri vwuxfwxudo glvwxuedqfhv= uhphpehu wkdw zh kdyh
odehoohg dv vwuxfwxudo glvwxuedqfh lq wudglwlrqdo prghov dqg OVH prghov wkh
yhfwru �/ zkhuh �

�\w
�Pw

�
@ E

�
�\w
�Pw

�
Dv zh vkdoo vhh wkh lpsdfw ri prqhwdu| srolf| lv ghvfulehg e| g|qdplf pxowl0

solhuv/ zklfk ghvfleh wkh uhvsrqvh ri pdfurhfrqrplf yduldeohv wr d prgl�fdwlrq
lq wkh h{rjhqrxv prqhwdu| lqvwuxphqwv frqwuroohg e| wkh srolf| pdnhu1 G|qdplf
pxowlsolhuv duh wudglwlrqdoo| frpsxwhg zlwkrxw vhsdudwlqj fkdqjhv lq wkh prqh0
wdu| yduldeoh lqwr wkh h{shfwhg dqg xqh{shfwhg frpsrqhqwv1
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Wkh dvvxphg h{rjhqhlw| ri wkh prqhwdu| yduldeohv pdnhv wkh prgho lqydolg
iru srolf| dqdo|vlv li prqhwdu| srolf| uhdfwv hqgrjhqrxvo| wr wkh pdfurhfrqrplf
yduldeohv1 OVH phwkrgrorj| zrxog uhfrjqlvh wkh sureohp ri wkh lqydolg h{rjhqh0
lw| dvvxpswlrq iru P> lw zrxog wkhq surfhhg wr wkh lghqwl�fdwlrq ri dq dowhuqd0
wlyh hqodujhg prgho +suhvxpdeo| vxfk lghqwl�fdwlrq zloo eh rewdlqhg wkurxjk wkh
lpsrvlwlrq rq d0sulrul uhvwulfwlrqv rq wkh g|qdplfv ri wkh odjjhg yduldeohv,1 Krz0
hyhu/ wkh qhz prgho zrxog eh vwloo xvhg iru vlpxodwlrq dqg hfrqrphwulf srolf|
hydoxdwlrq/ zkhqhyhu wkh dssursuldwh frqfhsw ri h{rjhqhlw| +uhvshfwlyho|/ dv zh
vkdoo vhh/ vwurqj0h{rjhqhlw| dqg vxshu0h{rjhqhlw|, zkhuh vdwlv�hg e| wkh dgrswhg
vshfl�fdwlrq1

YDU prghoolqj zrxog uhmhfw wkh Frzohv Frpplvlrq lghqwli|lqj uhvwulfwlrqv dv
�lqfuhgleoh� iru uhdvrq qrw yhu| gl�huhqw iurp wkh rqhv slqqhg grzq e| wkh OVH
dssurdfk/ krzhyhu YDU prghov ri wkh wudqvplvvlrq phfkdqlvp duh qrw hvwlpdwhg
wr |lhog dgylfh rq wkh ehvw prqhwdu| srolf|> wkh| duh udwkhu hvwlpdwhg wr sur0
ylgh hpslulfdo hylghqfh rq wkh uhvsrqvh ri pdfurhfrqrplf yduldeohv wr prqhwdu|
srolf| lpsxovhv lq rughu wr glvfulplqdwh ehwzhhq dowhuqdwlyh wkhruhwlfdo prghov
ri wkh hfrqrp|1 Prqhwdu| srolf| dfwlrqv vkrxog eh lghqwl�hg xvlqj uhvwulfwlrqv
lqghshqghqw iurp wkh frpshwlqj prghov ri wkh wudqvplvvlrq phfkdqlvp xqghu
hpslulfdo lqyhvwljdwlrq/ wdnlqj lqwr dffrxqw wkh srwhqwldo hqgrjhqhlw| ri srolf|
lqvwuxphqwv1

Lq d vhulhv ri sdshuv/ Fkulvwldqr/ Hlfkhqedxp dqg Hydqv +^45`/ ^46`, dsso|
wkh YDU dssurdfk wr ghulyh �vw|ol}hg idfwv� rq wkh h�hfw ri d frqwudfwlrqdu|
srolf| vkrfn/ dqg frqfoxgh wkdw sodxvleoh prghov ri wkh prqhwdu| wudqvplvvlrq
phfkdqlvp vkrxog eh frqvlvwhqw dw ohdvw zlwk wkh iroorzlqj hylghqfh rq sulfh/
rxwsxw dqg lqwhuhvw udwhv=

+l, wkh djjuhjdwh sulfh ohyho lqlwldoo| uhvsrqgv yhu| olwwoh>
+ll, lqwhuhvw udwhv lqlwldoo| ulvh>
+lll, djjuhjdwh rxwsxw lqlwldoo| idoov/ zlwk d m 0vkdshg uhvsrqvh/ zlwk d }hur

orqj0uxq h�hfw ri wkh prqhwdu| lpsxovh1
Vxfk hylghqfh ohdgv wr wkh glvplvvdo ri wudglwlrqdo uhdo exvlqhvv f|foh prgho/

zklfk duh qrw frpsdwleoh zlwk wkh oltxlglw| h�hfw ri prqhwdu| srolf| rq lqwhuhvw
udwhv/ dqg ri wkh Oxfdv +^68`,prgho ri prqh|/ lq zklfk wkh h�hfw ri prqhwdu| sro0
lf| rq rxwsxw ghshqgv rq �sulfh plvshufhswlrqv�1 Wkh hylghqfh vhhpv wr eh pruh
lq olqh zlwk dowhuqdwlyh lqwhsuhwdwlrqv ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp
edvhg rq vwlfn| sulfhv prghov +Jrrgiulhqg dqg Nlqj ^44`,/ olplwhg sduwlflsdwlrq
prghov +Fkulvwldqr dqg Hlfkhqedxp ^44`, ru prghov zlwk lqghwhuplqdf|0vxqvsrw
htxloleuld +Iduphu ^54`,1

Kdylqj vwdwhg wkh remhfwlyh ri YDU prghov zh duh qrz lq wkh srvlwlrq ri
dvvhvvlqj krz wkh whfkqlfdo rssruwxqlwlhv iru lghqwl�fdwlrq/ hvwlpdwlrq dqg vlp0
xodwlrq duh h{sorlwhg wr dqdo|vh wkh PWP1 YDU prghov frqfhqwudwh rq vkrfnv1

Iluvw wkh uhohydqw vkrfnv duh lghqwl�hg/ wkh uhvsrqvh ri wkh v|vwhp wr vkrfnv
lv ghvfulehg e| dqdo|}lqj lpsxovh uhvsrqvhv +wkh sursdjdwlrq phfkdqlvp ri wkh
vkrfnv,/ iruhfdvwlqj huuru yduldqfh ghfrpsrvlwlrq/ dqg klvwrulfdo ghfrpsrvlwlrq1
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Iroorzlqj Dplvdqr dqg Jldqqlql +^4`,/ zh uhsuhvhqw wkh jhqhudo vwuxfwxudo
prgho ri lqwhuhvw dv iroorzv=

D

�
\w

Pw

�
@ F+O,

�
\w�4
Pw�4

�
.E

�
�\w
�Pw

�
+6153,

zkhuh\ dqgP duh yhfwruv ri pdfurhfrqrplf +qrq0srolf|, yduldeohv +h1j1 rxwsxw
dqg sulfhv, dqg yduldeohv frqwuroohg e| wkh prqhwdu| srolf|pdnhu +h1j1 lqwhuhvw
udwhv dqg prqhwdu| djjuhjdwhv frqwdlqlqj lqirupdwlrq rq prqhwdu| srolf| df0
wlrqv, uhvshfwlyho|1 Pdwul{ D ghvfulehv wkh frqwhpsrudqhrxv uhodwlrqv dprqj

wkh yduldeohv dqg F+O, lv d pdwul{ �qlwh0rughu odj srolqrpldo1 � �
�
�\

�P

�
lv

d yhfwru ri vwuxfwxudo glvwxuedqfhv wr wkh qrq0srolf| dqg srolf| yduldeohv qru0
pdoo| lqghshqghqwo| glvwulexwhg zlwk lghqwlw| yduldqfh0fryduldqfh pdwul{> qrq0
}hur r�0gldjrqdo hohphqwv ri E doorz vrph vkrfnv wr d�hfw gluhfwo| pruh wkdq
rqh hqgrjhqrxv yduldeoh lq wkh v|vwhp1

Wkh vwuxfwxudo prgho +915, lv qrw gluhfwo| revhuydeoh/ krzhyhu d YDU fdq eh
hvwlpdwhg dv wkh uhgxfhg irup ri wkh xqghuo|lqj vwuxfwxudo prgho =

�
\w

Pw

�
@D�4F+O,

�
\w�4
Pw�4

�
.

�
x\w
xPw

�
+6154,

zkhuh x ghqrwhv wkh YDU uhvlgxdo yhfwru/ qrupdoo| lqghshqghqwo| glvwulexwhg
zlwk ixoo yduldqfh0fryduldqfh pdwul{ 	1 Wkh uhodwlrq ehwzhhq wkh YDU uhvlgxdov
lq x dqg wkh vwuxfwxudo glvwxuedqfhv lq � lv wkhuhiruh=

D

�
x\w
xPw

�
@E

�
�\w
�Pw

�
+6155,

xqgrlqj wkh sduwlwlrqlqj zh kdyh

xw @D�4E�w

iurp zklfk zh fdq ghulyh wkh uhodwlrq ehwzhhq wkh yduldqfh0fryduldqfh pdwul{
ri xw +revhuyhg, dqg wkh yduldqfh0fryduldqfh pdwul{ ri �w +qrw revhuyhg, dv
iroorzv=

H +xwx
3
w, @D�4EH + w 

3
w,E

3D�4=

Vxevwlwxwlqj srsxodwlrq prphqwv zlwk vdpsoh prphqwv zh kdyh=

e	 @ eD�4 eELeE3 eD�4

e	 frqwdlqv q+q.4,
5

gl�huhqw hohphqwv/ wklv lv wkh pd{lpxp qxpehu ri lghq0
wl�deoh sdudphwhuv lq pdwulfhv D dqg E/ whuhiruh lghqwli|lqj uhvwulfwlrqv duh
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lpsrvhg rq wkhvh pdwulfhv1 Zh vkdoo dqdo|}h wkh gl�huhqw w|sh ri lghqwli|lqj uh0
vwulfwlrqv lq rqh ri wkh qh{w fkdswhuv/ ghyrwhg wr YDU prghov1 Rqfh vkrfn kdyh
ehhq lghqwl�hg/ wkh g|qdplf surshuwlhv ri wkh v|vwhp fdq eh ghvfulehg e| dqd0
o|}lqj wkh uhvsrqvh ri doo yduldeohv lq wkh v|vwhp wr vxfk vkrfnv1 Qrwh wkdw YDU
prghov gr qrw lqfoxgh h{solflwo| h{shfwdwlrqv dqg pljkw wkhuhiruh eh vxemhfw wr
wkh Oxfdv fulwltxh1 Wkh jhqhudo ghihqvh ri YDU prghoohuv djdlqvw wkh Oxfdv ful0
wltxhv uholhv xsrq wkh idfw wkdw wkh yduldeohv vkrfnhg duh wkh vkrfnv dqg wkhuhiruh
wkh hvwlpdwhg sdudphwhuv duh qrw prgl�hg iru vlpxodwlrq sxusrvhv1

619 Lghqwl�fdwlrq lq lqwhuwhpsrudoo| rswlpl}hg prghov

Wkh qdwxudo rxwfrph ri wkh Oxfdv fulwltxh duh lqwhuwhpsrudoo| rswlpl}hg prg0
hov lq zklfk ghhs sdudphwhuv/ lqghshqghqw iurp d sduwlfxodu srolf| uhjlph/ duh
lghqwl�hg vhsdudwho| iurp h{shfwdwlrqdo sdudphwhuv/ vshfl�f wr srolf| uhjlphv1
Wkh lqwhuwhpsrudo rswlplvdwlrq dssurdfk wr pdfurhfrqrplfv ohdgv qdwxudoo| wr
d iudphzrun iru lghqwl�fdwlrq dqg hvwlpdwlrq ri wkh ghhs sdudphwhuv ri lqwhuhvw1
Lq idfw wkh �uvw rughu frqglwlrq iru wkh vroxwlrq ri lqwhuwhpsrudo rswlpl}dwlrq
sureohpv duh ruwkrjrqdolw| frqglwlrqv zklfk fdq eh h{sorlwhg iru lghqwl�fdwlrq
dqg hvwlpdwlrq ri wkh vwuxfwxudo sdudphwhuv ri lqwhuhvw1 Wr looxvwudwh wkh srlqw
frqvlghu wkh vlpsohvw srvvleoh yhuvlrq ri wkh lq dwlrq wdujhwlqj sureohp/ vhh
Vyhqvvrq +^54`,1 Wkh fhqwudo edqn idfhv wkh iroorzlqj lqwhuwhpsrudo rswlplvdwlrq
sureohp=

Plqlpl}h Hwl @ 3
4[
�lOw.l +6156,

zkhuh=

O @
4

5

k
+�w � ��,5 . �{5w

l
+6157,

zkhuh Hw ghqrwhv h{shfwdwlrqv frqglwlrqdo xsrq wkh lqirupdwlrq vhw dydlodeoh
dw wlph w/ � lv wkh uhohydqw glvfrxqw idfwru/ O lv wkh orvv ixqfwlrq ri wkh fhqwudo
edqn/ �w lv lq dwlrq dw wlph w/ �� lv wkh wdujhw ohyho ri lq dwlrq/ { uhsuhvhqwv
ghyldwlrqv ri rxwsxw iurp lwv qdwxudo ohyho/ � lv d sdudphwhu zklfk ghwhuplqhv
wkh ghjuhh ri  h{lelolw| lq lq dwlrq wdujhwlqj1 Zkhq � @ 3 wkh fhqwudo edqn lv
gh�qhg dv d vwulfw lq dwlrq wdujhwhu1 Dv wkh prqhwdu| lqvwuxphqw lv wkh srolf|
udwh/ lw / wkh vwuxfwxuh ri wkh hfrqrp| pxvw eh ghvfulehg wr rewdlq dq h{solflw
irup iru wkh srolf| uxoh1 Zh frqvlghu wkh iroorzlqj vshfl�fdwlrq iru djjuhjdwh
vxsso| dqg ghpdqg lq d forvhg hfrqrp|;=

{w.4 @ �{{w � �u
�
lw �Hw�w.4�

b

u
�
. xgw.4 +6158,

HDv zh vkdoo vhh lq rqh ri wkh qh{w fkdswhu wkhvh wzr ixqfwlrq duh wkh rxwfrph ri wkh
vroxwlrqv ri lqwhuwhpsrudo rswlplvdwlrq sureohpv e| djhqwv lq wkh sulydwh vhfwru1
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�w.4 @ �w .�{{w . xvw.4 +6159,

Qrwh wkdw pdfurhfrqrplf yduldeohv gr qrw uhdfw frqwhpsrudqhrxvo| wr wkh lq0
vwuxphqw ri prqhwdu| srolf|/ wklv lv d �uvw lghqwli|lqj uhvwulfwlrq iru wkh uhohydqw
sdudphwhuv lq wkh prgho1 Dv vkrzq lq Vyhqvvrq +^54`,/ wkh �uvw rughu frqglwlrqv
iru rswlpdolw| pd| eh zulwwhq dv iroorzv=

gO

glw
@ +Hw�w.5 � ��, @ � �

��{n
Hw{w.4 +615:,

n @ 4.
��n

� . ��5{n
+615;,

+:=8<, duh ruwkrjrqdolw| frqglwlrqv lqyroylqj doo wkh ghhs sdudphwhuv ghvfule0
lqj wkh vwuxfwxuh ri suhihuhqfhv ri wkh fhqwudo edqnhu/ ��> �> � dqg mxvw rqh sd0
udphwhu frplqj iurp wkh vwuxfwxuh ri wkh hfrqrp|/ �{= E| xvlqj +:=8;, lq +:=8:,
zh rewdlq=

Hw�w.5 @ Hw�w.4 .�{^�{{w � �u+lw �Hw�w.4�
b

u,` +615<,

dqg e| vxevwlwxwlqj +:=94, lq +:=8<, zh ghulyh dq lqwhuhvw udwh uxoh=

lw @
b

u .�� .
�
4 . �{�u
�{�u

�
+Hw�w.4 � ��, . +6163,

.
�{
�u

{w .
�

��{n

4

�{�u
Hw{w.4=

Wkh sdudphwhuv lq wkh lqwhuhvw udwh uxoh +:=95, duh frqyroxwlrqv ri wkh sd0
udphwhuv ghvfulelqj fhqwudo edqnv suhihuhqfhv +��> �> �, dqg ri wkrvh ghvfulelqj
wkh vwuxfwxuh ri wkh hfrqrp|

�
�{> �u > �{>

b

u
�
= Lw lv wkhq lpsrvvleoh wr dvvhvv iurp

wkh hvwlpdwlrq ri wkh uxoh li wkh uhvsrqvhv ri fhqwudo edqnv wr rxwsxw dqg lq0
 dwlrq duh frqvlvwhqw zlwk wkh sdudphwhuv ghvfulelqj wkh lpsdfw ri wkh srolf|
lqvwuxphqw rq wkhvh yduldeohv1 Qrwh/ iru h{dpsoh/ wkdw wkh hvwlpdwlrq ri dq lq0
whuhvw udwh uxoh uhodwlqj wkh srolf| udwh wr wkh rxwsxw jds dqg wr wkh ghyldwlrq ri
h{shfwhg lq dwlrq iurp wdujhw grhv qrw khos wr glvwlqjxlvk d vwulfw lq dwlrq wdu0
jhwhu +� @ 3/ lq wkh whuplqrorj| ri Vyhqvvrq, > iurp d  h{leoh lq dwlrq wdujhwhu
+� A 3, =

Lq idfw/ wkhuh lv rqo| rqh hpslulfdo lpsolfdwlrq ri wkh uxoh zklfk fdq eh
frqiurqwhg zlwk wkh gdwd lqghshqghqwo| iurp wkh lghqwl�fdwlrq ri wkh sdudph0
whuv ri lqwhuhvw/ qdpho| zkhwkhu wkh sdudphwhu ghvfulelqj wkh uhdfwlrq ri sro0
lf| udwhv wr d jds ehwzhhq h{shfwhg dqg wdujhw lq dwlrq lv odujhu wkdq rqh1 D
prqhwdu| srolf| zklfk dffrpprgdwhv fkdqjhv lq lq dwlrq/ Clw

CHw�w.4
� 4>zloo qrw
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lq jhqhudo frqyhujh wr wkh wdujhw udwh ��1 Wklv hpslulfdo suhglfwlrq lv wkh rqh
zklfk kdv dwwudfwhg prvw ri wkh glvfxvvlrq rq hvwlpdwhg prqhwdu| srolf| uxohv
+vhh Fodulgd/Jdol dqg Jhuwohu> ^7`> ^:`> ^;`,1

E| frpsdulqj wkh �uvw rughu frqglwlrqv iru rswlpdolw|/ nqrzq dv Hxohu htxd0
wlrqv/ zlwk wkh h{solflw lqwhuhvw udwh uxoh zh qrwh wkdw wkh ghhs sdudphwhuv ri
lqwhuhvw duh pxfk pruh hdvlo| lghqwl�deoh iurp +:=8<, = Lq idfw/ zkloh lq rxu vshfl�f
h{dpsoh +:=8<, ghshqg pdlqo| rq ghhs sdudphwhuv ghvfulelqj wdvwh dqg whfkqro0
rj|/ wkhuh duh pdfurhfqrplf dssolfdwlrqv lq zklfk wkh Hxohu htxdwlrqv ghshqg
rqo| rq wkhvh sdudphwhuv1 Wkh lghqwl�fdwlrq dqg hvwlpdwlrq vwudwhj| qdwxudoo|
frqvlvwhqw zlwk wkh lqwhuwhpsrudo rswlpl}dwlrq dssurdfk/ lv wkhq wr ghulyh �uvw
wkh Hxohu htxdwlrq dqg xvh wkhp wr slq grzq wkh ghhs sdudphwhuv ri lqwhuhvw1
Wklv vwhs fdq eh dfklhyhg e| dsso|lqj dq hvwlpdwlrq phwkrg gluhfwo| edvhg rq
ruwkrjrqdolw| frqglwlrqv/ wkh Jhqhudolvhg Phwkrg ri Prphqwv1 Qxphulfdo ydoxhv
wr wkh uhpdlqlqj sdudphwhuv lq wkh prgho duh wkhq dwwulexwhg/ qrw qhfhvvdulo|
e| hvwlpdwlrq1 Wkhq prghov duh vlpxodwhg dqg hydoxdwhg e| frpsdulqj dfwxdo
gdwd zlwk vlpxodwhg gdwd1

Lq wkh qh{w fkdswhuv ri wkh errn zh vkdoo frqvlghu pruh ghhso| doo wkh gl�huhqw
dssurdfkhv wr pdfurhfrqrphwulf prghoolqj e| frqvlghulqj d frpprq pdfurhfr0
qrplf lvvxh= wkh dqdo|vlv ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp1



UHIHUHQFHV

Dplvdqr J1/ Jldqqlql F1+4<<:, Wrslfv lq Vwuxfwxudo YDU Hfrqrphwulfv/ vhfrqg
hglwlrq/ Vsulqjhu Yhuodj/ Qhz \run

Fkulvwldqr O1M1 dqg P1 Hlfkhqedxp +4<<5, �Oltxlglw| H�hfwv dqg wkh Prqhwdu|
Wudqvplvvlrq Phfkdqlvp�/ Dphulfdq Hfrqrplf Uhylhz/ ;5/ 5/ 6790686

Fkulvwldqr O1M1/ P1 Hlfkhqedxp dqg F1O1 Hydqv +4<<9d, �Wkh H�hfwv ri Prqh0
wdu| Srolf| Vkrfnv= Hylghqfh iurp wkh Iorz ri Ixqgv�/ Uhylhz ri Hfrqrplfv
dqg Vwdwlvwlfv/ :;/ 49067

Fkulvwldqr O1M1/ P1 Hlfkhqedxp dqg F1O1 Hydqv +4<<9e, �Prqhwdu| Srolf|
Vkrfnv dqg wkhlu Frqvhtxhqfhv= Wkhru| dqg Hylghqfh�/ sdshu suhvhqwhg dw
LVRP 4<<9

Fkulvwdqr O1M1/ P1Hlfkhqedxp dqg F1Hydqv +4<<;, �Prqhwdu| Srolf| vkrfnv=
zkdw kdyh zh ohduqhg dqg wr zkdw hqgB� QEHU zrunlqj sdshu 9733

Fodulgd U1/ M1 Jdol dqg P1 Jhuwohu +4<<:, �Wkh vflhqfh ri prqhwdu| srolf|�/
plphr/ Qhz \run Xqlyhuvlw|

Fodulgd U1/ M1 Jdol dqg P1 Jhuwohu +4<<;, �Prqhwdu| srolf| uxohv lq sudf0
wlfh=vrph lqwhuqdwlrqdo hylghqfh� Hxurshdq Hfrqrplf Uhylhz/ 75/

Fodulgd U1/ M1Jdol dqg P1Jhuwohu +4<<;,�Prqhwdu| srolf| uxohv dqg pdfurhfr0
qrplf vwdelolw|= hylghqfh dqg vrph wkhru|�/ QEHU zrunlqj sdshu Qr1 9775

Iduphu U1H1D1 +4<<:, �Prqh| lq d Uhdo Exvlqhvv F|foh Prgho�/ plphr/ Ghsw1
ri Hfrqrplfv/ XFOD

Jldqqlql F1 +4<<5, Wrslfv lq Vwuxfwxudo YDU Hfrqrphwulfv/ Ohfwxuh Qrwhv lq
Hfrqrplfv dqg Pdwkhpdwlfdo V|vwhpv/ Vsulqjhu0Yhuodj

Jrrgiulhqg P 1 dqg U1Nlqj +4<<:, �Wkh qhz qhrfodvvlfdo v|qwkhvlv dqg wkh
uroh ri prqhwdu| srolf|�/ QEHU Pdfurhfrqrplfv Dqqxdo 4<<:/ PLW Suhvv

Kdplowrq M1 +4<<7, Wlph0Vhulhv Dqdo|vlv/ Sulqfhwrq/ Sulqfhwrq Xqlyhuvlw| Suhvv/
Khqgu| G1I1 +4<<8, G|qdplf Hfrqrphwulfv R{irug Xqlyhuvlw| Suhvv
Oxfdv U1H1 Mu1 +4<:5, �H{shfwdwlrqv dqg wkh Qhxwudolw| ri Prqh|�/ Mrxuqdo ri
Hfrqrplf Wkhru|/ 7/ Dsulo/ 4360457

Oxfdv U1H1 Mu1 +4<:9, �Hfrqrphwulf Srolf| Hydoxdwlrq= D Fulwltxh�/ lq N1 Euxq0
qhu dqg D1 Phow}hu +hgv1, Wkh Skloolsv fxuyh dqg oderu pdunhwv/ Dpvwhugdp/
Qruwk0Kroodqg

Mrkdqvhq V1/ Mxvholxv N1 +4<<7,/ Lghqwl�fdwlrq ri wkh Orqj0uxq dqg wkh Vkruw0
Uxq Vwuxfwxuh1 Dq dssolfdwlrq wr wkh LV0OP prgho1 Mrxuqdo ri Hfrqrphw0
ulfv/96/ :069

Shvdudq P1K1/ Vplwk U1+4<<7, Wkhru| dqg Hylghqfh lq Hfrqrplfv/ Mrxuqdo ri
Hfrqrphwulfv

Vdujdq G1 +4<97, Zdjhv dqg Sulfhv lq wkh Xqlwhg Nlqjgrp= D Vwxg| lq Hfrqr0
phwulf Phwkrgrorj|/ lq S1H1 Kduw/ J1Ploov dqg M1N1 Zklwdnhu +hgv1,/ Hfrqr0
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phwulf Dqdo|vlv ri Qdwlrqdo Hfrqrplf Sodqqlqj/ Orqgrq/ Exwwhuzruwk/ 58096
Vlpv F1D1 +4<;3, �Pdfurhfrqrplfv dqg Uhdolw|�/ Hfrqrphwulfd/ 7;/ 407;
Vsdqrv D1+4<;9B,�Lghqwl�fdwlrq1111 D uhfrqvlghudwlrq� Mrxuqdo ri Hfrqrphwulfv
Vyhqvvrq O1H1R1 +4<<:, �Lq dwlrq Iruhfdvw Wdujhwlqj= Lpsohphqwlqj dqg Prq0
lwrulqj Lq dwlrq Wdujhwv�/ Hxurshdq Hfrqrplf Uhylhz/ 74/ 444404479
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714 Lqwurgxfwlrq

Wkh wudglwlrqdo/ xvxdoo| uhihuuhg wr wkh Frzohv Frpplvvlrq/ dssurdfk wr hfrqr0
phwulf prghoolqj ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp lv dlphg dw wkh txdq0
wlwdwlyh hydoxdwlrq ri wkh h�hfwv ri prgl�fdwlrq lq wkh yduldeohv frqwuroohg e|
wkh prqhwdu| srolf| pdnhu +wkh lqvwuxphqwv ri prqhwdu| srolf|, rq wkh pdfurh0
frqrplf yduldeohv zklfk uhsuhvhqwv wkh �qdo jrdov ri wkh srolf| pdnhu1 Zh fdq
lghqwli| wkuhh vwdjhv lq wkh wudglwlrqdo dssurdfk=

� vshfl�fdwlrq dqg lghqwl�fdwlrq ri wkh wkhruhwlfdo prgho>

� hvwlpdwlrq ri wkh uhohydqw sdudphwhuv/ dqg dvvhvvphqw ri wkh g|qdplf surs0
huwlhv ri wkh prgho/ zlwk sduwlfxodu hpskdv|v iru wkh orqj0uxq surshuwlhv>

� vlpxodwlrq ri wkh h�hfwv ri prqhwdu| srolflhv1

Zh kdyh douhdg| glvfxvvhg wkh Frzohv Frpplvvlrq dssurdfk wr vshfl�fdwlrq
dqg lghqwl�fdwlrq lq wkh suhylrxv fkdswhuv1

Ehiruh looxvwudwlqj wkh dssurdfk dw zrun zh vkdoo ghyrwh vhfwlrqv wr wkh glv0
fxvvlrq ri hvwlpdwlrq/ vlpxodwlrq dqg srolf| hydoxdwlrq1

715 Hvwlpdwlrq lq wkh Frzohv Frpplvvlrq Dssurdfk

Wkh fuxfldo ihdwxuhv lq wkh lghqwl�fdwlrq0vshflifdwlrq vwdjh/ zklfk duh zhoo vkrzq
e| rxu LV0OP0DG0DV h{dpsoh/ lv wkdw wkh vshfl�hg hpslulfdo prgho lv xvxdoo|
orrvho| uhodwhg wr wkhruhwlfdo prghov dqg wkdw lghqwl�fdwlrq lv dfklhyhg e| lp0
srvlqj pdq| d0sulrul uhvwulfwlrqv gholyhulqj h{rjhqhlw| vwdwxv wr d qxpehu ri
yduldeohv1 Dv d frqvhtxhqfh/ lghqwl�fdwlrq lv hdvlo| dfklhyhg zlwklq Frzohv Frp0
plvvlrq prghov/ xvxdoo| zlwk d odujh qxpehu ri ryhu0lghqwli|lqj uhvwulfwlrqv1 Zh
kdyh dovr vhhq wkdw fulwlflvpv ri wklv dssurdfk dwwulexwhv wkh urrwv ri lwv idloxuh
lq wkh lpsrvlwlrq ri wrr pdq| uhvwulfwlrqv dqg lq wkhlu lqfdsdelolw| ri uhfryhulqj
wkh vwuxfwxudo ghhs sdudphwhuv ri hfrqrplf lqwhuhvw/ ghvfulelqj suhihuhqfh ri wkh
djhqwv dqg wkh vdwxv ri whfkqrorj|1

Krzhyhu lw lv lqwhuhvwlqj wr qrwh wkdw wudglwlrqdo prghoolqj zdv lq d vhqvh
dzduh ri wkh suhvhqfh ri vrph plv0vshfl�fdwlrq lq wkh hvwlpdwhg htxdwlrqv1 Vxfk
suhvhqfh ri plv0vshfl�fdwlrq uhvxowhg lq ghsduwxuh iurp wkh frqglwlrqv zklfk
zduudqw wkdw ROV hvwlpdwruv duh EOXH1 Wkh vroxwlrq sursrvhg zdv qrw uh0
vshfl�fdwlrq exw udwkhu prgl�fdwlrq ri wkh hvwlpdwlrq whfkqltxhv1 Wklv lv zhoo
uh hfwhg lq wkh vwuxfwxuh ri wkh wudglwlrqdo wh{werrnv/ vhh iru h{dpsoh Jrog0
ehujhu +^8`,/ Mrkqvwrq/ zkhuh wkh ROV hvwlpdwru lv lqwurgxfhg �uvw dqg wkhq
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gl�huhqw hvwlpdwruv duh frqvlghuhg dv vroxwlrqv wr gl�huhqw sdwkrorjlhv lq wkh
prgho uhvlgxdov1 Sdwkrorjlhv duh lghqwl�hg dv ghsduwxuhv iurp wkh dvvxpswlrqv
zklfk jxdudqwhh wkdw ROV duh EOXH1 L wklqn wkdw lw lv e| qrz yhu| zhoo hvwde0
olvkhg wkdw fruuhfwlqj wkh hvwlpdwru lv d vwudwhj| fohduo| lqihulru wr lpsurylqj wkh
vshfl�fdwlrq/ l1h1 fruuhfwlqj wkh prgho1 Qhyhuwkhohvv/ zh ghyrwh vrph vsdfh wr
wkh glvfxvvlrq ri dowhuqdwlyh hvwlpdwruv lq wkdw wkh| frxog eh d odvw uhvruw/ wr eh
xvhg zkhq prghov frxog qrw eh lpsuryhg iru odfn ri wkh qhfhvvdu| lqirupdwlrqv1

71514 Khwhurvfhgdvwlflw|/ dxwrfruuhodwlrq dqg wkh JOV hvwlpdwru

Ohw xv uhfrqvlghu wkh vlqjoh htxdwlrq prgho ri Fkdswhu 4/ wr jhqhudol}h lw wr
wkh fdvh lq zklfk wkh k|srwkhvhv ri gldjrqdolw| dqg frqvwdqfh ri wkh frqglwlrqdo
yduldqfhv0fryduldqfh pdwul{ ri wkh uhvlgxdov gr qrw krog=

| @ [� . � +714,

� � q=l=g=
�
3>�5


�
zkhuh wkh yhfwru | frqwdlqv W revhuydwlrqv rq wkh ghshqghqw yduldeohv/ [

frqwdlqv +W � N, revhuydwlrqv rq wkh N h{sodqdwru| yduldeohv h{rjhqrxv iru
wkh hvwlpdwlrq ri wkh yhfwru +N � 4, �/ dqg 
 lv d +W � W , v|pphwulf dqg
srvlwlyh gh�qlwh pdwul{1 Zkhq wkh ROV hvwlpdwru lw lv dssolhg wr prgho +7=4, lw
gholyhuv hvwlpdwruv zklfk duh frqvlvwhqw exw qrw h!flhqw/ pruhryhu wkh wudglwlrqdo
irupxod iru wkh yduldqfh0fryduldqfh pdwul{ ri wkh ROV hvwlpdwruv/ �5 +[3[,�4/
lv zurqj dqg lw ohdgv wr lqfruuhfw lqihuhqfh1 Lq idfw/ e| xvlqj wkh vwdqgdug dojheud
ri Fkdswhu 4 lw fdq eh vkrzq wkdw wkh fruuhfw irupxod iru wkh yduldqfh0fryduldqfh
pdwul{ ri wkh ROV hvwlpdwru lv=

�5 +[3[,
�4
[3
[ +[3[,

�4
=

D jhqhudo vroxwlrq wr wklv sureohp lv irxqg lq jhqhudo e| uhphpehulqj wkdw
wkh lqyhuvh ri d v|pphwulf gh�qlwh srvlwlyh pdwul{ lv dovr v|pphwulf dqg gh�qlwh
srvlwlyh dqg wkdw iru d jlyhq pdwul{ 
> v|pphwulf dqg gh�qlwh srvlwlyh/ lw dozd|v
h{lvwv d +W � W , qrq0vlqjxodu pdwul{ N vxfk wkdw N3N @ 
�4 dqg N
N3@ LW =

Wr �qg krz wkh vroxwlrq lv lpsohphqwhg frqvlghu wkh uhjuhvvlrq prgho re0
wdlqhg e| suh0pxowlso|lqj erwk wkh uljkw kdqg vlgh dqg wkh ohiw kdqg vlgh ri +7=4,
e| N =

N| @N[� .N� +715,

N� � q=l=g=
�
3>�5LW

�
=

Wkh ROV hvwlpdwru ri wkh sdudphwhuv ri wudqviruphg prgho +7=5, vdwlv�hv doo
wkh frqglwlrqv iru wkh dssolfdwlrqv ri wkh Jdxvv0Pdunry wkhruhp/ wkhuhiruh wkh
hvwlpdwru
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e�JOV @ +[3N3N[,
�4
[3N3N|

@
�
[3
�4[

��4
[3
�4|

nqrzq dv wkh Jhqhudolvhg Ohdvw Vtxduhv hvwlpdwru/ lv EOXH1 Wkh yduldqfh ri
wkh JOV hvwlpdwru/ frqglwlrqdo xsrq [/ ehfrphv

Y du

�
a

�JOV m[
�
@ �5

�
[3
�4[

��4
Qrwh wkdw/ iurp wkh dssolfdelolw| ri wkh Jdxvv0Pdunry wkhruhp/ lw iroorzv

lpphgldwho| wkdw wkh yduldqfh ri wkh JOV hvwlpdwru lv htxdo wr wkh vxp ri wkh
yduldqfh ri dq| rwkhu olqhdu hvwlpdwru dqg d srvlwlyh vhpl0gh�qlwh pdwul{1 Frq0
vlghu iru h{dpsoh wkh yduldqfh ri wkh ROV dqg ri wkh JOV hvwlpdwruv1 Xvlqj wkh
idfw wkdw li D dqg E duh srvlwlyh gh�qlwh dqg D�E lv srvlwlyh vhpl0gh�qlwh/
wkhq E�4�D�4 lv dovr srvlwlyh vhpl0gh�qlwh/ zh kdyh=

�
[3
�4[

�� +[3[, +[3
[,
�4

+[3[,

@ [3N3N[� +[3[,
�
[3N�4 +N3,�4[

��4
+[3[,

@ [3N3
�
L� +N3,�4[

�
[3N�4 +N3,�4[

��4
[
3
N�4

�
N[

@ [3N3P3
ZPZN[

Z @ +N3,�4[

PZ @
�
L�Z +Z3Z,

�4
Z

3�
Wkh dssolfdelolw| ri wkh JOV hvwlpdwru uhtxluhv dq hpslulfdo vshfl�fdwlrq

iru wkh pdwul{ N= Zh frqvlghu khuh wzr vshfl�f dssolfdwlrqv/ zkhuh dssursuldwh
fkrlfh ri wkh vxfk pdwul{ ohdgv wr �{ sureohpv lq wkh ROV hvwlpdwru jhqhudwhg
uhvshfwlyho| e| wkh suhvhqfh ri �uvw rughu vhuldo fruuhodwlrq dqg ri khwhurvfhgdv0
wlflw| lq wkh uhvlgxdov1

Frqvlghu �uvw wkh fdvh ri �uvw rughu vhuldo fruuhodwlrq lq wkh uhvlgxdov/ zh kdyh
wkh iroorzlqj prgho=

|w @ {3w�.xw
xw @ �xw�4 . �w

�w � q=l=g=
�
3> �5�

�
zklfk/ xvlqj rxu jhqhudo qrwdwlrq/ fdq eh uh0zulwwhq dv=
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| @ [� . � +716,

� � q=l=g=
�
3>�5


�
�5 @

�5�
4� �5

+717,


 @

59999997
4 � �5 = = �W�4

� 4 � = = �W�5

�5 = 4 = = =
= = = = = =

�W�5 = = � 4 �
�W�4 �W�5 = = � 4

6::::::8
Lq wklv fdvh wkh nqrzohgjh ri wkh sdudphwhu � doorzv wkh hpslulfdo lpsoh0

phqwdwlrq ri wkh JOV hvwlpdwru1 Dq lqwxlwlyh surfhgxuh wr lpsohphqw wkh JOV
hvwlpdwru/ frxog wkhq eh wkh iroorzlqj=

� hvwlpdwh wkh yhfwru � e| ROV dqg vdyh wkh yhfwru ri uhvlgxdov exw
� uhjuhvv exw rq exw�4 wr rewdlq dq hvwlpdwh e� ri �

� frqvwuxfw wkh wudqviruphg prgho dqg uhjuhvv +|w � e�|w�4, rq +{w � e�{w�4,
wr rewdlq wkh JOV hvwlpdwru ri wkh yhfwru ri sdudphwhuv ri lqwhuhvw1

Qrwh wkdw wkh deryh surfhgxuh/ nqrzq dv wkh Frfkudqfh0Rufxww surfhgxuh/
frxog eh lwhudwhg xqwlo frqyhujhqfh1

Lq wkh fdvh ri khwhurvfhgdvwlflw| rxu jhqhudo prgho ehfrphv

| @[� . � +718,

� � q=l=g= +3>
, +719,


 @

59999997
�54 3 3 = = 3
3 �55 3 = = 3
= = = = = =
= = = = = =
3 = = 3 �5W�4 3
3 3 = = 3 �5W

6::::::8
Lq wklv fdvh/ lq rughu wr frqvwuxfw wkh JOV hvwlpdwru/ zh qhhg wr prgho

khwhurvfhgdvflw| fkrrvlqj dssursuldwho| wkh N pdwul{1 Zklwh +^49`, sursrvhv d
vshfl�fdwlrq edvhg rq wkh frqvlghudwlrq wkdw lq wkh fdvh ri khwhurvfhgdvwlflw| wkh
yduldqfh0fryduldqfh pdwul{ ri wkh ROV hvwlpdwru wdnhv wkh irup=
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�5 +[3[,
�4
[3
[ +[3[,

�4

zklfk frxog eh xvhg iru lqihuhqfh/ rqfh dq hvwlpdwru iru 
 lv dydlodeoh1 Wkh
iroorzlqj xqeldvhg hvwlpdwru ri 
 lv sursrvhg

a

 @

59999997
ex54 3 3 = = 3
3 ex55 3 = = 3
= = = = = =
= = = = = =
3 = = 3 ex5W�4 3
3 3 = = 3 ex5W

6::::::8
Dowhuqdwlyh prghov iru khwhurvfhgdvwlflw|/ nqrzq dv DUFK +Dxwruhjuhvvlyh

Frqglwlrqdo Khwhurvfhgdvwlflw|, surfhvvhv/ xvhixo iru kljk0iuhtxhqf| �qdqfldo vh0
ulhv/ dqg edvhg xsrq vlpxowdqhrxv prghoolqj ri wkh �uvw wzr prphqwv ri wlph0
vhulhv surfhvvhv kdyh ehhq sursrvhg e| Hqjoh+^7`, dqg Eroohuvohy+^4`, =

71515 Hqgrjhqhlw|

Wkh hvwlpdwlrq ri vlpxowdqhrxv v|vwhp qhhgv wkh vroxwlrq ri d sureohp/ lqghshq0
ghqw ri plv0vshfl�fdwlrq/ zklfk kdv surpswhg prvw ri wkh dgydqfhv lq hvwlpdwlrq
wkhru| zlwklq wkh Frzohv Frpplvvlrq dssurdfk= vlpxowdqhlw|1

Wr glvfxvv vlpxowdqhlw| zh frqvlghu wkh iroorzlqj uhsuhvhqwdwlrq ri d prgho
ri lqwhuhvw=

E|w . �}w @ xw +71:,

xw � q=l=g= +3>	,

zkhuh |w lv d +J� 4, yhfwru ri hqgrjhqrxv yduldeohv/ }w lv d +P � 4, yhfwru
ri h{rjhqrxv yduldeohv/ wkhvh yduldeohv duh frqvlghuhg h{rjhqrxv lq wkdw wkh|
duh ruwkrjrqdo wr uhvlgxdov1 Wkhuhiruh/ lq wkh fdvh ri d g|qdplf vshfl�fdwlrq/
lw frqwdlqv doo frqwhpsrudqhrxv yduldeohv frqvlghuhg ruwkrjrqdo wr uhvlgxdov/
wkhlu odjv/ dqg wkh odjv ri wkh yduldeohv |w= E dqg � duh pdwulfhv ri sdudphwhuv/
uhvshfwlyho| +J�J, dqg +J�P, = Xvlqj pdwul{ qrwdwlrq zh fdq uhsuhvhqw +7=:,
dowhuqdwlyho| dv iroorzv=

E|3 .�}3 @ x3 +71;,

zkhuh | lv d +W �J, pdwul{/ } lv d +W �P, pdwul{ dqg x lv d +W �J, pdwul{1
Wr looxvwudwh wkh sureohpv zlwk wkh ROV hvwlpdwru jhqhudwhg e| hqgrjhqhlw|

frqvlghu wkh �uvw htxdwlrq ri prgho/ zklfk zh zulwh dv
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|4 @ {4�4 .x4 +71<,

zkhuh |4 lv d +W � 4, yhfwru frqwdlqlqj doo wkh revhuydwlrqv rq wkh �uvw hq0
grjhqrxv yduldeoh lq wkh prgho/ {4 lv d +W � +J4 .P4 � 4,, frqwdlqlqj doo re0
vhuydwlrqv rq wkh P4 h{rjhqrxv yduldeohv lqfoxghg lq wkh �uvw htxdwlrq dqg rq
wkh J4�4 frqwhpsrudqhrxv hqgrjhqrxv yduldeohv lqfoxghg lq wkh �uvw htxdwlrq1
Jlyhq wkdw wkh pdwul{ {4 frqwdlqv vrph hqgrjhqrxv yduldeohv/ lq jhqhudo zh
kdyh=

s olp
4

W
{34x4 9@ 3 +7143,

dqg wkh ROV hvwlpdwru ri wkh sdudphwhuv ri lqwhuhvw lv qrw frqvlvwhqw1 Frq0
glwlrq +7=43, lv lpphgldwho| xqghuvwrrg e| uhihuulqj wr wkh uhgxfhg irup ri wkh
v|vwhp +7=:,

|w @ E�4�}w .E�4xw +7144,

xw � q=l=g= +3>	,

zklfk vkrzv wkdw/ zlwk wkh h{fhswlrq ri vshfldo frq�jxudwlrqv iru wkh pdwulfhv
E dqg 	> doo hqgrjhqrxv yduldeohv duh fruuhodwhg zlwk doo uhvlgxdov lq x4=

71516 JLYH hvwlpdwruv

Wkh Jhqhudol}hg Lqvwuxphqwdo Yduldeohv +JLY H, hvwlpdwru lv ghulyhg e| frq0
vlghulqj wkdw/ lq wkh vlpxowdqhrxv prgho/ frqglwlrq +7=43, krogv exw zh kdyh
dovr

s olp
4

W
}3x4 @ 3 +7145,

wkhuhiruh d frqvlvwhqw hvwlpdwru ri wkh sdudphwhuv ri lqwhuhvw fdq eh ghulyhg e|
vroylqj wkh iroorzlqj v|vwhp ri htxdwlrqv=

}3ex4 @ 3 +7146,

}3
�
|4 � {4e�4� @ 3

V|vwhp +7=46, frqwdlqv d qxpehu ri htxdwlrqv htxdo wr wkh qxpehu ri yduldeohv
lq }4>P / wkh qxpehu ri xqnqrzqv lv htxdo wr wkh qxpehu ri sdudphwhuv lq wkh
yhfwru �4> N4 @ J4 .P4 � 4= Zh kdyh wkhq wkuhh fdvhv ri lqwhuhvw=

+l,P ? N4 = wkh qxpehu ri xqnqrzqv lv odujhu wkdq wkh qxpehu ri htxdwlrqv
dqg qr hvwlpdwruv ri wkh sdudphwhuv ri lqwhuhvw fdq eh ghulyhg1 Qrw vxusulvlqjo|/
lq idfw lq wklv fdvh wkh htxdwlrq lv qrw lghqwl�hg1
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+ll, P @ N4 = wkh qxpehu ri xnqrzqv lv h{dfwo| htxdo wr wkh qxpehu ri
htxdwlrqv/ wkh v|vwhp lv mxvw lghqwl�hg dqg wkh vroxwlrq wr +7=46, kdv d xqltxh
vroxwlrq dqg gholyhuv dq hvwlpdwru ri wkh sdudphwhuv ri lqwhuhvw=

e�4 @ +}3{4,
�4
}3|4

+lll, P A N4 = wkh qxpehu ri htxdwlrqv lv odujhu wkdq wkh qxpehu ri xq0
nqrzqv/ wkh htxdwlrq lv ryhu0lghqwl�hg dqg wkh hvwlpdwru ri sdudphwhuv ri lqwhu0
hvw lv qrw xqhtxlyrfdoo| ghwhuplqhg e| wkh ruwkrjrqdolw| frqglwlrq +7=46,

Dq lqwxlwlyh vroxwlrq iru wkh ryhu0lghqwl�fdwlrq fdvh lv rewdlqhg e| wdnlqj N
olqhdu frpelqdwlrqv ri wkh P4 ruwkrjrqdolw| frqglwlrqv1 Gh�qh d pdwul{ O ri
glphqvlrqv +N4 �P, = Suh0pxowlso|lqj wkh v|vwhp +7=46, e| O> zh kdyh=

O}3ex4 @ 3 +7147,

O}3
�
|4 � {4e�4� @ 3

iurp +:=5:, zh ghulyh wkh iroorzlqj hvwlpdwru=

e�4 @ �
O}

3
{4
��4

O}
3
|4 +7148,

Iurp +7=48, lw iroorzv wkdw

e�4 � �4 @
�
O}3{4

��4
O}3x4 +7149,

dqg

s
W
�e�4 � �4

�
@

�
4

W
O}3{4

��4
O
s
W}34x4 +714:,

Jlyhq wkdw frqvlvwhqf| ri wkh hvwlpdwru lv jxdudqwhhg e| wkh k|srwkhvlv
+7=45, > dvvxplqj wkdw

s olp
4

W
O}

3
{4 @ OP}{4>

s
W}3x4

O$ Q +3> �44P}},

zh fdq dsso| wkh Fudphu*v wkhruhp wr frqfoxgh wkdw=

s
W
�e�4 � �4

�
� Q

�
3> �44 +OP}{4,

�4
OP}}O

3 +P{4}O
3,�4

�
+714;,

+7=4;, fkdudfwhul}hv frpsohwho| wkh surshuwlhv ri wkh hvwlpdwru/ krzhyhu hp0
slulfdo lpsohphqwdwlrq uhtxluhv wkh nqrzohgjh ri wkh pdwul{ O= Qrwh wkdw wkh
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yduldqfh ri wkh hvwlpdwru ghshqgv rq O/ khqfh d qdwxudo fulwhulrq iru fkrrvlqj
wklv pdwul{ lv wkh pd{lpl}dwlrq ri wkh h!flhqf| ri wkh hvwlpdwru1 Vdujdq+^45`,
vkrzv wkdw wkh yduldqfh ri wkh hvwlpdwru lv plqlpl}hg zkhq O @P{4}P

�4
}} / lq

zklfk fdvh zh kdyh

s
W
�e�4 � �4

�
� Q

�
3> �44

�
P{4}P

�4
}} P}{4

��4�
+714<,

Wkh fkrlfh ri O gh�qhv wkh iroorzlqj hvwlpdwru=

e�4 @ �
{34} +}

3},�4 }3{4
��4

{34} +}
3},�4 }3|4 +7153,

zkrvh yduldqfh0fryduldqfh pdwul{ fdq eh hvwlpdwhg dv iroorzv=

v54

�
{34} +}

3},�4 }3{4
��4

v54 @
4

W

�
|4 � {4e�4�3 �|4 � {4e�4�

+:=5:, gh�qhv wkh Jhqdudol}hg Lqvwuxphqwdo Yduldeohv Hvwlpdwru +JLY H, =
Lw lv hdv| wr vhh wkdw lq wkh fdvh ri h{dfw lghqwl�fdwlrq JLYH vlpsol�hv wr
+}3{4,

�4
}3|4=

Dq htxlydohqw hvwlpdwru wr JLYH lv ghulyhg e| wkh iroorzlqj wzr0vwhs surfh0
gxuh=

� uhjuhvv e| ROV {4 rq } dqg frqvwuxfw �wwhg ydoxhv e{4 @ } +}3},�4 }3{4 @
}eT4

� uhjuhvv e| ROV |4 rq e{4 wr rewdlqe�4 @ +e{34e{4,�4 e{34|4
@
�
{34} +}

3},�4 }3{4
��4

{34} +}
3},�4 }3|4

Zklfk lv nqrzq dv wkh Wzr0Vwdjh Ohdvw Vtxduhv +WVOV, hvwlpdwru1 Qrwh
wkdw/ lq rughu wr rewdlq d WVOV hvwlpdwru dv h!flhqw dv wkh JLYH hvwlpdwru/
lw lv lpsruwdqw wr dyrlg jhqhudwlqj dq hvwlpdwh ri wkh yduldqfh ri wkh hvwlpdwru
xvlqj wkh uhvlgxdov iurp wkh vhfrqg vwdjh1 Lq idfw zh kdyh=

ex4>WVOV @ |4 � e{4e�4
@ |4 � {4e�4 � +e{4 � {4, e�4
@ ex4>JLY H � {4e�4 � +e{4 � {4, e�4

zklfk zrxog uhvxow lq dq xszdug eldvhg hvwlpdwru ri wkh yduldqfh1 Wkh sure0
ohp lv hdvlo| vroyhg/ dqg lq yluwxdoo| doo hfrqrphwulf sdfndjhv dydlodeoh wkhuh lv
qr gl�huhqfh ehwzhhq wkh WVOV dqg wkh JLYH hvwlpdwruv1
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Pruh lqwhuhvwlqj sureohpv duh jhqhudwhg e| plv0vshfl�fdwlrq1 Lq jhqhudo zh
kdyh plv0vshfl�fdwlrq zkhq wkh lqvwuxphqwv duh fruuhodwhg zlwk uhvlgxdov1 Wkh
fodvvlfdo irup ri plv0vshfl�fdwlrq lv rplwwhg yduldeohv1 Frqvlghu wkh iroorzlqj
fdvh=

Wkh Gdwd Jhqhudwlqj Surfhvv fdq eh uhsuhvhqwhg dv iroorzv=

|4 @ {4�4 . {
�
4�
�
4 .x4

Wkh iroorzlqj prgho lv hvwlpdwhg=

|4 @ {4�4 . y4

Wkh JLYH0WVOV hvwlpdwru ri �4 lv=

e�4 @ �
{34} +}

3},�4 }3{4
��4

{34} +}
3},�4 }3|4

@ �4 .
�
{34} +}

3},�4 }3{4
��4

{34} +}
3},�4 }3 +{�4�

�
4 . x4,

zklfk lv qrw frqvlvwhqw zkhqhyhu {�4 lv fruuhodwhg zlwk }= Lq wklv fdvh zh kdyh

s olp
4

W
}3y4 9@ 3

dqg wkh lqvwuxphqwv lq } fdqqrw eh frqvlghuhg dv ydolg1
Vdujdq +^45`, ghulyhg d vwdwlvwlf wr whvw wkh qxoo k|srwkhvlv ri ydolglw| ri

lqvwuxphqwv e| vkrzlqj wkdw wkh txdqwlw|=

F @
ex34} +}3},�4 }3ex4

v54

v54 @
4

W

�
|4 � {4e�4�3 �|4 � {4e�4�

lv glvwulexwhg dv d "5 zlwk P �N4 ghjuhhv ri iuhhgrp xqghu wkh qxoo k|0
srwkhvlv ri ydolglw| ri lqvwuxphqwv1

71517 Wkuhh0vwdjh ohdvw vtxduhv +6VOV, dqg Vhhplqjo| Xquhodwhg Uhjuhvvlrqv
+VXUH, hvwlpdwruv

Wkh hvwlpdwruv zh kdyh frqvlghuhg vr idu vroyh wkh sureohpv jhqhudwhg e| vlpxo0
wdqhlw| zlwkrxw uhyhuwlqj wr wkh vshfl�fdwlrq ri wkh ixoo vwuxfwxudo prgho1 Iru wklv
uhdvrq JLYH0WVOV hvwlpdwruv duh nqrzq dv olplwhg lqirupdwlrq hvwlpdwruv1 Wr
dqdo|}h ixoo0lqirupdwlrq hvwlpdwruv zh qhhg wr lqwurgxfh vrph qhz gh�qlwlrqv1

Idu dq| wzr pdwulfhvD +p� q, dqgE +s� t, gh�qh dv wkhNurqhfnhu surgxfw
D
E wkh pdwul{ +ps� qt, rewdlqhg e| pxowlso|lqj hdfk hohphqw ri D e| E=
Wkh iroorzlqj surshuwlhv duh uhodwhg wr wkh Nurqhfnhu surgxfw=
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� +D
E, +F
G, @ DF 
 EG/ zkhqhyhu wkh pdwulfhv DF dqg EG duh
gh�qhg

� +D
E,3 @D3 
E3
� +D
E,�4 @D

�4 
E�4/ zkhqhyhu wkh pdwulfhv D
�4

dqg E�4 duh gh�qhg

Gh�qh yhf+D, > wkh yhfwrul}dwlrq ri wkh D> dv wkh yhfwru +pq� 4, rewdlqhg
e| vwdfnlqj wkh p wudqvsrvhg urzv ri D =

p � qD @

3EEC
d44 = = d4q
= = = =
= = = =

dq4 = = dqq

4FFD

yhf +D, @

3EEEEEEEEEEEEEEEEEEC

d44
=
=

d4q
d54
=
=

d5q
=
=
=

dqq

4FFFFFFFFFFFFFFFFFFD
Yhfwrul}dwlrq dqg Nurqhfnhu surgxfw duh olqnhg e| wkh iroorzlqj surshuw|=

yhf +DEF, @ +D
F,3 yhf +E,

Wr glvfxvv ixoo0lqirupdwlrq hvwlpdwlrq/ frqvlghu wkdw wkh l0wk htxdwlrqv ri rxu
prgho fdq eh uhsuhvhqwhg dv

|l @ {l�l . xl

zkhuh |l lv d +W � 4, yhfwru frqwdlqlqj W revhuydwlrqv rq l0wk hqgrjhqrxv
yduldeohv/ {l lv d +W �Nl, pdwul{/ zlwk Nl @ +Jl .Pl � 4, frqwdlqlqj doo re0
vhuydwlrqv rq wkh Jl�4 hqgrjhqrxv dqg rq wkhPl h{rjhqrxv yduldeohv lqfoxghg
lq wkh l0wk htxdwlrq1 Zh fdq jlyh wkh iroorzlqj frpsdfw uhsuhvhqwdwlrq ri wkh
prgho=
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|. @ {.�. . x. +7154,

zkhuh |.lv d +JW � 4, yhfwru/ {. lv d

�
JW � l @ 4

JS
Nl

�
pdwul{/ �. lv d�

l @ 4
JS
Nl � 4

�
> x. lv d +JW � 4, yhfwru=

|. @

3EEC
|4
=
=
|J

4FFD >{. @

3EEC
{4 3 3= 3
3 {5 = =
3 = = =
3 = = {J

4FFD

�. @

3EEC
�4
=
=
�J

4FFD >x. @

3EEC
x4
=
=
xJ

4FFD
Wkh iroorzlqj surshuwlhv krog iru x.

H
�
x.
�
@ 3

H
�
x.x.3

�
@

3EEEEC
H +x4x

3
4, H +x4x

3
5, = = H +x4x

3
J,

H +x5x
3
4, H +x5x

3
5, = = =

= = = = =
= = = = =

H +xJx34, = = = H +xJx3J,

4FFFFD
zkhuh hdfk eorfn ri wkh deryh pdwul{ lv +W � W , 1
Dvvxplqj wkdw doo uhvlgxdov duh frqwhpsrudqhrxvo| fruuhodwhg exw qrw vhuldoo|

fruuhodwhg/ zlwk qrq vlqjxodu yduldqfh0fryduldqfh pdwul{ 	> < zh kdyh=

H
�
x.x.3

�
@ 	
 LW

@

3EEEEC
�44LW �45LW = = �4JLW
�54LW �55LW = = =
= = = = =
= = = = =

�J4LW = = = �JJLW

4FFFFD
Wkh sureohp wr eh vroyhg lv wkh hvwlpdwlrq ri sdudphwhuv lq +7=54, wdnlqj

lqwr dffrxqw vlpxowdqhlw| dqg wkh vwuxfxwuh ri fruuhodwlrqv lq 	= Wkhvh sureohpv
duh vroyhg lq wxuq e| wkh Wkuhh0Vwdjh Ohdvw Vtxduhv +6VOV, hvwlpdwru1

bwkh odvw dvvxpswlrq uhtxluhv wkdw doo lghqwlwlhv duh h{foxghg iurp wkh prgho
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7151714 Iluvw vwdjh= wkh gldjrqdol}dwlrq ri 	 Frqvlghu wkh iroorzlqj ghfrpsr0
vlwlrq iru 	�4

	�4 @KK3 +7155,

zklfk dozd|v h{lvwv1 Iurp+7=55, zh kdyh

K	K3 @ LJ

E| suh0pxowlso|lqj +7=54, e| K3 
 LW / zh rewdlq

+K3 
 LW ,|
. @ +K3 
 LW ,{

.�. . +K3 
 LW ,x
. +7156,

zkhuh uhvlgxdov ri +7=56, ihdwxuh d gldjrqdo yduldqfh0fryduldqfh pdwul{=

H
�
+K3 
 LW ,x

.x.3 +K3 
 LW ,
3�

@ +K3 
 LW , +	
 LW , +K
3 
 LW ,

3

@ +K3	 
 LW , +K
 LW ,

@ LJ 
 LW @ LJW

Wkh frpsohwlrq ri wkh �uvw vwdjh kdv ohiw xv zlwk wkh iroorzlqj wudqviruphg
prgho=

+K3 
 LW ,|
. @ +K3 
 LW ,{

.�. . +K3 
 LW ,x
. +7157,

|� @ {��� .x� +7158,

H +x�, @ 3> H +x�x�3, @ LJW +7159,

lq zklfk/ wkh yduldqfh0fryduldqfh pdwul{ lv gldjrqdo/ exw zh vwloo kdyh vlpxo0
wdqhlw|/ lq idfw

s olp
4

W
{�3x� 9@ 3

7151715 Wkh vhfrqg vwdjh= fkrlfh ri lqvwuxphqwv Wr vhohfw lqvwuxphqwv/ uhphp0
ehu wkdw wkh uhgxfhg irup ri rxu ruljlqdo v|vwhp fdq eh uhsuhvhqwhg dv iroorzv=

|3 @ E�4�}3 .E�4x3 +715:,

Yhfwrulvdwlrq ri +7=5:, gholyhuv=
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yhf +|3, @ yhf
�
E�4�}3

�
. yhf

�
E�4x3

�
+715;,

iurp zklfk lw iroorzv wkdw

|. @ yhf
�
LJE

�4�}3
�
. yhf

�
E�4x3

�
+715<,

@ +LJ 
 }, yhf
�
E�4�}3

�
. yhf

�
E�4x3

�
+7163,

Wkhq/ wkh qdwxudo fkrlfh ri lqvwuxphqwv lv +LJ 
 },
7151716 Wkh wklug vwdjh= dsso|lqj wkh JLYH sulqflsoh E| dsso|lqj wkh JLYH
sulqflsoh wr +7=58, >fkrrvlqj }�@+LJ 
 }, dv lqvwuxphqwv/ zh kdyh

e�.4 @
�
{�3}� +}�3}�,�4 }�3{�

��4
{�3}� +}�3}�,�4 }�3|�

Dw wklv vwdjh/ uhphpehulqj wkdw

{�3}� @ {.3 +K
 LW , +LJ 
 },
}�3}� @ +LJ 
 }3, +LJ 
 }, @ LJ 
 }3}
}�3|� @ +LJ 
 }3, +K
 LW , |

. @ +K3 
 }3,|.

zh fdq vkrz wkh iroorzlqj uhvxowv=

�
{�3}� +}�3}�,�4 }�3{�

�
@ {.3 +K
 }, +LJ 
 }3},�4 +K3 
 }3,{.

@ {.3
�
	�4 
 } +}3},�4 }3

�
{.

�
{�3}� +}�3}�,�4 }�3|�

�
@ {.3 +K
 }, +LJ 
 }3},�4 +K3 
 }3,|.

@ {.3
�
	�4 
 } +}3},�4 }3

�
|.

dqg/ �qdoo|/ zh kdyh dq h{suhvvlrq iru wkh 6VOV hvwlpdwru

e�.4 @
�
{.3

�
	�4 
 } +}3},�4 }3

�
{.
��4

{.3
�
	�4 
 } +}3},�4 }3

�
|.

Wkh dv|pswrwlf glvwulexwlrq ri wkh 6VOV fdq eh zulwwhq dv iroorzv=
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e�.4 � Q

�
�.>

�
{.3

�
	�4 
 } +}3},�4 }3

�
{.
��4�

Wr pdnh wkh hvwlpdwru rshudwlrqdo dq hvwlpdwh ri 	 lv qhhghg1 Wklv fdq eh
rewdlqhg e| xvlqj wkh vdpsoh fruuhodwlrqv ri wkh uhvlgxdov iurp 5VOV hvwlpdwlrq1

Wr dqdo|}h wkh hvwlpdwru pruh forvho| zh fdq uh0zulwh lq d pruh h{whqvlyh
irupdw1 Lq idfw/ zh kdyh

{.3
�
	�4 
 } +}3},�4 }3

�
{. @

3EEC
{34 3 3 3
3 {35 = =
3 = = =
3 = = {3J

4FFD
3EEC
�44} +}3},

�4
}3 = = �44} +}3},

�4
}3

= = = =
= = = =

�J4} +}3},
�4
}3 = = �JJ} +}3},

�4
}3

4FFD
3EEC
{4 3 3 3
3 {5 = =
3 = = =
3 = = {J

4FFD

{.3
�
	�4 
 } +}3},�4 }3

�
|. @

3EEEEC
m @ 4

JS
�4m{

3
4} +}

3},�4 }3|m
=
=

m @ 4
JS
�Jm{

3
J} +}

3},�4 }3|m

4FFFFD
zkhuh �lm uhsuhvhqwv wkh jhqhulf hohphqw l/m ri wkh pdwul{ 	�4= Zh duh qrz

lq wkh srvlwlrq ri frqvlghulqj vrph vshfl�f fdvhv ri wkh 6VOV hvwlpdwru1
Qrwh �uvw wkdw wkh 6VOV hvwlpdwru frlqflghv zlwk wkh 5VOV zkhq wkh pdwul{

	 lv gldjrqdo1 Lq wklv fdvh zh kdyh=

a

�

.

@
�
{.3

�
	�4 
 } +}3},�4 }3

�
{.
��4

{.3
�
	�4 
 } +}3},�4 }3

�
|.

@

3EEEEC
�
{34} +}

3},�4 }3{4
��4

{34} +}
3},�4 }3|4

=
=�

{3J} +}
3},�4 }3{J

��4
{3J} +}

3},�4 }3|J

4FFFFD
Wklv htxlydohqfh uhvxow krogv dovr zkhq doo wkh htxdwlrqv lq wkh v|vwhp duh

h{dfwo| lghqwl�hg1
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Dqrwkhu lqwhuhvwlqj fdvh dulvhv zkhq wkh pdwul{ E lq rxu vwuxfwxudo prgho
+7=:, lv gldjrqdo/ zkhq zh kdyh=

|. @ {.�. .x. +7164,

H
�
x.
�
@ 3 +7165,

H
�
x.x.3

�
@ 	
 LW +7166,

s olp
4

W
{.3x. @ 3 +7167,

Wkh sduwlfxodu vwuxfwxuh ri E lpsolhv wkdw doo wkh vlpxowdqhlw| lq wkh v|vwhp
frphv iurp wkh fruuhodwlrq ri uhvlgxdov/ wkhuhiruh diwhu wkh lpsohphwdwlrq ri wkh
�uvw vwdjh ri wkh 6VOV/ wkh gldjrqdol}dwlrq ri wkh yduldqfh0fryduldqfh pdwul{/ d
frqvlvwhqw hvwlpdwru lv ghulyhg e| dsso|lqj ROV wr wkh wudqviruphg prgho1 Wkh
uhohydqw hvwlpdwru lv wkhq=

a

�

.

@ +{�3{�,�4 {�3|��
{.3

�
	�4 
 LW

�
{.
��4

{.3
�
	�4 
 LW

�
|.

zklfk lv nqrzq dv wkh Vhhplqjo| Xquhodwhg Uhjuhvvlrq Htxdwlrqv +VXUH,
ru ]hooqhu*v hvwlpdwru1

D ixuwkhu lqwhuhvwlqj vshfl�f fdvh ri wkh VXUH hvwlpdwru lv rewdlqhg zkhq
hdfk htxdwlrq ri wkh v|vwhp frqwdlqv wkh vdph vhw ri uhjuhvvruv=

{. @

3EEC
{4 3 3= 3
3 {5 = =
3 = = =
3 = = {J

4FFD

@

3EEC
{ 3 3= 3
3 { = =
3 = = =
3 = = {

4FFD @ L 
 {

e| vxevwlwxwlqj iru {. lq wkh h{suhvvlrq iru wkh ]hooqhu hvwlpdwru/ zh rewdlq=

e�.4 @
�
+L 
 {,3 �	�4 
 LW � +L 
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 LW �|.
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 {3LW{
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 {3LW
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�
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zklfk jlyhv d frpsdfw uhsuhvhqwdwlrq ri wkh ROV hvwlpdwruv dssolhg htxdwlrq
e| htxdwlrq1
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71518 ILPO hvwlpdwru

Odvwo|/ zh jlyh d eulhi ghvfulswlrq ri wkh prvw jhqhudo ixoo0lqirupdwlrq hvlpdwru=
wkh Ixoo Lqirupdwlrq Pd{lpxp Olnholkrrg +ILPO, hvwlpdwru1 Frqvlghulqj wkh
uhgxfhg irup ri rxu prgho +7=44, dqg wdnlqj orjdulwkpv> zh fdq zulwh wkh mrlqw
glvwulexwlrq ri |4> ===>|W > dv iroorzv=

orjO @
�JW
5

orj +5�, � W

5
orj

��E�4	E3�4��. +7168,

�4

5
w @ 4

W[�
|w �E�4�{w

�3
E3	�4E

�
|w �E�4�{w

�
Qrwh qrz wkdw

�
|w �E�4�{w

�3
E3 @ +E|w � �{w,

3

dqg wkdw/ iurp d vwdqgdug uhvxowv rq ghwhuplqdqwv/ lw iroorzv wkdw=

�W
5
orj

��E�4	E3�4�� @ W morjEm � W

5
orj m	m

Vr zh fdq uh0zulwh rxu orj0olnholkrrg ixqfwlrq dv=

orjO @
�JW
5

orj +5�, . W morjEm � W

5
orj m	m. +7169,

�4

5
w @ 4

W[
+E|w � �{w,

3	�4 +E|w � �{w,

ILPO hvwlpdwru duh ghulyhg e| pd{lpl}lqj +7=69, zlwk uhvshfw wr E>�>	= D
qxpehu ri whfkqlfdo lvvxh dulvh dv wkh sureohp lv qrq0olqhdu1 Iru d jrrg glvfxvvlrq
ri wkhvh sureohpv/ dqg vroxwlrqv/ vhh Khqgu| +^:`,1 Wkh ILPO hvwlpdwru lv wkh
prvw jhqhudo v|vwhp hvwlpdwru lq wkdw doo rwkhu hvwlpdwruv fdq eh ghulyhg dv lwv
vshfldo fdvhv/ iru d ghwdlohg ghulydwlrq vhh Khqgu|+^9`, =

716 Vlpxodwlrq

Kdylqj lghqwl�hg wkh prgho dqg hvwlpdwhg wkh sdudphwhuv ri lqwhuhvw lw lv srvvleoh
wr surfhhg wr wkh vlpxodwlrq1 Iru jlyhq ydoxhv ri wkh sdudphwhuv dqg ri wkh
h{rjhqrxv yduldeohv/ ydoxhv iru wkh hqgrjhqrxv yduldeohv duh irxqg e| �qglqj
wkh g|qdplf vroxwlrq ri wkh prgho1 Wr looxvwudwh krz wklv uhvxow lv dffrpsolvkhg/
frqvlghu wkh iroorzlqj jhqhudo uhsuhvhqwdwlrq ri d prgho lqfoxglqj q hqgrjhqrxv
yduldeohv |@+|4>|5===|q, dqg lq n h{rjhqrxv yduldeohv {@+{4>{5==={n, >=
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|4w @ i4 +|4w> ===|qw> D4+O,|w�4>{w>E4 +O, {w�4,

|5w @ i5 +|4w> ===|qw> D5+O,|w�4>{w>E5 +O, {w�4,

===

|nw @ in +|4w> ===|qw> Dn+O,|w�4>{w> En +O,{w�4,

===

|qw @ iq +|4w> ===|qw> Dq+O,|w�4>{w>Eq +O, {w�4,

Lq wkh vshfl�fdwlrqv glvfxvvhg vr idu wkh ixqfwlrqv il duh olqhdu/ exw pruh
jhqhudo vshfl�fdwlrq frxog eh dffrprgdwhg zlwklq wklv iudphzrun1

Vroylqj wkh prgho dprxqwv wr �qg d �{hg0srlqw vxfk wkdw=

|w @ i +|w>D +O,|w�4>{w>E +O,{w�4, =

D srsxodu qxphulfdo phwkrg/ lpsohphqwhg lq pdq| zlgho| dydlodeoh sdfn0
djhv/ vxfk dv H0Ylhzv/ lv wkh Jdxvv0Vhlgho phwkrg1 Jxdvv0Vhlgho phwkrg �qgv
wkh �{hg0srlqw e| lwhudwlrq xvlqj wkh xsgdwlqj uxoh=

|l.4
w @ i

�
|lw>D +O,|l.4w�4>{w>E +O,{w�4

�
Jdxvv0Vhlgho vroyhv wkh htxdwlrqv lq wkh rughu wkdw wkh| dsshdu lq wkh prgho1

Vr li dq hqgrjhqrxv yduldeohv wkdw kdv douhdg| ehhq vroyhg iru dsshduv odwhu lq
vrph rwkhu htxdwlrq/ Jdxvv0Vhlgho xvhv wkh ydoxh dv vroyhg lq wkdw lwhudwlrq1 Wr
looxvwudwh pdwwhuv/ wkh n0wk yduldeoh lq wkh l0wk lwhudwlrq lv vroyhg e|=

|lnw @ in
�
|l4w> ===> |

l
n�4w> |

l
nw> |

l�4
n.4w> ===|

l�4
qw > Dn+O,|w�4>{w> En +O,{w�4

�
Dv d frqvhtxhqfh wkh rughulqj ri wkh yduldeohv pdwwhuv dqg htxdwlrqv zlwk

uhodwlyh ihz uljkw0kdqg vlgh hqgrjhqrxv yduldeohv vkrxog eh olvwhg hduo| lq wkh
prgho1 Dv wkh prgho lv vroyhg e| vhwwlqj glvwxuedqfhv wr }hur zh kdyh d ghwhuplq0
lvwlf vroxwlrq/ d vwrfkdvwlf vroxwlrq fdq hdvlo| eh jhqhudwhg vroylqj wkh prgho e|
dgglqj gudzlqjv iurp udqgrp yduldeohv dqg wdnlqj h{shfwhg ydoxhv diwhuzdugv1
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717 Srolf| Hydoxdwlrq

G|qdplf vlpxodwlrq fdq eh xvhg wr hydoxdwh wkh h�hfw ri gl�huhqw srolflhv/ gh�qhg
e| vshfli|lqj gl�huhqw sdwwhuqv iru wkh h{rjhqrxv yduldeohv1 Srolf| hydoxdwlrq lv
lpsohphqwhg e| h{dplqlqj krz wkh suhglfwhg ydoxhv ri wkh hqgrjhqrxv yduldeohv
fkdqjh diwhu dq +vrph, h{rjhqrxv yduldeohv lv +duh, prgl�hg1 Srolf| hydoxdwlrq
lpsolhv vlpxodwlqj wkh prgho wzlfh= �uvw d edvholqh/ frqwuro/ vlpxodwlrq lv uxq1
Vxfk vlpxodwlrq fdq eh uxq zlwklq vdpsoh/ lq zklfk fdvh revhuyhg gdwd duh
dydlodeoh iru wkh h{rjhqrxv yduldeohv/ ru rxwvlgh wkh dydlodeoh vdpsoh/ lq zklfk
fdvh ydoxhv duh dvvljqhg wr wkh h{rjhqrxv yduldeohv1 Lq wkh fdvh ri rxw0ri0vdpsoh
vlpxodwlrq/ zklfk lv htxlydohqw wr iruhfdvwlqj wkh hqgrjhqrxv yduldeohv iru d
jlyhq vfhqdulr iru wkh h{rjhqrxv yduldeohv/ lw lv xvhixo wr dvvljq ydoxhv wr wkh
h{rjhqrxv yduldeohv vxfk wkdw wkh edvholqh vlpxodwlrq sdwk h{klelwv vwdqgdug
klvwrulfdo sdwwhuqv iru wkh hqgrjhqrxv yduldeohv1 Wkh uhvxowv ri vxfk edvholqh
vlpxodwlrq duh wkhq frpsduhg zlwk wkrvh rewdlqhg iurp dq dowhuqdwlyh/ glvwxuehg/
vlpxodwlrq/ edvhg rq wkh prgl�fdwlrq ri wkh uhohydqw h{rjhqrxv yduldeohv1 Srolf|
hydoxdwlrq lv xvxdoo| edvhg rq g|qdplf pxowlsolhuv1

Frqvlghu wkh fdvh ri wkh vlpxodwlrq ri d prgho ryhu d vdpsoh ri vl}h W / dqg
lqgh{ e| w wkh jhqhulf revhuydwlrq lq wkdw vdpsoh1 Ghqrwh e| {ew wkh vhulhv ri
ydoxhv dwwulexwhg wr wkh h{rjhqrxv yduldeoh { lq wkh edvholqh vlpxodwlrq/ dqg e|
{gw @ {ew.� wkh vhulhv ri dowhuqdwlyh ydoxhv dwwulexwhg wr wkh vdph yduldeohv lq wkh
glvwxuehg vlpxodwlrq1 Vlploduo|/ ghqrwh e| |eqw wkh vroyhg ydoxh iru wkh hqgrjhqrxv
yduldeoh |q dw wlph w lq wkh edvholqh vlpxodwlrq dqg e| |gqw wkh vroyhg ydoxh iru
wkh hqgrjhqrxv yduldeoh |q dw wlph w lq wkh glvwxuehg vlpxodwlrq1

Wkh g|qdplf pxowlsolhu lv wkh gh�qhg dv iroorzv

GPw @

�
|gqw � |eqw

��
{gw � {ew

� @

�
|gqw � |eqw

�
�

+716:,

Zkhq prgho duh vwdeoh/ orqj0uxq pxowlsolhuv/ rewdlqhg iru odujh w/ frqyhujh wr
�{hg qxpehuv1 Qrwh wkdw lq olqhdu v|vwhpv orqj0uxq pxowlsolhuv fdq eh dovr re0
wdlqhg e| jlylqj d whpsrudu| +rqh shulrg, lpsxovh wr wkh h{rjhqrxv yduldeoh dqg
e| wkhq frpsxwlqj wkh fxpxodwlyh uhvsrqvh ri wkh hqgrjhqrxv yduldeohv1

Wr looxvwudwh pdwwhuv dvvxph wkdw wkh hvwlpdwlrq ryhu d jlyhq vdpsoh/ vd|
4<93=404<<;=4/ ri d vlpsoh g|qdplf prgho iru frqvxpswlrq dqg lqfrph/ kdv gh0
olyhuhg wkh iroorzlqj uhvxowv/ vlplodu wr wkrvh rewdlqhg lq wkh g|qdplf prgho ri
XV frqvxpswlrq glvfxvvhg lq Fkdswhu 5/1

�fw @ 3=58 ��|w � 3=48 � +fw�4 � |w�4,

�|w @ 3=33;

Zh dlp dw ghulylqj wkh g|qdplf pxowlsolhu/ ghvfulelqj wkh uhvsrqvh ri frq0
vxpswlrq wr d rqh shu fhqw lqfuhdvh lq lqfrph e| vlpxodwlqj wkh prgho ryhu wkh
shulrg 4<<;=505353=71
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Wkh iroorzlqj H0Ylhzv surjudpph +uxq diwhu kdylqj rshqhg wkh �oh XVXN1ZI4,
dfklhyhv wkh uhvxow=

VPSO 4<<;=4 4<<;=4

OFXV@O\XV

VPSO 4<<;=5 5353=7

prgho frqvlqf

frqvlqf1dsshqg OFXV @OFXV+04,03148-OFXV+04,.3148-O\XV+04, .31583-+O\XV0O\XV+04,,

frqvlqf1dsshqg O\XV @3133; .O\XV+04,

FRS\ FRQVLQF PbWHPS

PbWHPS1DSSHQG DVVLJQ CDOO bEO

PbWHPS1VROYH

ghohwh PbWHPS

VPSO 4<<;=4 4<<;=4

O\XV@OFXV.3134

VPSO 4<<;=5 5353=7

FRS\ FRQVLQF PbWHPS

PbWHPS1DSSHQG DVVLJQ CDOO bGV

PbWHPS1VROYH

ghohwh PbWHPS

VPSO 4<<;=4 5353=7

jhqu GP@433-+OFXVbGV0OFXVbEO,

sorw GP

VPSO 4<<;=4 4<<;=4

O\XV@OFXV03134

Wkh surjudpph ehjlqv e| vhwwlqj doo yduldeohv dw wkhlu orqj0uxq vroxwlrq1
Wkhq wkh uhohydqw prgho lv frqvwuxfwhg e| gh�qlqj lw dv FRQVLQF dqg e|
lqfoxglqj wkh vshfl�fdwlrq iru wkh wzr htxdwlrqv1 Wkh Prgho FRQVLQF lv wkhq
frslhg wr d whpsrudud| prgho/ zklfk lv vroyhg g|qdplfdoo| iru wkh vdpsoh 4<<;=5
5353=7/ dqg wkh vx!{ bEO/ iru edvholqh/ lv dwwulexwhg wr wkh yduldeohv jhqhudwhg
e| wkh vroxwlrq1Lq wkh iroorzlqj vwhs wkh glvwxuehg vroxwlrq lv jhqhudwhg e| dgglqj
d rqh shu fhqw vkrfn iru rqh shulrg +4<<;=4, wr O\XV1 Qrwh wkdw/ dv O\XV kdv d
xqlw urrw/ wkh rqh0shulrg vkrfn kdv shupdqhqw h�hfw1 Wkh glvwxuehg vroxwlrq lv
wkhq frpsxwhg dqg wkh vx!{ bGV lv dwwdfkhg wr wkh jhqhudwhg yduldeohv1 Odvwo|
wkh g|qdplf pxowlsolhu lv frpsxwhg e| dsso|lqj irupxod +7=6:, > zh uhsruw lw lq
wkh iroorzlqj Iljxuh =

Kdylqj looxvwudwhg wkh edvlfv zlwk wklv vlpsoh fdvh zh pryh wr glvfxvv d
pruh duwlfxodwhg prgho Frzohv Frpplvvlrq prgho ri wkh prqhwdu| wudqpvlvvlrq
phfkdqlvp/ e| wdnlqj doo vwhsv iurp vshfl�fdwlrq wr vlpxodwlrq1

718 D prgho ri wkh prqhwdu| wudqvplvvvlrq phfkdqlvp

71814 Vshfl�fdwlrq ri wkh wkhruhwlfdo prgho

Zh frqvlghu wkh forvh0hfrqrp| LV0OP vshfl�fdwlrq zlwk dxwruhjuhvvlyh h{shfwd0
wlrqv=
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|w @ f3>44 . |�w � d46+Uw � �hw , . �4w +716;,

�w @ �hw . d54 +|w � |�w , . �5w +716<,

�hw @ �w�4 +7173,

pw � sw @ f3>64 . d64|w � d66Uw . �6w +7174,

pw @ f3>74 .pw�4 +7175,

|�w @ f3>84 . f3>85w . �7w +7176,

Qrwh wkdw prqh| vxsso| lv qrw vwrfkdvwlf dv lw lv frqvlghuhg dv ixoo| frqwuroohg
e| wkh prqhwkdu| dxwkrulw|1 Wkh hfrqrphwulfldq*v wdvn lv wkh hvwlpdwlrq ri wkh
xqnqrzq sdudphwhuv wr vlpxodwh wkh lpsdfw ri gl�huhqw sdwk iru wkh h{rjhqrxv
yduldeoh frqwurohg e| wkh prqhwdu| dxwkrulw|1 Wkh prgho xvhv irxu htxdwlrqv
wr ghwhuplqh irxu hqgrjhqrxv yduldeohv/ �w> �hw >Uw hg |w> iru jlyhq ydoxhv ri wkh
wzr h{rjhqrxv yduldeohv |�w dqg pw=Wkh h{rjhqhlw| vwdwxv lv dwwulexwhg wr |�w
dqg pw/ hlwkhu ehfdxvh wkh| ghvfuleh wkh dydlodeoh whfkqrorj| dqg ghprjudsk|
ru ehfdxvh wkh| duh ixoo| frqwuroohg e| wkh srolf|0pdnhu1 Qrwh wkdw/ xqghu wkh
k|srwkhvlv ri g|qdplf vwdelolw| ri wkh hvwlpdwhg prgho/ wkh hvwlpdwhg ydoxhv
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iru wkh sdudphwhuv zloo rqo| ghwhuplqh wkh vkruw0uxq g|qdplfv ri rxwsxw dqg
lq dwlrq/ dv wkh orqj0uxq htxloleulxp vroxwlrqv duh ghwhuplqhg doprvw lqghshq0
ghqwo| +wrwdoo| lqghshqghqwo| lq wkh fdvh d4 @ 4 , iurp wkh hvwlpdwhg sdudphwhuv
+� @ �p� d4�|�/ | @ |�,1

71815 Hvwlpdwlrq ri wkh sdudphwhuv ri lqwhuhvw

Zh frqvlghu d prqwko| gdwd0vhw iru wkh XV hfrqrp| +zklfk zh wdnh dv d forvh
hfrqrp|, wr frqvwuxfw/ hvwlpdwh dqg vlpxodwh d yhuvlrq ri wkh pdfurhfrqrplf
prgho1 Wkh gdwd0vhw/ dydlodeoh lq H[FHO irupdw dv OV]XVD1[OV frqwdlqv wkh
iroorzlqj yduldeohv iru wkh vdpsoh 4<8<=:04<<9=6 +iru d frpsohwh ghvfulswlrq ri
wkh gdwd0vhw vhh Ohhshu0Vlpv0]kd +4<<:,,

FSLVD= Frqvxphu sulfh lqgh{ dgmxvwhg iru vhdvrqdolw|

P4VD= P4 vwrfn dgmxvwhg iru vhdvrqdolw|

P5VD= P5 vwrfn dgmxvwhg iru vhdvrqdolw|

SFP = LPI lqgh{ ri frpprglw| sulfh lq grooduv

UJGS = uhdo XV JGS dw txduwhuo| iuhtxhqflhv

UJGSPRQ = uhdo XV JGS dw txduwhuo| iuhtxhqflhv +txduwhuo| gdwd

lqwhusrodwhg e| Fkrz0Olq surfhgxuh,

WELOO6 = dqqxdoo| frpsrxqghg qrplqdo uhwxuq rq wkuhh0prqwk WEloov

WERQG43= dqqxdoo| frpsrxqghg uhghpswlrq |lhog rq 430|hdu WErqgv

Kdylqj lpsruwhg wkh gdwd lq H[FHO irupdw lqwr HYlhzv wkh iroorzlqj wudqv0
irupdwlrq duh shuiruphg xvlqj wkh surjudpph �ohv OV]1SUJ 1 Wkh surjudp lv
olvwhg dv iroorzv=

jhqu os@433-orj+fslvd,

jhqu o|@433-orj+ujgsprq,

jhqu lqio@+os0os+045,,

jhqu uu@weloo60lqio+04,

jhqu op4@433-orj+p4vd,

jhqu op5@433-orj+p5vd,

jhqu g45op5@+op50op5+045,,

jhqu g45op4@+op40op4+045,,

jhqu o|vw@::615:.315:8-CWUHQG+4<8<=4,

jhqu yho@os.o|0op5

Zh lqlwldoo| ghdo zlwk qrq0revhuydeoh yduldeohv1 Zh vroyh wkh sureohp ri h{0
shfwhg lq dwlrq e| vhwwlqj +duelwudulo|, � @ 4 lq htxdwlrq +6=44,dqg vxevwlwxwlqj
odjjhg lq dwlrq iru h{shfwhg lq dwlrq1 Zh wkh rewdlq dq revhuydeoh sur{| iru
srwhqwldo rxwsxw �wwlqj d vlpsoh ghwhuplqlvwlf wuhqg iru rxwsxw1
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Wdeoh 4= O\VW@F+4,.F+5,-CWUHQG+4<8<=4,

Frh!flhqw Hvwlpdwh Vwg1 Huuru w0Vwdwlvwlf Sure1

F+4, ::615:7; 3179976: 498:1;66 313333

F+5, 315:7<3< 313357:9 444135:< 313333

U0vtxduhg 31<:8339 Phdq ghshqghqw ydu ;4;17<:6

Dgmxvwhg U0vtxduhg 31<:7<5: V1G1 ghshqghqw ydu 5818<:;:

V1H1 ri uhjuhvvlrq 7138659: Dndlnh lqir fulwhulrq 51;38649

Vxp vtxduhg uhvlg 84<41888 Vfkzdu} fulwhulrq 51;5;<:9

Orj olnholkrrg 0;<8159:: I0vwdwlvwlf 4565:14<

Gxuelq0Zdwvrq vwdw 3134;597 Sure+I0vwdwlvwlf, 31333333

Qrwh wkdw iurp wkh hvwlpdwhg sdudphwhu ydoxhv zh kdyh wkdw srwhqwldo rxswxw
jurzv dw dqqxdo udwh ri +4.31335:,45 04 @ 3=365< shu fhqw1

Zh surfhhg qrz wr wkh hvwlpdwlrq ri doo wkh vwuxfwxudo uhodwlrqv lqfoxghg lq
wkh prgho1 Zh ehjlq e| prqh| ghpdqg/ zklfk zh vlpsoli| wr d olqhdu uhodwlrq
ehwzhhq wkh orj ri yhorflw| ri flufxodwlrq ri prqh| dqg wkh vkruw0whup lqwhuhvw
udwh/ zklfk zh wdnh dv d sur{| ri wkh rssruwxqlw| frvw ri kroglqj prqh|1

Wdeoh 5= YHO @F+4,.F+5,-WELOO6

Frh!flhqw Hvwlpdwh Vwg1 Huuru w0Vwdwlvwlf Sure1

F+4, 85:1<3<8 317645:5 455713:8 313333

F+5, 41:;4:<4 31394:;6 5;1;6<66 313333

U0vtxduhg 31:5799; Phdq ghshqghqw ydu 86<13<:8

Dgmxvwhg U0vtxduhg 31:56:<: V1G1 ghshqghqw ydu 916<5;:9

V1H1 ri uhjuhvvlrq 6168<::: Dndlnh lqir fulwhulrq 5176334<

Vxp vtxduhg uhvlg 689:1373 Vfkzdu} fulwhulrq 517869:<

Orj olnholkrrg 0;6818<87 I0vwdwlvwlf ;641:39:

Gxuelq0Zdwvrq vwdw 3144:55; Sure+I0vwdwlvwlf, 31333333

Qrwh wkdw wkh vhpl0hodvwlflw| ri wkh yhorflw| flufxodwlrq zlwk uhvshfw wr lqwhu0
hvw udwh lv 41:;/ lpso|lqj wkdw lqfuhdvh ri kxqguhg edvlv srlqw lq vkruw0whup udwhv
lv sdluhg zlwk d 4:; srlqwv lqfuhdvh lq yhorflw| flufxodwlrq1 Qrwh wkdw wklv lv qrw

wkh hodvwlflw|/ lq idfw wkh hodvwlflw| �u>Y HO @ C+s.|�p,
C orj+U,

>zkloh wkh vhpl0hodvwlflw|

v�u>Y HO @ C+s.|�p,
C+U, / wkhuhiruh �u>YHO @ v�u>Y HO� U>dv g orj +U, @ gU

U = Wkhuh0

iruh e| vshfli|lqj wkh prqh| ghpdqg zlwk wkh orj ri uhdo prqh| dv d ixqfwlrq
ri wkh ohyho ri wkh qrplqdo lqwhuhvw udwh kdv wkh lpsruwdqw lpsolfdwlrq ri pdnlqj
wkh hodvwlflw| ri prqh| ghpdqg zlwk uhvshfw wr wkh rssruwxqlw| frvw ri krog0
lqj prqh| ixqfwlrq ri wkh ohyho ri lqwhuhvw udwhv1 Wklv lv lpsruwdqw lq wkdw lw lv
qrw ghvludeoh wr lpsrvh wkdw wkh hodvwlflw| ri prqh| ghpdqg wr lqwhuhvw udwh lv
frqvwdqw1

Wkh wklug uhodwlrq zh hvwlpdwh lv dq djjuhjdwh ghpdqg fxuyh=
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Wdeoh 6= O\@ F+4,. O\VW .F+5,-+WELOO60LQIO+04,,

Frh!flhqw Hvwlpdwh Vwg1 Huuru w0Vwdwlvwlf Sure1

F+4, 417:3;;3 315:766; 816948:5 313333

F+5, 0316;6<39 314356<9 061:7<53; 313335

U0vtxduhg 31<:3554 Phdq ghshqghqw ydu ;5317;46

Dgmxvwhg U0vtxduhg 31<:3456 V1G1 ghshqghqw ydu 57154<;<

V1H1 ri uhjuhvvlrq 714;975< Dndlnh lqir fulwhulrq 51;:3565

Vxp vtxduhg uhvlg 86431768 Vfkzdu} fulwhulrq 51;<795:

Orj olnholkrrg 0;9;17;99 I0vwdwlvwlf <;:41<36

Gxuelq0Zdwvrq vwdw 313546:9 Sure+I0vwdwlvwlf, 31333333

Qrwh wkdw O\VW lv lqfoxghg lq wkh �wwhg uhodwlrq zlwk d frh!flhqw frqvwudlqhg
wr xqlw|1 Dv d frqvhtxhqfh zh fdq hdvlo| frpsxwh wkh ohyho ri orqj0uxq htxloleulxp
uhdo lqwhuhvw +dv wkh uhdo lqwhuhvw udwh rewdlqhg e| vhwwlqj | @ |�,/ vxfk ohyho lv
61;5@+4=7:@3=6;,1

Wkh irxuwk hvwlpdwhg uhodwlrq lv wkh djjuhjdwh vxsso| ixqfwlrq=

Wdeoh 7= LQIO@F+4,-LQIO+04,.F+5,-+O\0O\VW,

Frh!flhqw Hvwlpdwh Vwg1 Huuru w0Vwdwlvwlf Sure1

F+4, 31<<<9 313365 64<143 313333

F+5, 3135: 31337: 81;< 313333

U0vtxduhg 31<< Phdq ghshqghqw ydu 81433346

Dgmxvwhg U0vtxduhg 31<< V1G1 ghshqghqw ydu 615<9879

V1H1 ri uhjuhvvlrq 3165 Dndlnh lqir fulwhulrq 3193

Vxp vtxduhg uhvlg 65147389 Vfkzdu} fulwhulrq 3196

Orj olnholkrrg 0;<1954;6 Gxuelq0Zdwvrq vwdw 4187

Qrwh wkdw wkh hvwlpdwhg ydoxhv iru wkh sdudphwhuv duh h{wuhpho| forvh wr wkh
fdvh ri pd{lpxp sulfh vwlfnlqhvv dqg wkh dgmxvwphqw ri lq dwlrq zlwk uhvshfw wr
wkh jds ehwzhhq rxwsxw dqg srwhqwldo rxwsxw lv vljql�fdqw exw h{wuhpho| vorz1

71816 Vlpxodwlqj wkh h�hfw ri prqhwdu| srolf|

Kdylqj hvwlpdwhg wkh prgho/ zh duh qrz lq wkh srvlwlrq wr surfhhg wr vlpxodwlqj
lw e| frqvlghulqj wkh hvwlpdwhg htxdwlrqv dv d v|vwhp ri gl�huhqwldo htxdwlrqv/
zklfk fdq eh vroyhg diwhu wkh vshfl�fdwlrq ri d prqh| vxsso| ixqfwlrq1Wklv
surfhgxuh doorzv wkh frqvwuxfwlrq ri d edvholqh/ zklfk fdq eh xvhg wr hydoxdwh
wkh h�hfw ri prqhwdu| srolf| e| vshfli|lqj dq dowhuqdwlyh uxoh iru prqhwdu| srolf|
dqg e| frpsxwlqj pxowlsolhuv1 Wkh H0YLHZV surjudpph VROYHG41SUJ doorzv
wkh frpsxwdwlrq ri wkh g|qdplf pxowlsolhuv jhqhudwhg e| dq rqh shu fhqw lqfuhdvh
lq prqh| vxsso|1 Wkh surjudpph frqwdlqv wkh iroorzlqj vwdwhphqwv=

* Wklv d surjudp wr frpsxwh g|qdplf pxowlsolhuv

li Clvremhfw+**pbwhps**,@4 wkhq
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ghohwh pbwhps

hqgli

li Clvremhfw+**giedvh**,@4 wkhq

ghohwh giedvh

hqgli

li Clvremhfw+**givkrfn**,@4 wkhq

ghohwh givkrfn

hqgli

*edvholqh vlpxodwlrq

vpso 4<;9=34 5334=45

*ghilqh jurzwk udwh ri prqh|

jhqu {@9

prgho giedvh

*ghilqh h{rjhqrxv yduldeohv

giedvh1dsshqg op5@op5+045, .{

giedvh1dsshqg o|vw@::615:.315:8-CWUHQG+4<8<=34,

*ordglqg hqgrjhqrxv yduldeohv

giedvh1phujh gi

frs| giedvh pbwhps

pbwhps1dsshqg dvvljq Cdoo beo

pbwhps1vroyh

ghohwh pbwhps

jurxs h{rjbeo g45op5beo g45o|vwbeo

jurxs hqgrjbeo weloo6beo lqiobeo g45o|beo

*glvwxuehg vlpxodwlrq

vpso 4<;9=34 5334=45

*ghilqh vkrfn wr wkh jurzwk udwh ri prqh|

jhqu |@4

prgho givkrfn

*h{rjhqrxv yduldeohv

givkrfn1dsshqg op5@op5+045, .+{.|,

givkrfn1dsshqg o|vw@::615:.315:8-CWUHQG+4<8<=34,

*ordglqj hqgrjhqrxv yduldeohv

givkrfn1phujh gi

frs| givkrfn pbwhps

pbwhps1dsshqg dvvljq Cdoo bgv

pbwhps1vroyh

ghohwh pbwhps

jurxs h{rjbgv g45op5bgv g45o|vwbgv

jurxs hqgrjbgv weloo6bgv lqiobgv g45o|bgv

sorw weloo6beo weloo6bgv

sorw lqiobeo lqiobgv

sorw g45o|beo g45o|bgv

*frpsxwlqj g|qdplf pxowlsolhuv
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jhqu gpbweloo6@+weloo6bgv0weloo6beo,2+{.|,

jhqu gpblqio@+lqiobgv0lqiobeo,2+{.|,

jhqu gpbg45o|@+g45o|bgv0g45o|beo,2+{.|,

jurxs gp gpbweloo6 gpblqio gpbg45o|

sorw gp

Wkh �uvw eorfn ri wkh surjudpph gh�qhv remhfwv wkdw zloo frqwdlq wkh edvholqh
prgho +giedvh, dqg wkh glvwxuehg prgho +givkrfn,> lw dovr gh�qhv d whpsrudu|
remhfw +pbwhps, zklfk zloo frqwdlq wkh prgho wr eh vlpxodwhg lq hdfk urxqg=

li Clvremhfw+**pbwhps**,@4 wkhq

ghohwh pbwhps

hqgli

li Clvremhfw+**giedvh**,@4 wkhq

ghohwh giedvh

hqgli

li Clvremhfw+**givkrfn**,@4 wkhq

ghohwh givkrfn

hqgli

D edvholqh vlpxodwlrq lv wkhq fuhdwhg1 Wkh vlpxodwlrq vdpsoh lv �uvw fkrvhq>
dv wkh prgho kdv ehhq hvwlpdwhg ryhu wkh vdpsoh 4<8<=3:04<;8=45 zh surfhhg wr
vlpxodwh lq iurp 4<;9=4 rqzdugv1 Lq idfw wkh vdpsoh iru wkh vlpxodwlrq lv sxuho|
duwl�fldo dv doo vhulhv duh prgho jhqhudwhg zkhq frpsxwlqj g|qdplf pxowlsolhuv1
Fkrvlqj d vshfl�f vdpsoh pdnh vhqvh rqo| zkhq klvwrulfdo ydoxhv duh frqvlghuhg
iru vrph ri wkh yduldeohv1 Kdylqj fkrvhq wkh vdpsoh zh vhw wkh udwh ri jurzwk
ri prqh| { dw vl{ shu fhqw/ wkh h{rjhqrxv srolf| frqwuroohg yduldeoh1 Wkhq doo
wkh hvwlpdwhg htxdwlrqv lq wkh suhylrxv vhfwlrq duh lqfoxghg lqwr wkh prgho1 Wkh
h{rjhqrxv yduldeohv duh lqfoxghg xvlqj dq dsshqg vwdwhphqw/ zkloh wkh hqgrjh0
qrxv yduldeohv duh lqfoxghg e| lpsruwlqj gluhfwo| lqwr prgho giedvh wkh prgho
gi/ frqwdlqlqj doo wkh hvwlpdwhg htxdwlrqv1 Wkhq wkh prgho lv vroyhg g|qdplfdoo|
e| xvlqj Jdxvv0Vhlgho dqg wkh h{whqvlrq beo lv dsshqghg wr doo jhqhudwhg ydul0
deohv1 Wkh yduldeohv duh wkhq jurxshg dffruglqj wr wkhlu vwdwxv lqwr h{rjhqrxv
dqg hqgrjhqrxv1

*edvholqh vlpxodwlrq

vpso 4<;9=34 5334=45

*ghilqh jurzwk udwh ri prqh|

jhqu {@9

prgho giedvh

*ghilqh h{rjhqrxv yduldeohv

giedvh1dsshqg op5@op5+045, .{

giedvh1dsshqg o|vw@::615:.315:8-CWUHQG+4<8<=34,

*ordglqg hqgrjhqrxv yduldeohv

giedvh1phujh gi

frs| giedvh pbwhps

pbwhps1dsshqg dvvljq Cdoo beo
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pbwhps1vroyh

ghohwh pbwhps

jurxs h{rjbeo g45op5beo g45o|vwbeo

jurxs hqgrjbeo weloo6beo lqiobeo g45o|beo

D glvwxuehg vxpxodwlrq lv wkhq fuhdwhg iroorzlqj wkh vdph vwhsv
*glvwxuehg vlpxodwlrq

vpso 4<;9=34 5334=45

*ghilqh vkrfn wr wkh jurzwk udwh ri prqh|

jhqu |@4

prgho givkrfn

*h{rjhqrxv yduldeohv

givkrfn1dsshqg op5@op5+045, .+{.|,

givkrfn1dsshqg o|vw@::615:.315:8-CWUHQG+4<8<=34,

*ordglqj hqgrjhqrxv yduldeohv

givkrfn1phujh gi

frs| givkrfn pbwhps

pbwhps1dsshqg dvvljq Cdoo bgv

pbwhps1vroyh

ghohwh pbwhps

jurxs h{rjbgv g45op5bgv g45o|vwbgv

jurxs hqgrjbgv weloo6bgv lqiobgv g45o|bgv

sorw weloo6beo weloo6bgv

sorw lqiobeo lqiobgv

sorw g45o|beo g45o|bgv

Dw wkh hqg ri wkh eorfn vlpxodwhg ydoxhv iru wkh hqgrjhqrxv yduldeohv duh
sorwwhg1 Ilqdoo| g|qdplf pxowlsolhu duh frpsxwhg / jurxshg lqwr gp dqg sorwwhg

*frpsxwlqj g|qdplf pxowlsolhuv

jhqu gpbweloo6@+weloo6bgv0weloo6beo,2+{.|,

jhqu gpblqio@+lqiobgv0lqiobeo,2+{.|,

jhqu gpbg45o|@+g45o|bgv0g45o|beo,2+{.|,

jurxs gp gpbweloo6 gpblqio gpbg45o|

sorw gp

Zh uhsruw lq wkh frpsxwhg g|qdplf pxowlsolhuv lq Iljxuh 5=
Wkh rqh shu fhqw lqfuhdvh lq prqh| vxsso| kdv d rqh0wr rqh lpsdfw rq lq d0

wlrq lq wkh orqj0uxq dqg d }hur lpsdfw rq ghyldwlrq rq JGS jurzwk1 Prqh| lv
qhxwudo lq wkh orqj0hxq exw lw grhv kdyh d vkruw0uxq lpsdfw rq wkh rxwsxw f|foh
dv sulfhv duh vwlfn|1 Dv d frqvhtxhqfh ri sulfh vwlfnlqhvv zh dovr revhuyh d vkruw0
uxq oltxlglw| h�hfw rq lqwhuhvw udwhv zkloh lq wkh orqj uxq wkh Ilvkhu uhodwlrqvkls
dssolhv dqg prqhwdu| srolf| grhv qrw kdyh dq| lpsdfw rq uhdo lqwhuhvw udwhv1
Qrwh wkdw wkhuh lv vrph f|folfdolw| lq wkh lqwhuhvw udwh pxowlsolhu/ wklv lv gxh wr
wkh f|foh lq qrplqdo lqwhuhv udwhv jhqhudwhg e| wkh prgho1 Lq idfw wkh f|foh ri
rxwsxw lv qrw pdwfkhg e| dq| f|foh lq prqh| vxsso|/ zklfk kdv mxvw d wuhqg1
Dv d frqvhtxhqfh qrplqdo lqwhuhvw udwhv uh hfw wr vrph h{whqw  xfwxdwlrqv lq
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Ilj1 7151 G|qdplf Pxowlsolhuv

rxwsxw1 Vhwwlqj prqh| vxsso| dv frpsohwho| h{rjhqrxv jhqhudwhv duwl�fdo vhulhv
lqfdsdeoh ri uhsolfdwlqj vrph ihdwxuh ri wkh revhuyhg gdwd1 Zh vkdoo uh0dgguhvv
wklv srlqw odwhu1

Dw wklv vwdjh zh ihho lw lv pruh lpsruwdqw wr frqfhqwudwh rq wkh uholdelolw| ri
wkh ghvfulswlrq ri wkh uhvsrqvh ri wkh hfrqrp| wr prqhwdu| srlf| ghulyhg iurp
wkh g|qdplf pxowlsolhuv1

719 Dvvhvvlqj hfrqrphwulf hydoxdwlrq ri prqhwdu| srolf|1

Wr kdyh d �uvw dvvhvvphqw ri wkh uholdelolw| ri rxu vlpxodwlrqv zh wkh iroorzlqj
dssurdfk= zh dvvxph wkdw wkh prqhwdu| dxwkrulw| kdv iroorzhg uxoh zklfk gholy0
huhg wkh revhuyhg gdwd rq wkh prqh| vwrfn dqg/ xvlqj vxfk yduldeoh dv h{rjhqrxv/
zh hqgrjhqrxvo| jhqhudwhg wkh uhohydqw pdfurhfrqrplf wlph vhulhv irh d vdpsoh
fryhulqj erwk wkh hvwlpdwlrq +xs wr 4<;8=45, dqg wkh vlpxodwlrq +iurp 4<;9=4
wr 4<<9=6, shulrg1 Vxfk uhvxow lv rewdlqhg e| vroylqj wkh iroorzlqj yhuvlrq ri wkh
edvholqh prgho=

dvvljq Cdoo bido

o|vw@::615:.315:8-CWUHQG+4<8<=34,
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*op5@op5+045,.43

weloo6@+04241:8;54;,-+op50os0o|, 0+85:1;8<9241:8;54;,

o|@o|vw.417:0316;6-+weloo60lqio+04,,

+os0os+045,,@314 .31<:8-+os+04,0os+046,,.3135<-+o|0o|vw,

LQIO@+os0os+045,,

g45op5@op50op5+045,

g45o|vw@o|vw0o|vw+045,

g45o|@o|0o|+045,

f|foh@o|0o|vw

Qrwh wkdw qrz wkh htxdwlrq iru op5 lv frpphqwhg rxw= wkh prgho zloo qrz eh
vroyhg e| wdnlqj op5 dv h{rjhqrxv dg xvlqj wkh klvwrulfdo ydoxhv iru wklv yduldeoh1

Zh uhsruw lq Iljxuh 6 dqg 7 wkh vlpxodwhg +gh�qhg zlwk vx!{ bido, dqg
revhuyhg uhohydqw pdfurhfrqrplf yduldeohv= f|foh +gh�qhg dv wkh ghyldwlrq ri
rxwsxw iurp wuhqg rxwsxw, dqg lq dwlrq1
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Ilj1 7161 Revhuyhg dqg vlpxodwhg f|foh

Vkdghg duhdv glvwlqjxlvk wkh vlpxodwlrq vdpsoh iurp wkh hvwlpdwlrq vdp0
soh1Wkh dqdo|vlv ri Iljxuhv 607 uhyhdov wzr sureohpv1 Ryhu wkh hvwlpdwlrq shulrg
wkh vlpxodwhg vhulhv gr qr kdyh d vx!flhqwo| ulfk g|qdplfv pdwfk wkh revhuyhg
wlph vhulhv1 Krzhyhu/ wkhuh lv qr whqghqf| iru d v|vwhpdwlf ghyldwlrq ri vlpxodwhg
vhulhv iurp revhuyhg vhulhv= wkh gl�huhqfh ehwzhhq prgho jhqhudwhg dqg revhuyhg
wlph vhulhv kdv d orqj0phpru| exw wkhuh lv d sdwwhuq iru d uhyhuvlrq wrzdug wkh
}hur phdq1 Zkhq zh uhyhuw wr wkh vlpxodwlrq shulrg wkh �uvw sureohp shuvlvw
dqg/ lq dgglwlrq/ zh vwduw revhuylqj d v|vwhpdwlf sdwwhuq lq wkh glyhujhqfh eh0
wzhhq vlpxodwhg dqg revhuyhg wlph0vhulhv1 Vxfk hylghqfh suredeo| mxvwl�hv vrph
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Ilj1 7171 Revhuyhg dqg vlpxodwhg lq dwlrq

vnhswlflvp wrzdugv hfrqrphwulf hydoxdwlrq ri prqhwdu| srolf|1 Wr ixuwkhu hoder0
udwh rq wklv srlqw zh frqvlghu vrph gldjqrvlv ri wkh fdxvhv ehklqg wkh sureohp wr
glvfxvv wkh vroxwlrqv sursrvhg e| uhfhqw ghyhorsphqwv lq hfrqrphwulf prghoolqj
ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp1

71: Zkdw lv zurqj zlwk hfrqrphwulf srolf| hydoxdwlrqB

Wkh wzr sureohpv zlwk wkh rxu dssolfdwlrq ri wkh Frzohv Frpplvvlrq dssurdfk
vhhpv wr eh vhulrxv hqrxjk wr zduudqw vrph glvfxvvlrq1 Zh vkdoo rujdql}h rxu
glvfxvvlrq e| glylglqj h{sodqdwlrq lq wzr fodvvhv= wkrvh h{sodqdwlrqv frqfhq0
wudwlqj rq prgl�fdwlrqv lq wkh hvwlpdwlrq whfkqltxh dqg wkrvh vxjjhvwlqj vrph
prgl�fdwlrqv lq kh prghoolqj vwudwhj|1

Wkh vpdoo vwuxfwxudo prgho zh kdyh frqvlghuhg lv hvwlpdwhg xvlqj vlqjoh htxd0
wlrq ROV phwkrg1 Wklv phwkrg lv fohduo| qrw dssursuldwh/ hyhq e| wdnlqj wkh
�d sulrul�h{rjhqhlw| dvvxpswlrqv rq prqh| vxsso| dqg wuhqg rxwsxw dv ydolg1
Frqvlghu wkh prqh| ghpdqg htxdwlrq/ dorqjzlwk wkh djjuhjdwh ghpdqg dqg vxs0
so| vfkhgxohv1 Wkhvh uhodwlrqv hvwdeolvk d vlpxowdqhrxv ihhgedfn ehwzhhq rxwsxw/
sulfhv dqg wkh lqwhuhvw udwh zklfk pdnh qrw dssursuldwh ROV dv wkh hvwlpdwlrq
phwkrg1 Lq wkh yhorflw| htxdwlrq/ iru h{dpsoh/ wkh qrplqdo lqwhuhvw udwh/ wkh
rqo| vwrfkdvwlf uhjuhvvru/ vkrxog eh fruuhodwhg zlwk wkh uhvlgxdo dqg wkhuhiruh
wkh ROV hvwlpdwh ri wkh vhpl0hodvwlflw| ri prqh| ghpdqg zlwk uhvshfw wr lqwhu0
hvw udwh vkrxog eh eldvhg1 Eldvhg hvwlpdwhv ri wkh sdudphwhuv ri lqwhuhvw frxog
reylrxvo| h{sodlq wkh glvdssrlqwlqj shuirupdqfh ri wkh prgho xqghu vlpxodwlrq1
Krzhyhu wklv srwhqwldo h{sodqdwlrq grhv qrw vhhp wr eh wkh uhohydqw rqh1 Zh uh0
sruw lq wkh iroorzlqj wdeoh wkh uhvxowv ri wkh hvwlpdwlrq ri wkh yhorflw| htxdwlrq
e| JLYH xvlqj ydolg lqvwuxphqwv1
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Wdeoh 8= YHO @F+4,.F+5,-WELOO6

JLYH Hvwlpdwlrq

Frh!flhqw Hvwlpdwh Vwg1 Huuru w0Vwdwlvwlf Sure1

F+4, 85:174 3176< 4545 313333

F+5, 41;8 3139 5<179 313333

Lqvwuxphqwv=F WELOO6+04, O\+04, OS+04, OS+05, OP5+04,
U0vtxduhg 31:5 Phdq ghshqghqw ydu 86<13<:8

Dgmxvwhg U0vtxduhg 31:5 V1G1 ghshqghqw ydu 916<5;:9

V1H1 ri uhjuhvvlrq 6167 Dndlnh lqir fulwhulrq 5175

Vxp vtxduhg uhvlg 689:1373 Vfkzdu} fulwhulrq 5177

Orj olnholkrrg 0;6818<87 I0vwdwlvwlf ;9;

Gxuelq0Zdwvrq vwdw 31458 Sure+I0vwdwlvwlf, 31333333

Qrwh wkdw wkh JLYH hvwlpdwhv duh qrw yhu| gl�huhqw iurp wkh ROV1 Wklv uhvxow
lv urexvw wr wkh frqvlghudwlrq ri ixoo lqirupdwlrq hvwlpdwlrq phwkrgv431 Wkh
revhuyhg sureohpv xqghu vlpxodwlrqv gr qrw vhhp wr eh h{sodlqhg e| wkh fkrvhq
hvwlpdwlrq phwkrg exw udwkhu e| sureohpv lq lghqwl�fdwlrq dqg vshfl�fdwlrq1
Wkhvh duh wkh wzr lvvxhv forvho| dgguhvvhg e| prghuq dsurdfkhv wr hfrqrphwulf
prghoolqj1 Wkh �uvw sureohp/ l1h1 wkh lqfdsdelolw| ri wkh hvwlpdwhg prgho wr
fdswxuh wkh revhuyhg g|qdplfv ri wkh yduldeohv ri lqwhuhvw/ frxog eh h{sodlqhg
e| wkh iroorzlqj frqvlghudwlrqv=

� Wkh vwdwlvwlfdo prgho lpsolflw lq wkh hvwlpdwhg vwuxfwxuh lv �wrr uhvwulfwlyh�1
Wkhuh duh wzr lqwhusuhwdwlrq ri wkh h{fhvvlyh vlpsolflw| lq wkh vshfl�fdwlrq=
rplvvlrq ri uhohydqw yduldeohv/ rplvvlrq ri wkh uhohydqw g|qdplfv iru wkh
lqfoxghg yduldeohv +qrwh/ iru h{dpsoh/ wkdw wkh hvwlpdwhg prqh| ghpdqg
uhodwlrq lv d vlpsoh/ vwdwlf htxdwlrq,

� wkh lghqwli|lqj uhvwulfwlrqv/ dowrxjk qhfhvvdu| iurp wr pdnh wkh hvwlpdwlrq
phdqlqjixo/ gholyhu d vwuxfwxuh zklfk fdqqrw dghtxdwho| ghvfuleh uhdolw|1
Wklqn ri prqh| vxsso| lq wkh hvwlpdwhg prgho= li wkh prqhwdu| dxwkru0
lw| xvhv prqh| vxsso| dv dq lqvwuxphqw wr dfklhyh jlyhq wdujhwv iru wkh
pdfurhfrqrplf yduldeohv/ wkhq lw zrxog eh yhu| �qdwxudo� iru prqh| vxsso|
wr uhdfw qrw rqo| wkh rxwsxw dqg lq dwlrq exw dovr wr ohdglqj lqglfdwruv iru
wkhvh yduldeohv1Dvvxplqj prqh| vxsso| dv h{rjhqrxv/ wkh hvwlpdwhg prgho
rplwv frpsohwho| d yhu| uhohydqw ihhgedfn dqg orrvhv dq lpsruwdqw ihdwxuh
ri wkh gdwd1 Pruhryhu/ e| dvvxplqj lqfruuhfwo| h{rjhqhlw|/ wkh prgho pljkw
lqgxfh d vsxulrxv vwdwlvwlf h!fldf| ri prqhwdu| srolf| lq wkh ghwhuplqd0
wlrq ri pdfurhfrqrplf yduldeohv1 Wkh hqgrjhqhlw| ri prqh| grhv jhqhudwh
d fruuhodwlrqv ehwzhhq pdfurhfrqrplf yduldeohv dqg prqhwdu| yduldeohv/
zklfk/ e| dvvxplqj lqydolgo|/ prqh| dv h{rjhqrxv frxog eh lqwhusuhwhg dv d

�fD xvhixo h{huflvh
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fdxvdo uhodwlrq uxqqlqj iurp prqh| wr wkh pdfurhfrqrplf yduldeohv +Vlpv
fulwltxh,1

Wkh zruvhqlqj ri wkh prgho*v shuirupdqfh xqghu vlpxodwlrq frxog lqvwhdg eh
h{sodlqhg e| wkh iroorzlqj frqvlghudwlrqv=

� lqfruuhfw vshfl�fdwlrq1 Rplwwhg yduldeohv kdyh dq h�hfw zklfk/ qrw ghwhfwhg
zkhq wkh prgho lv hvwlpdwhg +srvvleo| ehfdxvh wkh rplwwhg yduldeohv zhuh
�vlohqw�, ehfrphv uhohydqw lq h{sodlqlqj sdudphwhuv* lqvwdelolw| ri wkh hv0
wlpdwhg htxdwlrqv lq wkh vlpxodwlrq shulrg1 Lqfruuhfwo| vshfl�hg g|qdplf
prghov ihdwxuh sdudphwhuv* lqvwdelolw| lq rxw0ri0vdpsoh vlpxodwlrqv1

� Prgho vlpxodwlrq lpsolhv frqvlghulqj dowhuqdwlyh prqhwdu| srolf| uhjlphv1
D fkdqjh lq uhjlph pljkw lpso| d vwuxfwxudo vkliw lq wkh sdudphwhuv ri wkh
hvwlpdwhg htxdwlrqv/ wkhuhiruh/ wkh prgho hvwlpdwhg xqghu wkh �edvholqh�
uhjlph fdqqrw eh xvhg wr hydoxdwh wkh h�hfw ri wkh �frqwuro� srolf|1 Lq
rwkhu zrugv wkh �Oxfdv fulwltxh� dssolhv1

Lq wkh qh{w fkdswhuv zh vkdoo frqvlghu lq wxuq doo wkhvh h{sodqdwlrqv e| glv0
fxvvlqj doo wkh dowhuqdwlyh prghuq dssurdfkhv wr dssolhg pdfurhfrqrphwulfv1
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814 Lqwurgxfwlrq

Wkh OVH dssurdfk h{sodlqv wkh idloxuh ri wkh Frzohv Frpplvvlrq phwkrgrorj|
e| dwwulexwlqj lw wr wkh odfn ri dwwhqwlrq iru wkh vwdwlvwlfdo prgho xqghuo|lqj
wkh sduwlfxodu hfrqrphwulf vwuxfwxuh dgrswhg wr dqdo|vh wkh h�hfw ri dowhuqdwlyh
prqhwdu| srolflhv1 Wkh OVH phwkrgrorj| frqvlghuv hfrqrphwulf srolf| hydoxd0
wlrq dq lqwhuhvwlqj dqg ihdvleoh h{huflvh1 Krzhyhu wkh zd| lq zklfk wkh Frzohv
Frpplvvlrq dssurdfk ghdov zlwk d ohjlwlpdwh txhvwlrq lv qrw vhhq dv fruuhfw1
Wkh odfn ri vx!flhqw lqwhuhvw iru wkh vwdwlvwlfdo prgho lv dw wkh urrw ri wkh idlo0
xuh ri wkh Frzohv Frpplvvlrq dssurdfk wr surylgh dw dffhswdeoh dqvzhu wr dq
lqwhuhvwlqj txhvwlrq1 Dv lw fdq eh vhhq irup wkh dssolfdwlrq glvfxvvhg lq wkh
suhylrxv fkdswhu/ wkh hfrqrphwulf dqdo|vhv zlwklq wkh Frzohv Frpplvvlrq wud0
glwlrq ehjlq iurp wkh lghd wkdw wkh vwuxfwxudo irup ri wkh surfhvv jhqhudwlqj wkh
gdwd lv nqrzq txdolwdwlyho|/ uhgxfhg irup duh wkhq ghulyhg iurp vxfk vwuxfwxuhv1
Zlwklq vxfk iudphzrun wkh ydolglw| ri wkh uhgxfhg irup lv qrw whvwhg1 Wkh OVH
dssurdfk ylhzv wklv odfn ri ydolgdwlrq ri wkh uhgxfhg irup dv xqghuplqlqj wkh
fuhglelolw| ri wkh vwuxfwxudo sdudphwhu hvwlpdwhv1 Wkh OVH dssurdfk uhfrjql}hv
wkdw hfrqrplf wkhru| vxjjhvwv wkh jhqhudo vshfl�fdwlrq ri wkh uhohydqw irup/ exw
wkh suhflvh uhsuhvhqwdwlrq ri wkh Gdwd Jhqhudwlqj Surfhvv lv doprvw qhyhu nqrzq
lq dgydqfh1 Wkxv prghoolqj surfhgxuh duh uhtxluhg wr ghwhuplqh wkh fuhglelolw| ri
wkh hvwlpdwhg prghov1 Wkh uhgxfhg irup wdnhv d fhqwudo uroh zlwklq wklv dssurdfk
lq wkdw lw uhsuhvhqwv wkh fuxfldo suredelolvwlf vwuxfwxuh ri wkh gdwd +vhh ^48`/^43`,1
Wkh wudglwlrqdo orjlf ri wkh Frzohv Frpplvvlrq/ dffruglqj wr zklfk wkh uhgxfhg
irup lv ghulyhg jlyhq wkh vwuxfwxudo prgho/ lv wxuqhg xsvlgh grzq zlwklq wkh
OVH dssurdfk1 Wkh uhgxfhg irup lv gh�qhg �uvw/ e| gh�qlqj d v|vwhp yld wkh
vhw ri yduldeohv frqvlghuhg/ wkhlu fodvvl�fdwlrq lqwr prghoohg dqg qrq0prghoohg
yduldeohv +hqgrjhqrxv dqg h{rjhqrxv lq wkh wudglwlrqdo whuplqrorj|, dqg wkh
vshfl�fdwlrq ri wkh odj sro|qrpldov1 Wkh v|vwhp lv wkhq ydolgdwhg e| dsso|lqj
wkh wkuhh edvlf sulqflsohv ri hfrqrphwulfv =� whvw/ whvw dqg whvw�1 Wkh qxoo k|0
srwkhvlv ri lqwhuhvw khuh ehlqj wkh devhqfh ri v|pswrpv ri plv0vshfl�fdwlrq/
vxfk dv uhvlgxdo qrq0qrupdolw|/ dxwrfruuhodwlrq/ khwhurvfhgdvwlflw|/ sdudphwhuv
qrq0frqvwdqf|1 Li wkh qxoo lv qrw uhmhfwhg dqg wkh v|vwhp fdq eh frqvlghuhg dv
d frqjuxhqw uhsuhvhqwdwlrq ri wkh xqnqrzq Gdwd Jhqhudwlqj Surfhvv/ wkhq qrq0
vwdwlrqdulw| fdq eh ghdow zlwk dqg wkh orqj0uxq surshuwlhv ri wkh v|whp fdq eh
lghqwl�hg e| lpsohphqwlqj frlqwhjudwlrq dqdo|vlv1 Qrwh djdlq wkdw frlqwhjudwlrq
dqdo|vlv lv ixoo| lpsohphqwhg rq wkh uhgxfhg irup dqg wkh lghqwl�fdwlrq ri wkh
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vwuxfwxudo orqj0uxq uhodwlrqvklsv lv d wrwdoo| vhsdudwhg sureohp iurp wkh lghqwl0
�fdwlrq ri wkh vwuxfwxudo vkruw0uxq vlpxowdqhrxv uhodwlrqvklsv1 Lq wkh odvw vwhs
d vwuxfwxudo prgho lv lghqwl�hg dqg hvwlpdwhg1 Qr ixuwkhu ydolgdwlrq lv srvvleoh
iru mxvw0lghqwl�hg prgho dv wkh| lpsrvh qr uhvwulfwlrqv rq wkh v|vwhp/ zkloh wkh
ydolglw| ri ryhu0lghqwl�hg prghov lv whvwdeoh e| whvwlqj wkh ydolglw| ri wkh ryhu0
lghqwli|lqj uhvwulfwlrqv lpsolflwo| lpsrvhg rq wkh uhghxfhg irup1 Ilqdoo|/ srolf|
vlpxodwlrq fdq eh shuiruphg diwhu whvwlqj wkdw wkh qhfhvvdu| uhtxluhphqw iru wkh
prgho wr eh urexvw wr wkh Oxfdv fulwltxh/ l1h1 vxshuh{rjhqhlw| ri wkh uhohydqw
yduldeohv iru wkh hvwlpdwlrq ri wkh sdudphwhuv ri lqwhuhvw/ lv vdwlv�hg1

815 Wkh OVH gldjqrvlv1

Wkh OVH gldjqrvlv ri wkh sureohpv glvsod|hg e| Frzohv Frpplvvlrq prghov lv
vlpsoh

�111wkh vwdwlvwlfdo surshuwlhv dwwulexwhg wr wkh vwuxfwxudo hvwlpdwruv dqg uh0
odwhg whvwv duh lq jhqhudo lqydolg xqohvv wkh suredelolvwlf vwuxfwxuh lpsrvhg rq wkh
gdwd yld wkh uhgxfhg irup lv lqydolg1 D jodqfh dw wkh hpslulfdo olwhudwxuh frq�upv
wkdw qrw rqo| duh wkh vwdwlvwlfdo dvvxpswlrqv xqghuo|lqj wkh uhgxfhg irup qrw
whvwhg/ exw wkh uhgxfhg irup lv uduho| hvwlpdwhg h{solflwo|1 Lqghhg/ wkh prvw srs0
xodu hvwlpdwlrq phwkrgv iru wkh vwuxfwxudo sdudphwhuv duh olplwhg0lqirupdwlrq
lqvwuxphqwdo0yduldeoh phwkrgv vxfk dv wzr0vwdjh ohdvw vtxduhv zklfk gr qrw hyhq
vshfli| wkh lpsolhg uhgxfhg irup111�+^48`> s=<3, =

Frqvlghu wkh vwuxfwxudo prgho xvhg wr looxvwudwh wkh Frzohv Frpplvvlrq ds0
surdfk lq wkh suhylrxv fkdswhu =
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Iurp wklv uhsuhvhqwdwlrq zh lpphgldwho| qrwh wkh wkh h{rjhqhlw| dvvxpswlrqv
lpsolhv d uhpdundeoh qxpehu ri wkh uhvwulfwlrqv rq wkh vhw ri wkh sdudphwhuv
ri lqwhuhvw1 Dqrwkhu vxevwdqwldo vhw ri uhvwulfwlrqv ghulyhv iurp wkh yhu| olplwhg
g|qdplfv dgrswhg lq wkh vshfl�fdwlrq ri wkh prgho1 Wkh lpsolhg uhgxfhg irup
ihdwxuhv d uhpdundeoh qxpehu ri uhvwulfwlrqv/ dv hdvlo| fkhfnhg e| suh0pxowlso|lqj
wkh prgho e| D�4 =
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Dffruglqj wr wkh OVH fulwlflvp wkh ydolglw| ri vxfk uhgxfhg irup lv qrw surs0

huo| dgguhvvhg zlwklq wkh Frzohv Frpplvvlrq wudglwlrq1 Vwuxfwxudo lqihuhqfh zlwk
edvhg rq dq lpsurshu vwdwlvwlfdo prgho lv wkh OVH gldjqrvlv iru wkh idloxuh ri wkh
Frzohv Frpplvvlrq dssurdfk prgho e| hydoxdwlqj wkh surshuwlhv ri wkh uhvlgxdov1

816 Wkh uhgxfwlrq surfhvv

Hfrqrphwulf prghoolqj lv irupdol}hg zlwklq wkh OVH fdps dv wkh uhvxow ri d
uhgxfwlrq surfhvv1 Wkh vwduwlqj srlqw ri wkh uhgxfwlrq surfhvv lv d orqj zd| xs=
wklqn ri d yhfwru {w frqwdlqlqj revhuydwlrqv dq doo hfrqrplf yduldeohv dw wlph w1
D vdpsoh ri W wlph vhulhv revhuydwlrqv rq doo wkh yduldeohv fdq eh uhsuhvhqwhg
dv iroorzv=

[4
W @

599997
{4
=
=
=
{w

6::::8
Wkh vwduwlqj srlqw ri wkh uhgxfwlrq surfhvv lv d prgho iru wkh Gdwd Jhqhudwlqj
Surfhvv+GJS,1 Wkh GJS lv ghvfulehg e| wkh mrlqw ghqvlw| ixqfwlrq G

�
[4

W >�
�

zkhuh [w�4 lv wkh pdwul{ lqfxglqj revhuydwlrqv rq doo yduldeohv lq { iurp wlph
4 wr wlph w� 4/ dqg � lv d vhw ri sdudphwhuv1

Prgho vshfl�fdwlrq dprxqwv wr fkrrvlqj d sduwlfxodu ixqfwlrqdo irup iru wkh
ghqvlw|1 Kdylqj fkrvhq wkh prgho/ d vwuxfwxuh iru wkh prgho lv slqqhg grzq e|
lghqwli|lqj sdudphwhuv dqg hvwlpdwlqj wkhp1 Lq jhqhudo hvwlpdwlrq lv shuiruphg
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e| frqvlghulqj wkh mrlqw vdpsoh ghqvlw| ixqfwlrq/ nqrzq dovr dv wkh olnhololkrrg
ixqfwlrq/ zklfk zh fdq h{suhvv dv G

�
[4

W m[3>�
�
=Wkh olnholkrrg ixqfwlrq lv

gh�qhg rq wkh sdudphwhuv vsdfh �> jlyhq wkh revhuydwlrq ri wkh revhuyhg vdpsoh
[4

W dqg ri d vhw ri lqlwldo frqglwlrqv[3= Vxfk lqlwldo frqglwlrqv fdq eh lqwhusuhwhg
dv wkh suh0vdpsoh revhuydwlrqv rq wkh uhohydqw yduldeohv +zklfk duh xvxdoo| qrw
dydlodeoh,1 Lq fdvh ri lqghshqghqw revhuydwlrqv wkh olnholkrrg ixqfwlrq fdq eh
zulwwhq dv wkh surgxfw ri wkh ghqvlw| ixqfwlrqv iru hdfk revhuydwlrq1 Krzhyhu
wklv lv qrw wkh uhohydqw fdvh iru wlph0vhulhv/ dv wlph0vhulhv revhuydwlrqv duh lq
jhqhudo vhtxhqwldoo| fruuhodwhg1 Lq wkh fdvh ri wlph0vhulhv wkh vdpsoh ghqvlw| lv
wkhq frqvwuxfwhg xvlqj wkh frqfhsw ri vhtxhqwldo frqglwlrqlqj1 Wkh olnholkrrg
ixqfwlrq/ frqglwlrqhg zlwk uhvshfw wr lqlwldo frqglwlrqv/ fdq dozd|v eh zulwwhq dv
wkh surgxfw ri d pdujlqdo ghqvlw| dqg d frqglwlrqdo ghqvlw| dv iroorzv=
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dqg/ e| uhfxuvlyh vxevwlwxwlrq/ zh hyhqwxdoo| rewdlq =
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�
[4

W m[3>�
�
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e| lqwhjudwlqj

zlwk uhvshfw wr[3 wkh ghqvlw| frqglwlrqdo rq suh0vdpsoh revhuydwlrqv1 Lq sudfwlfh
wklv frxog eh qrw wudfwdeoh dqdolwlfdoo| dv G +[3, lv qrw nqrzq1 Wkh k|srwkhvlv
ri vwdwlrqdulw| ehfrphv fuxfldo dw wklv vwdjh/ dv vwdwlrqdulw| uhvwulfwv wkh phpru|
ri wlph vhulhv dqg olplwv wr wkh �uvw revhuydwlrqv lq wkh vdpsoh wkh h�hfwv ri suh0
vdpsoh revhuydwlrqv1 Wklv lv wkh uhdvrq zk|/ lq wkh fdvh ri vwdwlrqdu| surfhvvhv/
lqlwldo frqglwlrqv fdq eh vlpso| ljqruhg1 Fohduo| wkh odujhu wkh vdpsoh/ wkh ehwwhu
dv wkh zhljkwv ri wkh lqirupdwlrq orvw ehfrphv vpdoohu1 Pruhryhu qrwh dovr wkdw/
hyhq e| rplwwlqj lqlwldo frqglwlrqv zh kdyh=
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@ G +{4 m[3>�, w @ 5

W\
G +{w m[w�4>�,

wkhuhiruh wkh olnholkrrg ixqfwlrq lv vhsdudwhg lq wkh surgxfw rq W � 4 frq0
glwlrqdo glvwulexwlrq dqg rqh xqfrqglwlrqd glvwulexwlrq1 Lq wkh fdvh ri qrq0
vwdwlrqdulw| wkh xqfrqglwlrqdo glvwulexwlrq lv qrw gh�qhg1 Rq wkh rwkhu kdqg/
lq wkh fdvh ri vwdwlrqdulw| wkh GJS lv frpsohwho| ghvfulehg e| wkh frqglwlrqdo
ghqvlw| ixqfwlrq G +{w m[w�4>�, =
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Wkh edvh olqh ri wkh uhgxfwlrq surfhvv/ wkh GJS ru wkh Kddyhopr glvwulexwlrq/
lv wkhq frpsohwho| ghvfulehg e| G +{w m[w�4>�, = Wkh �uvw vwhs ri wkh uhgxfwlrq
surfhvv fdq eh xqghuvwrrg e| sduwlwrqlqj { lq wkuhh w|shv ri yduldeohv=

{w @ +zw>|w> }w,

zw lghqwl�hv yduldeohv zklfk duh qrw revhuydeohv ru duh qrw uhohydqw wr wkh
sureohp lqyhvwljdwhg e| wkh hfrqrphwulfldq1 Lq sudfwlfh wkhvh yduldeohv duh lj0
qruhg/ lq wkhru| vxfk uhvxow lv rewdlqhg e| idfwrulvlqj wkh mrlqw ghqvlw| dqg
lqwhjudwlqj lw zlwk uhvshfw wr zw=

G +|w> }w m\w�4>]w�4>�, @
]]

G +|w>}w>zw m\w�4>]w�4>Zw�4>�,

G +Zw�4 m\w�4>]w�4>�, gZw�4gzw

Lq wklv fdvh zh kdyh d srwhqwldo lqirupdwlrq orvv zklfk ehfrphv uhdo zkhq
wkh yduldeohv mxgjhg luuhohydqw iru wkh sureohp dw kdqg duh qrw vr1 Lq irupdo
whupv/ zh gr qrw kdyh dq| lqirupdwlrq orvv rqo| li=

G +|w> }w m\w�4>]w�4>�, @ G +|w> }w>zw m\w�4>]w�4>Zw�4>�,

Wklv lv wkh vwdwlvwlfdo ghvfulswlrq ri wkh prgho frqvlghuhg e| wkh hfrqrph0
wulfldq/ lw lv lq rwkhu zrugv wkh uhgxfhg irup ri wkh vwuxfwxuh ri lqwhuhvw wr wkh
hfrqrp|1 Lq jhqhudo/ dw wkh hpslulfdo ohyho wklv/ lv wkh hduolhvw vwdjh ri wkh uhgxf0
wlrq surfhvv/ lq idfw d uhgxfhg irup iru doo wkh yduldeohv ri lqwhuhvw +d YDU, lv wkh
prvw jhqhudo prgho zh �wwhg wr wkh gdwd1 Krzhyhu/ vxfk jhqhudo prgho yldeoh
iru hpslulfdo hvwlpdwlrq grhv qrw fhuwdlqo| frlqflgh zlwk wkh Kddyhopr glvwul0
exwlrq iru doo hfrqrplf yduldeohv$ Krz fdq zh eh vxuh wkdw qr orvv ri uhohydqw
lqirupdwlrq rffxuuhg lq prylqj iurp wkh Kddyhopr glvwulexwlrq wr wkh hvwlpdwhg
hpslulfdo prgho B E| dsso|lqj wkh wkuhh ixqgdphqwdo uxohv ri OVH hfrqrphwulfv
�whvw/ whvw dqg whvw� wr rxu uhgxfhg irup1 Lq idfw G +|w>}w m\w�4>]w�4>�, lv
hpslulfdoo| frqvwuxfwhg e| sdudphwhulvlqj H +|w>}w m\w�4>]w�4>�, dv iroorzv=

H +|w>}w m\w�4>]w�4>�, @
�
�44 +O, �45 +O,
�54 +O, �55 +O,

��
|w�4
}w�4

�
Iurp wkh vshfl�fdwlrq ri frqglwlrqdo phdqv wkh yhfwru ri lqqrydwlrqv xw lv ghulyhg
=

xw @

�
|w
}w

�
�
�
�44 +O, �45 +O,
�54 +O, �55 +O,

��
|w�4
}w�4

�
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Jrlqj edfn wr rxu dssolfdwlrq wr wkh prqhwdu| wudqvplvvlrq phfkdqlvp/ wkh
edvholqh ri wkh lqyhvwljdwlrq lv d uhgxfhg irup ri wkh w|sh=�

\w

Pw

�
@ G4+O,

�
\w�4
Pw�4

�
.G5d4 .

�
x\w
xPw

�
+815,

Dq| hpslulfdo prgho lv lq lwvhoi wkh surgxfw ri vrph vwhs lq wkh uhgxfwlrq
surfhvv1 Vr wkh vwduwlqj srlqw ri wkh hpslulfdo dqdo|vlv lv wkh lpsohphqwdwlrq ri
d edwwhu| ri gldjqrvwlf whvwv/ zkhuh wkh qxoo k|srwkhvlv ri lqwhuhvw lv wkh ydolglw|
ri wkh edvholqh prgho dv d vlpsol�hg uhsuhvhqwdwlrq ri wkh xqnqrzq GJS

817 Whvw/ whvw dqg whvw

Jlyhq wkdw wkh JGS lv xqnqrzq/ wkh ydolglw| ri uhgxfwlrq fdq eh fkhfnhg e|
hqvxulqj wkdw wkh yhfwru ri lqqrydwlrqv xw srvvhvvhv doo wkh ihdwxuhv ri wuxh vwdwlv0
wlfdo lqqrydwlrqv= devhqfh ri fruuhodwlrq/ khwhurvfhgdvwlflw|/ qrq0qrupdolw|1 Dq|
sdwwhuq ri wklv w|sh ru dq| lqvwdelolw| lq wkh � sdudphwhuv fdq wkhq eh lqwhusuhwhg
dv d vljqdo ri d orvv lqirupdwlrq rffxuuhg lq wkh klgghq uhgxfwlrq iurp wkh GJS
wr wkh sduwlfxodu hvwlpdwhg irup dgrswhg1 Wkh wkuhh ixqgdphqwdo sulqflsohv ri
wkh OVH phwkrgrorj| duh �whvw/ whvw/ dqg whvw� ehfdxvh rqo| e| lpsohphqwlqj
gldjqrvwlf fkhfnv zh fdq glvfdug lqydolg vwuxfwxudo prghov1 Whvwlqj xvxdoo| frq0
fhqwudwhv rq uhvlgxdov ehfdxvh dq| qrq0udqgrpqhvv lq uhvlgxdo ehkdylrxu frxog
eh lqwhusuhwhg dv d vljqdo ri lqfruuhfw vshfl�fdwlrq ri wkh xqghuo|lqj prgho1 Wkh
uhvlgxdov ri d vwdwlvwlfdo prgho duh jhqhudwhg e| wkh vshfl�fdwlrq dgrswhg e|
wkh hfrqrphwulfldq dqg duh d e|0surgxfw ri rplwwhg yduldeohv +erwk lq wkh vhqvh
ri rplwwhg lpsruwdqw yduldeohv dqg ri rplwwhg odjv ri lqfoxghg yduldeohv,/ dqg
huuruv0lq0lqfoxghg0yduldeohv ri vhyhudo w|sh +phdvxuhphqw huuruv/ h{shfwdwlrqdo
huuruv,1 Zh looxvwudwh krz wkh uhohydqw whvwv fdq eh frqvwuxfwhg zlwk uhihuhqfh
wr wkh vwdwlvwlfdo prgho +8=5, =

81714 Whvwlqj dxwrfruuhodwhg uhvlgxdov

Uhvlgxdo dxwrfruuhodwlrq lv xvxdoo| whvwhg yld d Odjudqjh Pxowlsolhu whvw ^7`/
zklfk xvhv wkh iroorzlqj irupxodwlrq=
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Vr uhvlgxdov dxwrfruuhodwlrq ri wkh q0wk rughu lv fkhfnhg e| whvwlqj li wkh
frpsrqhqwv ri odjjhg �wwhg uhvlgxdov qrw h{sodlqhg e| wkh uhjuhvvruv lq wkh
ruljlqdo prgho duh vljql�fdqw lq h{sodlqlqj frqwhpsrudqhrxv �wwhg uhvlgxdov1 D
whvw djdlqvw wkh qxoo ri devhqfh ri vhuldo fruuhodwlrq ri rughu q lv lpsohphqwhg e|
frqvlghu odjv xs wr wkh q0wk ri �wwhg uhvlgxdov1 Wkh qxoo k|srwkhvlv ri lqwhuhvw
lv=
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K3 = �l @ 3

Wkh whvw/ edvhg rq wkh U5 ri wkh dx{loldu| v|vwhp/ lv dv|pswrwlfdoo| glv0
wulexwhg dv d "5 zlwk qp5 ghjuhhv ri iuhhgrp/ zkhuh p lv wkh qxpehu ri wkh
yduldeohv hqwhulqj wkh uhgxfhg irup^;`1 Dq I0dssur{lpdwlrq zlwk vpdoo vdpsoh
fruuhfwlrqv lv dovr dydlodeoh^45`1 Wkh lqwxlwlrq ri wklv surfhgxuh ri prgho hydo0
xdwlrq e| yduldeoh dgglwlrq lv xqghuvwrrg e| frqvlghulqj wkdw/ qghu wkh qxoo
k|srwkhvlv/ wkh frpsrqhqw ri odjjhg uhvlgxdov qrw h{sodlqhg e| wkh uhjuhvvruv lq
wkh prgho lv qrw vljql�fdqw lq h{sodlqlqj fxuuhqw uhvlgxdov^47`1

81715 Whvwlqj khwhurvfhgdvwlf uhvlgxdov

Wr looxvwudwh whvwv iru wkh qxoo ri krprvfhgdvwlflw|/ frqvlghu wkh vlpsoh fdvh zkhuh
zh kdyh d v|vwhp lqfoxglqj wzr yduldeohv/ rqh prqhwdu| yduldeoh dqg rqh pdfurh0
frqrplf yduldeoh1 Diwhu hvwlpdwlrq ri +8=5, > d whvwv fdq eh shuiruphg e| uxqqlqj
wkh iroorzlqj dx{loldu| prgho=
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Xqghu wkh qxoo k|srwkhvlv wkh yduldqfh0fryduldqfh ri wkh v|vwhp uhvlgxdov lv frq0
vwdqw1 Khqfh/ zh kdyh

K3 = G
� +O, @ 3

Wkh whvw lv hdvlo| jhqhudol}hg wr v|vwhpv ri p yduldeohv/ zlwk wkh surylvr wkdw/
dv p jhwv odujh/ wkh olplwdwlrq lq ghjuhhv ri iuhhgrp pljkw pdnh lw qrw ihdvl0
eoh1 Wkh surfhgxuh lv ehvw lqwhusuhwhg dv dq h{whqvlrq ri wkh khwhurvfhgdvwlflw|
whvwv sursrvhg e| Zklwh^4:` lq wkh frqwh{w ri vlqjoh0htxdwlrq prghov1 Ri frxuvh/
zkhqhyhu wkh ghjuhhv ri iuhhgrp sureohp lv elqglqj/ d Zklwh whvw fdq eh uxq rq
doo wkh htxdwlrqv vhsdudwho|1 Qrw uhmhfwlqj wkh qxoo lq wklv fdvh zrxog vdwlvi| d
qhfhvvdu| frqglwlrq iru krprvfhgdvwlflw| ri wkh v|whp uhvlgxdov1 Wkh frqglwlrq lv
qrw vx!flhqw ehfdxvh lw grhv qrw surylgh d whvw iru frqvwdqf| ri fryduldqfhv1 Dw
wkh vlqjoh htxdwlrq ohyho/ DUFK^9` w|sh ri whvwv frxog dovr eh uxq/ e| vshfli|lqj
wkh iroorzlqj prghov=
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Zkhuh wkh qxoo ri lqwhuhvw lv=

K3 = �l @ 3

Qrwh wkdw doo wkh whvw iru khwhurvfhgdvwlf| khuh suhvhqwhg wdnh vrph hvwlpdwh
ri wkh yduldqfh0fryduldqfh pdwul{ ri wkh v|vwhp uhvlgxdo dqg fkhfn lwv frqvwdqf|
ryhu wlph1 Wkh gl�huhqfh ehwzhhq gl�huhqw whvwv olhv lq wkh vshfl�fdwlrq ri wkh
dowhuqdwlyh/ l1h1 ri wkh yduldeohv xvhg wr fdswxuh wkh  xfwxdwlrqv ryhu wlph ri wkh
prphqwv xqghu wkh dowhuqdwlyh glvwulexwlrq1

81716 Whvwlqj uhvlgxdov qrupdolw|

Qrupdolw| ri uhvlgxdov lv d fuxfldo surshuw| lq wkdw doo wkh vwdwlvwlfdo iudphzrun
xvhg wr �whvw/ whvw dqg whvw� lv edvhg rq wklv dvvxpswlrq1 D yhfwru qrupdolw|
whvwv kdv ehhq sursrvhg e| Grruqln dqg Kdqvhq ^8`1

Wkh whvw lv frqvwuxfwhg e| �uvw vwdqgduglvlqj wkh uhvlgxdov
�

a
x
\

w

a
x
P

w

�
1 Gh�qh

wkh yhfwru ri vwdqgduglvhg uhvlgxdov+u4>===> uW , dv U= Vr F @ W�4U3U/ lv wkh
fruuhodwlrq pdwul{1 Wkh vwdqgduglvhg uhvlgxdov/ qrupdoo| glvwulexwhg xqghu wkh
qxoo zlwk }hur phdq dqg yduldqfh0fryduldqfh pdwul{ F> fdq eh wudqviruphg lqwr
lqghshqghqw vwdqgdug qrupdov=

hw @ H��
4
5H3uw

zkhuh � lv d gldjrqdo pdwul{ zlwk wkh hljhqydoxhv ri F rq wkh sulqflsdo
gldjrqdo dqg wkh froxpqv ri H duh wkh fruuhvsrqghqw hljhqyhfwruv/ vxfk wkdw
H3H @ L> dqg � @ H3FH=

Wkh whvw lv shuiruphg e| frpsxwlqj xqlyduldwh vnhzqhvv dqg nxuwrvlv ri hdfk
wudqviruphg uhvlgxdov dqg frpsdulqj wkhp zlwk wkrvh ri wkh qrupdo glvwulex0
wlrq1 Gh�qh e34 @ +e44>===> e4p, > e35 @ +e54>===> e5p, > dv wkh yhfwruv frqwdlqlqj wkh
vdpsoh hvwlpdwhv ri wkh vnhzqhvv dqg nxuwrvlv ri wkh wudqviruphg uhvlgxdov ri
wkh p htxdwlrqv lqfoxghg lq wkh prgho zh kdyh wkdw wkh whvw vwdwlvwlf=

We34e4
9

.
W +e5 � 6l,3 +e5 � 6l,

57

dv|� "5 +5p,

zkhuh l lv wkh xqlw yhfwru1 Dv wkh deryh uhtxluhv odujh vdpsohv/ fruuhfwhg
yhuvlrqv duh sursrvhg dqg lpsohphqwhg lq wkh SF0ILPO sdfndjh1
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81717 Whvwlqj sdudphwhuv vwdelolw|

Zlwklq wkh OVHphwkrgrorj| yduldeoh sdudphwhuv lv dq r{|prurq1 Lq idfw �111Prg0
hov zklfk kdyh qr vhw ri frqvwdqflhv zloo eh xvhohvv iru iruhfdvwlqj wkh ixwxuh/
dqdo|vlqj hfrqrplf srolf|/ ru whvw hfrqrplf wkhrulhv/ vlqfh wkh| odfn hqwlwlhv rq
zklfk wr edvh wkrvh dfwlylwlhv111�^:`1 Whvwlqj sdudphwhu frqvwdqf| lv wkhuhiruh
dq lpsruwdqw dvshfw ri wkh gldjqrvwlf fkhfnlqj surfhgxuh1 Wklv lv xvxdoo| grqh
zlwklq wkh OVH wudglwlrq e| hvwlpdwlqj prghov uhfxuvlyho| dqg dsso|lqj Fkrz
whvwv iru sdudphwhuv vwdelolw|^B`1

Vlqjoh htxdwlrq Fkrz whvwv lqfoxgh 40vwhs I 0whvwv/ euhdn0srlqw I 0whvwv dqg
iruhfdvw I 0whvwv1

40vwhs iruhfdvwv whvwv duh I +4> w � n � 4, xqghu wkh qxoo ri frqvwdqw sdudp0
hwhuv/ iru w @ Q> ===W dqg n lqfoxghg uhjuhvvruv1 D w|slfdo vwdwlvwlf lv fdofxodwhg
dv=

+UVVw �UVVw�4, +w� n � 4,

UVVw�4

Zkhuh UVVw lv wkh uhvlgxdo vxp ri vtxduhv frpsxwhg iurp wkh hvwlpdwlrq
rq w revhuydwlrqv1 Dqg wkh| duh frpsxwhg e| SF0JLYH dqg SF0ILPO iru doo
srvvleoh euhdn srlqwv diwhu lqlwldol}dwlrq ri wkh hvwlpdwlrq1

Euhdn0srlqw I 0whvwv duh I +W � w . 4> w � n � 4, iru w @ Q> ==W= Wkh qxoo ri
lqwhuhvw lv wkh vwdelolw| ri sdudphwhuv zkhq prgho lv hvwlpdwhg rq wkh vdpsoh 4
wr w djdlqvw dq dowhuqdwlyh zklfk doorzv dq| irup ri fkdqjh ryhu w . 4 wr W 1 D
w|slfdo vwdwlvwlf lv fdofxodwhg dv

+UVVW �UVVw�4, +w� n � 4,

UVVw�4 +W � n � 4,

Iruhfdvw I 0whvw duh I +W �Q .4>P �n�4, iru w @Q> ==W> wkh| whvw vwdelolw|
ri wkh prgho hvwlpdwhg rq wkh vdpsoh 4 wr +Q � 4, djdlqvw dq dowhuqdwlyh zklfk
doorzv dq| irup ri fkdqjh ryhu Q wr W 1 D w|slfdo vwdwlvwlf lv fdofxodwhg dv

+UVVW �UVVQ�4, +Q � n � 4,

UVVQ�4 +W �Q � 4,

Doo wkhvh whvwv fdq eh h{whqghg wr v|vwhpv e| gh�qlqj I0dssur{lpdwlrqv wr
olnholkrrg udwlrv vwdwlvwlfv^7`1

Fkrz whvwv duh whvwv iru lqvwdelolw| jhqhudwhg e| d vlqjoh0euhdn srlqw/ rffxu0
ulqj dw d nqrzq gdwh zlwklq wkh vdpsoh1 Uh�qhphqwv ri wkh whvwlqj surfhgxuh
kdyh ehhq sursrvhg wr ghdo zlwk euhdnv rffxulqj dw xqfhuwdlq gdwhv dqg zlwk
pxowlsoh euhdnv1 Dqguhzv ^4` sursrvhv wr ghdo zlwk xqfhuwdlqw| e| xvlqj wulp0
plqj srlqwv wr gh�qh d vxevdpsoh lq zklfk wkh euhdn kdv olnho| rffxuuhg / e|
wkhq frpsxwlqj doo srvvleoh Fkrz whvwv +lq "5 irup, iru hyhu| euhdnsrlqw1 Wkh
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odujhvw vwdwlvwlf vr rewdlqhg surylghv d vwdelolw| whvw +�pd{lpxp Fkrz� whvw,
iru dq xqnqrzq euhdn srlqw1 Wkh duwlfoh surylghv wkh xqghuo|lqj glvwulexwlrqdo
wkhru| dqg fulwlfdo ydoxhv/ zklfk duh ixqfwlrq ri ghjuhv ri iuhgrp dqg wulpplqj
srlqwv1

818 Whvwlqj wkh Frzohv Frpplvvlrq prgho

Zh frqvlghu dv d edvholqh prghoolqj wkh iroorzlqj jhqhudol}dwlrq ri wkh vwdwlvwlfdo
prgho xqghuo|lqj wkh vlpsoh Frzohv Frpplvvlrq vshfl�fdwlrq=
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5997
x4w
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6::8
Zh hvwlpdwh wkh deryhu vshfl�fdwlrq e| ROV/ xvlqj SF0ILPO/ ryhu wkh vdp0

soh 4<8<=:04<;8=451 Wkh uhvlgxdov iru wkh irxu htxdwlrq lq wkh v|vwhp duh uhsruwhg
lq Iljxuh +BB,/ zkloh gldjqrvwlf whvwv duh uhsruwhg lq Wdeoh 41

Wdeoh 4= Gldjqrvwlf whvwv

DU4� :I +:> 59:, Qrupdolw|"5+5, DUFK:I +:>593, [la5I +83>556,
O\ 31:9<4 ^31946:` 71<4:5 ^313;89` 31:53<8 ^319876` 3193<86 ^31<;3:`

LQIO 519:4 ^31343<` - <1<;77 ^31339;` -- 31<55 ^317;<;` 418677 ^3134<9` -

OP5S 41<7:8 ^313958` 5413<9 ^313333` -- 517459 ^31353;` - 414574 ^315;3:`

WELOO6 514<46 ^313686` - 495144 ^313333` -- 5317<7 ^313333` -- 71:<47 ^313333` --

Yhfwru 51785< ^313333` -- 54718 ^313333` -- 0 416;5: ^313333` --

Wkh sorw ri wkh uhvlgxdov dqg wkh uhvxowv ri wkh gldjqrvwlf whvwv uhsruwhg lq
Wdeoh 4 pdnh d srlqw= wkh dgrswhg vshfl�fdwlrq grhv qrw gholyhu dq dffhswdeoh
vwdwlvwlfdo prgho1 Jlyhq wkdw wklv prgho lv pruh jhqhudo wkdq wkh vlpsoh vshfl�0
fdwlrq xvhg wr looxvwudwh wkh Frzohv frpplvvlrq dssurdfk/ wkh uhvxowv lv ydolg d
iruwlrul iru vxfk prgho1

819 Vhdufklqj iru d frqjuxhqw vshfl�fdwlrq

Lq wkh suhylrxv vhfwlrq zh kdyh looxvwudwhg wkh gldjqrvlv ri wkh sureohpv ri wkh
Frzohv frpplvvlrq prghov sursrvhg e| OVH1 Zh frqvlghu qrz wkh surjqrvlv=
ehjlq wkh vhdufk ri wkh �qdo vshfl�fdwlrq vwduwlqj iurp dq dssursuldwh vwdwlv0
wlfdo prgho iru wkh gdwd1 Orrnlqj dw wkh ehkdylrxu ri wkh uhvlgxdov iurp wkh
suhylrxv hvwlpdwhg prgho zh qrwh wkdw wkh htxdwlrq iru wkh lqwhuhvw udwh vkrzv
d vxevwdqwldo ghjuhh ri lqvwdelolw| ryhu wkh shulrg 4<:<04<;51 Lq idfw lq wklv sh0
ulrg d gl�huhqw prqhwdu| uhjlph kdv ehhq dgrswhg e| wkh Ihg zkr dedqgrqhg d
vwudwhj| dlphg dw frqwuroolqj lqwhuhvw udwhv wr hpeudfh d qrq0eruurzhg uhvhuyhv
wdujhwlqj uhjlph1 Dv d frqvhtxhqfh wkh yrodwlolw| ri vkruw0whup lqwhuhvw udwhv
fkdqjhv gudpdwlfdoo| ryhu wkh shulrg 4<:<04<;51 Vxfk yrodwlolw| jrhv edfn wr
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suh04<:< ohyhov rqo| zkhq qrq0eruurzhg uhvhuyhv wdujhwlqj lv dedqgrqhg dw wkh
hqg ri 4<;5 +vhh Zdovk^B`, prwlydwlrq wr eh lqwurgxfhg khuh1 Pl{lqj wzr gl�hu0
hqw srolf| uhjlphv lv d uhflsh iru sdudphwhuv lqvwdelolw|/ wkhuhiruh zh frqfhqwudwh
rq d vlqjoh uhjlph dqg vkruwhq wkh vdpsoh wr hqg hvwlpdwlrq lq 4<:<=431 D vhf0
rqg sureohp lv ghwhfwhg e| wkh gldjqrvwlfv lq wkh htxdwlrq iru lq dwlrq1 Vhyhudo
rxwolhuv khuh duh jhqhudwhg e| wkh rlo sulfh vkrfnv ri 4<:6 dqg 4<:<1 Wr �{ wklv
sureohp zh lqfoxgh dprqj wkh yduldeohv lq wkh v|vwhp dq lqgh{ ri frpprglw|
sulfhv1 Vxfk yduldeoh frxog dovr eh lpsruwdqw lq prghoolqj wkh prqhwdu| srolf|
pdnhu ehkdylrxu/ li lw sdo|v d uroh dv d ohdglqj lqglfdwru iru lq dwlrq1 Odvwo|
wr prgho surshuo| prqh| ghpdqg lw vhhpv qhfhvvdu| wr frqvlghu h{solflwo| wkh
rzq uhwxuq rq prqh| lq wkh frqvwuxfwlrq ri wkh rssruwxqlw| frvw ri kroglqj wklv
dvvhw1 D wlph vhulhv iru wklv yduldeoh lv pdgh dydlodeoh e| wkh Ihg dw wkh lqwhu0
qhw vlwh kwws22zzz1BB1BB1 1 zh h{whqg rxu edvholqh v|vwhp wr lqfoxgh vxfk qhz
yduldeoh1 Zh uh0hvwlpdwh wkh v|vwhp ryhu wkh vkruwhqhg vdpsoh zlwk wkh qhz
hqgrjhqrxv dqg h{rjhqrxv yduldeohv1 Dv wkh uhvlgxdov vkrz vrph shuvlvwhqw vljq
ri qrq0qrupdolw| zh lqfoxgh d vhw ri gxpplhv wr uhpryh rxwolhuv +revhuydwlrqv
jhqhudwlqj revhuyhg uhvlgxdov ri d pdjqlwxgh h{fhhglqj/ lq devroxwh ydoxh/ wkuhh
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wlphv wkh vwdqgdug ghyldwlrq ri �wwhg uhvlgxdov,1 Zh wkhq fkrrvh wkh iroorzlqj
dv rxu edvholqh prgho=

599997
|w
�w
Up
w

Ue
w

+p� s,w

6::::8 @

5997
g3>44 g3>45
g3>54 g3>55
g3>64 g3>65
g3>74 g3>75

6::8�4WUHQG

�
. l @ 4

9[
Gl

599997
|w�l
�w�l
Up
w�l

Ue
w�l

+p� s,w�l

6::::8.+819,

.l @ 3
9[
Il�45OSFPw�l . j3GXPw.

5997
x4w
x5w
x6w
x7w

6::8 =
GXPw lv d yhfwru ri gxpp| yduldeohv frqwdlqlqj= gxp:639/gxp:63:/ gxp:63;/

gxp:643/ gxp:644/ gxp:645/ gxp:735/ gxp:736/ gxp:73:/ gxp:73;/gxp:73</
gxp:834/ gxp:838/ gxp:;39/ gxp:;3;/ gxp:;44/ gxp:<371 Lq jhqhudo/ gxp0
PP\\ lv d yduldeoh wdnlqj ydoxh 4 lq wkh PP prqwk ri wkh |hdu \\ dqg }hur
dq|zkhuh hovh1

Zh sorw wkh uhvlgxdov lq Iljxuh +8=5, dqg uhsruw wkh gldjqrvwlf whvwv lq Wdeoh
51

Wdeoh 5=

DU4� :I +:>59:, Qrupdolw|"5+5, DUFK:I +:> 593, [la5I +83>556,
O\ 31<548< ^317<46` 418:: ^317878` 4134<9 ^3174<9` 31;5894 ^31:<5<`

LQIO 417::8 ^314:;:` 614;8: ^315366` 316;;65 ^31<3;4` 318<338 ^31<;:7`

OP5S 513344 ^3138;3` 6137 ^3154;:` 317<4:; ^31;6<8` 319<559 ^31<74;`

P5RZQ 815;:: ^313333` -- 45137 ^313357` -- 31:3658 ^3199<6` 4134;5 ^317939`

WELOO6 413456 ^317579` 9199;6 ^313689` - 51;76< ^3133;4` -- 31;<5:4 ^319;68`

Yhfwru 417::< ^313337` -- 571:78 ^31338;` -- 31994:4 ^413333`

Wkh vlwxdwlrq orrnv pxfk lpsuryhg qrz/ dowkrxjk wkh htxdwlrq iru wkh rzq
udwh rq prqh| vkrzv vwloo vrph sureohp ri dxwrfruuhodwlrq dqg qrq0qrupdolw|/
vljqdoohg erwk e| wkh vlqjoh0htxdwlrq dqg wkh v|vwhp gldjqrvwlfv1 Zh dwwulexwh
wklv sureohpv wr wkh yhu| shfxoldu wlph0vhulhv ehkdylrxu ri wklv vhulhv +vhh Iljxuh
[, dqg ghflgh wr surfhhg ixuwkhu lq rxu dqdo|vlv e| frqvlghulqj 819 dv d frqjuxhqw
uhsuhvhqwdwlrq iru wkh xqnqrzq Gdwd Jhqhudwlqj Surfhvv1

81: Frlqwhjudwlrq Dqdo|vlv

Wkh qh{w vwhs lq wkh vshfl�fdwlrq vwudwhj| lv wkh lghqwl�fdwlrq ri wkh orqj0uxq
htxloleuld lq rxu prgho1 Wkh qxpehu ri frlqwhjudwlqj yhfwruv fdq eh ghwhfwhg e|
dsso|lqj wkh Mrkdqvhq surfhgxuh wr lghqwli| wkh udqn ri wkh pdwul{ � lq wkh
iroorzlqj uh0sdudphwhulvdwlrq ri rxu prgho=
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6::::8
Zh kdyh douhdg| vhhq lq Fkdswhu 5 wkdw wzr lghqwl�fdwlrq vfkhphv gholyhu

dowhuqdwlyh uhsuhvhqwdwlrqv ri wkh orqj0uxq htxloleuld edvhg rq ryhu0lghqwli|lqj
uhvwulfwlrqv qrw uhmhfwhg e| wkh gdwd1 Wkh �uvw vfkhph lv fhqwhuhg xsrq d prqh|
ghpdqg uhodwlrq/ zkloh wkh vhfrqg lv fhqwhuhg xsrq dq lqwhuhvw udwh uhdfwlrq
ixqfwlrq1 Zh kdyh dovr vkrzq wkdw wkh dqdo|vlv ri wkh dgmxvwphqw sdudphwhuv
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pdnhv wkh vhfrqg vfkhph suhihudeoh1 Rq wkh edvlv ri wkhvh uhvxowv/ zh rsw iru
wkh vhfrqg lghqwl�fdwlrq vfkhph dqg surfhhg wr vshfli| d vwuxfwxudo prgho iru
wkh srolf| udwhv/ rxwsxw dqg lq dwlrq1 Zlwklq vxfk vfkhph/ uhdo prqh| lv frp0
sohwho| ghwhuplqhg e| wkh ghpdqg vlgh dqg orrvhv dq| lqwhuhvw iru wkh dqdo|vlv
ri prqhwdu| srolf|1 Zkhq wkh uhvhdufkhu orrvhv lqwhuhvw lq uhdo prqh| wkh uh0
wxuq rq prqh| ehfrphv dovr xqlqwhuhvwlqj1 Rxu hfrqrplf lqwhusuhwdwlrq ri wkh
uhvxowv ri wkh frlqwhjudwlrq dqdo|vlv pdnhv rxu edvholqh uhgxfhg irup xqqhfhv0
vdulo| frpsolfdwhg1 Wkh qdwxudo txhvwlrq dw wklv srlqw uhjdugv wkh ohjlwlpdf| ri
d vlpsol�fdwlrq ri wkh prgho lq prylqj iurp wkh uhgxfhg irup wr wkh vwuxfwxudo
prgho ri lqwhuhvw1

81; Vshfli|lqj wkh vwuxfwxudo prgho

Kdylqj ydolgdwhg wkh uhgxfhg irup/ wkh hfrqrphwulfldq lv ohiw zlwk wkh sureohp
ri lghqwli|lqj wkh dssursuldwh vwuxfwxuh1 Pruhryhu/ zh kdyh vhhq wkdw wkh uhgxfhg
iruppljkw frqvwlwxwh lq lwvhoi d prgho xqqhfhvvdulo| frpsolfdwhg iru wkh sureohp
dw kdqg1 Lw lv wkhq lpsruwdqw wr lghqwli| wkh fdvhv lq zklfk ixuwkhu vlpsol�fdwlrq/
rewdlqhg e| uhgxflqj wkh glphqvlrq ri wkh hvwlpdwhg v|vwhp/ lv yldeoh zlwk qr
orvv ri uhohydqw lqirupdwlrq iru wkh sxusrvhv ri dqdo|vlv1

81;14 H{rjhqhlw|

Vxssrvh wkdw wkh uhohydqw sureohp lv lqihuhqfh rq vxevhw �4 ri wkh sdudphwhuv
ghwhuplqlqjwkh mrlqw ghqvlw| ri

|w> dqg }w=Lq jhqhudo lw lv dozd|v srvvleoh wr uh0zulwhG +|w> }w m\w�4>]w�4>�,
dv iroorzv=

G +|w> }w m\w�4>]w�4>�, @ G +|w m }w>\w�4>]w�4>�4>�5,G +}w m\w�4>]w�4>�4>�5,
+81:,

Wkh jhqhudo fdvh dgplw dv d vshfl�f fdvh wkh h{lvwhqfh ri d �vhtxhqwldo fxw�/
zklfk zh uhsuhvhqw dv iroorzv=

G +|w>}w m \w�4>]w�4>�, @ G +|w m }w>\w�4>]w�4>�4,G +}w m\w�4>]w�4>�5,
+81;,

Li wklv lv wkh fdvh dqg li wkh vhw rq zklfk wkh sdudphwhuv �4duh gh�qhg lv
wrwdoo| lqghshqghqw iurp wkh vhw rq zklfk wkh sdudphwhuv �5 duh gh�qhg +�4 dqg
�5 duh yduldwlrq iuhh, wkhq lqihuhqfh rq �4frxog eh shuiruphg e| frqfhqwudwlqj
rqo| rq wkh frqglwlrqdo ghqvlw| iru |w/ zlwkrxw h{solflwo| wuhdwlqj wkh pdujlqdo
ghqvlw| iru }w= Wr kdyh dq lqwxlwlrq ri wklv dujxphqw wklqn ri wkh sureohp ri
ghulylqj dq hvwlpdwru ri �4 e| xvlqj wkh+8=;, dv wkh olnholkrrg ixqfwlrq1 Wdnlqj
orjv ri +8=;, zh kdyh=
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orjG +|w>}w m\w�4>]w�4>�, @ orjG +|w m }w>\w�4>]w�4>�4, . orjG +}w m\w�4>]w�4>�5,
+81<,

iurp zklfk lw lv fohdu wkdw wkh orj ri wkh mrlqw surfhvv lv htxdo wr wkh vxp
ri wzr idfwruv1 Wkh vhfrqg idfwru lv d frqvwdqw zlwk uhvshfw wr �4 / lw grhv qrw
d�hfw wkh pd{lpxp olnholkrrg hvwlpdwru ri �4 dqg fdq eh ljqruhg zkhq wkh
pdlq lqwhuhvw ri uhvhdufk lv lqihuhqfh rq �4= Zkhq wkh vhtxhqwldo fxw fdq eh
rshudwhg dqg �4 dqg �5 duh �yduldwlrq iuhh�/ }w lv vdlg wr eh zhdno| h{rjhqrxv
iru wkh hvwlpdwlrq ri �4= Zhdn h{rjhqhlw| fdq eh frqiurqwhg zlwk Judqjhu qrq0
fdxvdolw| +Judqjhu+4<;:,,1 }w Judqjhu0fdxvhv |w li wkh nqrzohgjh ri }w khosv wkh
suhglfwlrq ri |w.m >mA31 Judqjhu0 fdxvdolw| lv lqghshqghqw iurp wkh fkrlfh ri wkh
sdudphwhuv ri lqwhuhvw/ zkloh zhdn h{rjhqhlw| reylrxvo| lv1 Dv d frqvhtxhqfh lw
lv shuihfwo| dgplvvleoh wkdw }w lv qrw Judqjhu0fdxvhg e| | exw wkhvh yduldeohv duh
qrw zhdno| h{rjhqrxv iru wkh hvwlpdwlrq ri wkh sdudphwhuv ri lqwhuhvw1 Wklqn ri
wkh iroorzlqj fdvh=

G +|w>}w m\w�4>]w�4>�, @ G +|w m }w>\w�4>]w�4>�4>�5,G +}w m ]w�4>�4>�5,
+8143,

Wkh olqn ehwzhhq Judqjhu fdxvdolw| dqg zhdn0h{rjhqhlw| lv hvwdeolvkhg e|
wkh frqfhsw ri vwurqj0h{rjhqhlw|/ zklfk lv gh�qhg dv wkh lqwhuvhfwlrq ri wkh wzr
frqfhswv/ wkhuhiruh zh kdyh vwurqj0h{rjhqhlw| zkhq wkh mrlqw ghqvlw| fdq eh
idfwrulvhg dv iroorzv=

G +|w> }w m\w�4>]w�4>�, @ G +|w m }w>\w�4>]w�4>�4,G +}w m ]w�4>�5, +8144,

Zhdn h{rjhqhlw| frqvwlwxwh wkh edvlv iru wkh gh�qlwlrq ri d wklug frqfhsw
ri h{rjhqhlw|= vxshu0h{rjhqhlw|1 Vxshuh{rjhqhlw| uhtxluhv zhdn h{rjhqhlw| dqg
wkdw wkh frqglwlrqdo prgho G +|w m }w>\w�4>]w�4>�4,lv vwuxfwxudoo| lqyduldqw/
l1h1 fkdqjhv lq wkh glwulexwlrq ri wkh pdujlqdo prgho iru }w gr qrw d�hfw wkh �4

sdudphwhuv1
Wkhvh wkuhh frqfhsw duh xvhixo wr gh�qh wkh ydolglw| ri wkh uhgxfwlrq iurp

wkh gdwd frqjuxhqw uhgxfhg irup dqg wkh dgrswhg vwuxfwxudo prgho1
Li wkh remhfwlyh ri wkh dqdo|vlv lv lqihuhqfh rq wkh �4 sdudphwhuv/ wkhq wkh

mrlqw0ghqvlw| fdq eh uhgxfhg wr d frqglwlrqdo prgho li }w lv zhdno| h{rjhqrxv iru
wkh hvwlpdwlrq ri wkh sdudphwhuv ri lqwhuhvw1

Li wkh remhfwlyh ri wkh dqdo|vlv lv g|qdplf vlpxodwlrq/ wkhq wkh mrlqw0ghqvlw|
fdq eh uhgxfhg wr d frqglwlrqdo prgho li }w vdwlv�hv wkh frqglwlrqv iru vwurqj
h{rjhqhlw|

Li wkh remhfwlyh ri wkh dqdo|vlv lv hfrqrphwulf srolf| hydoxdwlrq/ wkhq wkh
mrlqw0ghqvlw| fdq eh uhgxfhg wr d frqglwlrqdo prgho li }w vdwlv�hv wkh frqglwlrqv
iru vxshu0h{rjhqhlw|1
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Whvwv iru wkh ydolglw| ri doo wkhvh wkuhh frqfhswv kdyh ehhq ghyrohshg wr vxvwdlq
wkh ydolglw| ri wkh odvw vwdjh ri wkh uhgxfwlrq surfhvvhv1

81;15 H{rjhqhlw| lq HFP uhsuhvhqwdwlrqv

Wr looxvwudwh krz wkh frqfhswv ri h{rjhqhlw| duh dssolhg wr olqhdu g|qdplf prghov/
frqvlghu wkh iroorzlqj GJS=

|w @ d345}w . %4w +8145,

%4w @ �%4w�4 . x4w 3 ? � ? 4

d354|w . d355}w @ d454|w�4 . d455}w�4 . %5w

%5w @ %5w�4 . x5w

�
x4w
x5w

�
Q=L=G=

��
3
3

�
>

�
�44 3
3 �55

��
Wklv lv d qrq0vwdwlrqdu| surfhvv/ lqwhjudwhg ri wkh �uvw rughu/ dgplwwlqj rqh

frlqwhjudwlqj yhfwru1 Wkh qrq0vwdwlrqdulw| ri wkh surfhvv vwhpv iurp wkh suhvhqfh
ri d xqlw urrw lq %4w>zkloh wkh frlqwhjudwlqj yhfwru lv gh�qhg e| |w�d45}w> dv %4w
lv vwdwlrqdu|1 Wkh v|vwhp+^B`, fdq eh uh0sdudphwhulvhg dv iroorzv=

D3
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�|w
�}w
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@D4

�
�|w�4
�}w�4

�
.F

�
|w�4
}w�4

�
.

�
x4w
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+8146,
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4 �d345
d354 d355
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> D4 @
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3 3
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>

F @

�� +4� �, d345 +4� �,
3 3

�
F @D3��

3

Qrwh wkdw +9=44,fdq eh frqvlghuhg d frqjuxhqw uhsuhvhqwdwlrq ri wkh GJS/
dv lw ihdwxuhv zhoo0ehkdyhg uhvlgxdov1 Wklv lv qrw wuxh ri +8=45, zklfk ihdwxuhv
dxwrfruuhodwhg uhvlgxdov1 Dxwrfruuhodwlrq lv jhqhudwhg e| wkh rplwwhg �uvw rughu
g|qdplfv lq wkh vwdwlf htxdwlrq1 Wkh rplwwhg g|qdplfv dgplw vshfl�f uhvwulfwlrqv
nqrzq dv FRPIDF +frpprq idfwru uhvwulfwlrq,1 44

Wr dqdo|vh wkh gl�huhqw frqfhswv ri h{rjhqhlw|/ frqvlghu wkh suredelolvwlf
vwuxfwxuh ri wkh gdwd xqghuo|lqj prgho +9=44, =Lq rwkhu zrugv/ ohw xv ghulyh wkh
uhgxfhg irup dvvrfldwhg zlwk +9=44, =

��Wkh frpprq idfwru uhvwulfwlrq lv vlqjxodu lq wkdw wkh h�hfwv ri wkh rplwwhg g|qdplf fdq
eh fxuhg e| d Frfkudqh0Rufxww hvwlpdwru +vwdwlf prgho.dxwrfruuhodwhg huuru whupv,1
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Iurp wkh uhgxfhg irup zh kdyh wkdw wkh frqglwlrqdo mrlqw ghqvlw| ri |w dqg
}w fdq eh zulwwhq dv iroorzv=

�
�|w
�}w

m Lw�4
�
Q=L=G=

��
�|
�}

�
>

�
�|| �|}
�|} �}}

��
+814:,

zkhuh

�| @
d345d454

n
�|w�4 .

d345d455
n

�}w�4 � d355 +4� �,

n
+|w�4 � d345}w�4,

�} @
d454
n

�|w�4 .
d455
n

�}w�4 .
d354 +4� �,

n
+|w�4 � d345}w�4,

�|| @

�
d355
n

�5

�44 .

�
d345
n

�5

�55

�}} @

�
d354
n

�5

�44 .

�
4

n

�5

�55

�|} @ �
�
d355
n

��
d354
n

�
�44 .

�
d345
n

��
4

n

�
�55

E| dsso|lqj wkh nqrzq surshuwlhv ri wkh pxowlyduldwh qrupdo/ zh ghulyh iurp
wkh vwdwlvwlfdo uhsuhvhqwdwlrq ri wkh gdwd wkh frqglwlrqdo phdq ri�|w zlwk uhvshfw
wr �}w dqg Lw�4 dv iroorzv=

H +�|w m �}w> Lw�4, @ �| .
�|}
�}}

+} � �}, +814;,

}w lv vdlg wr eh zhdno| h{rjhqrxv iru wkh hvwlpdwlrq ri wkh sdudphwhuv ri
lqwhuhvw li wkh frqglwlrqdo phdq iru �|w ghulyhg iurp +8=4;,frlqflghv zlwk wkh
frqglwlrqdo phdq iru �|w ghulyhg iurp wkh �uvw htxdwlrq ri prgho +9=44, = Dv wkh
frqglwlrqdo phdq iurp wkh �uvw htdxwlrq ri +9=44, lv =
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H +�|w m �}w> Lw�4, @ d345�}w � +4� �, +|w�4 � d345}w�4, +814<,

Zhdn h{rjhqhlw| ri �}w iru wkh hvwlpdwlrq ri wkh sdudphwhu d345 lv rewdlqhg
zkhq d354 @ 3=

Vwurqj h{rjhqhlw| uhtxluhv Judqjhu qrq0fdxvdolw| lq dgglwlrq wr zhdn h{r0
jhqhlw|/ vwurqj h{rjhqhlw| lv vdwlv�hg zkhq d354 @ 3> d454 @ 3=

Vxshu0h{rjhqhlw| uhtxluhv zhdn0h{rjhqhlw| dqg lqghshqghqfh ri wkh sdudph0
whuv ri lqwhuhvw iurp wkh glvwulexwlrq ri �}w= Lq rxu h{dpsoh/ zkhqhyhu wkh frq0
glwlrqv iru zhdn0h{rjhqhlw| duh vdwlv�hg/ vxshu0h{rjhqhlw| dovr krogv1 Wr vkrz d
fdvh lq zklfk wklv grhv qrw kdsshq/ frqvlghu wkh iroorzlqj prgl�fdwlrq ri rxu
GJS=

|w @ d345H +}w.4 m Lw, . %4w +8153,

}w @ d455}w�4 . %5w

�
%4w
%5w

�
Q=L=G=

��
3
3

�
>

�
�44 3
3 �55

��
Lq wklv fdvh wkh frqglwlrqdo phdq H +|w m }w> Lw�4, lv jlyhq e| wkh iroorzlqj

h{suhvvlrq=

H +|w m }w> Lw�4, @ d345d455}w +8154,

dqg lw ghshqgv rq d455> wkh sdudphwhu ghwhuplqlqj wkh frqglwlrqdo phdq ri
}w=

Zh frqfoxgh zlwk wkh iroorzlqj uhpdunv=

� h{rjhqhlw| lv gh�qhg lqghshqghqwo| irup wkh sdudphwhuv gh�qlqj wkh frlq0
whjudwlqj yhfwruv/ exw lw lv uhodwhg wr wkh zhljwkv1 Zhdn h{rjhqhlw| kdv d
suhflvh uhodwlrq zlwk wkh gluhfwlrq ri dgmxvwphqw lq suhvhqfh ri glvhtxloleuld

� wklv lv d vshfldo fdvh/ dv zh wdnh d gldjrqdo yduldqfh0fryduldqfh pdwul{1 Lq
jhqhudo zhdn h{rjhqhlw| uhtxluhv d orzhu wuldqjxodu vwuxfwxuh dqg devhqfh
ri fruuhodwlrq lq wkh yduldqfh fryduldqfh0pdwul{1

� qrwh wkh lpsrvvlelolw| ri uhyhuvh uhjuhvvlrq1 Wkh frqglwlrq ri zhdn h{r0
jhqhlw| ri �}w iru wkh hvwlpdwlrq ri d345 duh pxwxdoo| h{foxvlyh zlwk wkh
frqglwlrq ri zhdn h{rjhqhlw| ri �|w iru wkh hvwlpdwlrq ri 4

d345
=

81;16 Whvwlqj h{rjhqhlw|

Wkh suhfhhglqj h{dpsoh vkrzv krz zhdn0h{rjhqhlw| fdq eh whvwhg iru zlwklq wkh
iudphzrun ri frlqwhjudwlrq1 Wr surylgh d pruh jhqhudo lqwurgxfwlrq wr wkh lvvxh
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ri whvwlqj h{rjhqhlw| frqvlghu d elyduldwh surfhvv iru wzr jhqhulf yduldeohv |w dqg
}w frqglwlrqhg zlwk uhvshfw wr wkh lqirupdwlrq dydlodeoh/ zklfk lqfoxghv doo sdvw
klvwru| iru wkh surfhvv=

�
|w
}w
m Lw�4

�
Q=L=G=

��
�|w
�}w

�
>

�
�||w �|}w
�|}w �}}w

��
+8155,

wkh frqglwlrqdo prgho iru |w fdq eh zulwwhq dv=

+|w m }w> Lw�4,Q=L=G
�
�|}w
�}}w

+}w � �}w , . �|w > �
||
w �

�
�|}w
�}}w

��
+8156,

dqg wkh pdujlqdo prgho iru }w lv lqvwhdg=

+}w m Lw�4,Q=L=G +�}w > �
}}
w , +8157,

Wkh sdudphwhuv ri lqwhuhvw ihdwxuh wkh iroorzlqj uhodwlrqvkls=

�|w @ ��}w .z
3
w� +8158,

ri zklfk/ iru wkh vdnh ri h{srvlwlrq/ zh frqvlghu wkh vshfldo fdvh=

|w @ �}w .z
3
w�4�w . xw +8159,

zkhuh zw�4lv lqfoxghg lq Lw�4=
Zhdn h{rjhqhlw| ri }w iru wkh hvwlpdwlrq ri � lpsolhv wkdw wklv sdudphwhu

frxog eh hvwlpdwhg gluhfwo| iurp +8=59,zlwkrxw dq| orvv ri uhohyhqw lqirupdwlrq1
Iru wklv wr kdsshq/ lw lv qhfhvvdu| wkdw zh kdyh d vhtxhqwldo fxw dqg wkdw wkh frq0
glwlrqdo prgho grhv qrw ghshqg rq �}w > �

|}
w > �}}w 1 Wr slq grzq irupdoo| frqglwlrqv

iru zhdn h{rjhqhlw| vxevwlwxwh +8=58, lq +8=56, rewdlqlqj=

+|w m }w> Lw�4,Q=L=G
�
�}w .z

3
w�4� .

�
�|}w
�}}w

� �

�
+}w � �}w , > �

||
w �

�
�|}w
�}}w

��
+815:,

Wkhuhiruh zh kdyh zhdn h{rjhqhlw| ri } iru wkh hvwlpdwlrq ri �> li wkh iroorzlqj
frqglwlrq lv vdwlv�hg=

�|}w
�}}w

@ �

Iurp wklv frqglwlrq zh fdq hdvlo| xqghuvwdqg whvw iru h{rjhqhlw| dydlodeoh lq
wkh olwhudwxuh +Kdxvpdq+4<:;,/ Zx+4<:6,, dqg edvhg rq wzr0vwdjhv surfhgxuhv1
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Lq wkh �uvw vwdjh �}w lv sdudphwhulvhg e| �wwlqj d frqglwlrqdo prgho iru }w ri
wkh iroorzlqj w|sh=

}w @ v3w� . xw +815;,

Zkhuh yhfwru v lqfoxghv doo yduldeohv qhfhvvdu| wr rewdlq d vdwlvidfwru| vshf0
l�fdwlrq iru }w1 Lq wkh vhfrqg vwdjh wkh vljql�fdqfh ri uhvlgxdov iurp +8=5;, lq
htxdwlrq +8=59, dqg wkh qxoo ri zhdn h{rjhqhlw| frlqflgh zlwk wkh qxoo ri qrq0
vljql�fdqfh ri vxfk frqvwuxfwhg yduldeoh1 Wkh dujxphqw khuh fdq eh h{whqghg wr
whvw wkh qxoo ri vxshu0h{rjhqhlw| +Hqjoh0Khqgu|+4<<6,/ Idyhur0Khqgu|+4<<5,,1
Wkh dowhuqdwlyh k|srwkhvlv lv qrz frpsolfdwhg dv iroorzv=

� +�}w > �
}}
w , @ �3 . �4�

}
w . �5�

}}
w . �6

�}}w
�}w

+815<,

dqg wkh qxoo ri lqwhuhvw lv zhdn h{rjhqhlw| dxjphqwhg e| �4 @ �5 @ �6 @ 3
Wr vhh kr wkh whvw lv ghulyhg/ vxevwlwxwh iurp +8=5<, +8=58, lq +8=56, rewdlqlqj=

+|w m }w> Lw�4,Q=L=G +�w>
w, +8163,

�w @ �3}w .z
3
w�4� .

�
�|}w
�}}w

� �3

�
+}w � �}w , . �4 +�

}
w ,

5 . �5�
}}
w �}w . �6�

}}
w


w @ �||w �
�
�|}w
�}}w

�
e| xvlqj wkh �uvw0rughu h{sdqvlrq=
�|}w
�}}w

@ �3 . �4�
}}
w

zh uhdfk wkh iroorzlqj hvwlpdeoh uhodwlrq=
|w @ �3}w.z

3
w�4�.+�3 � �3, +}w � �}w ,.�4�

}}
w +}w � �}w ,.�4 +�

}
w ,

5.�5�
}}
w �}w.

�6�
}}
w

zkhuh wkh qxoo k|srwkhvlv ri lqwhuhvw fdq qrz eh hpslulfdoo| whvwhg e| sd0
udphwhulvlqj wkh �uvw wzr prphqwv ri wkh frqglwlrqdo prgho iru }w=

Khqgu|^B` surylghv dq dowhuqdwlyh dvvhvvphqw ri vxshuh{rjhqhlw| e| dqdo|vlqj
wkh hqfrpsdvvlqj lpsolfdwlrqv ri ihhgedfn yhuvxv ihhgiruzdug prghov1

Wklv surfhgxuh lv edvhg rq wkh h{solflw frqvlghudwlrq ri wzr dowhuqdwlyh vshf0
l�fdwlrqv iru wkh GJS1

Wkh ihhgedfn prgho/ ghqrwhg Ke>lv=

|w @ �3}w . yw +8164,

He +}wyw, @ 3

Wkh ihhgiruzdug prgho/ ghqrwhg Ki >lv=
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|w @ �3H +}w.4 m Lw, . �w +8165,

}w @ �w}w�4 . xw +8166,

Hi +}w�w, @ 3

xw � l=g= +3>
w,

Qrwh wkdw lq Ki wkh sdudphwhuv ri wkh pdujlqdo prgho iru }w duh ixqfwlrq ri
wlph wkurxjk �w dqg 
w1 Pruhryhu/ zh uhvwulfw rxuvhoyhv wr wkh fdvh lq zklfk wkh
rqo| uhohydqw lqirupdwlrq lq Lw wr suhglfw }w.4duh wkh uhdol}dwlrqv dw wlph w ri }=

Zh fdq qrz h{soruh wkh hqfrpsdvvlqj suhglfwlrqv ri hdfk prgho iru wkh rwkhu1
Zh gr vr e| hydoxdwlqj wkh shuirupdqfh ri hdfk prgho zkhq wkh frqjuxhqw
uhsuhvhqwdwlrq ri wkh GJS lv wkh dowhuqdwlyh prgho1

Zkhq d +8=64, dqg +8=5;, duh d frqjuxhqw uhsuhvhqwdwlrq ri wkh GJS/ wkh
iroorzlqj lpsolfdwlrqv krog1

+4, Zkhq �w dqg 
w duh qrq0frqvwdqw/ dovr wkh surmhfwlrq ri |w rq }w�4 lv
qrq0frqvwdqw/ lq idfw

He +|w m }w�4, @ �3�w}w�4

+5, wkh huuru0yduldqfh lv dovr qrq frqvwdqw=

|w �He +|w m }w�4, @ �3xw . yw @ *w

He

�
*5w
�
@ �5 .�3
w�

+6, wkh surmhfwlrq ri |w rq }w�4vkrxog �w zruvh wkdq wkh ehkdylrxudo prgho
^B`/ lq idfw

He

�
*5w
�
@ �5 .�3
w� A�5 

+7, wkh ehkdylrxudo prgho +^B`, vkrxog ihdwxuh frqvwdqw sdudphwhuv
Zkhq lqvwhdg +8=65, dqg +8=5;, duh d frqjuxhqw uhsuhvhqwdwlrq ri wkh GJS/

wkh iroorzlqj lpsolfdwlrqv krog1
+4, wkh frqglwlrqdo prgho fdqqrw eh frqvwdqw zkhq wkh pdujlqdo prgho iru

}w lv vx!flhqwo| yduldeoh vlqfh=

Hi +|w m }w, @ �3�w}w�4

+5, wkh surmhfwlrq ri |w rq }w�4 lv qrq frqvwdqw exw zlwk sdudphwhu yhfwru
�3�w�w.4

+6, qr yduldqfh udqnlqj lv srvvleoh dv=
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|w �Hi +|w m }w, @ �w

dv lq +8=65,1
Wkh dqdo|vlv ri wkh hqfrpsdvvlqj lpsolfdwlrqv ri wkh wzr fdvhv uhyhdov

wkdw zkhq wkh ihhgedfn prgho lv vwdeoh dqg wkh pdujlqdo surfhvv lv qrw vwdeoh/
wkhq wkh ihhgiruzdug vshfl�fdwlrq fdqqrw eh d frqjuxhqw uhsuhvhqwdwlrq ri wkh
GJS1 Dv d frqvhtxhqfh/ wkh uhohydqfh ri wkh Oxfdv fulwltxh frxog eh dqdo|vhg
e| dvvhvvlqj vlpxowdqhrxvo| wkh vwdelolw| ri wkh ihhgedfn vwuxfwxudo prgho dqg
wkh vwdelolw| ri wkh pdujlqdo prghov iru wkh uhjuhvvruv lq wkh ihhgedfn prgho1

Wklv surfhgxuh ghvhuyhv vrph glvfxvvlrq1
D �uvw revhuydwlrqv lv uhodwhg wr wkh srzhu ri whvwv iru vwuxfwxudo vwdelolw|/ lq

idfw iru wkh surfhgxuh wr zrun lw lv hvvhqwldo wkdw wkh pdujlqdo prgho lv vx!flhqwo|
yduldeoh dqg wkdw vxfk yduldelolw| lv ghwhfwdeoh wkurxjk whvwv iru sdudphwhuv*
vwdelolw|1 Dv zh kdyh douhdg| vhhq/ wkh lvvxh lv qrw wulyldo lq wkdw pxowlsoh euhdnv
dw xqnqrzq srlqwv duh qrw vr hdvlo| ghwhfwhg1

Vhwwlqj dvlgh wkh srzhu ri wkh whvwv/ wkhuh lv d orjlfdo lvvxh uhodwhg wr wkh uh0
gxfwlrq surfhgxuh1 Lq idfw/ li sdudphwhuv vwdelolw| lv wdnhq dv rqh ri wkh fulwhuld
iru frqjuxhqf|/ wkhq frqjuxhqw uhgxfhg irupv vkrxog qhyhu ihdwxuh sdudphwhuv
lqvwdelolw|1 Lq sudfwlfh/ dv zh kdyh vhhq lq rxu dssolfdwlrq/ frqjuxhqw vshfl�fd0
wlrqv riwhq qhhg wkh lqfoxvlrq ri gxpplhv1 Wkhuhiruh/ wkh vljql�fdqfh ri wkh vdph
gxpplhv lq gl�huhqw htxdwlrqv ri wkh dgrswhg prgho frxog eh h{sorlwhg wr dsso|
wkh surfhgxuh iru wkh hydoxdwlrq ri wkh uhohydqfh ri wkh Oxfdv fulwltxh1

D uhodwhg txhvwlrq uhihuv wr wkh srzhu ri wkh surfhgxuh lq wkh fdvh ri olplwhg
lqirupdwlrq/ l1h1 wkh fdvh lq zklfk wkh sdudphwhuv lqvwdelolw| lv jhqhudwhg e|
rplwwhg yduldeohv lq wkh pdujlqdo prghov1 Khqgu|^B` frqvlghuv h{solflwo| vxfk
fdvh/ e| dgrswlqj wkh iroorzlqj dowhuqdwlyh vshfl�fdwlrq iru wkh pdujlqdo prgho=

}w @ �4}w�4 . �5vw�4 .x5w +8167,

x5w � l=g= +3>
5, +8168,

zkhq +8=67, lv d frqjuxhqw uhsuhvhqwdwlrq ri wkh GJS/ +8=5;, ihdwxuhv lqvwd0
elolw| ehfdxvh ri d olplwhg lqirupdwlrq sureohp= wkh rplvvlrq ri vw�4 iurp wkh
uhohydqw lqirupdwlrq vhw1 Krzhyhu/ li+8=5;, lv revhuyhg/ wkhq wkh uhodwlrq ehwzhhq
}w dqg vw fdqqrw eh frqvwdqw/ lq idfw lw pxvw eh wkh fdvh wkdw=

{w @ �w}w . �w

�w � l=g= +3>�w,

dqg wkhq

�w @ �4 . �5�w


w @ 
5 . �5�w�
3
5
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dqg wkh uhvxow ri vwdelolw| ri wkh ihhgedfn prgho sdluhg zlwk wkh lqvwdelolw|
ri wkh +plv0vshfl�hg, pdujlqdo prgho fdq vwloo uxoh rxw wkh frqjuxhqf| ri wkh
ihhgiruzdug prgho1

81< D prgho ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp

Wr looxvwudwh wkh vshfl�fdwlrq ri d vwuxfwxudo prgho iru wkh prqhwdu| wudqvplvvlrq
phfkdqlvp zh frqvlghu dv d edvholqh wkh frlqwhjudwhg uhgxfhg irup glvfxvvhg lq
rqh ri wkh suhylrxv vhfwlrqv=

57�|w��w
�Ue

w

68 @

57g3>44g3>54
g3>64

68. l @ 3
9[
Il�45OSFPw�l . j3GXPw . +8169,

l @ 4
8[
Gl

57�|w�l��w�l
�Ue

w�l

68.

57�44�54
�64

68�Ue
w�4 �Ue�

w�4
�
.

57x4wx5w
x6w

68
Ue�
w�4 @ �w�4 . 3=55|w�4 � 3=3;w

Qrwh wkdw +8=69, lv wkh uhvxow ri wkh uhgxfwlrq ri wkh edvholqh prgho/ zklfk
frqwdlqv �yh htxdwlrqv1 Wkh ruljlqdo prgho gholyhuhg wzr frlqwhjudwlqj uhodwlrq0
vklsv/ zh kdyh lghqwl�hg wkh �uvw rqh dv dq lqwhuhvw udwh uhdfwlrq ixqfwlrq dqg
wkh vhfrqg rqh dv d uxoh iru ghwhuplqlqj wkh lqwhuhvw udwh rq edqn ghsrvlwv1 Wr
ghvfuleh wkh prqhwdu| wudqvplvvlrq phfkdqlvp xqghu lqwhuhvw udwh wdujhwlqj zh
qhhg wr vxssohphqw wkh lqwhuhvw udwh uhdfwlrq ixqfwlrq zlwk htxdwlrqv iru wkh
wdujhw yduldeohv/ lq dwlrq dqg rxwsxw1 Uhdo prqh|/ ehlqj ghpdqg ghwhuplqhg/
orrvhv lqwhuhvw dqg vr grhv wkh rssruwxqlw| frvw ri kroglqj prqh|1 Wkhuhiruh zh
kdyh rplwwhg iurp wkh ruljlqdo prgho wkh wzr htxdwlrqv ghwhuplqlqj uhdo prqh|
dqg wkh lqwhuhvw udwh rq edqn ghsrvlwv wrjhwkhu zlwk wkh htxloleulxp uhodwlrqvklsv
iru wkh lqwhuhvw udwh rq edqn ghsrvlwv1 Wkh ydolglw| ri wklv vwhs lq wkh uhgxfwlrq
surfhvv lv whvwdeoh1 Frqjuxhqf| ri rxu vhohfwhg vshfl�fdwlrq uhtxluhv wkdw wkh
zhljkwv rq wkh vhfrqg frlqwhjudwlqj yhfwru fdq eh frqvwudlqhg wr }hur lq rxu
wkuhh pdlqwdlqhg htxdwlrqv/ wkdw wkh zhljkwv rq wkh �uvw frlqwhjudwlqj yhfwru
fdq eh frqvwudlqhg wr }hur lq wkh htxdwlrqv iru uhdo prqh| dqg wkh lqwhuhvw udwh
rq edqn ghsrvlwv/ dqg �qdoo| wkdw odjjhg ydoxh ri uhdo prqh| dqg wkh lqwhuhvw
udwh rq edqn ghsrvlwv gr qrw hqwhu vljql�fdqwo| v|vwhp +8=69,1 Kdylqj dvvhuwhg
wkh ydolglw| ri wklv ixuwkhu vwhs lq uhgxfwlrq/ zh surfhhg wr wkh vshfl�fdwlrq ri
wkh iroorzlqj vwuxfwxudo prgho=

�|w @ +3=36,3=56 . +3=39,3=66�|w�4 � +3=3<,3=54�Ue
w�6 � +3=79,4=4<GXP:645� +3=79,4=44GXP:63;

+816:,
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��w @ +3=35,�3=38 . +3=36,3=3;�|w�4 . +3=36,3=39�|w�8 . +3=38,3=5��w�8 . +3=38,3=47��w�9 +816;,
.+3=338,3=36�45OSFPw�4 � +3=339,3=35�45OSFPw�5 � +3=5:,3=<5GXP:63:

.+3=59,3=;:GXP:63; . +3=59,3=9<GXP:73:� +3=58,3=89GXP:73; . +3=58,4=37GXP:73<

�+3=58,3=:8GXP:838

�Ue
w @ �+6=3;,;=67 . +3=46,3=64��w . +3=36,3=3;�|w�6 . +3=39,3=69�Ue

w�4 . +3=339,3=34�45OSFPw+816

�+3=338,3=346�45OSFPw�4 � +3=34;,3=37HFPw�4 . +3=57,3=93GXP:639 . +3=5;,3=:4GXP:6

�+3=57,3=<3GXP:643 . +3=58,4=39GXP:644� +3=57,3=:9GXP:645� +3=57,3=;9GXP:735

.+3=57,4=46GXP:736 . +3=58,4=97GXP:73;� +3=5;,4=:5GXP:73<� +3=57,3=:5GXP:834

.+3=56,3=7<GXP:;3; . +3=5;,3=8:GXP:;44

OU whvw ri ryhu0lghqwli|lqj uhvwulfwlrqv= "5 +;<, @ <8=6687 ^3=636:` =
Wkh prgho lv hvwlpdwhg ryhu wkh vdpsoh 4<94=5 4<:<=; e| ILPO1 Wkh ;< ryhu0

lghqwli|lqj uhvwulfwlrqv lpsrvhg e| wkh uhgxfhg irup lpsolflw lq rxu vwuxfwxuh rq
wkh xqfrqvwudlqhg uhgxfhg irup duh qrw uhmhfwhg1 Wkh �uvw htxdwlrq fdq eh lqwhu0
suhwhg dv dq djjuhjdwh ghpdqg htxdwlrq dorqj zklfk wkh rxwsxw jds +ghyldwlrq
ri rxwsxw irup d vwrfkdvwlf wuhqg, ghshqgv rq odjjhg fkdqjh lq qrplqdo lqwhuhvw
udwhv1 Wkh vhfrqg htxdwlrq lv vw|olvhg djjuhjdwh vxsso| zklfk ghwhuplqhv lq d0
wlrq dv d ixqfwlrq ri sdvw lq dwlrq/ wkh frpprglw| sulfh lq dwlrq dqg wkh rxwsxw
jdsv1 Ilqdoo|/ wkh wklug htxdwlrq lv dq lqwhuhvw udwh uhdfwlrq ixqfwlrq zklfk gh0
vfulehv vkruw0uxq g|qdplfv durxqg d orqj0uxq vroxwlrq ghwhuplqhg e| uhvsrqvh
ri lqwhuhvw udwhv wr lq dwlrq dqg rxwsxw1 Qrwh wkdw/ ehfdxvh ri wkh g|qdplf vshf0
l�fdwlrq/ wkh uhvsrqvh ri wkh prqhwdu| lqvwuxphqwv wr  xfwxdwlrqv lq wkh wdujhw
yduldeohv lv gl�huhqw lq wkh vkruw1uxq dqg lq wkh orqj0uxq1 Wr looxvwudwh wkh zlwklq
vdpsoh shuirupdqfh ri wkh prgho zh uhsruw dfwxdo dqg �wwhg ydoxhv lq Iljxuh816

81<14 Vlpxodwlqj prqhwdu| srolf|

Zh duh qrz lq wkh srvlwlrq ri vlpxodwlqj prqhwdu| srolf|1 Zh vlpxodwh wkh lp0
sdfw ri dq kxqguhg edvlv srlqw h{rjhqrxv prqhwdu| srolf| vkrfn e| frpsxwlqj
g|qdplf pxowlsolhuv1 Wkh edvholqh prgho lv rewdlqhg e| vlpxodwlqj g|qdplfdoo|
/ iru jlyhq ydoxhv ri wkh h{rjhqrxv yduldeohv/ wkh wkuhh hqgrjhqrxv yduldeohv duh
jhqhudwhg e| htxdwlrqv +8=6;, > +8=6:, > +8=6<, ryhu wkh vdpsoh frqvlghuhg iru hv0
wlpdwlrq1 Wkh shuwxuehg vroxwlrq lv rewdlqhg e| dgglqj dq h{rjhqrxv rqh0r�
433 edvlv srlqw vkrfn wr htxdwlrq +8=6<, lq wkh �uvw shulrg ri wkh vlpxodwlrq1
Reylrxvo| d rqh0r� kxqguhg edvlv srlqw vkrfn wr wkh �uvw gl�huhqfh ri wkh sro0
lf| udwhv lv d shupdqhqw rqh0kxqguhg edvlv srlqwv vkrfn wr wkh ohyho ri srolf|
udwhv1 G|qdplf pxowlsolhuv duh wkhq frpsxwhg e| dgdswlqj wkh H0Ylhzv surfh0
gxuhv douhdg| glvfxvvhg lq fkdswhu irxu1 Doo frpsxwdwlrqv duh dydlodeoh lq wkh �oh
OVH1ZI41 Zh uhsruw g|qdplf pxowlsolhuv lq Iljxuh 817
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Ilj1 8161 Dfwxdo dqg �wwhg ydoxhv iurp wkh vwuxfwxudo prgho

G|qdplf pxowlsolhuv frq�up wkh vwdelolw| ri wkh prgho dqg uhyhdo d pxfk
vwurqjhu lpsdfw ri prqhwdu| srolf| rq rxwswxw  xfwxdwlrqv wkdq rq lq dwlrq1
Qrwh dovr wkdw wkh sdwwhuq ri pxowlsolhuv lv pxfk vprrwkhu wkdq wkh fruuhvsrqg0
lqj sdwwhuq iru wkh prgho xvhg wr looxvwudwh wkh Frzohv Frpplvvlrq vwudwhj|1
Vxfk vprrwkqhvv lv d frqvhtxhqfh ri wkh ehwwhu g|qdplf vshfl�fdwlrq ri wkh
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Ilj1 8171 G|qdplf pxowlsolhuv

OVH prgho1

81<15 Prgho Hydoxdwlrq

Wr frpsohwh rxu frpsdudwlyh hydoxdwlrq ri wkh OVH dqg wkh Frzohv frpplvvlrq
vshfl�fdwlrqv zh kdyh vwloo frqvlghuhg rxw0ri 0vdpsoh hydoxdwlrq/ zkhuh wkh shu0
irupdqfh ri wkh Frzohv frpplvvlrq vshfl�fdwlrq zdv dw lwv zruvw1 Zh vlpxodwh
wkh OVH prgho g|qdplfdoo| ryhu wkh shulrg 4<;8=340 4<<9=361 Lq grlqj vr zh
gholehudwho| vnls wkh shulrg ri qrq0eruurzhg uhvhuyhv wdujhwlqj zkhuh rxu vshfl0
�fdwlrq lv fohduo| qrw dssursuldwh1 Wkh g|qdplfdoo| vlpxodwhg vhulhv duh uhsruwhg
zlwk wkh dfwxdo vhulhv lq Iljxuh 8181

Iljxuh 818 vkrzv dq lpsuryhg shuirupdqfh zlwk uhvshfw wr wkh Frzohv frp0
plvvlrq vshfl�fdwlrq exw fohduo| wkhuh duh sureohpv lq wkh rxw0ri0vdpsoh vlp0
xodwlrq1 Wkh lpsohphqwdwlrq ri gldjqrvwlf whvwv jxdudqwhhv wkh txdolw| ri wkh
zlwklq vdpsoh uhvxowv exw fdqqrw hqvxuh djdlqvw vwuxfwxudo vkliwv lq sdudphwhuv=
frqjuxhqw prghov zlwklq vdpsoh pljkw shuirup yhu| srruo| lq rxw0ri0vdpsoh
vlpxodwlrqv1
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Ilj1 8181 Rxw0ri0vdpsoh g|qdplf vlpxodwlrq

81<16 Whvwlqj wkh Oxfdv fulwltxh

Rxu vlpsoh prgho ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp r�huv dq rssruwxqlw|
wr lpsohphqw hpslulfdoo| whvwv iru vxshu0h{rjhqhlw|1

Lq rxu glvfxvvlrq ri lghqwl�fdwlrq lq fkdswhu 6 zh kdyh vkrzq wkdw zkhq d
fhqwudo edqn idfhv wkh iroorzlqj lqwhuwhpsrudo rswlplvdwlrq sureohp=
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Plqlpl}h Hwl @ 3
4[
�lOw.l +8173,

zkhuh=

O @
4

5

k
+�w � ��,5 . �{5w

l
+8174,

xqghu wkh frqvwudlqwv ri wkh iroorzlqj vshfl�fdwlrq iru djjuhjdwh vxsso| dqg
ghpdqg lq d forvhg hfrqrp|=

{w.4 @ �{{w � �u
�
lw �Hw�w.4�

b

u
�
. xgw.4 +8175,

�w.4 @ �w .�{{w . xvw.4 +8176,

wkh rswlpdo lqwhuhvw udwh uxoh fdq eh zulwwhq dv=

lw @
b

u .�� .
�
4 . �{�u
�{�u

�
+Hw�w.4 � ��, . +8177,

.
�{
�u

{w .
�

��{n

4

�{�u
Hw{w.4=

zkhuh n lv d frpelqdwlrq ri sdudphwhuv ghvfulelqj wkh vwuxfwxuh ri wkh hfrq0
rp| dqg wkh suhihuhqfhv ri wkh fhqwudo edqnhu1 Zh kdyh wkhq dq lqwhuwhpsrudo
rswlpl}dwlrq iudphzrun zklfk r�hu d ihhgiruzdug prqhwdu| uxoh/ lq zklfk rxwsxw
jds dqg lq dwlrq duh qrw vxshuh{rjhqrxv iru wkh hvwlpdwlrq ri wkh sdudphwhuv
ri lqwhuhvw1 Frqwudvw wklv vshfl�fdwlrq zlwk htxdwlrq +8=6<, lq rxu prgho1 Rxu
hvwlpdwhg htdxwlrq lv d ihhgedfn vshfl�fdwlrq/ zklfk grhv qrw lqfoxgh h{solflwo|
h{shfwdwlrqv dqg zkrvh sdudphwhuv duh hvwlpdwhg lqghshqghqwo| iurp wkrvh lq
wkh djjuhjdwh ghpdqg dqg vxsso| vfkhgxohv1 Wkhuhiruh zh kdyh d qdwxudo fdqgl0
gdwh wr whvw wkh ydolglw| ri wkh Oxfdv fulwltxh1 Whvwv ri ihhgiruzdug yhuvxv ihhgedfn
prgho duh gl!fxow wr dsso| lq wkdw zh kdyh ghvljqhg rxu prgho wr sdvv gldj0
qrvwlf whvwv/ krzhyhu qrwh wkdw wkh uhdfwlrq ixqfwlrq dqg wkh djjuhjdwh vxsso|
dqg ghpdqg htxdwlrq frqwdlq d frpprq vhw ri gxpplhv1 Wklv d fohdu lqglfdwlrq
ri frpprq rxwolhuv lq wkh wkuhh htxdwlrqv zklfk grhv qrw uhixwh wkh k|srwkhvlv
ri ydolglw| ri wkh ihhgiruzdug lqwhusuhwdwlrq1 Wkh suhvhqfh ri gxpplhv vkdoo dovr
lpsdfw rq wkh Hqjoh0Khqgu| vxshuh{rjhqhlw| whvwv1 Wklv whvw lv dssolfdeoh e|
h{sorlwlqj wkh vshfl�fdwlrq ri vxsso| dqg ghpdqg htxdwlrqv wr ghulyh sur{lhv
iru wkh �uvw wzr prphqwv lq wkh frqglwlrqdo prgho iru wkhvh wzr yduldeohv dqg
wkhq e| dgglqj wkhp wr wkh lqwhuhvw udwh uhdfwlrq ixqfwlrq1 Wkh lpsdfw ri wkh
gxpplhv rq wkh whvw lv ghwhuplqhg e| wkh idfw wkdw wkh| fdswxuh vrph sruwlrq
ri wkh yduldelolw| lq wkh dgglwlrqdo uhjuhvvruv rq zklfk mrlqw vljql�fdqw lv whvwhg1
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8143 Zkdw kdyh zh ohduqhgB

Lq rxu rslqlrq/ wkh pdmru vwuhqjwkv ri wkh OVH phwkrgrorj| duh uhodwhg wr d
fduhixo gldjqrvlv ri wkh sureohpv ri wkh Frzohv Frpplvvlrq dssurdfk dqg wr wkh
dwwhsw ri jlylqj �vflhqwl�f gljqlw|� wr wkh vshfl�fdwlrq ri g|qdplf hfrqrphwulf
prghov1 Wkh frqfhsw ri frlqwhjudwlrq �wv qdwxudoo| lq wkh frqwh{w ri g|qdplf
vshfl�fdwlrq ri HFP prghov1 Vxfk uhvhdufk vwudwhj| lv edvhg rq d pxowl0vwhs
iudphzrun= vshfl�fdwlrq ri wkh YDU dqg lwv ghwhuplqlvwlf frpsrqhqw/ lghqwl�0
fdwlrq ri wkh qxpehu ri frlqwhjudwlqj yhfwruv/ lghqwl�fdwlrq ri wkh sdudphwhuv
lq frlqwhjudwlqj yhfwruv/ whvwv rq wkh vshhg ri dgmxvwphqw zlwk uhvshfw wr glv0
htxloleuld1 Wkh uhvxowv ri wkh �qdo whvw ghshqg rq wkh rxwfrph ri wkh suhylrxv
vwdjhv lq wkh hpslulfdo dqdo|vlv/ exw wkh rxwfrph ri hdfk vwhs lv qrw vr hdvlo|
dqg xqltxho| hvwdeolvkhg hpslulfdoo|1 Wkh uhgxfwlrq surfhvv kdv ehhq fulwlflvhg
e| pdfurhfrqrplvw iru lwv whqghqf| wr gholyhu suhihuuhg vshfl�fdwlrq �111d elw
ryhu0frrnhg111� dqg wr orrvhq frqvlghudeo| wkh olqn ehwzhhq hfrqrphwulf prgho
dqg hfrqrplf wkhru|1 Frqvlghu wkh iroorzlqj prqh| ghpdqg vshfl�fdwlrq/ wdnhq
iurp Eded/ Khqgu|/ Vwduu^B`/ dv d w|slfdo OVH prgho=

�+p� s,w @ ^3=3<:`�3=667�7 +p� s,w�4 � ^3=36<`3=489�5 +p� s,w�7 � ^3=348`3=57<

�
p� s� 4

5
|

�
w�5

+8178,

�^3=379`3=66� a
s �^3=465`4=3<:�7sw�4 . ^3=3:<`3=;8<Yw . ^4=7<`44=9;�VYw�4

�^3=437`4=73<DVw � ^3=396`3=<:6DU4w � ^3=37<`3=588�Upd>w . ^3=388`3=768Uqvd>w

.^3=3:`3=6<8�D|w . ^3=336`3=346Gw . ^3=35`3=685.
a
xw

zkhuh khwhurvfhgdvwlflw| frqvlvwhqw hvwlpdwruv duh uhsruwhg lq eudfnhwv1Wkh EKV
vshfl�fdwlrq iru X1V1 prqh| ghpdqg/ lv hvwlpdwhg rq txduwhuo| gdwd fryhulqj wkh
shulrg 4<9304<;;1 p lv wkh orj ri P4> | lv wkh orj ri uhdo JQS xvlqj 4<;5 dv
edvh |hdu> s lv wkh orj ri wkh gh dwru> �5 lv wkh vtxduh ri wkh gl�huhqfh rshudwru

�> �
a
s@ �+4 .�, sw> �7 +p� s,w�4 @ 3=58

�
+p� s,w�4 � +p� s,w�8

�
> Yw lv

d qlqh0txduwhu prylqj0dyhudjh ri txduwhuo| dyhudjhv ri wzhoyh0prqwk prylqj
vwdqgdug ghyldwlrqv ri 530|hdu erqg |lhogv> VYw @ pd{ +3> Vw, �Yw zkhuh V lv wkh
vsuhdg ehwzhhq wkh 530|hdu Wuhdvxu| erqg |lhog dqg wkh frxsrq htxlydohqw |lhog
rq d rqh0prqwk WEloo> DVw @ 3=8 +Vw . Vw�4, > DU4w lv d wzr0txduwhu prylqj0
dyhudjh ri wkh rqh0prqwk W0eloo |lhog> Upd>w lv wkh pd{lpxp ri d sdvverrn
vdylqjv udwh/ dq zhljkwhg fhuwl�fdwh ri ghsrvlw udwh dqg d zhljkwhg prqh| pdunhw
pxwxdo ixqg udwh> Uqvd>w lv wkh dyhudjh ri zhljkwhg QRZ dqg VxshuQrz udwhv>
D|w @ 3=8 +|w . |w�4,dqg Gw lv d fuhglw frqwuro gxpp| zklfk lv 04 lq 4<;3+5,/ 4
lq 4<;3+6,/ dqg }hur hyhu|zkhuh hovh1 EKV uhsruw 44 gldjqrvwlfv/ doo sdvvhg1

Wkh dfklhyhphqw ri gdwd frqjuxhqf| lpsolhv vrph hylghqw frvw lq whupv ri
sduvlprq| ri wkh vshfl�fdwlrq dqg hfrqrplf lqwhusuhwdelolw| ri wkh uhvxowv1htxdwlrq
BB dovr looxvwudwhv zk| wkh OVH phwkrgrorj| lv qrw hdvlo| dssolhg wr v|vwhp ri
htxdwlrqv/ hyhq ri yhu| olplwhg glphqvlrqv1 Jhqhudo0wr0vshfl�f phwkrgrorj| lv
xvxdoo| dssolhg lq vlqjoh0htxdwlrq vshfl�fdwlrq +prqh| ghpdqg dqg frqvxpswlrq
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ri qrq0gxudeohv ixqfwlrqv duh wkh suhihuuhg dssolfdwlrq ri wkh OVH dssurdfk,/
dssolfdwlrqv wr v|vwhp zlwk ihz yduldeohv duh uhsruwhg lq wkh olwhudwxuh exw lw
ehfrphv yhu| kdug dqg yhu| uduh wr dsso| vxfk phwkrgrorj| zkhq wkh glphq0
vlrq ri wkh v|vwhp h{fhhgv d vpdoo glphqvlrq +vd| �yh htxwlrqv,1 Pruhryhu/ zh
kdyh vhhq wkdw wkh dssolfdelolw| ri wkh frqfhsw ri frlqwhjudwlrq lv yhu| udslgo|
frpsolfdwhg dv q lqfuhdvhv lq q0yduldwh v|vwhpv1

Idxvw dqg Zklwhpdq^56` qrwh wkdw BBlv d pxfk ulfkhu vshfl�fdwlrq wkdq wkh
rqh lpsolflwo| frqwdlqhg lq wkh vwdqgdug YDU dssurdfk/ lqfoxglqj prylqj dyhu0
djhv dqg prylqj vwdqgdug ghyldwlrqv ri lqwhuhvw udwhv1 L dp vrphzkdw vnhswlfdo
wkdw vxfk vshfl�fdwlrq frxog eh surgxfhg e| d YDU dssurdfk wr frlqwhjudwlrq/ ru
e| dq| YDU dqdo|vlv1 Fulwlflvp ri wkh xvh ri wklv jhqhudwhg yduldeohv duh pdlqo|
edvhg rq wkh dujxphqw wkdw/ e| frqvwxfwlrq/ wkh| fdswxuh zlwklq0 vdpsoh  xf0
wxdwlrqv lq wkh gdwd dqg wkhlu shirupdqfh rxw0ri0vdpsoh zruvhqv frqvlghudeo|1
Pruhryhu vxfk wudqvirupdwlrqv/ ehlqj gdwd lqvwljdwhg/ duh xvxdoo| uhodwhg wr wkh0
ru| zlwk vrph gl!fxow|1 Pdq| dssolhg pdfurhfrqrphwulfldqv ihho qrw dw hdvh lq
xvlqj yduldeohv zklfk shuirup zhoo hpslulfdoo| exw zkrvh olqnv zlwk wkhru| duh
qrw vr fohdu1 Ri frxuvh/ iru wkh OVH phwkrgrorj|/ wklv lv d sureohp zlwk wkh sur0
ihvvlrq udwkhu wkdq zlwk wkh hfrqrphwulf phwkrgrorj|1 Lq idfw/ wklv lv suredeo|
wkh fhqwuh ri wkh ghedwh1
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WKH YDU DSSURDFK

914 Lqwurgxfwlrq= zk| YDU prghov B

Wkh OVH phwkrgrorj| kdv lqwhsuhwhg wkh idloxuh ri wkh wudglwlrqdo Frzohv Frp0
plvvlrq dssurdfk/ khudoghg e| wkh fulwltxhv gxh wr Oxfdv ^69` dqg Vlpv ^7;`/ dv
wkh uhvxow ri wkh xvh ri plv0vshfl�hg dqg loo0lghqwl�hg prghov1 Wkh OVH phwkrg0
rorj| krzhyhu grhv qrw txhvwlrq wkh srwhqwldo ri pdfurhfrqrphwulf prghoolqj iru
vlpxodwlrq dqg hfrqrphwulf srolf| hydoxdwlrq1 Lq idfw/ dw wkh vwdjh ri vlpxodwlrq
dqg srolf| hydoxdwlrq/ wkhuh qr gl�huhqfh ehwzhhq wkh wudglwlrqdo Frzohv frp0
plvvlrq dssurdfk dqg wkh OVH dssurdfk1 Wkh OVH vroxwlrq wr wkh sureohpv ri
wudglwlrqdo pdfurhfrqrphwulf prghoolqj lv frqfhqwudwhg rq wkh vwdjhv ri lghqwl�0
fdwlrq dqg vshfl�fdwlrq1 Wkh lpsruwdqfh ri hvwlpdwlrq lv gh0hpskdvl}hg/ lq wkdw
frqjuxhqf| ri wkh vshfl�fdwlrq lv frqvlghuhg dv d pxfk kljkhu sulrulw| wkdq wkh
fkrlfh ri wkh prvw dssursuldwh hvwlpdwru1 Qr lqqrydwlrq lv sursrvhg dw wkh vwdjh
ri wkh vlpxodwlrq dqg srolf| hydoxdwlrq= wkh wudglwlrqdo phwkrgv duh dssolhg/
diwhu kdylqj whvwhg/ whvwhg/ dqg whvwhg1

Wkh YDU dssurdfk vkduhv zlwk wkh OVH dssurdfk wkh gldjqrvlv ri wkh sure0
ohp ri Frzohv Frpplvvlrq prghov exw dovr txhvwlrqv wkh srwhqwldo ri wudglwlrqdo
pdfurhfrqrphwulf prghoolqj iru srolf| vlpxodwlrq dqg hfrqrphwulf srolf| hydo0
xdwlrq1 YDU prghov ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp gl�hu iurp vwuxf0
wxudo OVH prghov dv wr wkh sxusrvh ri wkhlu vshfl�fdwlrq dqg hvwlpdwlrq1 Lq
wkh wudglwlrqdo dssurdfk wkh w|slfdo txhvwlrq dvnhg zlwklq d pdfurhfrqrphw0
ulf iudphzrun lv �Zkdw lv wkh rswlpdo uhvsrqvh e| wkh prqhwdu| dxwkrulw| wr
pryhphqw lq pdfurhfrqrplf yduldeohv lq rughu wr dfklhyh jlyhq wdujhwv iru wkh
vdph yduldeohvB�1 Wkh YDU dssurdfk uhfrjql}hv ixoo| wkh srwhqwldo ri wkh Ox0
fdv*fulwltxh dqg dfnqrzohgjhv wkdw txhvwlrqv olnh �Krz vkrxog d fhqwudo edqn
uhvsrqg wr vkrfnv lq pdfurhfrqrplf yduldeohvB� duh wr eh dqvzhuhg zlwklq wkh
iudphzrun ri txdqwlwdwlyh prqhwdu| jhqhudo htxloleulxp prghov ri wkh exvlqhvv
f|foh1 Vr wkh dqvzhu kdv wr eh edvhg rq d wkhruhwlfdo prgho udwkhu wkdq rq
dq hpslulfdo dg0krf pdfurhfrqrphwulf prgho1 Zlwklq wklv iudphzrun wkhuh lv d
qhz uroh iru hpslulfdo dqdo|vlv/ l1h1 wr surylgh hylghqfh rq wkh vw|ol}hg idfwv wr eh
lqfoxghg lq wkh wkhruhwlfdo prgho dgrswhg iru srolf| dqdo|vlv dqg wr ghflgh eh0
wzhhq frpshwlqj jhqhudo htxloleulxp prqhwdu| prghov1 Wkh rshudwlrqdol}dwlrq
ri wklv uhvhdufk surjudpph lv yhu| zhoo ghvfulehg lq d uhfhqw sdshu e| Fkulvwldqr/
Hlfkhqedxp dqg Hydqv ^47`1 Wkuhh duh wkh uhohydqw vwhsv=

� prqhwdu| srolf| vkrfnv duh lghqwl�hg lq dfwxdo hfrqrplhv
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� wkh uhvsrqvh ri uhohydqw hfrqrplf yduldeohv wr prqhwdu| vkrfnv lv wkhq
ghvfulehg

� wkh vdph h{shulphqw lv wkhq shuiruphg lq wkh prgho hfrqrplhv wr frpsduh
dfwxdo dqg prgho0edvhg uhvsrqvhv dv dq hydoxdwlrq wrro dqg d vhohfwlrq
fulwhulrq iru wkhruhwlfdo prghov1

OVH0w|sh vwuxfwxudo prghov dqg YDU prghov ri wkh prqhwdu| wudqvplvvlrq
phfkdqlvp kdyh d frpprq vwuxfwxuh zklfk/ xvlqj wkh qrwdwlrq ri Fkdswhu 6/
fdq eh uhsuhvhqwhg dv iroorzv=
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zkhuh\ dqgP duh yhfwruv ri pdfurhfrqrplf +qrq0srolf|, yduldeohv +h1j1 rxwsxw
dqg sulfhv, dqg yduldeohv frqwuroohg e| wkh prqhwdu| srolf|pdnhu +h1j1 lqwhuhvw
udwhv dqg prqhwdu| djjuhjdwhv frqwdlqlqj lqirupdwlrq rq prqhwdu| srolf| df0
wlrqv, uhvshfwlyho|1 Pdwul{ D ghvfulehv wkh frqwhpsrudqhrxv uhodwlrqv dprqj

wkh yduldeohv dqg F+O, lv d pdwul{ �qlwh0rughu odj srolqrpldo1 � �
�
�\

�P

�
lv d

yhfwru ri vwuxfwxudo glvwxuedqfhv wr wkh qrq0srolf| dqg srolf| yduldeohv> qrq0
}hur r�0gldjrqdo hohphqwv ri E doorz vrph vkrfnv wr d�hfw gluhfwo| pruh wkdq
rqh hqgrjhqrxv yduldeoh lq wkh v|vwhp1 Wkh pdlq gl�huhqfh ehwzhhq wkh wzr
dssurdfkhv olhv lq wkh dlp iru zklfk prghov duh hvwlpdwhg1

Wudglwlrqdo Frzohv Frpplvvlrq vwuxfwxudo prghov duh ghvljqhg wr lghqwli| wkh
lpsdfw ri srolf| yduldeohv rq pdfurhfrqrplf txdqwlwlhv lq rughu wr ghwhuplqh wkh
ydoxh wr eh dvvljqhg wr wkh prqhwdu| lqvwuxphqwv +P, wr dfklhyh d jlyhq wdujhw
iru wkh pdfurhfrqrplf yduldeohv +\,/ dvvxplqj h{rjhqhlw| ri wkh srolf| yduldeohv
lqP rq wkh jurxqg wkdw wkhvh duh wkh lqvwuxphqwv frqwuroohg e| wkh srolf|pdnhu1
Lghqwl�fdwlrq lq wudglwlrqdo vwuxfwxudo prghov lv rewdlqhg zlwkrxw dvvxplqj wkh
ruwkrjrqdolw| ri vwuxfwxudo glvwxuedqfhv1 G|qdplf pxowlsolhuv duh xvhg wr gh0
vfuleh wkh lpsdfw ri prqhwdu| srolf| yduldeohv rq pdfurhfrqrplf txdqwlwlhv1 Lq
wkh frpsxwdwlrq ri g|qdplf pxowlsolhuv wkh uhvsrqvhv ri pdfurhfrqrplf ydul0
deohv wr prqhwdu| srolf| fdq eh rewdlqhg zlwkrxw ghfrpsrvlqj prqhwdu| srolf|
lqwr lwv hqgrjhqrxv dqg h{rjhqrxv frpsrqhqwv/ dqg/ lq idfw/ lq prvw wudglwlrqdo
hpslulfdo dssolfdwlrqv vxfk ghfrpsrvlwlrq lv qrw lpsohphqwhg1

Wkh dvvxphg h{rjhqhlw| ri wkh prqhwdu| yduldeohv lq wkh wudglwlrqdo dssurdfk
pdnhv wkh prgho lqydolg iru srolf| dqdo|vlv li prqhwdu| srolf| uhdfwv hqgrjh0
qrxvo| wr pdfurhfrqrplf yduldeohv1 Wkh OVH phwkrgrorj| zrxog uhfrjqlvh wkh
sureohp ri wkh lqydolg h{rjhqhlw| dvvxpswlrq iru P>lw zrxog wkhq surfhhg wr
wkh lghqwl�fdwlrq ri dq dowhuqdwlyh hqodujhg prgho +suhvxpdeo| vxfk lghqwl�0
fdwlrq zloo eh rewdlqhg wkurxjk wkh lpsrvlwlrq rq d0sulrul uhvwulfwlrqv rq wkh
g|qdplfv ri wkh odjjhg yduldeohv,1 Krzhyhu/ wkh qhz prgho zrxog eh vwloo xvhg
iru vlpxodwlrq dqg hfrqrphwulf srolf| hydoxdwlrq/ zkhqhyhu wkh dssursuldwh frq0
fhsw ri h{rjhqhlw| +uhvshfwlyho| vwurqj dqg vxshu, zkhuh vdwlv�hg e| wkh dgrswhg
vshfl�fdwlrq1
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YDU prghoolqj zrxog uhmhfw wkh Frzohv Frpplvlrq lghqwli|lqj uhvwulfwlrqv
dv �lqfuhgleoh� iru uhdvrq qrw yhu| gl�huhqw iurp wkh rqhv slqqhg grzq e| wkh
OVH dssurdfk/ krzhyhu YDU prghov ri wkh wudqvplvvlrq phfkdqlvp duh qrw
hvwlpdwhg wr |lhog dgylfh rq wkh ehvw prqhwdu| srolf|1 Wkh| duh udwkhu hvwl0
pdwhg wr surylgh hpslulfdo hylghqfh rq wkh uhvsrqvh ri pdfurhfrqrplf yduldeohv
wr prqhwdu| srolf| lpsxovhv lq rughu wr glvfulplqdwh ehwzhhq dowhuqdwlyh wkh0
ruhwlfdo prghov ri wkh hfrqrp|1 Lw ehfrphv wkhq fuxfldo wr lghqwli| prqhwdu|
srolf| dfwlrqv xvlqj uhvwulfwlrqv lqghshqghqw iurp wkh frpshwlqj prghov ri wkh
wudqvplvvlrq phfkdqlvp xqghu hpslulfdo lqyhvwljdwlrq/ wdnlqj lqwr dffrxqw wkh
srwhqwldo hqgrjhqhlw| ri srolf| lqvwuxphqwv1

Lq d vhulhv ri uhfhqw sdshuv/ Fkulvwldqr/ Hlfkhqedxp dqg Hydqv ^45`/ ^46` dsso|
wkh YDU dssurdfk wr ghulyh �vw|ol}hg idfwv� rq wkh h�hfw ri d frqwudfwlrqdu|
srolf| vkrfn/ dqg frqfoxgh wkdw sodxvleoh prghov ri wkh prqhwdu| wudqvplvvlrq
phfkdqlvp vkrxog eh frqvlvwhqw dw ohdvw zlwk wkh iroorzlqj hylghqfh rq sulfh/
rxwsxw dqg lqwhuhvw udwhv= +l, wkh djjuhjdwh sulfh ohyho lqlwldoo| uhvsrqgv yhu|
olwwoh> +ll, lqwhuhvw udwhv lqlwldoo| ulvh/ dqg +lll, djjuhjdwh rxwsxw lqlwldoo| idoov/
zlwk d m 0vkdshg uhvsrqvh/ zlwk d }hur orqj0uxq h�hfw ri wkh prqhwdu| lpsxovh1
Vxfk hylghqfh ohdgv wr wkh glvplvvdo ri wudglwlrqdo uhdo exvlqhvv f|foh prgho/
zklfk duh qrw frpsdwleoh zlwk wkh oltxlglw| h�hfw ri prqhwdu| srolf| rq lqwhuhvw
udwhv/ dqg ri wkh Oxfdv ^68` prgho ri prqh|/ lq zklfk wkh h�hfw ri prqhwdu|
srolf| rq rxwsxw ghshqgv rq sulfh plvshufhswlrqv1 Wkh hylghqfh vhhpv wr ehpruh
lq olqh zlwk dowhuqdwlyh lqwhsuhwdwlrqv ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp
edvhg rq vwlfn| sulfhv prghov +Jrrgiulhqg dqg Nlqj ^59`,/ olplwhg sduwlflsdwlrq
prghov +Fkulvwldqr dqg Hlfkhqedxp ^44`, ru prghov zlwk lqghwhuplqdf|0vxqvsrw
htxloleuld +Iduphu ^54`,1

Kdylqj vwdwhg wkh remhfwlyh ri YDU prghov zh duh qrz lq wkh srvlwlrq ri dv0
vhvvlqj krz lghqwl�fdwlrq/ hvwlpdwlrq dqg vlpxodwlrq duh lpsohphqwhg wr dqdo|vh
wkh prqhwdu| wudqvplvvlrq phfkdqlvp1

YDU prghov frqfhqwudwh rq vkrfnv1
Iluvw wkh uhohydqw vkrfnv duh lghqwl�hg/ wkh uhvsrqvh ri wkh v|vwhp wr vkrfnv

lv ghvfulehg e| dqdo|}lqj lpsxovh uhvsrqvhv+wkh sursdjdwlrq phfkdqlvp ri wkh
vkrfnv,/ iruhfdvwlqj huuru yduldqfh ghfrpsrvlwlrq/ dqg klvwrulfdo ghfrpsrvlwlrq1

915 Lghqwl�fdwlrq dqg Hvwlpdwlrq

Zh kdyh lqwurgxfhg wkh lghqwl�fdwlrq sureohp iru YDU lq Fkdswhu 61 Jlyhq wkh
uhsuhvhqwdwlrq ri wkh jhqhudo vwuxfwxudo prgho ri lqwhuhvw =
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Wkh vwuxfwxudo prgho +915, lv qrw gluhfwo| revhuydeoh/ krzhyhu d YDU fdq eh
hvwlpdwhg dv wkh uhgxfhg irup ri wkh xqghuo|lqj vwuxfwxudo prgho =
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zkhuh x ghqrwhv wkh YDU uhvlgxdo yhfwru/ qrupdoo| lqghshqghqwo| glvwulexwhg
zlwk ixoo yduldqfh0fryduldqfh pdwul{ 	1 Wkh uhodwlrq ehwzhhq wkh YDU uhvlgxdov
lq x dqg wkh vwuxfwxudo glvwxuedqfhv lq � lv wkhuhiruh=
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xqgrlqj wkh sduwlwlrqlqj zh kdyh

xw@D
�4E w

iurp zklfk zh fdq ghulyh wkh uhodwlrq ehwzhhq wkh yduldqfh0fryduldqfh pdwul{
ri xw +revhuyhg, dqg wkh yduldqfh0fryduldqfh pdwul{ ri �w +qrw revhuyhg, dv
iroorzv=

H +xwx
3
w, @D�4EH + w 

3
w,E

3D�4

Vxevwlwxwlqj srsxodwlrq prphqwv zlwk vdpsoh prphqwv zh kdyh=
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aS
frqwdlqv q+q.4,

5 gl�huhqw hohphqwv/ wklv lv wkh pd{lpxp qxpehu ri lghqwl�0
deoh sdudphwhuv lq pdwulfhvD dqgE1 Wkhuhiruh/ d qhfhvvdu| frqglwlrq iru lghqwl0
�fdwlrq lv wkdw wkh pd{lpxp qxpehu ri sdudphwhuv frqwdlqhg lq wkh wzr pdwulfhv

lv q+q.4,
5 > vxfk frqglwlrq pdnhv wkh qxpehu ri htxdwlrqv htxdo wr wkh qxpehu ri

xqnqrzqv lq v|vwhp 9181 Dv xvxdo/ iru vxfk frqglwlrq wr eh dovr vx!flhqw iru lghq0
wl�fdwlrq lw dovr qhhghg wkdw qr htxdwlrqv lq 918 lv d olqhdu frpelqdwlrqv ri dq|
ri wkh rwkhu htxdwlrqv lq wkh v|vwhp/ Dplvdqr0Jldqqlql^4`/ Kdplowrq^63`1 Dv iru
wudglwlrqdo prghov zh kdyh wkh wkuhh srvvleoh fdvhv ri xqghu0lghqwl�fdwlrq/ mxvw0
lghqwl�fdwlrq dqg ryhu0lghqwl�fdwlrq1 Dv iru wudglwlrqdo prghov/ wkh ydolglw| ri
ryhu0lghqwli|lqj uhvwulfwlrqv fdq eh whvwhg yld d vwdwlvwlf glvwulexwhg dv d "5 zlwk
d qxpehu ri ghjuhhv ri iuhhgrp htxdo wr wkh qxpehu ri ryhu0lghqwli|lqj uhvwulf0
wlrqv Dplvdqr0Jldqqlql^4`1 Rqfh lghqwl�fdwlrq kdv ehhq dfklhyhg/ wkh hvwlpdwlrq
sureohp lv vroyhg e| dsso|lqj Jhqhudolvhg Phwkrg ri Prphqwv hvwlpdwlrq1 Zh
vkdoo ghvfuleh wklv fodvv ri hvwlpdwruv lq wkh qh{w fkdswhu1

Lq sudfwlfh / lghqwl�fdwlrq uhtxluhv wkh lpsrvlwlrq ri vrph uhvwulfwlrqv rq wkh
sdudphwhuv ri wkh D dqg E1 Wklv vwhs kdv ehhq klvwrulfdoo| lpsohphqwhg lq d
qxpehu ri gl�huhqw zd|v/ zh frqfhqwudwh rq wkh prvw zlgho| xvhg vwudwhjlhv lq
wkh qh{w vxevhfwlrqv
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91514 Fkrohvnl Ghfrpsrvlwlrq

Lq wkh idprxv duwlfoh zklfk lqwurgxfhg YDU phwkrgrorj| wr wkh surihvvlrq/
Vlpv^7;` sursrvhg wkh iroorzlqj lghqwl�fdwlrq vwudwhj|/ edvhg rq wkh Fkrohvnl
ghfrpsrvlwlrq ri pdwulfhv=
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e44 3 3 3
3 e55 3 3
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3 3 3 eqq

4FFD +919,

Wklv lv reylrxvo| d mxvw0lghqwl�fdwlrq vfkhph/ zkhuh wkh lghqwl�fdwlrq ri
vwuxfwxudo vkrfnv ghshqgv rq rughulqj ri yduldeohv1 Lw fruuhvsrqgv wr d uhfxu0
vlyh hfrqrplf vwuxfwxuh/ zlwk wkh prvw hqgrjhqrxv yduldeoh rughuhg odvw

91515 Vwuxfwxudo prghov zlwk frqwhpsrudqhrxv uhvwulfwlrqv

Lq wklv lghqwl�fdwlrq vfkhph vrph d0sulrul lqirupdwlrq lv xvhg wr lpsrvh uhvwulf0
wlrqv rq wkh hohphqwv ri pdwulfhv D dqg E/ gl�huhqw iurp wkh Fkrohvnl rughulqj1
Li wkh remhfwlyh ri YDU lv surylgh hylghqfh wr fkrrvh ehwzhhq frpshwlqj prghov/
wkh lghqwli|lqj uhvwulfwlrqv vkrxog eh lqghshqghqw iurp wkh wkhruhwlfdo suhglf0
wlrqv ri wkrvh prghov1 Wkh uhfhqw olwhudwxuh rq wkh prqhwdu| wudqvplvvlrq phfkd0
qlvp/ +Vwurqjlq^8:`/ Ehuqdqnh0Plkry^8`/ Fkulvwldqr/ Hlfkhqedxp dqg Hydqv^45`/
Ohhshu/Vlpvdqg]kd^66`,/ r�huv jrrg h{dpsohv rq krz wklv nlqg ri uhvwulfwlrqv
fdq eh ghulyhg1 YDUv ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp duh vshfl�hg rq
vl{ yduldeohv/ zlwk wkh yhfwru ri pdfurhfrqrplf qrq0srolf| yduldeohv lqfoxglqj
jurvv grphvwlf surgxfw +JGS ,/ wkh frqvxphu sulfh lqgh{ +S , dqg wkh frpprg0
lw| sulfh ohyho +Sfp,/ wkh yhfwru ri srolf| yduldeohv lqfoxghv wkh ihghudo ixqgv
udwh +II ,/ wkh txdqwlw| ri wrwdo edqn uhvhuyhv +WU, dqg wkh dprxqw ri qrqeru0
urzhg uhvhuyhv +QEU,1 Jlyhq wkh hvwlpdwlrq ri wkh uhgxfhg irup YDU iru wkh vl{
pdfur dqg prqhwdu| yduldeohv/ d vwuxfwxudo prgho lv lghqwl�hg e|= +l, dvvxplqj
ruwkrjrqdolw| ri wkh vwuxfwxudo glvwxuedqfhv> +ll, lpsrvlqj wkdw pdfurhfrqrplf
yduldeohv gr qrw vlpxowdqhrxvo| uhdfw wr prqhwdu| yduldeohv/ zkloh wkh vlpxowd0
qhrxv ihhgedfn lq wkh rwkhu gluhfwlrq lv doorzhg/ dqg +lll, lpsrvlqj uhvwulfwlrqv
rq wkh prqhwdu| eorfn ri wkh prgho uh hfwlqj wkh rshudwlrqdo surfhgxuhv lp0
sohphqwhg e| wkh prqhwdu| srolf| pdnhu1 Doo lghqwli|qj uhvwulfwlrqv vdwlvi| wkh
fulwhulrq ri lqghshqghqfh iurp vshfl�f wkhruhwlfdo prghov/ lq idfw /zlwklq wkh
fodvv ri prghov hvwlpdwhg rq prqwko| gdwd/ uhvwulfwlrqv +ll, duh frqvlvwhqw zlwk d
zlgh vshfwuxp ri dowhuqdwlyh wkhruhwlfdo vwuxfwxuhv dqg lpso| d plqlpdo dvvxps0
wlrq rq wkh odj ri wkh lpsdfw ri prqhwdu| srolf| rq pdfurhfrqrplf yduldeohv/
zkhuhdv uhvwulfwlrqv +lll, duh edvhg rq lqvwlwxwlrqdo dqdo|vlv1

Uhvwulfwlrqv +ll, duh pdgh rshudwlrqdo e| vhwwlqj wr }hur dq dssursuldwh eorfn
ri hohphqwv ri wkh D pdwul{1

Wkh frqwhpsrudqhrxv uhodwlrqv dprqj wkh Ihg ixqgv udwh dqg wkh uhvhuyh
djjuhjdwhv duh ghulyhg/ dv lq Ehuqdqnh dqg Plkry ^8`/ iurp d vshfl�f prgho ri
wkh uhvhuyh pdunhw1
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xWU @ ��xII . �G +91:,

xEU @ � xII . �E +91;,

xQEU @ !G�G . !E�E . �V +91<,

Htxdwlrq +91:, dqg +91;, ghvfuleh edqnv* ghpdqg htxdwlrqv +h{suhvvhg lq lq0
qrydwlrq 0l1h1 YDU uhvlgxdo0 irup, iru wrwdo dqg eruurzhg uhvhuyhv EU +wlph
vxevfulswv duh rplwwhg,= wkh ihghudo ixqgv udwh d�hfwv qhjdwlyho| wkh ghpdqg iru
wrwdo uhvhuyhv +91:, dqg srvlwlyho| wkh ghpdqg iru eruurzhg uhvhuyhv451 �G dqg
�E duh glvwxuedqfhv wr wrwdo dqg eruurzhg uhvhuyhv uhvshfwlyho|1 Wkh vxsso| ri
qrqeruurzhg uhvhuyhv lq +91<, uh hfwv wkh ehkdylrxu ri wkh Ihghudo Uhvhuyh1 Lq
sduwlfxodu/ e| phdqv ri rshq0pdunhw rshudwlrqv/ wkh Ihg fdq fkdqjh wkh dprxqw
ri QEU vxssolhg wr wkh edqnlqj v|vwhp lq uhvsrqvh wr +uhdglo| revhuyhg, glv0
wxuedqfhv wr wrwdo dqg eruurzhg uhvhuyh ghpdqg1 Pruhryhu/ yduldwlrqv lq qrq0
eruurzhg uhvhuyhv pd| eh gxh wr prqhwdu| srolf| vkrfnv xquhodwhg wr uhvhuyh
ghpdqg ehkdylrxu1 Lq +91<, wkh frh!flhqwv !G dqg !E phdvxuh wkh uhdfwlrq ri
wkh Ihg wr wrwdo dqg eruurzhg uhvhuyh ghpdqg pryhphqwv uhvshfwlyho|/ dqg �V

uhsuhvhqwv wkh prqhwdu| srolf| vkrfn wr eh hpslulfdoo| lghqwl�hg1 Wkh pdunhw
iru uhvhuyhv ihdwxulqj wkh dvvxphg vlpxowdqhrxv uhodwlrqv lv ghvfulehg e| wkh
iroorzlqj �jxuh =

Frpelqlqj wkh pdunhw iru uhvhuyhv zlwk wkh pdfurhfrqrplf yduldeohv/ zh fdq
h{solflwo| uhzulwh +917, dv iroorzv=3EEEEEEC
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4w
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�Ew
�Gw
�Vw

4FFFFFFD +9143,

Vhyhudo ihdwxuhv ri +9143, pxvw eh qrwhg1 Iluvw/ YDU uhvlgxdov iurp wkh �uvw
wkuhh htxdwlrqv/ ghvfulelqj wkh qrq0srolf| sduw ri wkh v|vwhp/ duh ruwkrjrqdol}hg
vlpso| e| dvvxplqj d uhfxuvlyh +Fkrohvnl, vwuxfwxuh iru wkh fruuhvsrqglqj eorfn
ri wkh D pdwul{1 Wklv surfhgxuh |lhogv ruwkrjrqdo glvwxuedqfhv wr zklfk zh gr
qrw dwwdfk d vshfl�f �vwuxfwxudo� lqwhusuhwdwlrq/ odehoolqj wkhp vlpso| dv �QS

l

+l @ 4> 5>6,/ zkhuh QS ghqrwhv d qrq0srolf| vkrfn1
Vhfrqg/ dv vkrzq e| Ehuqdqnh dqg Plkry ^8`/ wkh jhqhudo irupxodwlrq lq

+9143,/ lv vwloo qrw lghqwl�hg/ exw lghqwl�fdwlrq fdq eh frpsohwhg e| d fduhixo
dqdo|vlv ri wkh rshudwlrqdo surfhgxuhv iroorzhg e| wkh Fhqwudo Edqn1

� Fdvh 4= Ihghudo ixqgv wdujhwlqj

�2Zh dvvxph iurp wkh vwduw wkdw pryhphqwv lq wkh glvfrxqw udwh/ zklfk zrxog hqwhu +91;,
zlwk d qhjdwlyh vljq/ duh frpsohwho| dqwlflsdwhg/ vr wkdw wkh lqqrydwlrq lq wkh Ihg ixqgv0
glvfrxqw udwh gl�huhqwldo lv hqwluho| dwwulexwdeoh wr wkh iruphu udwh1



LGHQWLILFDWLRQ DQG HVWLPDWLRQ 4;<

RFF                                                Rd                                  BR

RSC

                                                NBR

                                                                                                  Reserves

Ilj1 9141 Wkh X1V1 pdunhw iru edqn uhvhuyhv

Lq wklv fdvh zh kdyh *g @ 4> *e @ �4= Fhqwudo Edqnv xvhv QEU wr qhxwudol}h
vkrfnv frplqj iurp edqnv dqg krxvhkrogv ehkdylrxu 1 Zh wkhq kdyh iru wkh
prqhwdu| eorfn lghqwl�fdwlrq=57xWUwxQEU

w

xIIw

68 @

574 �
�.� 3

4 4 �4
3 � 4

�.� 3

68 57�Gw�Vw
�Ew

68
Wkh prgho lv qrz ryhu0lghqwl�hg 1 Fkrohvnl soxv dgglwlrqdo uhvwulfwlrqv

� Fdvh LL= wdujhwlqj QEU1

*g @ 3> *e @ 3=57xWUwxQEU
w

xIIw

68 @
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�.�
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�.�

�
�.�

3 4 3
4

�.� � 4
�.� � 4

�.�

6857�Gw�Vw
�Ew

68
QEU lv qrz lqirupdwlyh rq prqhwdu| srolf| vkrfnv

� Fdvh LLL= Vwurqjlq lghqwl�fdwlrq +4<<7,

Vkrfnv wr uhvhuyhv duh ghpdqg vkrfnv zklfk wkh FE kdv wr dffrprgdwh1
Wkhuhiruh prqhwdu| srolf| vkrfnv duh wkh vkrfnv wr QEU ruwkrjrqdo wr vkrfnv
wr WU1 Pruhryhu FE grhv qrw uhdfw wr Eruurzhg Uhvhuyhv1 � @ 3> *e @ 3
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57xWUwxQEU
w

xIIw

68 @

57 4 3 3
*g 4 3

�*g�4
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� 4
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� 4

�

68 57�Gw�Vw
�Ew

68
QEU lv qrz lqirupdwlyh

� Fdvh LY= frqwuroolqj Eruurzhg Uhvhuyhv

Lq wklv fdvh WU0QEU lv rqo| ixqfwlrq ri vkrfnv �v= *g @ 4> *e @ �
� = Lq txhvwr

fdvr vl kd=57xWUwxQEU
w

xIIw

68 @

574 �
�.�

�
�

4 4 �
�

3 � 4
�.� � 4

�

68 57�Gw�Vw
�Ew

68
Lw lv hdvlo| vhhq wkdw dowhuqdwlyh uhjlph zrxog lpso| lghqwl�fdwlrq zklfk

duh whfkqlfdoo| qrw idu iurp Fkrohvnl*v wuldqjxodul}dwlrq/ zlwk gl�huhqw rughulqj
ri wkh prqhwdu| yduldeohv1 Lq d Ihg Ixqg wdujhwlqj uhjlph II grhv qrw uhdfw
frqwhpsërudqhrxvo| wr wkh rwkhu prqhwdu| yduldeohv zkloh lq d Qrq0Eruurzhg
Uhvhuyhv wdujhwlqj uhjlph lw lv QEU wkdw grhv qrw uhdfw frqwhpsrudqhrxvo| wr
wkh rwkhu wzr prqhwdu| vkrfnv1 Pruhryhu/ lqirupdwlrq rq wkh rshudwlqj surfh0
gxuh e| wkh IHG duh lpsruwdqw lq ghwhuplqlqj wkh dssursuldwh lghqwl�fdwlrq
vfkhph dqg/ pruh lpsruwdqwo|/ YDU prghov ri wkh PWP vkrxog eh hvwlpdwhg
zlwklq d vlqjoh srolf| uhjlph1 Edjoldqr dqg Idyhur ^5`/ surylgh hylghqfh rq wkh
vwuxfwxudo lqvwdelolw| ri YDU ri wkh PWP hvwlpdwhg dfurvv gl�huhqw prqhwdu|
srolf| uhjlphv1

91516 Vwuxfwxudo prgho zlwk orqj0uxq uhvwulfwlrqv

Riwhq orqj0uxq ehkdyrxu ri vkrfnv surylgh uhvwulfwlrqv dffhswdeoh zlwklq d zlgh
udqjh ri wkhruhwlfdo prgho1 D w|slfdo uhvwulfwlrq frpsdwleoh zlwk yluwxdoo| doo
pdfurhfrqrplf prghov lv wkdw lq wkh orqj0uxq ghpdqg vkrfnv kdyh }hur lp0
sdfw rq rxwsxw1 Eodqfkdug0Txdk ^;` vkrz krz wkhvh uhvwulfwlrqv fdq eh xvhg wr
lghqwli| YDUv1

Wkh vwuxfwxudo prgho ri lqwhuhvw lv vshfl�hg e| srvlqjD htxdo wr wkh lghqwlw|
pdwul{ dqg e| qrw lpsrvlqj dq| }hur uhvwulfwlrq rq wkh E pdwul{1 Zh wkhq kdyh
iru d jhqhulf yhfwru ri yduldeohv |w wkh iroorzlqj vshfl�fdwlrq=

|w @ l @ 4

s[
Dl|w�l .Eyw

iurp zklfk lw lv srvvleoh wr ghulyh wkh pdwul{ zklfk ghvfulehv wkh orqj0uxq
h�hfw ri wkh vwuxfwxudo vkrfnv rq wkh yduldeohv ri lqwhuhvw dv iroorzv=

#
L� l @ 4

s[
Dl

$�4
Eyw @ ���4Eyw

Frh!flhqwv lq � duh rewdlqhg iurp wkh uhgxfhg irup/ wkhuhiruh zh duh deoh
wr lpsrvh orqj0uxq uhvwulfwlrqv jlyhq wkh hvwlpdwlrq ri wkh uhgxfhg irup

Wzr srlqwv duh zruwk qrwlqj
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� +L �D4, lv 0�>iru wklv pdwul{ wr eh lqyhuwleoh wkh YDU pxvw eh vshfl�hg
rq vwdwlrqdu| yduldeohv

� wkh orqj0uxq uhvwulfwlrqv duh uhvwulfwlrqv rq wkh fxpxodwlyh lpsxovh uh0
vsrqvh ixqfwlrq

Ohw xv qrz frqvlghu wkh Eodqfkdug0Txdk^;` gdwd0vhw1 Wkh dxwkruv dlp dw
vhsdudwlqj ghpdqg vkrfnv iurp vxsso| vkrfnv/ wkh| frqvlghu d YDU rq wzr
yduldeohv/ wkh xqhpsor|phqw udwh/ XQ/ dqg wkh txduwhuo| udwh ri jurzwk ri JGS/
�O\1 Wkh ruljlqdo vdpsoh frqwdlqv txduwhuo| gdwd iurp 4<84=5 wr 4<;:=7/ zh
kdyh uhwulhyhg wkh wzr vhulhv iurp Gdwdvwuhdp dqg wkh| duh dydlodeoh rqo| iru
wkh vdpsoh 4<84=504<;:=71 Wkh vhulhv duh dydlodeoh lq wkh �oh ET1ZNV1 Wkh YDU
lv vshfl�hg zlwk ; odjv d frqvwdqw dqg d ghwhuplqlvwlf wuhqg +lq wkh ruljlqdo sdshu
d euhdn lq wkh frqvwdqw iru �O\ lv dovr doorzhg exw zh gr qrw doorz lw, dv iroorzv1
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Wr rewdlq wkh lghqwli|lqj uhvwulfwlrqv frqvlghu wkdw
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�
ghpdqg vkrfnv duh lghqwl�hg e| lpsrvlqj wkdw wkhlu orqj0uxq lpsdfw rq wkh ohyho
ri rxwsxw lv }hur=

n44e44 . n45e54 @ 3

Qrwh wkdw e| lpsrvlqj wkh uhvwulfwlrq wkdw wkh fxpxodwlyh lpsxovh uhvsrqvh ri
wkh udwh ri rxwswxw jurzwk wr d ghpdqg vkrfn lv }hur zh lpsrvh wkh uhvwulfwlrq
wkdw wkh lpsxovh uhvsrqvh ri wkh ohyho ri rxwswxw wr d ghpdqg vkrfn lv }hur lq
wkh orqj0uxq1 Dv wkh yduldeohv duh vwdwlrqdu| wkh orqj0uxq uhvsrqvh ri �O\ dqg
XQ wr doo vkrfnv lv }hur e| gh�qlwlrq1

Zh lpsohphqw wkh surfhgxuh rq wkh gdwd e| xvlqj PDOFROP^74`/ d sdfndjh
zulwwhq iru UDWV1
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Zh iurp wkh hvwlpdwlrq ri wkh YDU/ zh wkhq lpsohphqw Mrkdqvhq rq wklv
YDU/ zh pdnh vxuh wkdw wkh qxoo ri vwdwlrqdulw| lv qrw uhmhfwhg1 Zh wkhq uhwulhyh

wkh � pdwul{1 � @

�
3=4784 3=549;
�3=8:74 �3=39<6

�
>

Wkhq zh vshfli| +��,�4 @
��3=4784 �3=549;
3=8:74 3=39<6

��4
@

�
= 938:5 4=;<7<
�8=34:< �4=59;6

�
dqg rxu orqj0uxq lghqwli|lqj uhvwulfwlrq lv

=938:5e44 . 4=;<7<e54 @ 3

Qrwh wkh gl�huhqfh ehwzhhq wklv phwkrgrorj| dqg wkh Fkrohvn| ghfrpsrvl0
wlrq/ zklfk zrxog vlpso| uhvwulfw e54 wr }hur1

91517 Lghqwl�fdwlrq lq frlqwhjudwhg YDUv

Ohw xv frqvlghu qrz krz wkh lghqwl�fdwlrq sureohp fkdqjhv zkhq zh kdyh d
frlqwhjudwhg YDU1 Frqvlghulqj/ iru vlpsolflw|/ rqo| �uvw rughu g|qdplfv/ wkh
frlqwhjudwhg uhgxfhg irup lv =

�|w @ �|w�4 . yw

zkhuh � @ ��3= Dv zh nqrz/ lghqwl�fdwlrq ri wkh frlqwhjudwlqj yhfwruv lv d
sureohp wrwdoo| vhsdudwhg iurp lghqwl�fdwlrq ri wkh vwuxfwxudo vkrfnv ri lqwhuhvw1
Wkhuhiruh/ kdylqj vroyhg wkh lghqwl�fdwlrq ri wkh frlqwhjudwlqj uhodwlrqvklsv/ zh
kdyh vwloo wr ghdo zlwk wkh sureohp ri srvlqj dssursuldwh uhvwulfwlrqv rq wkh
sdudphwhuv ri wkh E pdwul{ lq rughu wr slq grzq wkh vkrfnv xw

�|w @ �|w�4 .Exw

Lq wkh frqwh{w ri frlqwhjudwlrq/ wkh lghqwl�fdwlrq sureohp fdq eh vroyhg
lq d yhu| qdwxudo zd|1 Frqvlghu/ iru vlpsolflw|/ wkh fdvh ri d elyduldwh prgho
|w @ +|w> {w, > lq zklfk yduldeohv duh qrq vwdwlrqdu| L+4, exw frlqwhjudwhg zlwk
frlqwhjudwlqj yhfwru+4>�4, / vr wkh udqn ri wkh � pdwul{ lv 4 dqg zh xvh wkh
iroorzlqj uhsuhvhqwdwlrq ri wkh vwdwlrqdu| uhgxfhg irup=
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prgho +9=44, fdq eh uh0zulwwhq dv iroorzv^73`
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Wkh wzr uhsuhvhqwdwlrq duh devroxwh lghqwlfdo +vdph uhvlgxdov,1 Wkh vhfrqg
uhsuhvhqwdwlrq kdv ehhq zlgho| xvh lq uhvhdufk edvhg rq suhvhqw ydoxh prghov1



ZK\ VKRFNV B 4<6

Wkh frlqwhjudwlqj surshuwlhv ri wkh v|vwhp vxjjhvwv wkh suhvhqfh ri wzr w|shv
ri vkrfnv= d shupdqhqw rqh+wr eh uhodwhg wr wkh vlqjoh frpprq wuhqg vkduhg
e| wkh wzr yduldeohv, dqg d wudqvlwru| rqh +wr eh uhodwhg wr wkh frlqwhjudwlqj
uhodwlrq,1 Lw vhhpv wkhuhiruh qdwxudo wr lghqwli| rqh vkrfn dv shupdqhqw wkh rwkhu
dv wudqvlwru|1 Jlyhq wkdw zh kdyh d vwdwlrqdu| v|vwhp/ wkh lghqwl�fdwlrq ri vkrfnv
lv rewdlqhg e| ghulylqj orqj0uxq uhvsrqvhv ri wkh yduldeohv ri lqwhuhvw wr uhohydqw
vkrfnv1 Iurp +9=45, zh kdyh=
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Iurp zklfk orqj0uxq uhvsrqvhv duh rewdlqhg e| vhwwlqj O@4 dqg e| lqyhuwlqj
wkh pdwul{ suh0pxowlso|lqj yduldeohv lq wkh vwdwlrqdu| uhsuhvhqwdwlrq ri YDU
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vr y5w fdq eh lghqwl�hg dv wkh wudqvlwru| vkrfn e| lpsrvlqj wkh iroorzlqj
uhvwulfwlrq=

��54e45 . �44e55 @ 3

zklfk/ jlyhq nqrzohgjh ri wkh � sdudphwhuv iurp frlqwhjudwlrq dqdo|vlv/
surylghv wkh mxvw0lghqwli|lqj uhvwulfwlrq iru wkh sdudphwhuv lq E 1 Lqwhuhvwlqjo|/
wkhuh lv rqh fdvh lq zklfk wklv lghqwl�fdwlrq lv htxlydohqw wr wkh Fkrohvnl rughulqj/
wkh fdvh lq zklfk �44 @ 3=Qrwh wkdw wklv lv wkh fdvh lq zklfk �|w lv zhdno|
h{rjhqrxv iru wkh hvwlpdwlrq ri e54= Dq dssolfdwlrq ri wklv lghqwli|lqj vfkhph lv
surylghg lq Idyhur/ Jldyd}}l/ Vsdyhqwd/^57` zkhuh wkh surfhgxuh lv lpsohphqwhg
wr vhsdudwh lqwhuqdwlrqdo iurp orfdo idfwruv lq wkh ghwhuplqdwlrq ri lqwhuhvw udwhv
 xfwxdwlrqv

916 Zk| vkrfnv B

Kdylqj lghqwl�hg wkh �prqhwdu| uxoh� e| sursrvlqj dq h{solflw vroxwlrq wr wkh
sureohp ri wkh hqgrjhqhlw| ri prqh|/ wkh YDU dssurdfk frqfhqwudwhv rq ghyl0
dwlrqv iurp wkh uxoh1 Ghyldwlrqv iurp wkh uxoh fdq eh rewdlqhg hlwkhu e| fkdqj0
lqj wkh v|vwhpdwlf frpsrqhqw ri prqhwdu| srolf| ru e| frqvlghulqj h{rjhqrxv
vkrfnv/ zklfk ohdyh v|vwhpdwlf prqhwdu| srolf| xqdowhuhg1 Lq wkh iruphu fdvh wkh



4<7 WKH YDU DSSURDFK

ghyldwlrq iurp wkh uxoh lv rewdlqhg e| fkdqjlq vrph sdudphwhuv lq wkhD pdwul{
ghvfulelqj wkh vlpxowdqhrxv uhodwlrqv dprqj yduldeohv/ zkloh lq wkh odwwh fdvh wkh
sdudphwhuv lq wkh pdwulfhv D dqg E duh qrw dowhuhg1 Frqvlghu iru h{dpsoh wkh
fdvh ri ihghudo ixqg wdujhwlqj1 Wkh �uvw w|sh ri ghyldwlrqv lv rewdlqhg e| prg0
li|lqj wkh uhvsrqvh ri wkh ihghudo ixqg wdujhwlqj wr pdfurhfrqrplf frqglwlrqv/
l1h1 xfwxdwlrqv lq rxwsxw/ frpprglw| sulfhv dqg wkh frqvxphu sulfh lqgh{/ zkloh
wkh vhfrqg w|sh ri ghyldwlrqv lv rewdlqhg e| frqvlghulqj dq h{rjhqrxv vkrfn
zklfk grhv qrw dowhu wkh uhvsrqvh ri wkh prqhwdu| srolf| pdnhu wr pdfurhfr0
qrplf frqglwlrqv1

YDU prghoohuv kdyh h{foxvlyho| frqfhqwudwhg rq vlpxodwlqj vkrfnv/ ohdylqj
wkh v|whpdwlf frpsrqhqw ri prqhwdu| srolf| xqdowhuhg1

Wkh YDU dssurdfk wr wkh prqhwdu| wudqvplvvlrq phfkdqlvp kdv ehhq fulw0
lflvhg rq wkh edvlv wkdw lw ylhzv fhqwudo edqnv dv �udqgrp qxpehu jhqhudwruv�1
Wklv grhv qrw vhhp wr eh fruuhfw= lq idfw/ prqhwdu| srolf| uxohv duh h{solflwo|
hvwlpdwhg lq vwuxfwxudo YDU prghov1 Krzhyhu/ wkh irfxv lv qrw rq uxohv exw rq
ghyldwlrqv iurp uxohv/ vlqfh rqo| zkhq fhqwudo edqnv ghyldwh iurp wkhlu uxohv lw
ehfrphv srvvleoh wr froohfw lqwhuhvwlqj lqirupdwlrq rq wkh uhvsrqvh ri pdfurh0
frqrplf yduldeohv wr prqhwdu| srolf| lpsxovhv/ wr eh frpsduhg zlwk wkh suh0
glfwlrqv ri wkh dowhuqdwlyh wkhruhwlfdo prghov1 Lq idfw/ ghyldwlrqv iurp prqhwdu|
srolf| uxohv surylgh uhvhdufkhuv zlwk wkh ehvw rssruwxqlw| wr ghwhfw wkh uhvsrqvh
ri pdfurhfrqrplf yduldeohv wr prqhwdu| lpsxovhv wkdw duh qrw h{shfwhg e| wkh
pdunhw1 Wkh �uvw fkdlq ri prvw prghov ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp
olqnv wkh srolf| udwhv wr wkh whup vwuxfwxuh ri wkh lqwhuhvw udwhv dqg wkh prvw
srsxodu prgho ri wkh whup vwuxfwxuh/ wkh h{shfwdwlrqdo prgho/ suhglfwv wkdw wkh
whup vwuxfwxuh grhv qrw jhqhudoo| uhdfw wr h{shfwhg prqhwdu| lpsxovhv1 Wkh
prqhwdu| lpsxovhv uhohydqw wr wkh wudqvplvvlrq dqdo|vlv duh wkhuhiruh vwuxfwxudo
vkrfnv lq +915,1

Uhfhqwo|/ PfFdooxp^B` kdv fulwlflvhg wkh fkrlfh ri YDU prghoohuv ri frq0
fhqwudwlqj rq vkrfnv zklfk ohdyh wkh v|vwhpdwlf frpsrqhqw ri prqhwdu| srolf|
xqdowhuhg1 Lw lv dujxhg wkdw wkh hpskdvlv rq wkh vkrfn frpsrqhqw lv plvsodfhg
ehfdxvh wkh xqv|vwhpdwlf sruwlrq ri srolf|0lqvwuxphqw yduldelolw| lv yhu| vpdoo
lq uhodwlrq wr wkh yduldelolw| ri wkh v|whpdwlf frpsrqhqw1 �111 Lqghhg/ lw lv frq0
fhlydeoh wkdw wkh srolf| ehkdylrxu frxog eh yluwxdoo| ghyrlg ri dq| xqv|vwhpdwlf
frpsrqhqw1 Lq wkh olplw/ wkdw lv/ wkh yduldqfh ri wkh vkrfn frpsrqhqw frxog ds0
surdfk }hur1 Exw wklv zrxog qrw lpso| wkdw prqhwdu| srolf| lv xqlpsruwdqw iru
sulfh ohyho ehkdylrxu/ fhqwudo edqn*v pdlq uhvsrqvlelolw|1111� +^B`> s=8,1

Wkh vlpxodwlrq ri v|vwhpdwlf prqhwdu| srolf| uhtxluhv/ iru urexvwqhvv wr wkh
Oxfdv*fulwltxh/ wkh vshfl�fdwlrq ri d iruzdug0orrnlqj prgho lq zklfk �ghhs sd0
udphwhuv� duh lghqwl�hg lqghshqghqwo| iurp qxlvdqfh sdudphwhuv ghvfulelqj h{0
shfwdwlrqv irupdwlrq dqg ghshqghqw rq wkh srolf| uhjlph1 Wklv lv zkdw PfFdo0
oxp h�hfwlyho| grhv lq d vhulhv ri sdshuv^B`/^6<` zkhuh wkh lpsdfw ri prgl�fdwlrqv
lq wkh prqhwdu| srolf| pdnhu uhdfwlrq ixqfwlrq lv g|qdplfdoo| vlpxodwhg1

Krzhyhu/ lw lv lpsruwdqw wr qrwh wkdw PfFdooxp zrun lv qrw dlphg dw prgho
vhohfwlrq exw udwkhu dw prgho vlpxodwlrq1 Wkh txhvwlrq ri xvlqj wkh hpslulfdo hyl0
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ghqfh wr mxgjh ehwzhhq gl�huhqw wkhruhwlfdo prgho lv qrw dgguhvvhg lq PfFdooxp
zrun/ edvhg rq d vshfl�f prgho1

Li YDU prghov duh lqvwhdg xvhg wr ghvfuleh wkh hpslulfdo hylghqfh uhohydqw
wr wkh fkrlfh ehwzhhq dowhuqdwlyh wkhruhwlfdo prghov/ wkhq wkhuh lv d srvvleoh
ghihqvh ri wkh fkrlfh ri frqfhqwudwlqj rq vkrfnv udwkhu wkdq rq wkh v|vwhpdwlf
frpsrqhqwv ri prqhwd| srolf|1 Vxfk ghihqvh lv uhodwhg wr wkh Oxfdv fulwltxh1

Frqvlghu wkh iroorzlqj Gdwd Jhqhudwlqj Surfhvv=

|w @ d4p
h
w.4 . d5|w�4 . x4w

pw @ e3 . e4|w�4 . e5pw�4 . x5w

Zkhuh | lv wkh pdfurhfrqrplf yduldeoh dqgp lv wkh prqhwdu| srolf| yduldeoh1
Wkh GJS lv wkh uhohydqw wkhruhwlfdo prgho/ zklfk lv xqnqrzq wr wkh hpslu0

lfdo uhvhdufkhu1 Wkh hpslulfdo uhvhdufkhu wulhv lqvwhdg wr ghvfuleh wkh hpslulfdo
uhodwlrq ehwzhhq wkh prqhwdu| lqvwuxphqwv dqg wkh pdfurhfrqrplf yduldeohv e|
vshfli|lqj wkh iroorzlqj vwuxfwxudo YDU=

|w @ fr . f4pw . f5|w�4 . y4w +9149,

pw @ e3 . e4|w�4 . e5pw�4 . y5w

Zkhuh wkh iroorzlqj uhvwulfwlrqv krog= fr @ d4e3> f4 @ d4e5> f5 @ d5 . d4e4=
9149 lv qrw yldeoh iru hfrqrphwulf hydoxdwlrq ri v|whpdwlf prqhwdu| srolf|/

lq wkdw wkh sdudphwhuv lq wkh htxdwlrq iru | fdqqrw eh nhsw frqvwdqw zkhq
wkh v|whpdwlf frpsrqhqw ri wkh prqhwdu| srolf| uxoh lv dowhuhg1 Krzhyhu/ wkh
vlpxodwlrq ri wkh g|qdplf lpsdfw ri d prqhwdu| srolf| vkrfnv lghqwl�hg d0od0
Fkrohvnl rughulqj p �uvw lv vwloo yldeoh lq wkdw lw lv shuirphg zkloh nhhslqj doo
sdudphwhuv frqvwdqw1

Qrwh wkdw wklv vpdoo h{dpsoh uhlwhudwhv wkh lpsruwdqfh ri hvwlpdwlqj sdudp0
hwhuv lq wkh Vwuxfwxudo YDU prghov e| frqfhqwudqwlqj rq d vlqjoh srolf| uhjlph/
lq idfw uhjlph vkliwv uhtxluh gl�huhqw sdudphwhul}dwlrqv1

917 Ghvfulswlrq ri YDU prghov

Diwhu wkh lghqwl�fdwlrq ri vwuxfwxudo vkrfnv ri lqwhuhvw/ wkh surshuwlhv ri YDU
prghov duh ghvfulehg xvlqj lpsxovh uhvsrqvh dqdo|vlv/ yduldqfh ghfrpsrvlwlrq
dqg klvwrulfdo ghfrpsrvlwlrq1

Frqvlghu d vwuxfxwudo YDU prgho iru d jhqhulf yhfwru |w/ frqwdlqlqj p
yduldeohv=

D3|w @ l @ 4

s[
Dl|w�l .Eyw

zklfk zh fdq uhzulwh dv =
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^D3 �D +O,`|w @ Eyw

D +O, @ l @ 4

s[
DlO

l

qrz e| lqyhuwlqj ^D3 �D +O,` +xqghu wkh dvvxpswlrq ri lqyhuwlelolw| ri wklv
sro|qrpldo, zh rewdlq wkh prylqj dyhudjh uhsuhvhqwdwlrq iru rxu YDU surfhvv=

|w @ F +O,yw +914:,

|w @ F3yw .F4yw�4 . ===.Fvyw�v
F +O, @ ^D3 �D +O,`�4

F3 @D�4
3 E

Wr looxvwudwh wkh frqfhsw ri dq lpsxovh uhvsrqvh ixqfwlrq/ zh lqwhusuhw wkh
jhqhulf pdwul{ Fvzlwklq wkh prylqj dyhudjh uhsuhvhqwdwlrq dv iroorzv =

Fv @
C|w.v
Cyw

lq rwkhu zrug wkh jhqhulf hohphqw il> mj ri pdwul{ Fv uhsuhvhqw wkh lpsdfw
ri d vkrfn klwwlqj wkh m0wk yduldeoh ri wkh v|vwhp dw wlph w rq wkh l0wk yduldeoh ri
wkh v|vwhp dw wlph w.v1 Dv v ydulhv zh kdyh d ixqfwlrq ghvfulelqj wkh uhvsrqvh
ri yduldeoh l wr dq lpsxovh lq yduldeoh m1 Iru wklv ixqfwlrq ri sduwldo ghulydwlyh wr
eh phdqlqjixo zh pxvw doorz wkdw d vkrfnv lq yduldeoh m rffxuv zkloh doo rwkhu
vkrfnv duh nhsw wr }hur1 Ri frxuvh wklv lv doorzhg iru vwuxfwxudo vkrfnv/ dv wkh|
duh lghqwl�hg e| lpsrvlqj wkh| duh ruwkrjrqdo wr hdfk rwkhu1 Qrwh krzhyh wkdw
wkh frqfhsw ri dq lpsxovh uhvsrqvh ixqfwlrq lv qrw dssolfdeoh wr uhgxfhg irup
YDU lqqrydwlrqv/ zklfk/ lq jhqhudo/ duh fruuhodwhg wr hdfk rwkhu1

K|vwrulfdo ghfrpsrvlwlrq lv rewdlqhg e| xvlqj wkh vwuxfwxudo PD uhsuhvhqwd0
wlrq wr vhsdudwh vhulhv lq wkh frpsrqhqwv+ruwkrjrqdo wr hdfk rwkhu, dwwulexwdeoh
wr wkh gl�huhqw vwuxfwxudo vkrfnv1

Ilqdoo| Iruhfdvwlqj Huuru Yduldqfh Ghfrpsrvlwlrq duh rewdlqhg iurp+9=4:,
e| ghulylqj wkh huuru lq iruhfdvwlqj | v shulrg lq wkh ixwxuh dv=

+|w.v �Hw|w.v, @ F3yw .F4yw�4 . ===.Fvyw�v

iurp zklfk zh fdq frqvwuxfw wkh yduldqfh ri vxfk iruhfdvwlqj huuru dv=

Y du +|w.v �Hw|w.v, @ F3LF
3
3 .F4LF

3
4 . ===.FvLF

3
v

iurp zklfk zh fdq frpsxwh wkh vkduh ri wkh wrwdo yduldqfh dwwulexwdeoh wr
wkh yduldqfh ri hdfk vwuxfwxudo vkrfnv1 Qrwh djdlq wkdw vxfk frpsrvlwlrq pdnh
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vhqvh rqo| li vkrfnv duh ruwkrjrqdo wr hdfk rwkhu1 Lq idfw lw lv rqo| lq wklv fdvh
wkdw zh fdq zulwh wkh yduldqfh ri wkh wrwdo iruhfdvwlqj huuru dv d vxp ri ydulqfhv
ri wkh vlqjoh vkrfnv +dv wkh fryduldqfh whupv duh }hur iroorzlqj wkh ruwkrjrqdolw|
surshuw| ri vwuxfwxudo vkrfnv,1

Wr looxvwudwh wkh wkuhh frqfhswv frqvlghu wkh iroorzlqj elyduldwh YDU/ lq zklfk
vwuxfwxudo sdudphwhuv kdyh ehhq lghqwl�hg dqg hvwlpdwhg yld d Fkrohvnl ghfrp0
srvlwlrq=

�
|4w
|5w

�
@

�
d44 d45
d54 d55

��
|4w�4
|5w�4

�
.

�
e44 3
e54 e55

��
y4w
y5w

�

wkh PD uhsuhvhqwdwlrq lv

�
|4w
|5w

�
@

�
e44 3
e54 e55

��
y4w
y5w

�
.

�
d44 d45
d54 d55

��
e44 3
e54 e55

��
y4w�4
y5w�4

�
.

.===.

�
d44 d45
d54 d55

�v�
e44 3
e54 e55

��
y4w�v
y5w�v

�

Iurp zklfk lpsxovh uhvsrqvh ixqfwlrqv/ klvwrulfdo ghfrpsrvlwlrq dqg Iruh0
fdvwlqj Huuru Yduldqfh Ghfrpsrvlwlrq duh lpphgldwho| rewdlqhg1

918 Prqhwdu| srolf| lq forvhg hfrqrplhv

Fxpxodwlyh zrun rq wkh dqdo|vlv ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp lq
wkh X1V1 ohg wr wkh vshfl�fdwlrq ri d YDU v|vwhp zklfk kdv e| qrz ehfrph wkh
vwdqgdug uhihuhqfh prgho1 Zh kdyh douhdg| vhhq dqg glvfxvvhg wklv ehqfkpdun
vshfl�fdwlrq zklfk frqwdlqv vl{ yduldeohv= jurvv grphvwlf surgxfw +JGS ,/ wkh
frqvxphu sulfh lqgh{ +S , dqg wkh frpprglw| sulfh ohyho +Sfp, wrjhwkhu zlwk
wkh ihghudo ixqgv udwh +II ,/ wkh txdqwlw| ri wrwdo edqn uhvhuyhv +WU, dqg wkh
dprxqw ri qrqeruurzhg uhvhuyhv +QEU,1

Lw lv lqwhuhvwlqj wr vhh krz wkh vshfl�fdwlrq ri wkh ehqfkpdun prgho kdv
ghyhorshg ryhu0wlph1

Lqlwldoo| prghov zhuh hvwlpdwhg rq udwkhu olplwhg vhw ri yduldeohv/ l1h1 sulfhv/
prqh| dqg rxwsxw/ dqg lghqwl�hg lpsrvlqj d gldjrqdo irup wr wkh pdwul{ E dqg
d orzhu wuldqjxodu irup wr wkh pdwul{ D zlwk prqh| frplqj odvw lq wkh rughulqj
ri wkh yduldeohv lqfoxghg lq wkh YDU +Fkrohvnl lghqwl�fdwlrq,1 Wklv �uvw w|sh ri
prghov duh glvfxvvhg lq Ohhshu/Vlpv h ]kd ^66`/ zh uhsolfdwh wkhlu uhvxowv rq wkh
gdwd0vhw OV]XVD1ZI41 Wkh xqghuo|lqj vwuxfwxudo prgho lv vshfl�hg dv iroorzv=
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D3|w

n

@ l @ 4
[

Dl|w�l .E w +914;,

|w @

57sw|w
pw

68 > D3 @

574 3 3
d54 4 3
d64 d65 4

68
E @

57 e44 3 3
3 e55 3
3 3 e66

68 >�w � Q=L=G= +3> L,

Doo yduldeohv duh h{suhvvhg lq orjv1 Lghqwl�fdwlrq lv Fkrohvnl zlwk prqh|
rughuhg odvw1 Wklv lv d prgho jhduhg wr gholyhu prqhwdu| srolf| vkrfnv/ vr wkh
lghqwl�fdwlrq ri vkrfnv wr OS dqg O\ grhv qrw pdwwhu1 Dv ^66`/zh kdyh hvwlpdwhg
wkh prgho rq wkh vdpsoh 4<93=404<<9=6/ lqfoxglqj vl{ odjv ri hdfk yduldeoh1 Wkh
iroorzlqj lpsxovh uhvsrqvhv duh rewdlqhg=

Sulfhv vorzo| uhdfw wr prqhwdu| srolf|/ rxwsxw uhvsrqgv lq wkh vkruw0uxq/
lq wkh orqj0uxq +iurp wzr |hduv diwhu wkh vkrfn rqzdugv, sulfh vwduw dgmxvwlqj
dqg wkh vljql�fdqw h�hfw rq rxwsxw ydqlvkhv1 Wkhuh lv qr vwurqj hylghqfh iru
wkh hqgrjhqhlw| ri prqh|1 Wklv lv hdvlo| fkhfnhg e| orrnlqj dw wkh hvwlpdwhg
sdudphwhuv lq D3 dqg e| dqdo|vlqj IHYG

Pdfurhfrqrplf yduldeohv sod| d yhu| olplwhg uroh lq h{sodlqlqj wkh yduldqfh
ri wkh iruhfdvwlqj huuru ri prqh|/ zkloh prqh| sod|v lqvwhdg dq lpsruwdqw uroh
lq h{sodlqlqj  xfwxdwlrqv ri erwk wkh pdfurhfrqrplf yduldeohv1

Vlpv ^B` h{whqghg wkd YDU wr lqfoxgh wkh lqwhuhvw udwh rq Ihghudo Ixqgv ru0
ghuhg mxvw ehiruh prqh| dv d shqxowlpdwh yduldeohv lq wkh Fkrohvnl lghqwl�fdwlrq1
Wkh lghd lv wr vhh wkh urexvwqhvv ri wkh deryh uhvxowv diwhu lghqwli|lqj wkh sduw
ri prqh| zklfk lv hqgrjhqrxvo| wr wkh lqwhuhvw udwh1 Lpsxovh uhvsrqvh ixqfwlrqv
duh prgl�hg dv iroorzv=

zkloh IHYG lv prgl�hg dv iroorzv=
Lpsxovh uhvsrqvh ixqfwlrq dqg IHYG udlvh d qxpehu ri lvvxhv=

� wkrxjk olwwoh ri wkh yduldwlrq lq prqh| lv suhglfwdeoh iurp sdvw rxwsxw dqg
sulfhv/ d frqvlghudeoh dprxqw ehfrphv suhglfwdeoh zkhq sdvw vkruw0whup
lqwhuhvw udwhv duh lqfoxghg lq wkh lqirupdwlrq vhw1

� lw lv gl!fxow wr lqwhusuhw wkh ehkdylrxu ri prqh| dv gulyhq e| prqh| vxsso|
vkrfnv1 Wkh uhvsrqvh wr prqh| lqqrydwlrqv jlyhv ulvh wr wkh �oltxlglw| sx}0
}oh�= wkh lqwhuhvw udwh ghfolqhv yhu| voljkwo| frqwhpsrudqhrxvo| lq uhvsrqvh
wr d prqh| vkrfn wr vwduw lqfuhdvlqj diwhuzdugv1

� Wkhuh duh gl!xfowlhv dovr zlwk lqwhusuhwlqj vkrfnv wr lqwhuhvw udwhv dv prq0
hwdu| srolf| vkrfnv1 Wkh uhvsrqvh ri sulfhv wr dq lqqrydwlrq lq lqwhuhvw udwhv
jlyhv ulvh wr wkh �sulfh sx}}oh�= sulfhv lqfuhdvh vljql�fdqwo| diwhu dq lqwhu0
hvw udwh klnh1 Dq dffhswhg lqwhsuhwdwlrq ri wkh oltxlglw| sx}}oh uholhv rq
wkh dujxphqw wkdw wkh prqh| vwrfn lv grplqdwhg e| ghpdqg udwkhu wkdq
e| vxsso| vkrfn1Pruhryhu wkh lqwhusuhwdwlrq ri prqh| dv ghpqg vkrfnv
gulyhq lv frqvlvwhqw zlwk wkh lpsxovh uhvsrqvh ri prqh| wr lqwhuhvw udwhv1
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Ilj1 9151 Lpsxovh Uhvsrqvh ixqfwlrqv lq d wkuhh0yduldeohv YDU ri wkh PWP

Qrwh dovr wkdw/ hyhq li wkh prqh| vwrfn zhuh wr eh grplqdwhg e| vxs0
so| vkrfnv/ lw zrxog eh uh hfwlqj erwk wkh ehkdylrxu ri fhqwudo edqnv dqg
ri wkh edqnlqj v|vwhp1 Iru erwk wkhvh uhdvrqv wkh eurdg prqhwdu| dj0
juhjdwh kdv ehhq vxevwlwxwhg e| qduurzhu djjuhjdwhv/ edqn uhvhuyhv/ rq
zklfk lv hdvlhu wr lghqwli| vkrfnv pdlqo| gulyhq e| wkh ehkdylrxu ri wkh
prqhwdu| srolf| pdnhu1 Wkh �sulfh sx}}oh� kdv ehhq dwwulexwhg wr plv0
vshfl�fdwlrq ri wkh irxu0yduldeohv YDU xvhg e| Vlpv1 Vxssrvh wkdw wkhuh
h{lvwv d ohdglqj lqglfdwru iru lq dwlrq wr zklfk wkh IHG uhdfwv1 Li vxfk
d ohdglqj lqglfdwru lv rplwwhg iurp wkh YDU/ zh kdyh wkhq dq rplwwhg
yduldeoh srvlwlyho| fruuhodwhg zlwk lq dwlrq dqg lqwhuhvw udwhv zklfk pdnhv
wkh YDU plvvshfl�hg dqg h{sodlqv wkh srvlwlyh uhodwlrq ehwzhhq sulfhv dqg
lqwhuhvw udwhv revhuyhg lq wkh lpsxovh uhvsrqvh ixqfwlrqv1 Lw kdv ehhq re0
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Variance Decomposition

Ilj1 9161 IHYG lq d wkuhh0yduldeohv YDU ri wkh PWP

vhuyhg Fkulvwldqr/ Hlfkhqedxp dqg Hydqv^45`/Vlpv^86` wkdw wkh lqfoxvlrq
ri d Frpprglw| Sulfh Lqgh{ lq wkh YDU vroyhv wkh �sulfh sx}}oh�1 Rxu
eulhi klvwrulfdo uhfrug ri wkh hpslulfdo dqdo|vlv ri forvhg hfrqrp| YDU ri
wkh PWP kdv eurxjkw xv wr wkh mxvwl�fdwlrq ri wkh vl{0yduldeohv lqfoxghg
lq zkdw lv e| qrz nqrzq dv wkh ehqfkpdun YDU prgho1 Zh kdyh douhdg|
glvfxvvhg lwv lghqwl�fdwlrq/ ohw xv qrz h{dplqh lpsxovh uhvsrqvh ixqfwlrq
ghulyh e| xvlqj wkh IHG ixqg wdujhwlqj lghqwli|lqj uhvwufwlrqv1

Wkh hylghqfh uhsruwhg lq wkh LUI uhsuhvhqwv wkh uhohydqw idfw wr eh lqfoxghg
lq wkhruhwlfdo prghov ri wkh PWP1 Lw lv wklv nlqg ri hylghqfh wkdw kdv hvwdeolvkhg
wkdw sodxvleoh prghov ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp vkrxog eh frqvlv0
whqw dw ohdvw zlwk wkh iroorzlqj hylghqfh rq sulfh/ rxwsxw dqg lqwhuhvw udwhv= +l,
wkh djjuhjdwh sulfh ohyho lqlwldoo| uhvsrqgv yhu| olwwoh> +ll, lqwhuhvw udwhv lqlwldoo|
ulvh/ dqg +lll, djjuhjdwh rxwsxw lqlwldoo| idoov/ zlwk d m 0vkdshg uhvsrqvh/ zlwk d
}hur orqj0uxq h�hfw ri wkh prqhwdu| lpsxovh1
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Ilj1 9171 Lpsxovh uhvsrqvhv lq d irxu0yduldeohv YDU ri wkh PWP

919 Prqhwdu| srolf| lq rshq hfrqrplhv

Ydulrxv sdshuv kdyh h{dplqhg wkh h�hfwv ri prqhwdu| vkrfnv lq rshq hfrqrplhv/
exw wklv vwudqg ri olwhudwxuh kdv ehhq glvwlqfwo| ohvv vxffhvvixo lq surylglqj df0
fhswhg hpslulfdo hylghqfh wkdq wkh YDU dssurdfk lq forvhg hfrqrplhv1

Wkh �uvw uhvxowv kdyh ehhq surylghg e| Hlfkhqedxp dqg Hydqv +4<<8,/ xvlqj
dq rshq0hfrqrp| YDU zlwk wkh iroorzlqj vwuxfwxuh=

D3|w @ l @ 4
n[
Dl|w�l .E w +914<,

zkhuh |w @
�
\ XV
w SXV

w QEU[XV
w +IIw, \ IRU

w SIRU
w UIRU

w hw+tw,
�3

\ XV > SXV duh orjv ri XV rxwsxw dqg sulfh/ QEU[XV lv wkh udwlr ri qrq0
eruurzhg wr wrwdo uhvhuyhv +wkh dssursuldwh yduldeoh iurp zklfk h{wudfw prqh0
wdu| srolf| vkrfnv xqghu d uhjlph ri qrq0eruurzhg uhvhuyhv wdujhwlqj,1 II lv
wkh Ihghudo Ixqgv udwh/ zklfk lv frqvlghuhg lq dowhuqdwlyh wr QEU[XV / dqg lw
lv wkh lqirupdwlyh yduldeoh iru wkh h{wudfwlrq ri prqhwdu| srolf| vkrfnv xqghu
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Variance Decomposition

Ilj1 9181 IHYG lq d irxu0yduldeoh YDU ri wkh PWP

wkh uhjlph ri lqwhuhvw udwh wdujhwlqj> \ IRU> SIRU> dqg UIRU duh uhvshfwlyho|
wkh orjv ri rxwsxw/ sulfhv/ dqg wkh ohyho ri vkruw0whup lqwhuhvw udwh lq wkh iruhljq
frxqwu|> h lv wkh qrplqdo elodwhudo h{fkdqjh udwh/ zkloh t lv wkh uhdo elodwhudo h{0
fkdqjh udwh1 Wkh pdwul{ E lv gldjrqdo dqg D lv orzhu0wuldqjxodu1 Wkh hpslulfdo
dqdo|vlv lv lpsohphqwhg e| frqvlghulqj lq wxuq dv d iruhljq frxqwu| hdfk ri wkh
J: frxqwulhv rq d vdpsoh ri prqwko| gdwd iurp 4<:7=4 wr 4<<3=81 Wkh iroorzlqj
hylghqfh hphujhv= +l, d uhvwulfwlyh XV prqhwdu| srolf| vkrfn jhqhudwhv d vljql�0
fdqw dqg shuvlvwhqw dssuhfldwlrq ri wkh XV groodu> +ll, d uhvwulfwlyh XV prqhwdu|
srolf| vkrfn jhqhudwhv d vljql�fdqw dqg shuvlvwhqwo| odujhu h�hfw rq wkh grphvwlf
lqwhuhvw udwh zlwk uhvshfw wr wkh iruhljq udwh> +l, dqg +ll, lpso| d vkdus ghyldwlrq
iurp wkh xqfryhuhg lqwhuhvw sdulw| frqglwlrq lq idyrxu ri XV groodu0ghqrplqdwhg
lqyhvwphqwv +wkh �iruzdug0glvfrxqw sx}}oh�,> +lll, lghqwl�hg XV prqhwdu| srolf|
vkrfnv duh qrw gl�huhqw iurp wkh vkrfnv ghulyhg zlwklq forvhg0hfrqrp| YDUv
+ly, wkh forvhg0hfrqrp| uhvsrqvh ri XV sulfhv dqg rxwsxw wr prqhwdu| srolf|
vkrfnv lv urexvw wr wkh h{whqvlrq ri wkh YDU wr wkh rshq hfrqrp|> +y, d uhvwulf0
wlyh iruhljq prqhwdu| srolf| vkrfn jhqhudwhv dq dssuhfldwlrq ri wkh XV groodu
+wkh �h{fkdqjh0udwh sx}}oh�,> dqg +yl, wkh uhvsrqvh ri wkh uhdo h{fkdqjh udwh wr
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Ilj1 9191 Lpsxovh uhvsrqvh ixqfwlrqv lq d vl{ yduldeohv YDU ri wkh PWP

wkh XV dqg iruhljq prqhwdu| srolf| vkrfnv grhv qrw gl�hu vljql�fdqwo| iurp wkh
uhvsrqvh ri wkh qrplqdo h{fkdqjh udwh1 Vxfk hylghqfh lv vxevwdqwldoo| frq�uphg
e| wkh wkh zrun ri Vfkodjhqkdxi dqg Zudvh +4<<8,/ zkr frqvlghu d yhu| vlplodu
vshfl�fdwlrq iru wkh J08 frxqwulhv ryhu wkh vdpsoh 4<:5=504<<3=5/ xvlqj txduwhuo|
gdwd1

Vrph frqvlghudwlrqv duh lq rughu wr khos wkh lqwhusuhwdwlrq ri wkh deryh
uhvxowv1

Iluvw/ wkh hpslulfdo prghov duh hvwlpdwhg ryhu vdpsohv lqfoxglqj vkliwv lq
XV dqg iruhljq prqhwdu| srolf| uhjlphv= wkhuhiruh/ sdudphwhu lqvwdelolw| lv d
srwhqwldo sureohp1

Vhfrqg/ wkh h{whqvlrq wr wkh rshq hfrqrp| ihdwxuhv wkh rplvvlrq iurp wkh
YDU ri wkh frpprglw| sulfh lqgh{ dqg ri wkh prqhwdu| yduldeohv qrw uhohydqw
wr wkh h{wudfwlrq ri wkh srolf| vkrfnv1 Zkloh wkh vlpsol�fdwlrq ri wkh prqhwdu|
eorfn lv vxvwdlqdeoh lq wkh oljkw ri wkh devhqfh ri frqwhpsrudqhrxv ihhgedfn
ehwzhhq wkh lqirupdwlyh yduldeohv dqg wkh rwkhu prqhwdu| yduldeohv xqghu wkh
fkrvhq lghqwl�fdwlrq vfkhphv/ wkh rplvvlrq ri wkh frpprglw| sulfh lqgh{ lv qrw
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mxvwl�deoh dv lw ohdgv wr wkh vdph plvvshfl�fdwlrq dv lq wkh forvhg hfrqrp| prgho
iru XV prqhwdu| srolf| vkrfnv1 Pruhryhu/ vxfk rplvvlrq pljkw zhoo dovr eldv
wkh lghqwl�fdwlrq ri wkh iruhljq prqhwdu| srolf| vkrfnv li wkh frpprglw| sulfh
lqgh{ lv uhjdughg dv d ohdglqj lqglfdwru ri lq dwlrq e| wkh iruhljq srolf|pdnhu1
Wkhuhiruh/ lw frxog eh dujxhg wkdw wkh revhuyhg sx}}ohv pljkw ghshqg rq wkh
lqfruuhfw vshfl�fdwlrq ri wkh YDU jhqhudwhg e| wkh rplvvlrq ri wkh frpprglw|
sulfh lqgh{1

Wklug/ rq wkh lghqwl�fdwlrq vfkhph1 Zkloh vrph udwlrqdoh fdq eh surylghg
iru d txdvl0uhfxuvlyh vfkhph lq forvhg hfrqrplhv/ d vlplodu mxvwl�fdwlrq lv pxfk
kdughu wr surylgh lq rshq hfrqrplhv1 Lq idfw/ wkh uhfxuvlyh lghqwl�fdwlrq vfkhph
zlwk wkh h{fkdqjh udwh rughuhg odvw lpsolhv wkdw qhlwkhu wkh XV qru wkh iruhljq
prqhwdu| dxwkrulw| uhdfw frqwhpsrudqhrxvo| wr h{fkdqjh udwh  xfwxdwlrqv1 Wklv
dvvxpswlrq vhhpv wr eh vxvwdlqdeoh iru wkh XV +wkh IHG ehqljq qhjohfw iru wkh
groodu, exw lw lv fhuwdlqo| khdylo| txhvwlrqdeoh zkhq wkh iruhljq frxqwulhv duh
frqvlghuhg/ dv wkh| duh pxfk pruh rshq hfrqrplhv wkdq wkh XV1 Wkh idloxuh ri
wkh uhfxuvlyh lghqwl�fdwlrq vfkhph frxog dovr eh uhvsrqvleoh iru wkh revhuydwlrq
ri wkh sx}}ohv1 Lq idfw/ prvw ri wkh uhfhqw hpslulfdo zrun lv dlphg dw euhdnlqj
vxfk uhfxuvlyh vwuxfwxuh lq wkh lghqwl�fdwlrq vfkhph1

Nlp dqg Urxelql +4<<:, rewdlq vxfk dlp e| lqwurgxflqj d vwuxfwxudo lghqwl0
�fdwlrq e| wkh h{solflw frqvlghudwlrq ri d prqh| ghpdqg dqg vxsso| ixqfwlrqv1
Wkhlu vshfl�fdwlrq fdq eh ghvfulehg dv iroorzv iru wkh jhqhulf qrq0XV frxqwu|=

D3|w @
n

l @ 4
[

Dl|w�l .E w +9153,

|w @

5999999997

RSZw

IIw
\ IRU
w

SIRU
w

PIRU
w

UIRU
w

hw

6::::::::8
> D3 @

5999999997

4 3 3 3 3 3 3
d54 4 3 3 3 3 3
d64 3 4 3 3 3 3
d74 3 d76 4 3 3 3
3 3 d86 d87 4 d89 3
d94 3 3 3 d98 4 d9:
d:4 d:5 d:6 d:7 d:8 d:9 4

6::::::::8
+9154,

�w � Q=L=G= +3> L, +9155,

zlwk UIRU ghqrwlqj wkh vkruw0whup qrq0XV srolf| udwh/ PIRU d prqhwdu|
djjuhjdwh +P3 ru P4,/ SIRU wkh orj ri frqvxphu sulfh lqgh{/ \ IRU wkh orj
ri lqgxvwuldo surgxfwlrq/ RSZ wkh zruog lqgh{ ri rlo sulfh lq grooduv/ II wkh
Ihghudo Ixqgv udwh/ dqg h wkh qrplqdo h{fkdqjh udwh djdlqvw wkh groodu1 E lv
d gldjrqdo pdwul{1 Wkh prgho lv hvwlpdwhg ryhu wkh vdpsoh 4<:7=:04<<5=8/ rq
prqwko| gdwd1 Wkh pdlq gl�huhqfhv ehwzhhq wkh sursrvhg vwuxfxwudo lghqwl�0
fdwlrq dqg wkh uhfxuvlyh lghqwl�fdwlrq vfkhph fdq eh xqghuvwrrg e| dqdo|vlqj
wkh D3 pdwul{1 Vrph hohphqwv xqghu wkh sulqflsdo gldjrqdo duh vhw wr }hur wr
doorz wkh lqwurgxfwlrq ri vlpxowdqhrxv ihhgedfnv ehwzhhq ghpdqg dqg vxsso|
iru prqh| dqg fhqwudo edqn ehkdylrxu dqg h{fkdqjh udwhv1 Wkh hvwlpdwhg prgho
lv ryhu0lghqwl�hg lq wkdw 56 sdudphwhuv duh hvwlpdwhg lq wkh D3 dqg E pdwul{/
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rxw ri d srvvleoh pd{lpxp ri 5;1 Wkh ryhu0lghqwli|lqj uhvwulfwlrqv duh whvwhg
dqg qrw uhmhfwhg1 Wkh lghqwli|lqj uhvwulfwlrqv duh udwkhu vwdqgdug1XV hfrqrp| lv
wdnhq dv h{rjhqrxv dqg wkh h{fkdqjh udwh grhv qrw hqwhu lq wkh IHG uhdfwlrq
ixqfwlrq/ XV rxwsxw dqg sulfhv duh qrw lqfoxghg lq wkh YDU/ zkloh d vlpxowd0
qhrxv ihhgedfn lv doorzhg ehwzhhq prqh| ghpdqg dqg vxsso| +wkh fhqwudo edqn
uxoh,1 Dffruglqj wr wklv uxoh/ frqwhpsrudqhrxv XV lqwhuhvw udwh pryhphqwv duh
uhohydqw wr wkh iruhljq fhqwudo edqn rqo| li wkh| d�hfw wkh h{fkdqjh udwh1 Rqo|
wkh h{fkdqjh udwh lv doorzhg wr frqwhpsrudqhrxvo| uhdfw wr qhzv lq doo wkh rwkhu
yduldeohv1

Xqiruwxqdwho| wkh frh!flhqwv lq wkh D3 pdwul{ duh hvwlpdwhg udwkhu lpsuh0
flvho|1 Li zh frqvlghu wkh fdvh XV0Jhupdq| wkh rqo| vljql�fdqw sdudphwhuv lq wkh
pdwul{ duh d86 dqg d:5= Wkh �uvw sdudphwhu lv gl!fxow wr lqwhsuhw/ jlyhq wkdw wkh
lghqwl�fdwlrq vfkhph grhv qrw dgguhvv h{solflwo| pdfurhfrqrplf vkrfnv/ zkloh
wkh srlqw hvwlpdwh ri vhfrqg sdudphwhu lpsolhv dq dssuhfldwlrq ri wkh groodu
djdlqvw wkh G0pdun lq uhvsrqvh wr d XV uhvwulfwlyh prqhwdu| srolf|1 Wkh srwhq0
wldo vlpxowdqhrxv ihhgedfn ehwzhhq iruhljq prqhwdu| srolf| dqg wkh h{fkdqjh
udwh grhv qrw vhhp wr eh hpslulfdoo| uhohydqw1 Krzhyhu/ doo wkh sx}}ohv glvds0
shduv dqg wkh hpslulfdo uhvxowv iru wkh lpsxovh uhvsrqvh ixqfwlrqv vhhp wr eh
eurdgo| lq olqh zlwk uhvxowv iurp wkh XV forvhg hfrqrp| prgho1 Jlyhq wkdw wklv
YDU lqfoxghg vrph sur{| iru frpprglw| sulfh lqgh{ wkh hylghqfh fdqqrw eh
ghflvlyh rq wkh vrxufh ri wkh �sx}}ohv�/ dowkrxjk wkh idfw wkdw wkh vlpxowdqhrxv
ihhgedfn ehwzhhq iruhljq lqwhuhvw udwhv dqg wkh h{fkdqjh udwh lv qrw vljql�fdqw
lv frqvlvwhqw zlwk dwwulexwlqj d vxevwdqwldo uroh wr wkh rplvvrq ri frpprglw|
sulfhv1

Dovr lq wklv fdvh wkh vdpsoh frqvlghuhg vsdqv gl�huhqw uhjlph/ pruhryhu wklv
phwkrgrorj| eulqjv edfn lqwr wkh vshfl�fdwlrq eurdg prqhwdu| djjuhjdwhv1 Lq0
whuhvwlqjo| prqh| lv qrz xvhg wr h{wudfw ghpdqg udwkhu wkdq vxsso| vkrfnv/
krzhyhu wkh vshfl�fdwlrq ri prqh| ghpdqg lpsolflw lq wkh YDU pljkw qrw eh
ulfk hqrxjk wr fdswxuh wkh g|qdplf lq wkh gdwd1 Dv srlqwhg rxw e| Idxvw dqg
Zklwhpdq+<:,/ vlqjoh htxdwlrq zrun e| Khqgu| dqg froohdjxhv rq prqh| ghpdqg
kdv fohduo| vkrzq wkh lpsruwdqfh ri lqfoxglqj lq wkh prgho wkh rssruwxqlw| frvw
ri kroglqj prqh|/ zklfk lv riwhq d vsuhdg ehwzhhq wkh lqwhuhvw udwhv1 Lqwhuhvw
vsuhdgv fdswxulqj wkh rssruwxqlw| frvw ri kroglqj prqh| duh qhyhu lqfoxghg lq
YDU prghov ri wkh PWP1 Dq lghqwl�fdwlrq vlplodu wr wkh rqh dgrswhg e| Nlp0
Urxelql lv wkh rqh sursrvhg iru wkh Fdqdgldq fdvh e| Fxvkpdq0]kd+<:,/ zkr
dlg wkh vwuxfxwudo lghqwl�fdwlrq e| lqwurgxflqj h{solflwo| wkh wudgh vhfwru lqwr
wkh prgho1

Dq lqwhuhvwlqj dowhuqdwlyh dssurdfk wr wkh lghqwl�fdwlrq ri wkh vlpxowdqhrxv
ihhgedfn ehwzhhq qrq XV lqwhuhvw udwhv dqg h{fkdqjh udwhv lv sursrvhg e| Vphwv
^87`/^88`1 Vphwv frqvlghuv wkh iroorzlqj vwuxfwxudo prgho iru qrq0XV frxqwulhv=
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udwh dqg �hw lv wkh h{fkdqjh udwh dssuhfldwlrq1 Qr XV yduldeohv duh lqwur0
gxfhg/ dqg wkh frpprglw| sulfh lqgh{ lv dovr h{foxghg1 Krzhyhu Vphwv lv pruh
dpelwlrxv wkdq dyhudjh dlplqj dw lghqwli|lqj erwk pdfurhfrqrplv dqg prq0
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�
D3 � l @ 4

nS
Dl

��4
E wr }hur1 Lq sudf0

wlfh/ jlyhq wkdw

�
D3 � l @ 4

nS
Dl

��4
@

5997
n44 n45 n46 n47
n54 n55 n56 n57
n64 n65 n66 n67
n74 n75 n76 n77

6::8 >lw fdq eh hdvlo| vkrzq
wkdw n44> n45> n46> n47 duh ghwhuplqhg lqghshqghqwo| irup wkh sdudphwhuv lq D3>
wkhuhiruh uhvwulfwlqj wr }hur wkh orqj0uxq h�hfw ri ghpdqg vkrfn rq rxwsxw/

n44e44 . n45e54 . n46e64 . n47e74> zh kdyh e54 @
�+n44e44.n46e64.n47e74=,

n45
1

Odvwo| lq wkh prqhwdu| eorfn/ prqhwdu| srolf| vkrfn duh lghqwl�hg iurp h{0
fkdqjh udwh vkrfnv e| dvvxplqj wkdw wkh dssursuldwh lqglfdwru ri h{rjhqrxv
prqhwdu| vwdqfh lv d vkruw0whup PFL zkhuh h{fkdqjh udwh dqg lqwhuhvw udwh
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duh dssursuldwho| zhljkwhg1 Wkh zhljkwv fdq eh hvwlpdwhg ru lpsrvhg jlyhq wkh
nqrzohgjh ri wkh uhodwlyh zhljkwv lq vhyhudo Fhqwudo Edqnv PFL*v1 Wklv dssurdfk
hqfrpsdvvhv dv vshfldo fdvh wkh sxuh lqwhuhvw udwh wdujhwlqj dqg wkh sxuh h{0
fkdqjh udwh wdujhwlqj1 Wkh pdlq hpslulfdo sureohp zlwk wklv surfhgxuh duh wkh
lqvwdelolw| ri wkh hvwlpdwhg $ dqg wkh srwhqwldoo| glvuxswlyh lpsolfdwlrqv ri plv0
vshfl�fdwlrq iru wkh lghqwl�fdwlrq ri djjuhjdwh ghpdqg dqg vxsso| vkrfnv/+vhh
Idxvw dqg Ohhshu^55`rq wklv srlqw,1

91914 Uhsolfdwlqj wkh hpslulfdo hylghqfh

Wkh gdwd0vhw EHUOLQ1ZI4 frqwdlqv wkh uhohydqw yduldeohv wr uhsolfdwh wkh glv0
fxvvhg vr idu rq rshq0hfrqrp| YDU prghov1

Zh hvwlpdwh �uvw d ehqfkpdun rshq hfrqrp| prgho iru wkh XV dqg wkh
Jhupdq hfrqrp| zlwkrxw lqfoxglqj wkh Frpprglw| Sulfh Lqgh{1 Wkh prgho lv
hvwlpdwhg rq prqwko| gdwd ryhu wkh vdpsoh 4<;6=4 4<<:=451 Wkh YDU lv vshfl�hg
e| lqfoxglqj vl{ odjv ri XV lqgxvwuldo surgxfwlrq/ XV frqvxphu sulfh lqgh{/
Ihghudo Ixqgv udwh/ Jhupdq lqgxvwuldo surgxfwlrq/Jhupdq frqvxphu sulfh lqgh{/
Jhupdq fdoo prqh| udwh/ dqg wkh XV0groodu2Ghxwvfkhpdun qrplqdo h{fkdqjh
udwh +xqlw ri GP iru rqhXV groodu,1 Wkh fkrlfh ri wkh vdpsoh lv prwlydwhg e|
wkh qhhg ri kdylqj d vlqjoh prqhwdu| srolf| uhjlph iru wkh XV/ ihdwxulqj Ihg
ixqgv wdujhwlqj/ Edjoldqr0Idyhur+^5`, = Lpsxovh uhvsrqvhv iru doo yduldeohv wr XV
dqg Jhupdq prqhwdu| srolf| vkrfnv duh uhsruwhg lq wkh iroorzlqj �jxuhv1
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Iljxuh 91: Lpsxovh uhvsrqvhv wr XV prqhwdu| srolf| vkrfn lq wkh
ehqfkpdun YDU rshq0hfrqrp| prgho
+gdvkhg olqhv= 9;( frq�ghqfh lqwhuydo edqgv,
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Iljxuh 91;= lpsxovh uhvsrqvhv wr Jhupdq prqhwdu| srolf| vkrfn
lq wkh ehqfkpdun YDU rshq0hfrqrp| prgho

+gdvkhg olqhv= 9;( frq�ghqfh lqwhuydo edqgv,
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Zh kdyh frq�updwlrq ri doo wkh idfwv dqg sx}}ohv revhuyhg lq wkh olwhud0
wxuh1 Wkh dqdo|vlv ri wkh frqwhpsrudqhrxv ihhgedfn ehwzhhq yduldeohv zlwklq
wkh uhfxuvlyh vshfl�fdwlrq surylghv hylghqfh rq wkh hqgrjhqhlw| ri XV prqhwdu|
srolf|/ zklfk uhdfwv vljql�fdqwo| wr lqwhuqdo frqglwlrqv/ dqg ri wkh Jhupdq prq0
hwdu| srolf| zklfk uhdfwv wr erwk lqwhuqdo frqglwlrqv dqg/ ohvv vljql�fdqwo| wr
XV prqhwdu| srolf|1 Wkh h{fkdqjh udwhv uhdfwv frqwhpsrudqhrxvo| vljql�fdqwo|
wr XV prqhwdu| srolf| +srvlwlyh lqwhuhvw udwh vkrfn lq wkh XV lqgxfhv dssuhfl0
dwlrq ri wkh XV groodu ylv0d0ylv wkh GP, dqg wr pdfurhfrqrplf frqglwlrqv lq
XV dqg Jhupdq| +d srvlwlyh vkrfn lq XV lqgxvwuldo surgxfwlrq dqg lq Jhupdq
sulfh ohdg frqwhpsrudqhrxvo| wr dq dssuhfldwlrq ri wkh XV groodu, erwk lw lv qrw
frqwhpsrudqhrxvo| vljql�fdqwo| d�hfwhg e| Jhupdq prqhwdu| srolf|1

Wkh dqdo|vlv ri wkh uhvsrqvhv wr prqhwdu| lpsxovhv lq wkh XV dqg Jhupdq|
frq�upv doo wkh pdlq �qglqjv ri wkh olwhudwxuh qdpho|=

� d vljql�fdqw X0vkdshg uhvsrqvh ri XV rxwsxw wr XV prqhwdu| srolf|

� wkh h{lvwhqfh ri d sulfh sx}}oh erwk iru wkh XV dqg Jhupdq|

� wkh h{lvwhqfh ri d iruzdug glvfrxqw sx}}oh jhqhudwhg e| XV prqhwdu| srolf|
uhvwulfwlrq

� h{fkdqjh udwh sx}}oh iru Jhupdq prqhwdu| srolf| vkrfn

91915 Rplwwhg yduldeohv

Rxu dqdo|vlv ri YDU prghov ri wkh PWP lq forvh kdv vkrzq d fuxfldo lpsruwdqfh
ri wkh Frpprglw| Sulfh Lqgh{ lq wkh ghulydwlrq ri prqhwdu| srolf| vkrfnv1 Wkh
dujxphqwv pdgh iru wkh lqfoxvlrq ri wklv yduldeoh lq forvh0hfrqrp| YDU ri wkh
PWP duh dovr frpshoolqj iru rshq hfrqrp| YDU1 Lw pljkw eh ydu| zhoo wkh
fdvh wkdw sx}}ohv revhuyhg lq rshq0hfrqrplhv duh uhodwhg wr plv0vshfl�fdwlrq/
yld wkh rplvvlrq ri d frpprglw| sulfh lqgh{ lq wkh ehqfkpdun rshq0hfrqrp|
YDU1 Zh frqvlghu wklv srwhqwldo h{sodqdwlrq/ e| frqfhqwudwlqj ri rshq hfrqrp|
YDU prgho olqnlqj wkh XV dqg wkh Jhupdq hfrqrp|1

Zh wkhq lqfoxgh d frpprglw| sulfh lqgh{ e| nhhslqj wkh Fkrohvnl lghqwl�0
fdwlrq dqg frqvlghulqj Sfp dv d pdfurhfrqrplf yduldeohv lq xhqflqj erwk XV
dqg Jhupdq prqhwdu| srolf|1 Wkh qhz lpsxovh uhvsrqvhv duh uhsruwhg lq �jxuhv
91< dqg 91431
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Iljxuh 91<= Lpsxovh uhvsrqvhv wr XV prqhwdu| srolf| vkrfn lq wkh
ehqfkpdun YDU zlwk frpprglwlhv sulfh lqgh{

+gdvkhg olqhv = 9;( lqwhuydo frq�ghqfh edqg,
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Iljxuh 9143= Lpsxovh uhvsrqvhv wr Jhupdq prqhwdu| srolf| vkrfn
lq wkh ehqfkpdun YDU zlwk frpprglwlhv sulfh lqgh{

+gdvkhg olqhv = 9;( lqwhuydo frq�ghqfh edqgv,
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Wkh uhvxowv lq wkh wzr �jxuhv vkrz wkdw wkh lqfoxvlrq ri frpprglw| sulfh
vroyhv wkh sulfh sx}}oh iru erwk frxqwulhv/ pruhryhu dovr wkh iruzdug glvfrxqw
eldv sx}}oh dqg wkh h{fkdqjh udwh sx}}oh whqg wr glvdsshdu1 Ilqdoo|/ dowkrxjk zh
gr qrw revhuyh d v|pphwulf frqwhpsrudqhrxv h�hfw ri XV dqg Jhupdq prqhwdu|
srolf| rq wkh h{fkdqjh udwh/ wkh lpsxovh uhvsrqvh ixqfwlrqv ri wkh h{fkdqjh udwh
wr wkh wzr prqhwdu| vkrfnv ryhu dq krul}rq ri irxu |hdu vkrz d uhpdundeoh
ghjuhh ri v|pphwu|1

Dowrxjk wkh lqfoxvlrq ri frpprglw| sulfhv vhhpv yhu| uhohydqw lq �{lqj pdq|
ri wkh hpslulfdo sureohpv lq rshq0hfrqrp| YDU zh kdyh rshq wkh lvvxh ri sr0
whqwldo vlpxowdqhlw| ehwzhhq wkh h{fkdqjh udwh dqg wkh srolf| udwh lq vpdoo rshq
hfrqrp| dqg qrw |hw dgguhvvhg lw1 Zh vkdoo frqvlghu wklv lvvxh e| orrnlqj dw wkh
pruh jhqhudo sureohp ri dvvhvvlqj wkh uholdelolw| ri wkh phdvxuhphqw ri prqhwdu|
srolf| zlwk YDU prghov1

91: YDU dqg qrq0YDU phdvxuhv ri prqhwdu| srolf|1

Hfrqrphwulf phdvxuhphqw ri prqhwdu| srolf| kdv dozd|v ehhq d ghedwhg lv0
vxh1 YDU prghov duh olqhdu/ frqvwdqw0sdudphwhuv dxwruhjuhvvlyh glvwulexwhg odj
prghov/ erxqg wr lqfoxgh d yhu| olplwhg qxpehu ri yduldeohv zlwk d yhu| sduvl0
prqrxv odj sdudphwhul}dwlrq1 Wkh fuxfldo vwhs wr ghulyh hylghqfh iurp wkh gdwd
xvlqj YDUv/ lv wkh srvvlelolw| ri srvlqj lghqwli|lqj uhvwulfwlrqv lqghshqghqwo|
iurp wkhruhwlfdo prghov1 Zh kdyh looxvwudwhg krz d frqvhqvxv kdv ehhq uhdfkhg
lq wkh fdvh ri forvhg hfrqrp| dqg krz wkh vdph uhvxow kdv qrw |hw ehhq uhdfkhg
iru rshq hfrqrplhv1 Zh kdyh surylghg dq lqwhsuhwdwlrq ri wklv gl�huhqfh lq wkh
oljkw ri wkh gl!fxowlhv lq lghqwli|lqj prqhwdu| srolf| vkrfnv lq rshq hfrqrplhv1
Uhfhqwo|/ YDU edvhg prqhwdu| srolf| vkrfnv kdyh ehhq frpsduhg zlwk prqhwdu|
srolf| vkrfnv phdvxuhg e| dowhuqdwlyh dssurdfkhv1 Zh wklqn wkdw wkhvh ghyhors0
phqwv fdq eh xvhixo qrw rqo| wr hydoxdwh YDU phwkrgrorjlhv/ exw dovr wr khos
lghqwl�fdwlrq zkhq/ dv lq wkh fdvh ri wkh rshq hfrqrp| prghov/ wkh wudglwlrqdo
YDU phwkrgv kdyh sureohpv lq gholyhulqj wkh qhfhvvdu| qxpehu ri lghqwli|lqj
uhvwulfwlrqv1

91:14 Qrq0YDU phdvxuhv ri prqhwdu| srolf| vkrfnv

Klvwrulfdoo| dowhuqdwlyh wr hfrqrphwulf phdvxuhphqw ri prqhwdu| srolf| kdyh
ehhq dozd|v frqvlghuhg/ wklqn iru h{dpsoh ri txdolwdwlyh lqglfdwruv ri prqhwdu|
srolf| ghulyhg dgrswlqj wkh �qduudwlyh dssurdfk� ri Urphu dqg Urphu +^77` dqg
^78`,1 Lq d uhfhqw sdshu/ Ohhshu ^67` vkrzv wkdw hyhq wkh gxpp| yduldeoh jhq0
hudwhg e| wkh �qduudwlyh dssurdfk� +lghqwli|lqj hslvrghv ri gholehudwh prqhwdu|
frqwudfwlrqv, lv suhglfwdeoh iurp sdvw pdfurhfrqrplf yduldeohv/ wkxv uh hfwlqj
wkh hqgrjhqrxv uhvsrqvh ri srolf| wr wkh hfrqrp|/ dqg wkh hvwlpdwhg frh!flhqwv
fdqqrw surylgh dq xqeldvhg hvwlpdwh ri wkh uhvsrqvh ri wkh pdfurhfrqrplf ydul0
deohv wr d prqhwdu| lpsxovh1

Uhfhqwo| wkh dwwhqwlrq ri prqhwdu| hfrqrplvwv kdv wxuqhg wr �qdqfldo pdu0
nhwv/ zklfk duh d srwhqwldo vrxufh ri yhu| srzhuixo lqirupdwlrq dqg phdvxuhphqw
ri prqhwdu| srolf|1 Zh vkdoo frqvlghu d ydulhw| ri phdvxuhv ri prqhwdu| srolf|
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ghulyhg iurp �qdqfldo pdunhw dqg dvvhvv wkhlu uroh lq wkh hydoxdwlrq ri YDU
edvhg prqhwdu| srolf| vkrfnv lq rshq dqg forvh hfrqrplhv1

D �uvw srvvleoh dowhuqdwlyh kdv ehhq ruljlqdoo| sursrvhg e| Uxghexvfk ^79`
dqg ixuwkhu dqdo|}hg e| Euxqqhu ^<`1 Prqhwdu| srolf| vkrfnv duh ghulyhg iurp
wkh 630Gd| Ihg ixqgv ixwxuh frqwudfwv/ zklfk kdyh ehhq txrwhg rq wkh Fklfdjr
Erdug ri Wudgh vlqfh Rfwrehu 4<;;/ dqg duh ehwv rq wkh dyhudjh ryhuqljkw ihg
ixqgv udwh iru wkh gholyhu| prqwk/ wkh yduldeoh lqfoxghg lq ehqfkpdun YDUv1
Vkrfnv duh frqvwuxfwhg dv wkh gl�huhqfh ehwzhhq wkh ihghudo ixqgv udwh dw prqwk
w dqg wkh 630gd| ihghudo ixqgv ixwxuh dw prqwk w�41 Vxfk fkrlfh lv edvhg rq wkh
hylghqfh/ wkdw wkh uhjuhvvlrq ri wkh ihghudo ixqgv udwh dw w rq wkh 630gd| ihghudo
ixqgv ixwxuh dw w� 4 surgxfhv dq lqwhufhsw qrw vljql�fdqwo| gl�huhqw iurp }hur/
d vorsh frh!flhqw qrw vljql�fdqwo| gl�huhqw iurp rqh/ dqg vhuldoo| xqfruuhodwhg
uhvlgxdov=

IIw @ �+3=3769,3=36: . +3=33:,3=<<<IIIw�4 . exw
U5 @ 3=<< � @ 3=478 GZ @ 4=;9

Qrwh wkdw wklv surfhgxuh surgxfhv vkrfnv/ odehoohg III / zklfk duh frpsdudeoh
wr wkh uhgxfhg irup lqqrydwlrqv iurp wkh YDU dqg qrw wr wkh vwuxfwxudo prqh0
wdu| srolf| vkrfnv/ ehfdxvh vxusulvhv uhodwlyh wr wkh lqirupdwlrq dydlodeoh dw wkh
hqg ri prqwk w � 4 pd| uh hfw hqgrjhqrxv srolf| uhvsrqvhv wr qhzv derxw wkh
hfrqrp| wkdw ehfrph dydlodeoh lq wkh frxuvh ri prqwk w1 Krzhyhu li dq lghqwl�fd0
wlrq vfkhph lv dydlodeoh/ wkhq lqqrydwlrqv ghulyhg iurp wkh ixwxuh frqwudfw fdq eh
wudqviruphg lq wkh uhohydqw vkrfnv e| dsso|lqj wr wkhp wkh vwdqgdug YDU lghq0
wl�fdwlrq surfhgxuh1 D qrq0wulyldo sureohp zlwk wklv surfhgxuh lv jhqhudwhg e|
wkh idfw wkdw Ihghudo Ixqgv ixwxuh duh dydlodeoh rq iurp 4<;; rqzdugv/ rq d pruh
h{whqghg vdpsoh ixwxuh rq wkh 40prqwk hxur0groodu duh dydlodeoh1 Jlyhq wkdw wkh
surshuwlhv ri wkh vhulhv jhqhudwhg e| 40prqwk Hxur0groodu duh yhu| forvh wr wkh
surshuwlhv ri Ihghudo Ixqgv ixwxuh/ wkh gluhfw phdvxuhphqw edvhg rq 40prqwk
Hxurgroodu frxog eh xvhg rq d h{whqghg vdpsoh1

D vhfrqg qrq0YDU phdvxuh ri srolf| vkrfnv lv edvhg rq wkh zrun ri Vnlqqhu
dqg ]hwwhoph|hu ^86`1 Wkh| ghulyh d phdvxuh ri xqdqwlflsdwhg prqhwdu| sro0
lf| vkrfnv e| iroorzlqj d wzr0vwhs phwkrgrorj|= �uvw/ xvlqj lqirupdwlrq iurp
fhqwudo edqn uhsruwv dqg qhzvsdshuv d olvw ri gd|v rq zklfk prqhwdu| sro0
lf| dqqrxqfhphqwv rffxuuhg lv frqvwuxfwhg> vhfrqg/ prqhwdu| srolf| vkrfnv duh
lghqwl�hg zlwk wkh fkdqjhv lq wkh wkuhh0prqwk lqwhuhvw udwh rq wkh gd|v ri sro0
lf| dqqrxqfhphqwv1 Wkh ydolglw| ri vxfk surfhgxuh uhtxluh wkdw +l, vkruw udwhv
+h1j wkh ryhuqljkw udwh, duh d�hfwhg e| srolf|> +ll, duelwudjh lv h�hfwlyh ehwzhhq
wkh ryhuqljkw dqg wkh wkuhh0prqwk lqwhuhvw udwh> +lll, wkh lpsdfw ri rwkhu qhzv
d�hfwlqj wkh wkuhh0prqwk udwh rq wkh gd| ri wkh srolf| ghflvlrq lv qhjoljleoh>
+ly, srolf| dfwlrqv duh qrw hqgrjhqrxv uhvsrqvhv wr lqirupdwlrq wkdw ehfrphv
dydlodeoh rq wkh gd| zkhq wkh ghflvlrq lv wdnhq1 Wr hqvxuh wkdw frqglwlrqv +lll,
dqg +ly, duh dssolfdeoh/ Vnlqqhu dqg ]hwwhoph|hu jr wkurxjk uhsruwv ri wkh srolf|
dfwlrqv dqg h{foxgh iurp wkhlu vdpsoh wkrvh zklfk gr qr frqirup wr uhtxluhphqw
+lll, dqg +ly,1 Wkh pdlq sureohp zlwk wkh lqgh{ vr rewdlqhg lv wkdw lw fdq rqo|
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slq grzq vkrfnv dvvrfldwhg wr prqhwdu| srolf| ghflvlrqv uh hfwhg lq vrph dfwlrq
rq frqwuroohg yduldeohv/ zkhuhdv vkrfnv dvvrfldwhg zlwk qr dfwlrq +zkloh vrph
dfwlrq zdv h{shfwhg e| wkh pdunhwv, duh qhjohfwhg1

Dq dowhuqdwlyh dssurdfk zklfk pljkw ryhufrph wklv sureohp kdv ehhq sur0
srvhg e| Edjoldqr dqg Idyhur +4<<;,/ dsso|lqj wkh phwkrgrorj| vhw rxw lq Vyhqv0
vrq +4<<7, dqg Vrghuolqg dqg Vyhqvvrq +4<<:,1 Wkh phwkrgrorj| lv edvhg rq wkh
xvh ri lqvwdqwdqhrxv iruzdug udwhv dv prqhwdu| srolf| lqglfdwruv1 Iruzdug udwhv
duh lqwhuhvw udwhv rq lqyhvwphqwv pdgh dw d ixwxuh gdwh/ wkh vhwwohphqw gdwh/
dqg h{slulqj dw d gdwh ixuwkhu lqwr wkh ixwxuh/ wkh pdwxulw| gdwh1 Lqvwdqwdqhrxv
iruzdug lqwhuhvw udwhv duh wkh olplw dv wkh pdwxulw| gdwh dqg wkh vhwwohphqw gdwh
dssurdfk rqh dqrwkhu1

Wr looxvwudwh rxu ghulydwlrq ri vsrw udwh ohw xv vwduw e| wkh frqvlghudwlrq ri
d }hur0frxsrq erqg lvvxhg dw wlph w zlwk d idfh ydoxh ri 4/ pdwxulw| ri p |hduv
dqg sulfh S]F

pw 1 Wkh vlpsoh |lhog \pw lv uhodwhg wr wkh sulfh dv iroorzv=

S]F
pw @

4

+4 . \pw,
p +9157,

Gh�qlqj wkh vsrw udwh upw dv orj+4.\pw,/ zklfk lv wkh frqwlqxrxvo| frpsrxqghg
|lhog/ dqg wkh glvfrxqw ixqfwlrq Gpw dv wkh sulfh dw wlph w ri d }hur frxsrq wkdw
sd|v rqh xqlw dw wlph w.p/ zh wkhq kdyh =

S]F
pw @ h{s +�pupw, @ Gpw +9158,

Frqvlghu qrz d frxsrq erqg wkdw sd|v d frxsrq udwh ri f shu fhqw dqqxdoo| dqg
sd|v d idfh ydoxh ri 4 dw pdwxulw|1 Wkh sulfh ri wkh erqg dw wudgh gdwh lv jlyhq
e| wkh iroorzlqj irupxod=

Spw @
p[
n@4

fGnw .Gpw +9159,

Jlyhq wkh revhuydwlrq ri sulfhv ri frxsrq erqgv/ vsrw udwhv rq }hur frxsrq
htxlydohqw fdq eh ghulyhg e| �wwlqj d glvfrxqw ixqfwlrq edvhg rq wkh iroorzlqj
vshfl�fdwlrq iru wkh vsrw udwhv=

unw @ �3 . �4

4� h{s
�
� n

�4

�
n
�4

.�5

3C4� h{s
�
� n

�4

�
n
�4

� h{s

�
� n

�4

�4D
.�6

3C4� h{s
�
� n

�5

�
n
�5

� h{s

�
� n

�5

�4D+915:,
Vxfk vshfl�fdwlrq kdv ehhq ruljlqdoo| lqwurgxfhg e| Vyhqvvrq ^8;` dqg lw lv dq
h{whqvlrq ri wkh sdudphwul}dwlrq sursrvhg e| Qhovrq dqg Vlhjho ^75`1 Lpsolhg
iruzdug udwhv fdq eh fdofxodwhg iurp vsrw udwhv1 D iruzdug udwh dw wlph w zlwk
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wudgh gdwh w . w3 dqg vhwwohphqw gdwh w . W fdq eh fdofxodwhg dv wkh uhwxuq rq
dq lqyhvwphqw vwudwhj| edvhg rq ex|lqj }hur0frxsrq erqgv dw wlph w pdwxulqj
dw wlph w . W dqg vhoolqj dw wlph w }hur0frxsrq erqgv pdwxulqj dw wlph w . w31
Wkh iruzdug udwh lv uhodwhg wr wkh vsrw udwh e| wkh iroorzlqj irupxod=

iw.W>w.w3 >w @
WuW>w � w3uw3 >w

W � w3
+915;,

vr wkh iruzdug udwh iru d 40|hdu lqyhvwphqw zlwk vhwwohphqw lq 5 |hduv dqg
pdwxulw| lq 6 |hduv lv htxdo wr wkuhh wlphv wkh 6 |hdu vsrw udwh plqxv wzlfh
wkh wzr |hdu vsrw udwh1 Wkh lqvwdqwdqhrxv iruzdug udwh lv wkh udwh rq d iruzdug
frqwudfw zlwk dq lq�qlwhvlpdo lqyhvwphqw diwhu wkh vhwwohphqw gdwh=

ipw @ olp
W$p

iw.W>w.p>w +915<,

Lq sudfwlfh zh lghqwli| wkh lqvwdqwdqhrxv iruzdug udwh zlwk dq ryhuqljkw iruzdug
udwh/ d iruzdug udwh zlwk pdwxulw| rqh gd| diwhu wkh vhwwohphqw1 Wkh uhodwlrq
ehwzhhq lqvwdqwdqhrxv iruzdug udwh dqg vsrw udwh lv wkhq=

upw @

U w.p
�@w

i�wg�

p

ru/ htxlydohqwo|

ipw @ upw .p
Cup>w

Cp
+9163,

Jlyhq vshfl�fdwlrq +915:, iru wkh vsrw udwh/ wkh uhvxowlqj iruzdug ixqfwlrq lv dv
iroorzv=

inw @ �3 . �4 h{s

�
� n

� 4

�
. �5

n

� 4
h{s

�
� n

� 4

�
. �6

n

� 5
h{s

�
� n

� 5

�
+9164,

Wkhuhiruh dv n jrhv wr }hur wkh vsrw dqg wkh iruzdug udwh frlqflgh dw �3.�4 dqg
dv n jrhv wr lq�qlw| wkh vsrw dqg wkh iruzdug udwh frlqflgh dw �31 Wkh iruzdug
udwh ixqfwlrq ihdwxuhv d frqvwdqw/ dq h{srqhqwldo whup ghfuhdvlqj zkhq �4 lv
srvlwlyh/ dqg wzr �kxps vkdsh� whupv1 Lq sulqflsoh �3 . �4fdq eh uhvwulfwhg wr
pdwfk wkh revhuyhg ryhuqljkw udwh/ exw/ zh gr qrw iroorz wklv vwudwhj|1 D vwdq0
gdug sudfwlfh lq wkh dssolfdwlrq ri wklv fxuyh0�wwlqj dssurdfk lv wr lqfoxgh wkh
ryhuqljkw udwh lq wkh lqirupdwlrq vhw/ vrphwlph frqvwudlqlqj wkh �wwhg ryhuqljkw
udwh wr pdwfk wkh revhuyhg rqh lq hvwlpdwlrq1 Krzhyhu/ d prqhwdu| srolf| vkrfn
lpsolhv e| gh�qlwlrq d mxps lq/ dw ohdvw/ wkh vkruw hqg ri wkh whup vwuxfwxuh1
Iruflqj wkh vprrwk lqvwdqwdqhrxv iruzdug udwh fxuyh wr �w h{dfwo| wkh revhuyhg
ryhuqljkw udwh zrxog qrw doorz wr vhl}h dq hyhqwxdo h{shfwhg prqhwdu| srolf|
dfwlrq1 Iru wklv uhdvrq/ zh h{foxgh wkh ryhuqljkw udwh iurp wkh lqirupdwlrq xvhg
iru hvwlpdwlrq1 Wkhq/ h{sorlwlqj wkh frqwlqxlw| ri wkh ixqfwlrqdo irup/ zh uh0
frqvwuxfw wkh yhu| vkruw hqg ri wkh whup vwuxfwxuh doorzlqj iru d jds ehwzhhq
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wkh hvwlpdwhg ryhuqljkw dqg wkh revhuyhg ryhuqljkw1 Vxfk d jds uhsuhvhqwv wkh
mxps lq wkh yhu| vkruw0hqg ri wkh whup vwuxfwxuh dvvrfldwhg zlwk h{shfwdwlrqv
ri lqwhuyhqwlrq e| wkh fhqwudo edqn1Dq h{dpsoh fdq foduli| pdwwhuv1 Rq rffdvlrq
ri wkh phhwlqj khog rq wkh 5qg ri Ghfhpehu 4<<6 wkh Exqghvedqn uhgxfhg wkh
uhsr udwh e| 58 edvlv srlqwv1 Rq wkh forvh ri wkh pdunhwv ehiruh wkh phhwlqj zh
revhuyhg wkh vwuxfwxuh ri vsrw udwhv uhohydqw wr wkh hvwlpdwlrq ri rxu |lhog fxuyhv
uhsruwhg lq Wdeoh 4

WDEOH 4= Jhupdq Lqwhuhvw udwhv
gdwh 632442<6 52452<6

r2q 91:3 9168
:0gd|v 9177 9164
40prqwk 9177 9164
60prqwk 914< 9139
90prqwk 81;4 81:8
40|hdu 816: 8158
50|hdu 813; 8136
60|hdu 8138 8135
70|hdu 8149 8148
80|hdu 816 815<
:0|hdu 819< 819;
430|hdu 9149 914:

Lq �jxuh 44 zh uhsruw Qhovrq0Vlhjho lqwhusrodqwv1 Pruh suhflvho| zh uhsruw
wkh wzr lqvwdqwdqhrxv iruzdug fxuyhv dvvrfldwhg uhvshfwlyho| wr wkh vsrw fxuyh
hvwlpdwhg h{foxglqj wkh ryhuqljkw udwh +LIZ, dqg wr wkh vsrw fxuyh hvwlpdwhg
lqfoxglqj wkh ryhuqljkw udwh +LIR\,1



54; WKH YDU DSSURDFK

4.0

4.5

5.0

5.5

6.0

6.5

7.0

7.5

11/30/93 10/31/95 9/30/97 8/31/99 7/31/01 7/01/03

IFOY IFW

ILJ191441 Hvwlpdwhg iruzdug0udwh fxuyhv rq wkh 632442<6 zlwk dqg zlwkrxw
wkh ryhuqljkw udwh

�wwlqj wkh fxuyh rq gdwd lqfoxglqj wkh ryhuqljkw zlwkrxw doorzlqj iru d mxps
lq wkh whup vwuxfwxuh iurp wkh gdwh ri wkh Exqghvedqn Frxqflo phhwlqj diwhu0
zdugv/ zrxog kdyh vsxulrxvo| jhqhudwhg dq lqwhuhvw udwh vkrfn1

Li wkh sxuh h{shfwdwlrqdo prgho lv ydolg dqg wkhuh lv qr whup suhplxp/ wkhq
lqvwdqwdqhrxv iruzdug udwhv dw ixwxuh gdwhv fdq eh lqwhusuhwhg dv wkh h{shfwhg
vsrw lqwhuhvw udwhv iru wkrvh ixwxuh udwhv1 Wkh revhuydeoh htxlydohqw ri wkh lq0
vwdqwdqhrxv iruzdug udwh lv wkh ryhuqljkw udwh1

Wkh iroorzlqj vwudwhj| iru lghqwl�fdwlrq ri prqhwdu| srolf| vkrfnv h{sorlwv
gluhfwo| wkh uhodwlrq ehwzhhq vsrw udwhv dqg lqvwdqwdqhrxv iruzdug udwhv

� H{sorlwlqj wkh idfw wkdw lqwhuyhqwlrq rq srolf| udwhv iru Jhupdq| dqg XV
wdnhv sodfh rq rffdvlrq ri uhjxodu phhwlqjv ri wkh Exqghvedqn Frxqflo dqg
ri wkh IRPF +vlqfh 4<<7,/ froohfw gdwd rq wkh whup vwuxfwxuh ri lqwhuhvw
udwhv wkh gd| ehiruh wkh prqhwdu| srolf| phhwlqjv1 Revhuydwlrqv rq rqh0
gd|/ vhyhq0gd|v udwh/ 4p hxur/ 6p hxur/ 9p hxur/ 45p hxur/ 6/ 8/ :/ dqg
430|hdu �{hg lqwhuhvw udwh vzds duh dydlodeoh rq GDWDVWUHDP dqg rwkhu
gdwdedvhv
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� hvwlpdwh d whup vwuxfwxuh iru vsrw udwhv dqg wkh dvvrfldwhg fxuyh ri lqvwdq0
wdqhrxv udwhd

� lqwhusuhw wkh lqvwdqwdqhrxv udwh dv wkh ryhuqljkw udwh/ dqg ghulyh iurp wkh
fxuyh wkh h{shfwhg lpsolflw ryhuqljkw udwh iru wkh gd| diwhu wkh prqhwdu|
srolf| phhwlqj

� ghulyh prqhwdu| srolf| vkrfnv vxewudfwlqj iurp wkh revhuyhg ryhuqljkw udwh
wkh gd| diwhu wkh srolf| phhwlqj wkh ryhuqljkw udwh lpsolflw lq wkh fxuyh
wkh gd| ehiruh wkh srolf| phhwlqj

� djjuhjdwh wkh deryh gdlo| phdvxuhv +frqfhqwudwhg lq d ihz vshfldo gd|v, wr
frqvwuxfw prqwko| phdvxuhv ri vkrfnv

Wkhuh duh vhyhudo gl!fxowlhv wkdw rqh vkrxog ryhufrph lq frqvwuxfwlqj wklv
phdvxuh ri prqhwdu| srolf| vkrfnv1 Iroorzlqj ^6`/ zh looxvwudwh h{dpsohv ri prq0
hwdu| vkrfnv jhqhudwhg e| xqdqwlflsdwhg dfwlrq ru e| xqdqwlflsdwhg lqdfwlrq
e| wkh Exqghvedqn/ dqg h{dpsohv ri pdunhwv* dqwlflsdwlrq ri Exqghvedqn eh0
kdylrxu zkhq h{shfwdwlrqv rq prqhwdu| srolf| wxuqhg rxw wr eh fruuhfw dqg qr
vkrfnv zhuh revhuyhg1Zh frqvlghu wkh vdpsoh 4<;704<<:1

Frqvlghu �uvw Mxo| 4<;;1 Lq wklv prqwk wkh Exqghvedqn Frxqflo phw wzlfh/rq
wkh 47wk dqg rq wkh 5;wk1 Gxulqj wkh �uvw Frxqflo wkh Exqghvedqn glgq*w wdnh
dq| dfwlrq/ gxulqj wkh vhfrqg wkh Frxqflo lw zdv ghflghg wr udlvh wkh Orpedug
Udwh e| 83es1 Lq Iljxuh 9145 zh uhsruw wkh wkh zhhno| dqg wkh ryhuqljkw udwh/
dorqjzlwk wkh prqhwdu| srolf| dfwlrq+SPD,1
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ILJ191451Prqhwdu| srolf| lqwhuyhqwlrqv dqg vkruw0whup lqwhuhvw udwhv lq
Jhupdq|1 Mxo| 4<;;

Zh vkdgh duhdv ri wkuhh gd|v fhqwhuhg durxqg phhwlqjv1 Zh qrwh wkdw qr
prqhwdu| srolf| dfwlrq zdv h{shfwhg gxulqj wkh �uvw phhwlqj/ zkloh vrph dfwlrq
zdv h{shfwhg ehiruh wkh vhfrqg rqh1 Vl{ gd|v ehiruh wkh phhwlqj wkh zhhno| udwh
frqwdlqv wkh �uvw vl{ gd|v ri pdwxulw| zklfk grhvq*w lqfoxgh wkh dfwlrq dqg wkh
vhyhqwk rqh zklfk lqvwhdg grhv lqfoxgh wkh dfwlrq/ vr wkh zhhno| udwh vkrxog
vwduw wr �uh hfw� wkh prqhwdu| srolf| dfwlrq vl{ gd|v ehiruh wkh phhwlqj1 Ri
frxuvh wkh zhljkw ri wkh vhyhqwk gd| lv rqh0vhyhqwk vr wkh lqirupdwlrq grhvq*w
dsshdu fohduo| vl{ gd|v ehiruh/ exw dv zh dssurdfk wkh gdwh ri wkh frxqflo wkh
zhljkw ri wkh dfwlrq ehfrphv juhdwhu dqg wkh h{shfwdwlrq glvforvhv lwvhoi1 Lw fdq
eh revhuyhg wkdw wkh zhhno| udwh vwduwv uhdfwlqj wkuhh gd|v ehiruh wkh phhwlqj1
Lw lv dovr srvvleoh wkdq wkh pdunhw uhdol}hv wkdw wkh Exqghvedqn zloo dfw rqo|
d ihz gd|v ehiruh wkh Frxqflo +vd| ohvv wkdq vl{ gd|v ehiruh,/ lq wklv fdvh wkh
zhhno| udwh vwduwv uhdfwlqj odwhu wkdq vl{ gd|v ehiruh wkh Frxqflo1 Wkh zhhno|
udwh vkrxog eh wkh ehvw revhuyhg lqwhuhvw udwh wr lghqwli| h{shfwlrqv rq prqhwdu|
srolf| dfwlrqv1 Lq idfw Frxqflo phhwlqjv wdnh sodfh iruwqljkwo| dqg wkh 40prqwk
udwh lpphgldwho| ehiruh dq| phhwlqj uh hfwv h{shfwdwlrqv rq wkh rxwfrph ri wkh
iroorzlqj wzr phhwlqjv1

Wkh vhfrqg hslvrgh zh frqvlghu lv wkh wljkwhqlqj ri prqhwdu| srolf| rffxuuhg
diwhu Jhupdq uhxql�fdwlrq lq Mdqxdu|0Iheuxdu| 4<<41 Wzr phhwlqjv zhuh khog lq
wklv shulrg/ wkh 4:wk ri Mdqdxdu| dqg wkh 5qg ri Iheuxdu|1 Dv Iljxuh 9146 fohduo|
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vkrzv/ wkh zhhno| udwh lqfuhdvhg vkduso| mxvw ehiruh wkh �uvw Frxqflo uhyhdolqj
dq h{shfwhg lqfuhdvh lq wkh lqwhuhvw udwhv1
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ILJ191461Prqhwdu| srolf| lqwhuyhqwlrqv dqg vkruw0whup lqwhuhvw udwhv lq
Jhupdq|1 Mdqxdu| 4<<4

Wkh Exqghvedqn glgq*w dfw rq wkdw phhwlqj1Zh lpphgldwho| revhuyh wkdq
wkh h{shfwhg wljkwhqlqj kdsshqhg gxulqj wkh iroorzlqj Frxqflo phhwlqj/ zkhq
wkh Exqghvedqn udlvhg wkh Glvfrxqw Udwh dqg wkh Orpedug Udwh e| 83 es1 Wr
vxppdul}h/ rq wkh irxuwhhqwk ri Mdqxdu| zh revhuyhg d prqhwdu| srolf| vkrfn
dulvlqj iurp dq dqwlflsdwhg dfwlrq wkdw glg*w rffxu/ phdqzkloh rq wkh vhfrqg ri
Iheuxdu| wkhuh lv qr vkrfn dv wkh srolf| pryh kdv ehhq fruuhfwo| dqwlflsdwhg1

Wkh wklug hslvrgh zh vlqjoh rxw rffxuuhg lq Ghfhpehu 4<<4+vhh Iljxuh 9147,
zkhq wkh Exqghvedqn wljkwhqhg wkh prqhwdu| srolf|/ udlvlqj rqfh djdlq wkh
Glvfrxqw Udwh dqg wkh Orpedug Udwh e| 83 es1Wkh gdwhv ri wkh Exqghvedqn
Frxqflov duh wkh 8wk dqg wkh 4<wk ri Ghfhpehu1 Gxulqj wkh odwwhu phhwlqj wkh
Exqghvedqn vxusulvhg wkh pdunhw/ dqg zh revhuyh d vkrfn dulvlqj iurp dq xq0
h{shfwhg srolf| dfwlrq1
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ILJ191471Prqhwdu| srolf| lqwhuyhqwlrqv dqg vkruw0whup lqwhuhvw udwhv lq
Jhupdq|1 Ghfhpehu 4<<4

Wkh pdlq vwuhqjwk ri wkh phwkrgrorj| edvhg rq irzdug lqwhuhvw udwh fxuyhv
lv lwv  h{lelolw| dqg lwv fdsdelolw| wr fdswxuh vkrfnv lqghshqghqwo| iurp wkh
vshfl�fdwlrq dqg sdudphwhul}dwlrq rid olqhdu dxwruhjuhvvlyh prgho1 Wkh pdlq
olplwdwlrq ri wklv dssurdfk lv fdxvhg e| wkh yrodwlolw| ri yhu| vkruw0whup udwhv
qrw uhodwhg wr h{shfwdwlrqv rq prqhwdu| srolf|1 Iljxuh 914809149 uhsruwv gdlo|
revhuydwlrqv rq wkh ryhu0qljkw udwh dqg wkh zhhno| udwh iru wkh hvwlpdwlrq vdpsoh
shulrg xvhg lq wkh YDU1
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GERMDRD

ILJ1 9149 Wkh Jhupdq ryhuqljkw udwh

Zh lpphgldwho| qrwh d qxpehu ri eolsv lq wkh vhulhv1 Wkrvh eolsv frxog eh
yhu| gdpdjlqj wr rxu phwkrgrorj| zkhqhyhu wkh| kdsshq rq rffdvlrq ri d Exq0
ghvedqn Frxqflo phhwlqj1 Prvw ri wkrvh eolsv duh jhqhudwhg e| edqnv uhvhuyhv
pdqdjhphqw zklfk uxq lqwr d qrq shuihfo| oltxlg pdunhwv/ vxfk dv rq wkh rffdvlrq
ri wkh odvw gd| ri wkh dyhudjh uhvhuyhv pdlqwhqdlqfh shulrg1 Zh pdnh dq h�ruw
wr uhqghu rxu lqihuhqfh urexvw wr eolsv1 Lq idfw/ zh kdyh hvwlpdwhg rxu fxuyhv
vwduwlqj iurp wkh :0gd| udwkhu wkdq wkh ryhuqljkw udwh/ dqg rxu phwkrgrorj|
ri hvwlpdwlrq frqvlghuv wkh lqirupdwlrq frqwdlqhg lq wkh zkroh whup vwuxfwxuh1
Krzhyhu/ zh kdyh uxq d ixuwkhu fkhfn dqg dyrlg wr odeho dv srolf| vkrfnv doo xq0
h{shfwhg pryhphqwv lq srolf| udwhv zklfk kdyh glvdsshduhg zlwklq d zhhn diwhu
wkh Frxqflo Phhwlqj1 Vxfk fruuhfwlrq ohg xv wr vlqjoh rxw wzr rxwolhuv lq 4<;;=<
dqg 4<<4=451 Wkh 4<;;=< rxwolhu/ zkrvh ghwhuplqdwlrq lv ghvfulehg lq Iljxuh 46/
lv wkh rqo| rqh ri d uhohydqw pdjqlwxgh1

Lq Iljxuh 914: zh uhsruw wkh ehkdylrxu ri wkh :0gd|v dqg wkh 40prqwk udwh lq
wkh frxuvh ri Vhswhpehu 4<;;1 Qr srolf| lqwhuyhqwlrq zdv ghflghg lq Vhswhpehu
4<;;/ krzhyhu mxvw ehiruh wkh phhwlqj ri plg Vhswhpehu zh revhuyh dq klnh
lq wkh :0gd|v udwh1 Vxfk klnh lv qrw uh hfwhg lq wkh whup vwuxfwxuh iru orqjhu
pdwxulwlhv +zh uhsruw 40prqwk iru uhihuhqfh,1 Wklv klnh zrxog kdyh ehhq odehoohg
dv d vkrfn e| wkh phwkrgrorj|/ krzhyhu/ dv lw lv uhyhuvhg/ zlwklq wkh zhhn diwhu
wkh phhwlqj wklv hslvrgh vkrxog eh frqvlghuhg dv d prqhwdu| srolf| vkrfn1
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91; Hpslulfdo uhvxowv

Qrq0YDU phdvxuhv ri prqhwdu| srolf| fdq eh gluhfwo| frpsduhg zlwk YDU
phdvxuhv/ wkh| fdq dovr eh xvhg wr dvvhvv wkh urexvwqhvv ri wkh YDU edvhg
ghvfulswlrqv ri wkh prqhwdu| wudqvpvlvvlrq phfkdqlvp/ �qdoo|/ wkh| fdq eh h{0
sorlwhg/ zlwklq d YDU/ wr dlg lghqwl�fdwlrq ri rwkhu vwuxfwxudo vkrfnv1 Wr looxv0
wudwh wkhvh srvvlelolwlhv zh frqvlghu lq wxuq wkh forvh hfrqrp|+XV, fdvh dqg wkh
rshq0hfrqrp|+XV0Jhupdq|, fdvh1

91;14 Forvh hfrqrp| +XV,

Wr hydoxdwh wkh uroh ri qrq0YDU edvhg phdvxuhv ri prqhwdu| srolf| vkrfn/ zh
�uvw hvwlpdwh wkh forvh0hfrqrp| irxu0yduldeoh yhuvlrq ri wkh YDU prgho iru wkh
XV dqg frpsxwh lpsxovh uhvsrqvh ixqfwlrqv ri doo yduldeohv wr d vkrfn lq wkh
Ihghudo ixqgv udwh1 Rxu prgho lv vshfl�hg dv iroorzv=
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\ XV
w
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w
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4FFD @ F+O,

3EEC
\ XV
w�4

Sfpw�4
SXV
w�4

IIw�4

4FFD.E

3EEC
�4w
�5w
�6w
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4FFD +9165,

+9166,
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zkhuh D lv orzhu wuldqjxodu dqg E lv gldjrqdo1
Wkh rughulqj fkrvhq doorzv iru d frqwhpsrudqhrxv uhvsrqvh ri wkh srolf| udwh

wr lqqrydwlrqv lq rxwsxw/ frqvxphu sulfhv dqg wkh frpprglw| sulfh ohyho1 Wkh
ruwkrjrqdol}hg uhvlgxdo ri wkh Ihghudo ixqgv udwh htxdwlrq/ �II / lv lghqwl�hg dv
d prqhwdu| srolf| vkrfn1 Qr vwuxfwxudo lqwhusuhwdwlrq lv jlyhq wr wkh +ruwkrjr0
qdol}hg, uhvlgxdov iurp wkh rwkhu htxdwlrqv lq wkh v|vwhp1 Zh wkhq frqvlghu wzr
qrq0YDU phdvxuhv ri prqhwdu| srolf|= wkdw ghulyhg iurp rqh0prqwk Hxurgroodu
iruzdug udwh +HXU', dqg wkdw ghulyhg iurp wkh hvwlpdwlrq ri wkh lqvwdqwdqhrxv
iruzdug udwh fxuyh rq rffdvlrq ri IRPF phhwlqjv+LIVXV,1 Wkhvh dowhuqdwlyh
vkrfnv duh sorwwhg zlwk wkh YDU edvhg vkrfnv lq Iljxuhv 914;0914<1
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Qrwh wkdw wkh HXU' phdvxuh lv dydlodeoh rq d odujhu vdpsoh wkdq wkh LIVXV

phdvxuh dv wkh sudfwlfh ri prgli|lqj prqhwdu| srolf| udwhv rq rffdvlrq ri jlyhq
dqg dqqrxqfhg gdwhv vwduwhg rqo| lq wkh qlqhwlhv1 Zh uhsruw lq Wdeoh 5 wkh
fruuhodwlrqv ri YDU dqg qrq0YDU phdvxuhv ri prqhwdu| srolf|1

WDEOH 5= YDU dqg qrq0YDU prqhwdu| srolf| vkrfnv
Vdpsoh= 4<;;+44,04<<9+43,

Fruuhodwlrq frh!flhqwv +vwdqgdug huuruv rq wkh gldjrqdo,

HXU' LIVXV �II

HXU' 314;8
LIVXV 31536 3149<
�II 31685 3164< 31456

Vdpsoh= 4<;;+44,04<<9+43,

HXU' �II

HXU' 315::
�II 31833 31544

Uxghexvfk^79` xvlqj wkh Ihghudo Ixqgv ixwxuh frqwudfw rewdlqv yhu| vlplodu
uhvxowv wr wkrvh rewdlqhg lq rxu vkruwhu0vdpsoh wr frqfoxgh wkdw YDU edvhg
phdvxuhg ri prqhwdu| srolf| gr qrw pdnh vhqvh1 Zh qrwh wkdw pxfk ehwwhu
uhvxowv duh rewdlqhg lq wkh hqodujhg vdpsoh1 Wr surylgh ixuwkhu hylghqfh zh
vshfli| d YDU dxjphqwhg e| wkh qrq0YDU phdxvxuh ri prqhwdu| srolf| vkrfnv/
frqvlghuhg dv dq h{rjhqrxv yduldeoh1Iroorzlqj Dplvdqr dqg Jldqqlql +4<<9,/ zh
uhsuhvhqw wkh hvwlpdwhg v|vwhp dv iroorzv=
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{ @ HXU'> LIVXV +9168,

zkhuh D lv orzhu wudlqjxodu dqg E lv gldjrqdo1 Wkh hvwlpdwhg ydoxhv ri wkh
frh!flhqwv jl duh uhsruwhg lq Wdeoh 6

WDEOH 6=Frh!flhqwv rq HXU' dqg LIVXV lq wkh ehqfkpdun YDU

Vdpsoh 4<;;+44,04<<:+44,
\ XV Sfp SXV II

HXU' +3=3365,3=3394 +3=3454,3=3388 +4=3966,3=3346 +3=3<:,3=79;
LIVXV +3=3364,3=3358 +3=3449,3=33;5 +3=3346,3=333< +3=3<<,3=689
Vdpsoh= 4<;7+4,04<<:+44,

\ XV Sfp SXV II
HXU' +3=3349,3=3359 +3=3339,3=333: +3=3396,3=338; +3=395,3=885
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Zh qrwh wkdw qrqh ri wkh pdfurhfrqrplf yduldeohv uhvsrqgv wr wkh qrq0YDU
prqhwdu| srolf| vkrfnv/ zkloh wkh Ihghudo Ixqg udwhv grhv1 Dv vxjjhvwhg e| wkh
fruuhodwlrqv ehwzhhq vkrfnv uhvxowv duh vwurqjhu rq wkh odujhu vdpsoh1 Zh wkhq
frqfhqwudwh rq wklv vdpsoh dqg frpsduh lpsxovh uhvsrqvhv wr prqhwdu| srolf|
vkrfnv lq wkh wudglwlrqdo ehqfkpdun YDU vshfl�fdwlrq zlwk lpsxovhv uhvsrqvhv
wr qrq0YDU prqhwdu| srolf| vkrfnv lq rxu dxjphqwhg vshfl�fdwlrq1

Wkh uhvxowv/ vkrzq lq Iljxuh 9153/ looxvwudwh wkdw d frqwudfwlrqdu| prqhwdu|
srolf| vkrfn surgxfhv wkh h{shfwhg qhjdwlyh h�hfw rq rxwsxw dqg d shuvlvwhqw
h�hfw rq wkh Ihghudo ixqgv udwh1

Wkh lqfoxvlrq ri wkh frpprglw| sulfh lqgh{ lv vxffhvvixo lq vroylqj wkh sulfh
sx}}oh= wkh frqvxphu sulfh ohyho grhv qrw vkrz d shuyhuvh uhvsrqvh wr uhvwulfwlyh
srolf|1

Wkh sdluv ri lpsxovh uhvsrqvh ixqfwlrqv/ edvhg rq wkh YDU dqg wkh qrq0YDU
vkrfnv/ ghvfuleh d yhu| vlplodu wudqvplvvlrq phfkdqlvp/ vxssruwlqj wkh hylghqfh
douhdg| surylghg e| Euxqqhu +4<<9, dqg Edjoldqr dqg Idyhur +4<<;, zlwk gli0
ihuhqw h{rjhqrxv phdvxuhv1 Ghvslwh d fruuhodwlrq ri 318 ehwzhhq HXU' dqg wkh
phdvxuh ri srolf| vkrfn rewdlqhg iurp wkh ehqfkpdun YDU/ wkh g|qdplf h�hfwv
ri prqhwdu| srolf| vkrz yhu| forvh ihdwxuhv= erwk phdvxuhv fdswxuh xqh{shfwhg
yduldwlrqv lq wkh srolf| udwh uhodwhg wr prqhwdu| srolf| dqg wkh h{lvwhqfh ri rwkhu
qrq0srolf| glvwxuedqfhv grhv qrw fkdqjh wkh edvlf ihdwxuhv ri wkh uhvsrqvh wr d
srolf| vkrfn1
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Iljxuh 9153
Lpsxovh uhvsrqvhv wr dowhuqdwlyh X1V1 prqhwdu| srolf| vkrfnv

lq forvh hfrqrp|
Uhvsrqvhv wr HXU' vkrfnv +vrolg olqh, dqg wr YDU0edvhg vwuxfwxudo vkrfnv
�II +grwwhg olqh, zlwk rqh vwdqgdug ghyldwlrq frq�ghqfh lqwhuydov iurp wkh

ehqfkpdun YDU
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91;15 Rshq hfrqrp| +XV0Jhupdq|,

Ohw xv qrz frqvlghu wkh rshq0hfrqrp| yhuvlrq ri wkh YDU v|vwhp1 Zh ehjlq e|
d edvholqh vshfl�fdwlrq zklfk lqfoxghv wkh frpprglw| sulfh lqgh{=
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zkhuh D lv orzhu wuldqjxodu dqg E lv gldjrqdo1
Dv zh kdyh grqh iru wkh forvh hfrqrp| fdvh/ zh frpsduh ruwkrjrqdol}hg uhvlg0

xdo ri wkh Jhupdq fdoo prqh| udwh htxdwlrq +�UJHU, zlwk wkh qrq0YDU phdvxuh
ri Jhupdq prqhwdu| srolf| vkrfnv LIVJHU> ghulyhg iurp lqvwdwhqhxrv iruzdug
udwhv1 Iljxuh 9154 dqg Wdeoh 7 frq�upv wkh uhvxowv iru fruuhodwlrqv rewdlqhg lq
wkh forvh0hfrqrp| fdvh1
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dqg rshq hfrqrp| YDU Jhupdq prqhwdu| srolf| vkrfnv +grwwhg olqh,

WDEOH 7= YDU dqg qrq0YDU prqhwdu| srolf| vkrfnv
Vdpsoh= 4<;7+4,04<<:+44,

LIVJHU �UJHU

LIVJHU 314<7
�UJHU 31496 3149<

Dv lq wkh forvh0hfrqrp| fdvh/ zh dxjphqw wkh suhylrxvo| hvwlpdwhg v|vwhp
e| lqfoxglqj wkh h{rjhqrxv phdvxuh ri Jhupdq prqhwdu| srolf| vkrfnv LIVJHU

ghvfulehg lq wkh suhylrxv vhfwlrq1



HPSLULFDO UHVXOWV 564

Wkh rshq0hfrqrp| YDU lv qrz wkh iroorzlqj=
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Xvlqj rxu h{rjhqrxv phdvxuh ri prqhwdu| srolf| vkrfnv lq frpelqdwlrq zlwk
d Fkrohvnl rughulqj zlwk wkh Jhupdq srolf| udwh frplqj odvw/ zh duh deoh wr
gluhfwo| dgguhvv wkh lvvxh ri vlpxowdqhlw| ehwzhhq Jhupdq prqhwdu| srolf| dqg
wkh h{fkdqjh udwh1 Wkh frqwhpsrudqhrxv h�hfw ri d prqhwdu| srolf| vkrfn rq
wkh h{fkdqjh udwh lv jlyhq e| wkh frh!flhqw rq LIVJHU lq wkh h{fkdqjh udwh
htxdwlrq +j:,/ zkloh wkh uhvsrqvh ri wkh Jhupdq lqwhuhvw udwh wr lqqrydwlrqv lq
wkh h{fkdqjh udwh lv hqgrjhql}hg e| wkh rughulqj fkrvhq1 Dv vkrzq lq Wdeoh 8/ wkh
vlpxowdqhrxv uhodwlrqv/ zh gr qrw revhuyh d vljql�fdqw frqwhpsrudqhrxv ihhg0
edfn ehwzhhq wkh Jhupdq lqwhuhvw udwh dqg wkh h{fkdqjh udwh lq dq| gluhfwlrq1
Lq rxu iudphzrun/ wklv lv d whvwdeoh sursrvlwlrq udwkhu wkdq dq dvvxphg lghq0
wl�hg uhvwulfwlrq1 Zh qrwh wkdw rxu phdvxuh ri prqhwdu| srolf| vkrfnv hqwhuv
vljql�fdqwo| lq wkh Jhupdq srolf| udwh htxdwlrq dqg wkdw wkh frqwhpsrudqh0
rxv uhvsrqvh ri X1V1 rxwsxw wr Jhupdq prqhwdu| srolf| vkrfnv lv vpdoo exw
pdujlqdoo| vljql�fdqw146

WDEOH 8=Frh!flhqwv rq LIVJHU dqg vlpxowdqhrxv uhvsrqvhv ri h lq wkh ehqfkpdun YDU
\ XV Sfp SXV II \ JHU SJHU

LIVJHU +3=335,�3=33: +3=33;,�3=34 +3=333;,�3=3346 +3=4479,�3=3;<5 +3=3344,3=33335 +3=33:,3
h +3=36:,4=69 +3=44,�3=48 +4=3<,�3=48 +3=33;6,3=355 +3=459,3=378 +3=:<,5

Wkh sdlu ri lpsxovh uhvsrqvh ixqfwlrqv vkrzq lq Iljxuh 9155/ dorqjzlwk rqh0
vwdqgdug ghyldwlrq edqgv/ frq�up txdolwdwlyho| wkh uhvxowv rewdlqhg iru wkh forvh
XV hfrqrp|= phdvxulqj prqhwdu| srolf| vkrfnv xvlqj �qdqfldo pdunhw gdwd
grhv qrw dowhu wkh pdlq ihdwxuhv ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp iru
Jhupdq|1

��Zh uhsruw lpsxovh uhvsrqvhv edvhg rq uhvwulfwlqj vxfk frh!flhqw wr }hur> uhod{lqj wklv
uhvwulfwlrq grhv qrw d�hfw wkh vkdsh dqg pdjqlwxgh ri wkh lpsxovh uhvsrqvhv1
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Iljxuh 9155
Lpsxovh uhvsrqvhv wr dowhuqdwlyh Jhupdq prqhwdu| srolf| vkrfnv

lq rshq hfrqrp|
Uhvsrqvhv wr LIVJHU vkrfnv +vrolg olqh, dqg wr YDU0edvhg vwuxfwxudo vkrfnv
�UJHU +grwwhg olqh, zlwk rqh vwdqgdug ghyldwlrq frq�ghqfh lqwhuydov iurp wkh
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91< Frqfoxvlrqv

Wkh YDU dssurdfk wr wkh prqhwdu| wudqvplvvlrq phfkdqlvp lv dlphg dw wkh
ghulydwlrq ri vw|ol}hg idfwv wr khos wkh vhohfwlrq ri wkh wkhruhwlfdo prgho wr eh
xvhg iru vlpxodwlqj wkh h�hfwv ri prqhwdu| srolf|1 Wkh lghqwl�fdwlrq ri sdudph0
whuv lq wkhvh w|sh ri prghov grhv qrw doorz wr vhsdudwh ghhs sdudphwhuv ghvfule0
lqj wdvwh dqg whfkqrorj| iurp h{shfwdwlrqdo sdudphwhuv ghshqghqw rq srolf|
uhjlphv1 Krzhyhu/ e| hvwlpdwlqj wklv w|sh ri prghov rq d vlqjoh srolf| uhjlph
dqg e| ghvfulelqj wkh uhvsrqvhv ri yduldeohv wr vwuxfwxudo vkrfnv ri lqwhuhvw/ lw
lv krshg wr ghulyh vrph vw|ol}hg idfwv rq wkh prqhwdu| wudqvplvvlrq phfkdqlvp1
Vxfk vw|ol}hg idfwv vkrxog khos wkh vhohfwlrq ri wkh uhohydqw wkhruhwlfdo prgho wr
eh xvhg iru srolf| vlpxodwlrq1 Zh kdyh lqwhsuhwhg wkh fkrlfh ri frqfhqwudwlqj
rq vkrfnv dv d frqvhtxhqfh ri wkh lpsrvvlelolw| ri lghqwli|lqj ghhs sdudphwhuv
lqghshqghqwo| iurp h{shfwdwlrqdo sdudphwhuv1 Xqiruwxqdwho|/ vwuxfwxudo vkrfnv
duh qrw gluhfwo| revhuydeoh dqg wkh lpsrvlwlrq ri d vhw ri lghqwli|lqj uhvwulfwlrqv
lv d qhfhvvdu| suhuhtxlvlwh iru wkh dqdo|vlv1 Jlyhq wkh dlp ri wkh dqdo|vlv/ lw lv
hvvhqwldo wkdw lghqwli|lqj uhvwulfwlrqv duh srvhg lqghshqghqwo| iurp vshfl�f wkhr0
ulhv1 Doo wkh ghyhorsphqwv ri wkh Fkrohvnl rughulqj wkdw zh kdyh glvfxvvhg lq wkh
fkdswhu surylgh wkh uhvhdufkhu zlwk wrrov iru dfklhylqj wklv dlp1 Lq sduwlfxodu/ zh
kdyh vkrzq krz lqirupdwlrqv iurp �qdqfldo pdunhwv fdq eh xvhg erwk wr dvvhvv
urexvwqhvv ri uhvxowv ghulyhg zlwklq wudglwlrqdo YDU prghov ri wkh prqhwdu|
wudqvplvvlrq phfkdqlvp dqg wr dlg lghqwl�fdwlrq lq fdvhv zkhq wudglwlrqdo dqdo0
|vlv grhv qrw gholyhu d vx!flhqw qxpehu ri uhvwulfwlrqv1 Zlwklq wklv iudphzrun
iru dqdo|vlv lw lv dovr qdwxudo wkdw wkh qxpehu ri lghqwli|lqj uhvwufwlrqv lv nhsw
dw d plqlpxp1 YDU prghov ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp duh yhu|
uduho| frlqwhjudwg YDUv1 Zh kdyh vhhq wkdw pxowlyduldwh frlqwhjudwlrq dqdo|0
vlv uhtxluhv wkh vroxwlrq ri d orqj0uxq lghqwl�fdwlrq sureohp/ dqg wkdw lpsrvlqj
frlqwhjudwlqj uhvwulfwlrqv rq d YDU lq ohyhov lqfuhdvhv h!flhqf| lq wkh hvwlpdwru
dw wkh frvw ri wkh ulvn ri lqfrqvlvwhqf| zkhq wkh lqfruuhfw lghqwli|lqj uhvwulfwlrqv
duh lpsrvhg1 Wkh prqhwdu| wudqvplvvlrq phfkdqlvp lv d vkruw0uxq skhqrphqrq
dqg wklv h{sodlqv zk| uhvhdufkhuv suhihu wr hpsor| xquhvwulfwhg YDU wr hydo0
xdwh lpsxovh uhvsrqvh dqdo|vlv ryhu d vkruw wr phglxp krul}rq1 Frlqwhjudwhg
YDU duh krzhyhu dq doprvw lqhylwdeoh fkrlfh zkhq wkh uhohydqw/ wkhru| qhxwudo
uhvwulfwlrqv/ duh orqj0uxq uhvwulfwlrqv1

Dv YDU prghov duh wkh qdwxudo hpslulfdo frxqwhusduwv ri g|qdplf jhqhudo
htxloleulxp prqhwdu| prghov/ wkhlu vwdwlvwlfdo dghtxdf| lv qrw dv forvho| vfuxwl0
ql}hg dv wkh dghtxdf| ri uhgxfhg irup vshfl�fdwlrq zlwklq wkh OVH dssurdfk1
Lq sduwlfxodu/ lq pdq| ri wkh dssolfdwlrqv rxwolhuv duh qrw uhpryhg dqg qrq0
qrupdolw| lv qrw dq xqfrpprq ihdwxuh1 Sdudphwhuv vwdelolw| lv dovr dq lvvxh lq
wkh ghedwh1 Dv idu dv lghqwl�fdwlrq lv frqfhuqhg/ wkh lghd ri xvlqj uhvwulfwlrqv
qhxwudo zlwk uhvshfw wr wkh wkhrulhv xqghu vfuxwlq| lv qlfh exw qrw dozd|v lpsoh0
phqwdeoh1 Lq idfw/ YDU prghov ri wkh prqhwdu| wudqvplvvlrq lq rshq hfrqrplhv
kdyh qrw ehhq dv vxffhvvixo lq hvwdeolvklqj vw|ol}hg idfwv/ suredeo| ehfdxvh ri wkh
gl!fxowlhv lq jhqhudwlqj d �qhxwudo� lghqwl�fdwlrq vfkhph1 Pruhryhu rxu dqdo|vlv
ri wkh hpslulfdo hylghqfh rq wkh prqhwdu| wudqvplvvlrq phfkdqlvp kdv vkrzq
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d kljk ohyho ri xqfhuwdlqw| dvvrfldwhg zlwk YDU edvhg uhvxowv1 Lq idfw/ udwkhu
odujh vwdqgdug huuruv duh dvvrfldwhg wr wkh srlqw hvwlpdwhv ri lpsxovh uhvsrqvh
ixqfwlrqv1 Wkh pruh vr lq wkh fdvh ri YDU lq rshq hfrqrplhv/ zkhuh sudfwlwlrq0
huv kdyh ghyhorshg wkh kdelw ri uhsruwlqj rqh0vwdqgdug ghyldwlrq edqgv udwkhu
wkdq wzr vwdqgdug ghyldwlrqv edqgv1 Wkh pdlq frqvhtxhqfh ri vxfk xqfhuwdlqw|
lv wkdw wkh dlp ri wkh h{huflvh/ rqfh djdlq prgho vhohfwlrq/ lv gl!fxow wr dfklhyh
lq sudfwlfh1
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LQWHUWHPSRUDO RSWLPLVDWLRQ DQG WKH JPP

PHWKRG

:14 Lqwurgxfwlrq

Wkh lqwhuwhpsrudo rswlplvdwlrq dssurdfk wr pdfurhfrqrplf wkrhu| wdnhv wkh
Oxfdv fulwltxh yhu| vhulrxvo| dqg lv edvhg rq wkh frqylqfwlrq wkdw txhvwlrqv olnh
�Krz vkrxog d fhqwudo edqn uhvsrqg wr vkrfnv lq pdfurhfrqrplf yduldeohvB� duh
wr eh dqvzhuhg zlwklq wkh iudphzrun ri txdqwlwdwlyh prqhwdu| jhqhudo htxlole0
ulxp prghov ri wkh exvlqhvv f|foh1

Wkh hydoxdwlrq ri wkh h�hfwv ri prqhwdu| srolf| lv d txhvwlrq iru wkhruhwlfdo
prghov udwkhu wkdq iru hpslulfdo dg0krf pdfurhfrqrphwulf prghov1 Zh kdyh vhhq
wkdw YDU edvhg hpslulfdo hylghqfh khosv wkh vhohfwlrq ri wkh uhohydqw wkhruhwl0
fdo prgho1 Krzhyhu/ rqfh wkh prgho vhohfwlrq sureohp kdv ehhq vroyhg/ wzr duh
wkh uhohydqw lvvxhv= sdudphwhul}dwlrq dqg vlpxodwlrq1 Lq wklv fkdswhu zh pdlqo|
frqfhqwudwh rq sdudphwhul}dwlrq zkloh zh vkdoo ghyrwh wkh qh{w fkdswhu wr vlp0
xodwlrq dqg srolf| hydoxdwlrq1 Wkh lqwhuwhpsrudo rswlplvdwlrq dssurdfk wdnhv
qr lqwhuhvw lq wkh sdudphwhuv hvwlpdwhg e| wudglwlrqdo pdfurhfrqrphwulf prg0
hoolqj1 Lq idfw/ wudglwlrqdo vwuxfwxudo hfrqrphwulf prghoolqj gholyhuv sdudphwhuv
zklfk duh frqyroxwlrqv ri wkh lqwhuhvwlqj �ghhs� sdudphwhuv ghvfulelqj wdvwhv
dqg whfkqrorj| dqg ri h{shfwdwlrqdo sdudphwhuv/ zklfk duh ghshqghqw rq wkh
vshfl�f srolf| uhjlph1

Lqwhuhvwlqjo|/ wkh lqwhuwhpsrudo rswlplvdwlrq0Udwlrqdo H{shfwdwlrqv sdudgljp
jhqhudwhv lq d yhu| qdwxudo zd| dq dowhuqdwlyh hfrqrphwulf dssurdfk wr hvwlpdwh
ghhs sdudphwhuv ri lqwhuhvw= wkh Jhqhudol}hg Phwkrgv ri Prphqwv +JPP,1

Wklv fkdswhu lv ghyrwhg wr wkh looxvwudwlrq ri wkh hpslulfdoo| uhohydqw dvshfw ri
wkh JPP phwkrgrorj|1 Zh vkdoo frqvlghu dssolfdwlrqv wr frqvxphu*v ehkdylrxu
dqg wkh hvwlpdwlrq ri prqhwdu| srolf| uxohv1 Zh vkdoo vwduw e| looxvwudwlqj wkh
forvh uhodwlrqvkls ehwzhhq wkh hfrqrphwulf phwkrgrorj| dqg wkh lqwhuwhpsrudo
rswlplvdwlrq dfklhyhg e| wkh lpsohphqwdwlrq ri wkh JPP phwkrg lq wkh hvwl0
pdwlrq ri Hxohu htxdwlrqv1 Zh vkdoo wkhq frqvlghu whfkqlfdoo| wkh gh�qlwlrq ri
wkh hvwlpdwru/ wkh sureohpv uhodwhg wr wkh hvwlpdwlrq ri wkh fryduldqfh pdwul{
dqg wkh lqihuhqfh zlwklq JPP prghov1

Kdylqj frqvlghuhg wkh whfkqlfdo dvshfwv ri wkh hvwlpdwru/ zh hydoxdwh lwv
vxffhvv lq wkh qhz0fodvvlfdo fdps dqg lwv h{wuhpho| uduh xwlol}dwlrq e| Nh|qh0
vldq pdfurhfrqrplvw e| jlylqj dq hfrqrphwulf lqwhusuhwdwlrq wr d vwdwhphqw e|
Pdqnlz/ Urwhpehuj h Vxpphuv ^56` zkr dvvhuw wkdw

�111 Wkh pdmru gl�huhqfh ehwzhhq prghuq qhrfodvvlfdo dqg wudglwlrqdo Nh|qh0
vldq pdfurhfrqrplf wkhrulhv lv wkdw wkh iruphu uhjdug revhuyhg ohyhov ri hpsor|0
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phqw/ frqvxpswlrq dqg rxwsxw dv uhdol}dwlrqv iurp g|qdplf rswlpl}lqj ghflvlrqv
e| erwk krxvhkrogv dqg �upv/ zkloh wkh odwwhu uhjdug wkhp dv uh hfwlqj frqvwudlqwv
rq krxvhkrogv dqg �upv111�

Zh vkdoo frqfoxgh e| vkrzlqj dssolfdwlrqv ri wkh JPP dssurdfk wr wkh
hvwlpdwlrq ri ghhs sdudphwhuv ghvfulelqj +uhsuhvhqwdwlyh, frqvxphu ehkdylrxu
dqg wr wkh hvwlpdwlrq ri ghhs sdudphwhuv ghvfulelqj fhqwudo edqnv* suhihuhqfhv
lq prqhwdu| srolf| uxohv1

:15 Hxohu Htxdwlrqv dqg �forvhg irup vroxwlrqv�=

Frqvlghu wkh vwdqgdug rswlplvdwlrq sureohp iru wkh uhsuhvhqwdwlyh frqvxphu=

fw.l> Dw.lPd{Hwl @ 3
4[

+4 . �,�l X +fw.l, +:14,

vxemhfw wr wkh iroorzlqj frqvwudlqwv

Dw.l @ +4 . u,Dw.l�4 . |w.l � fw.l

l$4olpHwDw.l +4 . u,�l @ 3

Zkhuh | lv glvsrvdeoh oderxu lqfrph/ f lv frqvxpswlrq ri qrq0gxudeoh jrrgv
dqg vhuylfhv/ D lv zhdowk +d vlqjoh �qdqfldo dvvhw, jlylqj d uhwxuq ri u/ X lv d
xwlolw| ixqfwlrq ihdwxulqj erwk lqwhuwhpsrudoo| dqg lqwud0whpsrudo vhsdudelolw|1
Doo yduldeohv duh h{suhvvhg lq uhdo whupv1 Wkh � sdudphwhu ghvfuleh wkh udwh
ri wkh lqwhuwhpsrudo suhihuhqfhv ri wkh uhsuhvhqwdwlyh frqvxphu/ zkr kdv dq
lq�qlwh krul}rq dqg grhv qrw idfh oltxlglw| frqvwudlqwv ri dq| irup1Wkhuhiruh/
vkh fdq uxq qhjdwlyh edodqfhv ri D lq dq| shulrg zlwk wkh rqo| frqvwudlqw wkdw
wkh suhvhqw glvfrxqwhg ydoxh ri zhdowk lq wlph w dssurdfkhv }hur dv w dssurdfkhv
lq�qlwh +wudqvyhuvdolw| frqglwlrq,1Odvwo|/ e| Hw zh ghqrwh h{shfwdwlrq iruphg
frqglwlrqdoo| xsrq wkh lqirupdwlrq vhw dydlodeoh dw wlph w1

Zh vroyh wkh lqwhuwhpsrudo rswlplvdwlrq sureohp e| �qglqj wkh pd{lpxp ri
wkh iroorzlqj Odjudqjhdq ixqfwlrq=

fw.l> Dw.lPd{Hwl @ 3
4[

+4 . �,�lJw.l +:15,

Jw.l @ X +fw.l, . �w.l +Dw.l � +4 . u,Dw.l�4 � |w.l . fw.l,

Zh dvvxph wkdw wkh uhdo uhwxuq lv qrq0vwrfkdvwlf dqg wkdw wkh xwlolw| ixqfwlrq
lv Frqvwdqw Uhodwlyh Ulvn Dyhuvlrq +FUUD,=
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X +fw.l, @
f4��w.l

4� �
+:16,

zkhuh wkh � sdudphwhu ghvfulehv wkh frqvxphu*v ulvn dyhuvlrq1 Wklv vshfl�fd0
wlrq frpsohwhv wkh vhwxs ri rxu sureohp1 Zh qrwh wkdw wkhuh duh wzr sdudphwhuv
zklfk ghvfulehv wdvwhv dqg frxog eh gh�qhg dv ghhs lq Oxfdv*v whuplqrorj|=� dqg
�=

Iluvw rughu frqglwlrqv iru rswlpdolw| frxog eh vwdwhg dv iroorzv=

Hw

�
f��w.l

� �Hw�w.l @ 3 ;l +:17,

Hw�w.l �Hw

�
4 . u

4 . �
�w.l.4

�
@ 3 ;l

E| holplqdwlqj wkh Odjudqjh pxowlsolhuv dqg e| frqvlghulqj wkh vshfl�f fdvh ri
l@3/ zh rewdlq

Hw

�
4 . u

4 . �
f��w.4 � f��w

�
@ 3 +:18,

Vrph frqvlghudwlrq rq htxdwlrq +:=8, > nqrzq dv wkh Hxohu htxdwlrq/ duh lq
rughu1 Iluvw/ wklv uhodwlrq fohduo| frqixwhv wkh lghd wkdw hfrqrplf wkhru| jlyhv
pdlqo| suhglfwlrqv rq wkh orqj0uxq ehkdylrxu ri hfrqrplf yduldeohv= lq idfw/ wkh
Hxohu htxdwlrq lpsrvhv uhvwulfwlrq rq wkh vkruw0uxq g|qdplfv ri hfrqrplf ydul0
deohv1 Vhfrqg/ wkh rqo| sdudphwhuv hqwhulqj htxdwlrq+:=8, duh � dqg �/ wkh �ghhs�
sdudphwhuv ghvfulelqj frqvxphu*v suhihuhqfhv1 Wklug/ dv htxdwlrq+:=8, grhv qrw
uhsuhvhqw wkh �forvhg irup vroxwlrq� ri wkh lqwhuwhpsrudo rswlplvdwlrq sureohp
exw mxvw wkh �uvw rughu frqglwlrq iru rswlpdolw|/ lw fdqqrw lqwhusuhwhg dv d frq0
vxpswlrq ixqfwlrq1 Krzhyhu/ iurp +:=8, zh ghulyh wkh idovl�deoh sursrvlwlrq wkdw/
xqghu wkh mrlqw k|srwkhvlv ri Udwlrqdo H{shfwdwlrqv/ wkh rqo| vljql�fdqw yduldeoh
lq suhglfwlqj frqvxpswlrq dw wlph w.4 jlyhq wkh lqirudpdwlrq dydlodeoh dw wlph
w lv frqvxpswlrq dw wlph w1 Xqghu rxu k|srwkhvhv wkh orjdulwkp ri frqvxpswlrq
ehkdyhv dv d �udqgrp zdon� +Kdoo/ ^4:`,1 Wkh frqglwlrqdo h{shfwdwlrq iru wlph
w.4 wdnhq dw wlph w ri wkh h{suhvvlrq ehwzhhq eudfnhwv lq +:=8, lv }hur/ dqg vxfk
h{suhvvlrq lv ruwkrjrqdo wr dq| rwkhu yduldeoh wkdq frqvxpswlrq lqfoxghg lq wkh
djhqw*v lqirupdwlrq vhw dw wlph w1 Odehoolqj iw.4 wkh h{suhvvlrq ehwzhhq eudfnhwv
lq +:=8,zh kdyh=

Hwiw.4 @ 3> Hwiw.4}w @ 3 +:19,

zkhuh } lv d yhfwru frqwdlqlqj dq| hfrqrplf yduldeoh revhuydeoh dw wlph w1
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Qrwh wkdw wkh Hxohu htxdwlrq grhv qrw kdyh dq| lpsolfdwlrq iru wkh uhodwlrq
ehwzhhq frqvxpswlrq dqg rwkhu hfrqrplf yduldeohv= wkh vljql�fdqfh ri lqfrph lq
h{sodlqlqj frqwhpsrudqhrxv  xfwxdwlrqv lq frqvxpswlrq lv shuihfwo| frpsdwleoh
zlwk rxu lqwhuwhpsrudo rswlpl}dwlrq prgho/ zklfk rqo| uxohv rxw wkh vljql�fdqfh
ri lqfrph dw wlph w lq h{sodlqlqj wkh gl�huhqfh ehwzhhq wkh pdujlqdo xwlolw| ri
vdylqjv dw wlph w iru wlph w.4 +li frqvxphu grhv qrw frqvxph rqh xqlw dw wlph
w/ vkh zloo lqyhvw lw lq wkh �qdqfldo dvvhw dqg kdyh +4.u, xqlw dw wlph w.4/ wkh
glvfrxqwhg ydoxh ri wklv txdqwlw| ehlqj 4.u

4.�
,dqg wkh pdujlqdo xwlolw| ri frq0

vxpswlrq dw wlph w1 Ilqdoo|/ qrwh wkdw li wkh udwh ri lqwhuwhpsrudo suhihuhqfh dqg
wkh lqwhuhvw udwh duh htxdo/  xfwxdwlrqv lq frqvxpswlrq duh ghwhuplqhg h{fox0
vlyho| e| vwrfkdvwlf vkrfnv1 Wr ixuwkhu looxvwudwh wkh uhodwlrqvkls ehwzhhq Hxohu
htxdwlrq dqg frqvxpswlrq ixqfwlrq dqg wr surylgh d �uphu edfnjurxqg wr rxu
glvfxvvlrq ri hfrqrphwulf phwkrgrorj| zh wdnh dgydqwdjh ri wkh vlpsolflw| ri
rxu vshfl�fdwlrq wr ghulyh dqdo|wlfdoo| d forvhg irup vroxwlrq wr rxu lqwhuwhpsr0
udo rswlplvdwlrq sureohp1 Wr vlpsoli| pdwwhuv hyhq ixuwkhu frqvlghu �fhuwdlqw|
htxlydohqfh�1

Iurp wkh �uvw rughu frqglwlrqv zh ghulyh wkh iroorzlqj uhodwlrqvkls ehwzhhq
frqvxpswlrq dw wlph w dqg frqvxpswlrq lq dq| shulrg iroorzlqj w=

fw.l @ fw

�
4 . u

4 . �

� l
�

+:1:,

Djjhjdwh qrz ryhu wlph wkh shulrg exgjhw frqvwudlqw dqg lpsrvh wkh wudqvyhu0
dolw| frqglwlrq wr rewdlq=

4
l @ 3

[ fw.l

+4 . u,l
@

4
l @ 3

[ |w.l

+4 . u,l
. +4 . u,Dw�l +:1;,

E| xvlqj +:=:,lq +:=;,wr vxevwlwxwh frqvxpswlrq lq doo ixwxuh shulrg zlwk dq
h{suhvvlrq lq whupv ri fxuuhqw frqvxpswlrq/ zh rewdlq =

fw @ +�� 4,

# 4
l @ 3

[ |w.l

+4 . u,l
. +4 . u,Dw�l

$
+:1<,

zkhuh � @ +4.�,
4
�

+4.u,
4
�
�4
/ dqg � lv dvvxphg wr eh juhdwhu wkdq rqh1 Zkhq � @ u

h{suhvvlrq +:=<,vlpsol�hv gudvwlfdoo| lq wkh iroorzlqj

fw @ u

# 4
l @ 3

[ |w.l

+4 . u,l
. +4 . u,Dw�l

$
+:143,

Htxdwlrq +:=43,uhsuhvhqwv wkh forvhg irup vroxwlrq wr wkh lqwhuwhpsrudo rs0
wlplvdwlrq sureohp dqg lw lv wkh vwuxfwxudo frqvxpswlrq ixqfwlrq iru rxu uhs0
uhvhqwdwlyh frqvxphu xqghu wkh k|srwkhvlv ri fhuwdlqw| htxlydohqfh1 Qrwh wkdw
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frqvxpswlrq lv ixqfwlrq ri shupdqhqw lqfrph/ zklfk lqfoxghv fxuuhqw lqfrph/
dqg wkdw wkh uhdfwlrq ri frqvxpswlrq wr wkh prgl�fdwlrqv lq wkh uhdo lqwhuhvw
udwh ghshqgv rq dq lqfrph h�hfw dqg rq d vxevwlwxwlrq h�hfw1 Wkh vljq ri wkh
lqfrph h�hfw ghshqgv rq wkh frqvxphu*v �qdqfldo srvlwlrq= li wkh frqvxphu lv
lq ghew +Dw�4 ? 3, wkh lqfrph h�hfw lv qhjdwlyh/ zkloh iru d frqvxphu lq fuhglw
+Dw�4 A 3, wkh lqfrph h�hfw lv srvlwlyh1 Wkh vxevwlwxwlrq h�hfw lv dozd|v qhjd0
wlyh/ dv dq lqfuhdvh lq wkh lqwhuhvw udwh orzhuv wkh glvfrxqwhg vwuhdp ri ixwxuh
lqfrph1

Wkh forvhg irup vroxwlrq lv xvhixo wr xqghuvwdqg wkh vnhswlflvp ri qhzfodvvlfdo
hfrqrplvwv wrzdugv wkh xvh ri hpslulfdo dg0krf vwuxfwxudo pdfurhfrqrphwulf
prghov wr vlpxodwh wkh h�hfw ri pdfurhfrqrplf srolf|1 Wr vhh wkh srlqw txlfno|47

ohw xv uh0zulwh uhodwlrq +:=<,rplwwlqj �shuihfw iruhvljkw�=

fw @ +�� 4,

# 4
l @ 3

[ Hw|w.l

+4 . u,l
. +4 . u,Dw�4

$
. %w +:144,

%w @ +�� 4,
4

l @ 3
[ +|w.l �Hw|w.l,

+4 . u,l

lq rughu wr lqwhusuhw lq wkh oljkw ri +:=44,wudglwlrqdo dg0krf pdfurhfrqrphwulf
prghov/ zklfk gr qrw xvxdoo| h{solflwo| lqfrusrudwhv h{shfwdwlrqv/ zh qhhg wr
vroyh iru ixwxuh lqfrph lq whupv ri fxuuhqw lqfrph1 Zh gr vr e| dvvxplqj d
vlpsoh dxwruhjuhvvlyh surfhvv iru lqfrph=

|w @ d4|w�4 . xw +:145,

xvlqj uhshdwhgo| +:=44,lq +:=44,zh kdyh=

fw @ +�� 4, +4 . u,Dw�4 . +�� 4,
4 . u

4 . u � d4
|w . %w +:146,

Sdudphwhuv lq +:=46,duh frqyroxwlrqv ri wkh ghhs sdudphwhuv frqwdlqhg lq �
dqg ri wkh h{shfwdwlrqdo sdudphwhu d4/ zklfk zloo fkdqjh hyhu| wlph wkh surfhvv
jhqhudwlqj lqfrph lv vxemhfw wr prgl�fdwlrq1 Pruhryhu/ jlyhq wkh hvwlpdwlrq
ri +:=46, >wkh vwuxfwxudo sdudphwhuv ghvfulelqj frqvxphu*v wdvwhv/ � dqg �/ duh
hyhq qrw lghqwl�deoh1 Qrwh dovr wkdw wkh uhvlgxdo whup lq +:=46,lv/ e| frqvwuxqf0
wlrq/ dxwrfruuhodwhg1 Li zh fdq uhsuhvhqw dxwrfruuhodwlrq lq wkh iroorzlqj/ vlpsoh/
pdqqhu

%w @ �%w�4 . yw +:147,

wkhq wkh ehvw uhsuhvhqwdwlrq ri wkh Gdwd Jhqhudwlqj Surfhvv zloo wkhq eh wkh
iroorzlqj=

�eWklv dprxqwv wr d olwwoh fkhdwlqj/ zklfk vlpsol�hv pdwwhu juhdwo| zlwkrxw kdylqj dq|
vxevwdqwldo h�hfw rq rxu �qdo frqfoxvlrqv1
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�fw @ +�� 4, +4 . u,�Dw�4 . +�� 4,
4 . u

4 . u � d4
�|w � +:148,

� +4� �,

�
fw�4 � +�� 4, +4 . u,Dw�5 � +�� 4,

4 . u

4 . u � d4
|w�4

�
. yw

zklfk/ reylrxvo|/ lv dq Huuru Fruuhfwlrq Phfkdqlvp +HFP,1
Lw lv fohdu wkdw zkhq wkh lqfrph jhqhudwlqj surfhvv lv frqvwdqw d vshfl�fdwlrq

olnh +:=48,zloo shuirup h{wuhpho| zhoo lq �wwlqj wkh gdwd1 Qrwh wkdw vxfk vshf0
l�fdwlrq fdq eh rewdlqhg zlwkrxw dq| uhihuhqfh wr wkh wkhruhwlfdo lqwhuwhpsr0
udo rswlplvdwlrq dssurdfk/ ehlqj ghulyhg e| OVH w|sh hfrqrphwulf vshfl�fdwlrq
vhdufk zlwklq wkh fodvv ri HFP uhsuhvhqwdwlrqv ri frlqwhjudwlqj uhjuhvvlrqv1 Krz0
hyhu/ li wkh Gdwd Jhqhudwlqj Surfhvv lv wkh rqh srvwxodwhg e| wkh lqwhuwhpsrudo
rswlpl}dwlrq wkhru|/ wkhq wkh hvwlpdwhg prgho fdqqrw eh xvhg iru srolf| vlpxod0
wlrq1 Qr hpslulfdo txhvwlrq lqyroylqj vlpxodwlqj wkh lpsdfw rq frqvxpswlrq ri
gl�huhqw srolflhv ghwhuplqlqj wkh lqfrph surfhvv fdq eh phdqlqjixoo| dqvzhuhg
rq wkh edvlv ri wkh hvwlpdwlrq ri d prgho olnh +:=48, = Lq idfw wkh hvwlpdwhg sd0
udphwhuv duh ixqfwlrq ri wkh sdudphwhuv lq wkh lqfrph surfhvv dqg wkh| ehfrph
plvohdglqj li wkh lqwhuhvwlqj srolf| wr eh vlpxodwhg lpsolhv d fkdqjh lq wkh lq0
frph jhqhudwlqj surfhvv1 Zlwklq wkh lqwhuwhpsrudo rswlplvdwlrq iudphzrun wkh
dqvzhu wr lqwhuhvwlqj srolf| txhvwlrq kdv wr eh edvhg rq wkh wkhruhwlfdo prgho
udwkhu wkdq rq dq hpslulfdo dg0krf pdfurhfrqrphwulf prgho1 Wkhuhiruh wkh lp0
sdfw ri gl�huhqw srolf| rq frqvxpswlrq lv wr eh edvhg rq wkh gluhfw vlpxodwlrq ri
dowhuqdwlyh surfhvvhv iru lqfrph zlwklq wkh iudphzrun ri wkh wkhruhwlfdo prgho
+:=44,1 Reylrxvo|/ wr lpsohphqw phdqlqjixoo| wklv dssurdfk/ vrph hvwlpdwh ri wkh
sdudphwhu � dqg khqfh ri wkh sdudphwhuv � dqg �/ zklfk ghvfulehv dssursuldwho|
wkh suhihuhqfhv ri frqvxphuv duh qhhghg1 Qrz/ wkh Hxohu htxdwlrq txdol�hv lp0
phgldwho| dv wkh ehvw uhodwlrqv wr eh hvwlpdwhg hpslulfdoo| iru wkh lghqwl�fdwlrq
ri wkh sdudphwhuv ri lqwhuhvw1 Lq idfw/ lw doorzv lghqwl�fdwlrq ri wkh sdudphwhuv
ri lqwhuhvw dqg lw grhv qrw ghshqg dw doo rq wkh h{shfwdwlrqdo sdudphwhuv1 Pruh0
ryhu/ lw doorzv e| lwv qdwxuh wkh lpsohphqwdwlrq ri dq hvwlpdwru= wkh Jhqhudolvhg
Phwkrg ri Prphqwv1 Zh ghyrwh wkh qh{w vhfwlrq wr wkh hfrqrphwulf dqdo|vlv ri
wklv hvwlpdwru1

:16 Hvwlpdwlqj Hxohu htxdwlrqv= Wkh JPP phwkrg1

Jhqhuol}lqj wkh uhvxowv ri wkh vshfl�f sureohp glvfxvvhg lq wkh suhylrxv vhfwlrq zh
fdq uhsuhvhqw wkh �uvw rughu frqglwlrq iurp d jhqhulf lqwhuwhpsrudo rswlplvdwlrq
sureohp dv iroorzv=

Hw ^i +{w.l>�, }w` @ 3 +:149,

zkhuh � lv wkh +s{4, yhfwru frqwdlqlqj wkh sdudphwhuv ri lqwhuhvw dqg } lv wkh
+q{4, yhfwru ri yduldeohv wkdw wkhru| vxjjhvwv ruwkrjrqdo wr i +{w.l>�, = Lq rxu
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h{dpsoh � @+�> �, > i +{w.l>�, @
�
4.u
4.� f

��
w.4 � f��w

�
dqg }wfrqwdlqv dq| yduldeohv

revhuydeoh dw wlph w rwkhu wkdq frqvxpswlrq1
Lw lv lqwxlwlyho| fohdu wkdw d qhfhvvdu| frqglwlrq iru lghqwl�fdwlrq ri sdudp0

hwhuv ri lqwhuhvw lv q�s/ zlwk ryhulghqwl�fdwlrq lq wkh fdvh ri vwulfw lqhtxdolw|
dqg mxvw0lghqwl�fdwlrq lq wkh fdvh ri htxdolw|1 Li q?s/ wkhq wkh sdudphwhuv ri
lqwhuhvw duh qrw lghqwl�hg1 Ohw xv frqfhqwudwh rq wkh ryhu0lghqwl�fdwlrq fdvh/
ri zklfk mxvw0lghqwl�fdwlrq lv d vshfldo fdvh1 Wklv lv jrlqj wr eh wkh uhohydqw
fdvh lq pdq| hfrqrplf h{dpsoh/ dv ghulylqj Hxohu htxdwlrqv iurp lqwhuwhpsr0
udo rswlplvdwlrq dqg Udwlrqdo H{shfwdwlrqv xvxdoo| vhohfwv d srwhqwldooo| lq�qlwh
qxpehu ri ydolg lqvwuxphqwv1 Wklqn ri rxu dssolfdwlrq wr wkh frqvxphu sure0
ohp= dq| odjjhg yduldeoh lv d ydolg lqvwuxphqw xqghu wkh qxoo wkdw wkh udwlrqdo0
h{shfwdwlrqv2lqwhuwhpsrudo rswlplvdwlrq prgho lv wkh Gdwd Jhqhudwlqj Surfhvv1

Wkh hvwlpdwru lv �qdwxudoo|�ghulyhg iurp +:=49,e| vxevwlwxwlqj srsxodwlrq
prphqwv zlwk vdpsoh prphqwv=

4

W
w @ 4

W[
^i +{w.l>�, }w` @ 3 +:14:,

zkhuh W lv wkh vl}h ri wkh dydlodeoh vdpsoh1 Reylrxvo|/ lq fdvh ri ryhu0lghqwl�fdwlrq
+:=4:,surgxfhv d v|vwhp ri q htxdwlrqv lq s xqnqrzqv/ zklfk grhv qrw dgplw d
xqltxh vroxwlrq1 Wklv sureohp lv vroyhg e| frqvlghulqj s olqhdu frpelqdwlrqv ri
wkh q �uvw rughu frqglwlrqv dqg wkhuhiruh e| plqlplvlqj wkh �Hxfolghdq glvwdqfh�

ehwzhhq 4
W w @ 4

WS
^i +{w.l>�, }w` dqg wkh qxoo yhfwru1 Wklv lpsolhv vroylqj wkh

iroorzlqj plqlplvdwlrq sureohp=

�plq

#
w @ 4

W[
^i +{w.l>�, }w`

$3
D

#
w @ 4

W[
^i +{w.l>�, }w`

$
+:14;,

zkhuh D lv d dq dssursuldwh +q{q, zhljkwlqj pdwul{1 E| gh�qlqj d +W{q, pd0
wul{ I +{w.l> }w>�, >zlwk w|slfdo hohphqw i +{w.l>�, }mw> zkhuh m@4/111q/ w@4/111/W
/wkh plqlplvdwlrq sureohp fdq eh uh0zulwwhq dv

�plql3I +{w.l> }w>�,DI +{w.l>}w>�, l

zkhuh l lv d +W{4, lghqwlw| yhfwru1 Lw fdq eh vkrzq ^:` wkdw dq| v|pphwulf srvlwlyh
gh�qlwh pdwul{ D zloo |lhog d frqvlvwhqw hvwlpdwh ri wkh yhfwru ri sdudphwhuv ri
lqwhuhvw1 Krzhyhu/ Kdqvhq ^4;` kdv vkrzq wkdw d qhfhvvdu| +exw qrw vx!flhqw,
frqglwlrq wr rewdlq dq v|pswrwlfdoo| h!flhqw hvwlpdwh ri � lv wr vhw D htxdo
wr wkh lqyhuvh ri wkh fryduldqfh pdwul{ ri wkh vdpsoh prphqwv1 Wkh lqwxlwlrq
ehklqg wklv fkrlfh lv vlpsoh= ohvv zhljkw lv sxw rq wkh pruh lpsuhflvh frqglwlrqv1

Wkhuhiruh li � @ Y du

�
w @ 4

WS
^i +{w.l>�, }w`

�
>JPP hvwlpdwhv duh rewdlqhg e|

vroylqj wkh iroorzlqj plqlplvdwlrq sureohp=
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�plq

#
w @ 4

W[
^i +{w.l>�, }w`

$3
��4

#
w @ 4

W[
^i +{w.l>�, }w`

$
+:14<,

Qrwh wkdw lq jhqhudo/ dv �lv ixqfwlrq ri �>lw zrxog eh qhfhvvdu| wr surfhhg lq
dw ohdvw wzr vwhs1 Lq idfw/ h{sorlwlqj wkh idfw wkdw dq| duelwudu| zhljwklqj pdwul{
zloo gholyhu frqvlvwhqw hvwlpdwhv ri �= Wklv yhfwru ri sdudphwhuv lv hvwlpdwhg

�uvw/ wkhq d
a

� lv frqvwuxfwhg dqg wkh plqlpl}dwlrq +:=4<, lv wkhq shuiruphg1 Ri
frxuvh/ wkh wzr0vwhs surfhgxuh lv hdvlo| h{whqghg wr dq lwhudwlyh surfhgxuh1

Kdqvhq ^4;` kdv vkrzq wkdw wkh plqlplvhg fulwhulrq ixqfwlrq fdq eh dovr
xvhg wr whvw wkh ydolglw| ri lqvwuxphqwv lq fdvh ri ryhu0lghqwl�fdwlrq/ lq idfw wkh
txdqwlw|=

M @

#
w @ 4

W[�
i

�
{w.l>

a

�

�
}w

�$3
a

�
�4 #

w @ 4
W[�

i

�
{w.l>

a

�

�
}w

�$
+:153,

lv glvwulexwhg dv d "5 zlwk q0s ghjuhhv ri iuhhgrp1 Wkh txdqwlw| +:=53,lv
nqrzq lq wkh olwhudwxuh dv wkh M vwdwlvwlf1 JPP lv d yhu| jhqhudo fodvv fodvv ri
hvwlpdwruv dqg pdq| ri wkh nqrzq hvwlpdwruv fdq eh vhw xs dv vshfldo fdvhv ri
JPP1 Frqvlghu iru h{dpsoh wkh Jhqhudolvhg Lqvwuxphqwdo Yduldeohv Hvwlpdwru1

Wkh uhohydqw sureohp lv wr hvwlpdwh wkh yhfwru ri xqnqrzq sdudphwhuv � lq
wkh olqhdu prgho =

| @[� .x +:154,

zkhuh | lv d +W{4, yhfwru ri revhuydwlrqv rq wkh ghshqghqw yduldeoh/ [ lv d
+W{s, pdwul{ ri revhuydwlrqv rq wkh h{sodqdwru| yduldeohv/ � lv wkh +s{4, yhfwru
ri sdudphwhuv ri lqwhuhvw/ dqg x lv wkh +W{4, yhfwru ri revhuydwlrqv rq wkh huuru
whup zlwk }hur phdq dqg yduldqfh0fryduldqfh pdwul{ htxdo wr �5L 1 Dvvxph wkdw
[ duh qrw zhdno| h{rjhqrxv iru wkh hvwlpdwlrq ri wkh sdudphwhuv ri lqwhuhvw/ zh
kdyh wkhq=

s olp
4

W
[3x 9@ 3 +:155,

Krzhyhu/ wkhuh h{lvwv d ] pdwul{ frqwdlqlqj W revhuydwlrqv rq q ydolg lqvwux0
phqwv/ iru zklfk zh kdyh =

s olp
4

W
]3x @ 3 +:156,

Frqglwlrq +:=56,/ zklfk gh�qhv lqvwuxphqwv dv ydolg/ jlyhv dovr d vhw ri ru0
wkrjrqdolw| uhvwulfwlrqv wr frqvwuxfw d JPP hvwlpdwh1 Ohw xv frqfhqwudwh rq
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wkh ryhulghqwl�fdwlrq fdvh/ zkhuh qAs1 Dsso|lqj irupxod +:=4<, > wkh uhohydqw
hvwlpdwh lv ghulyhg e| vroylqj wkh iroorzlqj sureohp=

�Plq
�
x3]��4]3x

�
+:157,

zkhuh wkh dssursuldwh fkrlfh iru wkh pdwul{ � lv=

� @ H +]3xx3], @ �5]3] +:158,

Wkhuhiruh/ wkh JPP hvwlpdwh zloo plqlpl}h wkh iroorzlqj fulwhulrq=

�Plq

�
4

�5
x3] +]3],�4 ]3x

�
+:159,

zklfk dgplwv JLYH dv wkh vroxwlrq =

a

�@
�
[3] +]3],�4 ]3[

��4
[3] +]3],�4 ]3| +:15:,

Vlploduo|/ wkh M0vwdwlvwlf zloo wdnh wkh iroorzlqj irup=

M @

a
x
3
] +]3],�4 ]3

a
x

v5
+:15;,

zkhuh
a
x@ | � [

a

� dqg v5 @
a
x
3 a
x

W
= +:=5;, lv glvwulexwhg dv d "5 zlwk q0s gh0

juhhv ri iuhhgrp dqg lw lv wkh yhu| zhoo nqrzq whvw iru wkh ydolglw| ri lqvwux0
phqwv ruljlqdoo| sursrvhg e| Vdujdq zlwklq wkh frqwh{w ri wkh JLYH hvwlpdwru
+vhh/ iru h{dpsoh/ Vdujdq +4<;;,,1

:1614 Fryduldqfh Pdwul{ Hvwlpdwlrq

Vr idu zh kdyh lpsolflwo| frqvlghuhg wkh fdvh lq zklfk wkh hpslulfdo prphqwv
zhuh vhuldoo| lqghshqghqw1 Lq jhqhudo lw lv zruwkzkloh wr uhod{ vxfk dvvxpswlrq/
dv lq pdq| pdfurhfrqrphwulf dssolhg fdvhv vrph ghshqghqfh lq wkh hpslulfdo
prphqwv zloo eh jhqhudwhg1 Wklqn iru h{dpsoh wkh fdvh ri hvwlpdwlrq ri fhqwudo
edqn uhdfwlrq ixqfwlrqv1 Dv zh vkdoo vhh odwhu/ d Fhqwudo Edqn*v srolf| uxoh fdq
eh vshfl�hg e| dvvxplqj wkdw FE vhw wkhlu lqvwuxphqw/ wkh lqwhuhvw udwh/ wr
uhdfw wr frqwhpsrudqhrxv rxwsxw jds/ wkh gl�huhqfh ehwzhhq lpsolhv fxuuhqw dqg
srwhqwldo rxwsxw/ dqg wr ghyldwlrq ri ixwxuh h{shfwhg lq dwlrq iurp wkh wdujhw
iru lq dwlrq1 Ixwxuh lq dwlrq lv wkh uhohydqw yduldeoh ehfdxvh wkh h{lvwhqfh ri
odjv ehwzhhq prqhwdu| dfwlrq dqg wkhlu h�hfw rq wkh hfrqrp| pdnhv uhdfwlqj
wr frqwhpsrudqhrxv wdujhw xvhohvv1 Wkh olwhudwxuh wdnhv wkh uhohydqw krul}rq iru
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ixwxuh lq dwlrq wr eh derxw rqh0|hdu1 Vr wkh iroorzlqj uxoh frxog eh vshfl�hg rq
prqwko| gdwd=

uw @ d3 . d4Hw +�w.45 � ��w , . d5Hw +|w � |�w , . yw +:15<,

zkhuh yw lv dq h{rjhqrxv l1l1g1 glvwxuedqfh1 Wr �w +:=5<,wr wkh gdwd/ wkh
xqrevhuydeoh iruhfdvw yduldeohv duh holplqdwhg e| uhzulwlqj wkh uxoh lq whupv ri
uhdol}hg yduldeohv dv iroorzv=

uw @ d3 . d4 +�w.45 � ��w , . d5 +|w � |�w , . %w +:163,

%w @ d4 ^Hw +�w.45 � ��w , � +�w.45 � ��w ,` . d5 ^Hw +|w � |�w , � +|w � |�w ,` . yw
+:164,

Odehoolqj }w wkh yhfwru ri yduldeohv zlwklq wkh fhqwudo edqn*v lqirupdwlrq vhw dw
wkh wlph wkh lqwhuhvw udwh lv fkrvhq/ zh fdq frqvwuxfw wkh JPP hvwlpdwru xvlqj
wkh iroorzlqj vhw ri ruwkrjrqdolw| frqglwlrq=

Hw +%w m }w, @ 3 +:165,

krzhyhu/ e| frqvwuxfwlrq/ wkh frpsrvlwh glvwxuedqfh whup %w ihdwxuhv dq PD+44,
vwuxfwxuh dqg hpslulfdo prphqwv fdqqrw eh frqvlghuhg dv vhuldoo| lqghshqghqw1

Wr ghdo zlwk wklv fdvh zh uhzulwh �> wkh fryduldqfh pdwul{ ri wkh hpslulfdo
prphqwv/ dv iroorzv=

� @ W $4olp

%
4

W

W

s @ 4
[ W

t @ 4
[

H
�
I 3s +{w.l> }w>�,It +{w.l>}w>�,

�&
+:166,

zkhuh It +{w.l> }w>�, lv wkh twk urz ri wkh +W{q, pdwul{ I +{w.l>}w>�, = Wkh �uvw
vwhs wr �qg d frqvlvwhqw hvwlpdwru ri � lv wr gh�qh wkh dxwrfryduldqfhv ri wkh
hpslulfdo prphqwv dv iroorzv=

� +m, @
4

W

W

s @ m . 4
[

H
�
I 3s +{w.l> }w>�,Is�m +{w.l>}w>�,

�
iru m � 3+:167,

� +m, @
4

W

W

s @ �m .4
[

H
�
I 3s.m +{w.l> }w>�,Is +{w.l>}w>�,

�
iru m � 3+:168,

Lq whupv ri wkh +q{q, pdwulfhv � +m, > wkh uljkw kdqg vlgh ri +:=66,zlwkrxw wkh
olplw ehfrphv=



HVWLPDWLQJ HXOHU HTXDWLRQV= WKH JPP PHWKRG1 57<

�q @
q�4

m @ �q .4
[

� +m, +:169,

Li wkhuh zhuh qr vhuldo fruuhodwlrqv ehwzhhq revhuydwlrqv/ wkhq rqo| � +3, zrxog
eh qrq0}hur dqg zh zrxog kdyh

�q @ � +3, @
4

W

W

s @ 4
[

H
�
I 3s +{w.l> }w>�,Is +{w.l>}w>�,

�
+:16:,

zklfk frxog eh xvhixo wr ghdo zlwk khwhurvfhgdvwlflw| lq wkh hpslulfdo prphqwv1
Wr vhh wklv srlqw hpslulfdoo| ohw xv frqvlghu djdlq wkh fdvh ri JLYH zlwk khw0
hurvfhgdvwlf glvwxuedqfhv1

Wkh uhohydqw sureohp lv wr hvwlpdwh wkh yhfwru ri xqnqrzq sdudphwhuv � lq
wkh olqhdu prgho =

| @[� .x +:16;,

zkhuh | lv d +W{4, yhfwru ri revhuydwlrqv rq wkh ghshqghqw yduldeoh/ [ lv d
+W{s, pdwul{ ri revhuydwlrqv rq wkh h{sodqdwru| yduldeohv/ � lv wkh +s{4, yhfwru
ri sdudphwhuv ri lqwhuhvw/ dqg x lv wkh +W{4, yhfwru ri revhuydwlrqv rq wkh huuru
whup zlwk }hur phdq dqg yduldqfh0fryduldqfh pdwul{ htxdo wr 
1

Zkhuh 
 @

57�54 = 3= = =
3 3 �5W

68 = Dv ehiruh zh dvvxph wkdw [ duh qrw zhdno| h{rjh0

qrxv iru wkh hvwlpdwlrq ri wkh sdudphwhuv ri lqwhuhvw/ exw wkhuh h{lvwv d ] pdwul{
frqwdlqlqj W revhuydwlrqv rq q ydolg lqvwuxphqwv1 Dsso|lqj irupxod +:=4<, > wkh
uhohydqw hvwlpdwh lv ghulyhg e| vroylqj wkh iroorzlqj sureohp=

�Plq
�
x3]��4]3x

�
+:16<,

zkhuh wkh dssursuldwh fkrlfh iru wkh pdwul{ � lv=

� @ � +3, @ ]
3
] @

4

W

W

s @ 4
[

H
�
x5s
�
]3s]s +:173,

zklfk fdq eh frqvlvwhqwo| hvwlpdwhg e| xvlqj dq| frqvlvwhqw hvwlpdwru ri wkh
sdudphwhuv ri lqwhuhvw dqg e| vxevwlwxwlqj H

�
x5s
�
zlwk wkh mxvw wkh vtxduh ri wkh

fruuhvsrqglqj uhvlgxdo1
Wklv hvwlpdwru lv lqwhsuhwdeoh dv dq h{whqvlrq ri wkh Khwhurvfhgdwlflw| Frq0

vlvwhqw hvwlpdwru sursrvhg e| Zklwh+4<;5, zlwklq wkh ROV iudphzrun wr wkh
JLYH fdvh1
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Kdylqj glvfxvvhg wklv dssolfdwlrq ohw xv jr edfn wr wkh jhqhudo fdvh ri vh0
uldo fruuhodwlrq ri xqnqrzq irup1 Dv uhpdunhg e| Gdylgvrq0PdfNlqqrq^:` lw lv
whpswlqj wr hvwlpdwh wkh dxwrfryduldqfhv vlpso| e| rplwwlqj wkh h{shfwdwlrqv
lq wkdw h{suhvvlrq/ hydoxdwlqj wkhI s dw vrph frqvlvwhqw suholplqdu| hvwlpdwh

ri wkh yhfwru ri sdudphwhuv ri lqwhuhvw dqg wkhq e| vxevwlwxwlqj wkh
a
� +m, re0

wdlqhg lqwr+:=6:, lq rughu wr rewdlq d vxlwdeoh hvwlpdwh ri� =Wklv zrxog mxvw
jhqudol}hg wkh surfhgxuh lpsohphqwhg lq wkh fdvh� @ � + 3, =







WKH OLPLWV WR WKH HXOHU HTXDWLRQ0JPP DSSURDFK 586

wr holplqdwh doo wkh qrq0revhuydeoh yduldeohv iurp wkh Hxohu htxdwlrq1 Wkhuhiruh/
JPP lv qrw hpslulfdoo| ihdvleoh dq|pruh1 Wklv vlpsoh h{dpsoh vkrzv udwkhu
fohduo| zk| zkhq frqvwudlqwv duh lqwurgxfhg lq wkh lqwhuwhpsrudo rswlplvdwlrq
sureohp/ wkh JPP phwkrg ehfrphv pxfk ohvv srsxodu1

Lw lv idlu wr vd| wkdw vhyhudo vroxwlrqv kdyh ehhq sursrvhg wr wkh sureohp jhq0
hudwhg e| wkh lqwurgxfwlrq ri oltxlglw| frqvwudlqwv/ exw qrqh ri wkhp uhsolfdwh wkh
qhdw fruuhvsrqgdqfh ehwzhhq vroxwlrq wr wkh hfrqrplf sureohp dqg lpsohphq0
wdwlrq ri wkh hfrqrphwulf phwkrgrorj| rewdlqhg lq wkh fdvh ri wkh lqwhuwhpsrudo
rswlplvdwlrq zlwkrxw pdunhw lpshuihfwlrqv1

Ghdwrq +4<<4/4<<5, revhuyhv wkh lpsrvvlelolw| ri �qglqj dq dqdolw|fdo vrox0
wlrq wr +:=7;,dqg sursrvhv wr fkdudfwhulvh wkh surshuwlhv ri wkh qxphulf vrox0
wlrq rewdlqhg xqghu wkh k|srwkhvlv ri yhu| vlpsoh GJS iru wkh lqfrph surfhvv1
Krzhyhu/ hyhq iru d yhu| vlpsoh dxwruhjuhvvlyh surfhvv iru lqfrph/ wkh frpsx0
wdwlrqdo exughq lv udwkhu khdy|1 Shvdudq0Vplwk+4<<7, sursrvh wr dssur{lpdwh
wkh xqnqrzq Odjudqjh pxowlsolhuv e| d jhqhudo ixqfwlrq ri revhuydeoh yduldeohv1
Zlwklq wklv frqwh{w lw lv lpsruwdqw wr jdwkhu lqvwlwxwlrqdo lqirupdwlrq wr khos wkh
lghqwl�fdwlrq ri wkh dssursuldwh ixqfwlrqdo irup dqg ri wkh dssursuldwh dujxphqw
iru vxfk ixqfwlrq1 Idyhur0Shvdudq+4<<7, dsso| wklv phwkrgrorj| wr wkh hpslulfdo
prghoolqj ri rlo lqyhvwphqw xvlqj lqvwlwxwlrqdo dqg jhrorjlfdo lqirupdwlrq wr lghq0
wli| wkh dssursuldwh ixqfwlrq1 Dedqgrqlqj wlph0vhulhv wkhuh lv wkh srvvlelolw| wr
uhyhuw wr sdqho gdwd wr lghqwli| oltxlglw| frqvwudlqhg djhqwv ]hoghv+4<;<,1 Eudyh
dwwhpswv wr lghqwli| wkh uhohydqfh ri oltxlglw| frqvwudlqwv xvlqj wlph vhulhv gdwd
kdyh ehhq sursrvhg e| Fdpsehoo0Pdqnlz+4<;:,/ dqg Mdsshool0Sdjdqr+4<;<,1
Djjuhjdwh wlph vhulhv frqvxpswlrq lv wkrxjkw ri dv wkh uhvxow ri wkh djjuhjdwlrq
ri frqvxpswlrq e| wzr w|sh ri djhqwv= wkrvh zkr duh oltxlglw| frqvwudlqhg dqg
wkrvh zkr duh qrw oltxlglw| frqvwudlqhg1 Wr doorz djjuhjdwlrq xwlolw| lv dvvxphg
wr eh txdgudwlf/ wkhq wkh ehkdyrlxu ri wkh xqfrvwudlqhg djhqwv lv ghvfulehg e|
wkh xvxdo Hxohu htxdwlrq zkloh frqvwudlqhg djhqwv duh dvvxphg wr frqvxph doo
wkhlu glvsrvdeoh lqfrph lq hdfk shulrg1 E| dvvxplqj wkdw d �{hg sursruwlrq ri
lqfrph dffuxhv wr hdfk w|sh ri djhqwv wkh Hxohu htxdwlrq iru wkh xqfrqvwudlqhg
djhqwv dqg wkh frqvxpswlrq ixqfwlrq iru wkh frqvwudlqhg djhqwv duh djjuhjdwhg
lqwr d pdfurhfrqrplf frqvxpswlrq ixqfwlrq/ zklfk/ lqwhuhvwlqjo|/ wdnhv wkh irup
ri dq HFP prgho1 Rqh ri wkh hvwlpdwhg sdudphwhu lq vxfk frqvxpswlrq ixqfwlrq
lv wkh sursruwlrq ri lqfrph dffuxlqj wr wkh frqvwudlqhg djhqwv1 Wkh lpsruwdqfh
ri oltxlglw| frqvwudlqwv lq wkh hfrqrp| fdq wkhuhiruh eh hpslulfdoo| hydoxdwhg
rq pdfur wlph0vhulhv gdwd1 Lw lv qrw fohdu krzhyhu zk| wkh sursruwlrq ri lqfrph
dffuxlqj wr wkh oltxlglw| frqvwudlqhg djhqwv lv wkrxjkw ri dv d sdudphwhu udwkhu
wkdq d yduldeoh1

:1715 Hpslulfdo Sureohpv

Wkh pdlq hpslulfdo sureohp zlwk wkh JPP dssurdfk wr hvwlpdwh vwuxfwxudo
sdudphwhuv kdv ehhq qrwhg e| d vhulhv ri dxwkruv +Jk|vhov0Kdoo+4<<3d/ 4<<3e,/
Jduehu0Nlqj+4<;6,/ Rolqhu V1/ Uxghexvfk J1 h Vlfkho G1+4<<5,, iru wkh XV gdwd1
Lq idfw lw kdv ehhq revhuyhg wkdw lq jhqhudo wkh sdudphwhuv hvwlpdwhg rq dj0
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juhjdwh wlph0vhulhv gdwd e| lpsohphqwlqj JPP rq Hxohu htxdwlrqv ghulyhg e|
gl�huhqw lqwhuwhpsrudo rswlplvdwlrq sureohp duh qrw vwdeoh ryhu wlph1 Vxfk lq0
vwdelolw| lv fohduo| qrw frpsdwleoh zlwk wkhlu qdwxuh ri sdudphwuv ghvfulelqj wdvwh
dqg whfkqrorj| vxjjhvwhg e| wkh wkhruhwlfdo prghov1 Wkhuh duh vhyhudo srvvleoh
lqwhusuhwdwlrq ri lqvwdelolw|= lw frxog vljqdo wkh lqfruuhfw vshfl�fdwlrq ri wkh hvwl0
pdwhg prgho ru lw frxog eh jhqhudwhg e| wkh idfw wkdw uhsuhvhqwdwlyh djhqwv prgho
duh dssolhg rq djjuhjdwh gdwd zlwkrxw wdnlqj surshu fduh ri djjuhjdwlrq1 Wklv
vhfrqg lqwhusuhwdwlrq kdv jhqhudwhg d uhvhdufk surjudpph zklfk uhiudlq iurp
hvwlpdwlqj wkh �ghhs� sdudphwhuv iurp djjuhjdwh pdfurhfrqrplf wlph0vhulhv1
�Ghhs� sdudphwhuv duh lqvwhdgwdnhq iurp plfurhfrqrphwulf vwxglhv rq glvdj0
juhjdwhg gdwd/ xvlqj wkhvh sdudphwhuv wkrhuhwlfdo prgho duh wkhq fdoleudwhg dqg
vlpxodwhg/ �qdooo| surshuwlhv ri wkh vlpxodwhg gdwd duh frpsduhg zlwk surshu0
wlhv ri pdfurhfrqrplf wlph0vhulhv wr hydoxdwh wkh delolw| ri wkh wkhruhwlfdo prgho
wr uhsolfdwh ihdwxuhv ri wkh uhdo gdwd1 Zh vkdoo frqfhqwudwh rq wkh fdoleudwlrq
phwkrgrorj| odwhu rq1 Zh frqfoxgh qrz rxu dqdo|vlv ri wkh JPP phwkrg e|
orrnlqj dw hpslulfdo dssolfdwlrqv ri wklv phwkrgrorj|1

:18 Dq dssolfdwlrq wr wkh frqvxphu*v sureohp

Wkh �uvw looxvwudwlyh h{dpsoh zklfk zh frqvlghu lqyroyhv wkh hvwlpdwlrq ri wkh

Hxohu htxdwlrq +:=8, = Hw

�
4.uw.4
4.� f��w.4 � f��w

�
@ 3>xvlqj wkh d gdwd vhw rq prqwko|

XV gdwd/ zklfk lv wkh yhuvlrq ri wkh Kdqvhq0Vlqjohwrq+4<<6, gdwd0vhw pdgh dydlo0
deoh dv d wxwruldo gdwd0vhw iru Plfur�w yhuvlrq 713+Vhh Shvdudq dqg Shvdudq+4<<:,,1
Wkh gdwd vhw lv dydlodeoh lq H{fho irupdw dv KV1[OV1 Lw frqwdlqv prqwko| gdwd
iru wkh vdpsoh 4<8<=604<:;=45 rq wkh iroorzlqj yduldeohv=

[4= udwlr ri frqvxpswlrq lq wlph shulrg w04 wr frqvxpswlrq lq wlph shulrg w
[5= 4. wkh rqh0shulrg uhdo uhwxuq rq vwrfnv
Hvwlpdwlrq ri wkh Hxohu htxdwlrq lv lpsohphqwhg xvlqj wkh dssursuldwh urx0

wlqh lq H0Ylhzv/ xvlqj wkh Eduwohww zhljkwv dqg wkh Qhzh|0Zhvw fulwhulrq wr
fkrrvh wkh odj wuxqfdwlrq sdudphwhu1 Wkh iroorzlqj uhvxowv duh rewdlqhg=

Phwkrg= Jhqhudol}hg Phwkrg ri Prphqwv
Vdpsoh+dgmxvwhg,= 4<8<=37 4<:;=45
Lqfoxghg revhuydwlrqv= 56: diwhu dgmxvwlqj hqgsrlqwv
Edqgzlgwk= Il{hg +7,
Nhuqho= Eduwohww
Frqyhujhqfh dfklhyhg diwhu= 6 zhljkw pdwulflhv/ 7 wrwdo frhi lwhudwlrqv
F+4,-+[4aF+5,,-[504
Lqvwuxphqw olvw= F [4+04, [5+04,
Frh� Hvwlpdwh Vwg1 Huuru w0Vwdwlvwlf1 Sure
F+4, 31<<;3;5 31337798 5561887; 313333
F+5, 31;<4535 41;47<;: 317<4357 31956<
V1H1 ri uhjuhvvlrq 31374835 Vxp vtxduhg uhvlg 31737:99
Gxuelq0Zdwvrq vwdw 41;5;4<5 M0vwdwlvwlf 31339786
Qrwh wkdw wkh sdudphwhuv duh hvwlpdwhg e| xvlqj wkh iroorzlqj wkuhh ruwkrj0

rqdolw| frqglwlrqv=
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wkhuhiruh zh kdyh rqh ryhu0lghqwli|lqj uhvwufwlrq zkrvh ydolglw| fdq eh whvwhg
e| xvlqj wkh M0vwdwlvwlf1 vxfk vwdwlvwlf lv hdvlo| frpsxwhg pxowlso|lqj e| wkh qxp0
ehu ri revhuydwlrqv wkh M0vwdwlvwlf uhsruwhg lq wkh H0ylhzv rxwsxw1 Vxfk vwdwlvwlf
lv glvwulexwhg dv d "5 zlwk rqh ghjuhh ri iuhhgrp1 Jlyhq wkdw wkh revhuyhg ydoxh
lv 4=85<7 +56:-31339786,/ zh gr qrw uhmhfw wkh qxoo ri ydolglw| ri lqvwuxphqwv1
Qrwh wkdw wkh frh!flhqw ri ulvn dyhuvlrq lv hvwlpdwhg udwkhu srruo|/ zkloh wkh
glvfrxqw idfwru lv lqvwhdg hvwlpdwhg udwkhu suhflvho|1 Wr hydoxwh wkh uhohydqfh ri
wkh fruuhfwlrq iru khwhurvfhgdvwlflw| dqg fruuhodwlrq ri xqnqrzq irup zh lpsoh0
phqw wkh JPP zlwkrxw vxfk fruuhfwlrq1 Wklv uhvxow lv rewdlqhg e| gh�qlqj d
yduldeoh xw wdnlqj d ydoxh ri }hur hyhu|zkhuh dqg hvwlpdwlqj wkh iroorzlqj prgho
=

xw.4 @
4. uw.4

4 . �

�
fw
fw.4

��

� 4 . %w.4 +:17<,

Wkh JPP hvwlpdwhv fdq eh rewdlqhg e| hvwlpdwlqj +:=7<,e| lqvwuxphqwdo ydul0

deohv/ xvlqj wkh frqvwdqw/ uw> dqg
�
fw�4

fw

�
dv lqvwuxphqwv1 Wkh iroorzlqj uhvxowv

duh rewdlqhg=
Ghshqghqw Yduldeoh= X
Phwkrg= Wzr0Vwdjh Ohdvw Vtxduhv
Gdwh= 3;23:2<; Wlph= 43=76
Vdpsoh+dgmxvwhg,= 4<8<=37 4<:;=45
Lqfoxghg revhuydwlrqv= 56: diwhu dgmxvwlqj hqgsrlqwv
Frqyhujhqfh dfklhyhg diwhu ; lwhudwlrqv
X@F+4,-+[4aF+5,,-[504
Lqvwuxphqw olvw= [4+04, [5+04, F
Frh� Hvwlpdwh Vwg1 Huuru w0Vwdwlvwlf1 Sure
F+4, 31<<;<78 31337<7: 5341<7:3 313333
F+5, 31;97:67 51377368 31756385 319:59
V1H1 ri uhjuhvvlrq 31374878 Vxp vtxduhg uhvlg 3173893<
Gxuelq0Zdwvrq vwdw 41;5<668
Uhvxowv duh xqdowhuhg1 Dq lqwhuhvwlqj h{huflvh khuh lv wr dvvhvv wkh vwdelolw|

ri hvwlpdwhg sdudphwhuv ryhu wlph1
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:19 JPP dqg prqhwdu| srolf| uxohv

Zh kdyh douhdg| lqwurgxfhg wkh glvfxvvlrq ri wkh hvwlpdwlrq ri prqhwdu| uxohv
e| JPP wr looxvwudwh wkh lvvxh ri wkh srvvlelolw| ri fruuhodwlrq lq wkh vdpsoh
prphqwv1 Zh qrz lqyhvwljdwh wklv wrslf dw juhdwhu ghswk/ uhihuulqj wr wkh hpslu0
lfdo zrun e| Fodulgd/ Jdol dqg Jhuwohu+4<<:/ 4<<;,1 Vshfl�fdwlrq +:=5<, >dowkrxjk
xvhixo iru vrph looxvwudwlyh sxusrvhv/ lv qrw vxffhvvixo lq fdswxulqj wkh revhuyhg
shuvlvwhqfh lq wkh lqwhuhvw udwhv1 Wkhuhiruh/ lq wkh olwhudwxuh wkh iroorzlqj hpslu0
lfdo prgho lv xvxdoo| vshfl�hg=

u�w @
b

u .d4Hw +�w.45 � ��, . d5Hw +|w � |�w , +:183,

uw @ +4� �, u�w . �uw�4 . yw +:184,

zkhuh u�lv wkh wdujhw lqwhuhvw udwh dqg d3 lv wkh htxloleulxp ydoxh iru u�= Wkh
sduwldo dgmxvwphqw phfkdqlvp lqwurgxfhg e| htxdwlrq +^B`,lv mxvwl�hg e| wkh
hpslulfdo revhuydwlrq ri whqghqf| ri fhqwudo edqnv wr vprrwk lqwhuhvw udwhv +vhh
Jrrgiulhqg+4<<4,,1Pruhryhu d frqvwdqw wdujhw udwh ri lq dwlrq lv dvvxphg lq wkh
hvwlpdwhg yhuvlrq ri wkh uxoh1 Frpelqlqj htxdwlrq +:=83, zlwk +:=84, zh ghulyh
wkh iroorzlqj vhw ri ruwkrjrqdolw| frqglwlrqv=

Hw ^uw � +4� �, d3 � d4 +4� �,Hw�w.45 � d5 +4� �,Hw +|w � |�w ,� �uw�4 m xw` @ 3
+:185,

Zkhuh xw lqfoxghv doo wkh yduldeohv lq fhqwudo edqn*v lqirupdwlrq vhw dw wkh
wlph lqwhuhvw udwhv duh fkrvhq1 JPP fdq eh xvhg lq wklv iudphzrun wr hvwlpdwh
wkh sdudphwhuv ri lqwhuhvw d3>d4> d5 dqg �= Wkh M0whvw iru wkh ydolglw| ri ryhu0
lghqwli|lqj uhvwulfwlrqv fdq wkhq eh xvhg wr dvvhvv li wkh vlpsoh vshfl�fdwlrq ri
wkh prqhwdu| srolf| uxoh lq +:=85, rplwv lpsruwdqw yduldeohv zklfk lq idfw hqwhu
wkh fhqwudo edqn uxoh1 Reylrxv fdqglgdwhv iru wkh uroh ri rplwwhg yduldeohv duh
prqhwdu| djjuhjdwhv/ iruhljq lqwhuhvw udwhv/ orqj0whup lqwhuhvw udwhv/ h{fkdqjh0
udwh  xfwxdwlrqv dqg srvvleo| vwrfn0pdunhwv ryhuydoxdwlrq +gr fhqwudo edqnv fduh
ri �luudwlrqdo h{xehudqfh� B,1 Pruhryhu wkh hvwlpdwlrq ri sdudphwhuv ri lqwhuhvw
doorzv vrph uhohydqw frqvlghudwlrq rq prqhwdu| srolf|1 Lq idfw/ jlyhq+:=83, > lw lv
srvvleoh wr zulwh dq htxloleulxp uhodwlrq iru wkh uhdo lqwhuhvw udwh dv iroorzv=

uu�w @
b

uu .+d4 � 4,Hw +�w.45 � ��, . d5Hw +|w � |�w , +:186,

Zkhuh
b

uu lv wkh htxloleulxp uhdo lqwhuhvw udwh/ lqghshqghqw iurp prqhwdu| srolf|1
Htxdwlrq +:=86,looxvwudwhv wkh fulwlfdoh uroh ri sdudphwhu d41 Li d4 A 4 wkh wdujhw
uhdo udwh lv dgmxvwhg wr vwdelol}h lq dwlrq/ zkloh zlwk 3 ? d4 ? 4 lw lqvwhdg pryhv
wr dffrprgdwh lq dwlrq= wkh fhqwudo edqn udlvhv wkh qrplqdo udwh lq uhvsrqvh
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wr dq h{shfwhg ulvh lq lq dwlrq exw lw grhv qrw lqfuhdvh lw vx!flhqwo| wr nhhs
wkh uhdo udwh iurp ghfolqlqj1 Wd|oru+4<<;, dqg Fodulgd/Jdol/Jhuwohu+4<<;, kdyh
vkrzq wkdw 3 ? d4 ? 4 duh frqvlvwhqw zlwk wkh srvvlelolw| ri shuvlvwhqw/ vhoi0
ixo�oolqj  xfwxdwlrqv lq lq dwlrq dqg rxwsxw1 Wkhuhiruh wkh ydoxh ri rqh iru d4
lv dq lpsruwdqw glvfulplqdwru| fulwhulrq wr mxgjh fhqwudo edqn ehkdylrxu1 Fodu0
lgd/Jdol/Jhuwohu+4<<;, vkrz wkdw lq wkh suh Rfwrehu 4<:< shulrg wkh IHG uxoh
ihdwxuhv uxohv d4 ? 4>zkloh wkh srvw Rfwrehu 4<:< shulrg ihdwxuhv d4 A 4= Ilqdoo|/
lw lv srvvleoh wr xvh wkh �wwhg ydoxhv iru wkh sdudphwhuv d3> d4wr uhfryhu dq hvwl0
pdwh ri wkh fhqwudo edqnv* frqvwdqw wdujhw lq dwlrq udwh ��= Lq idfw/ wkh hpslulfdo
prgho grhv qrw doorz vhsdudwh lghqwl�fdwlrq ri wkh htxloleulxp lq dwlrq udwh dqg
ri wkh htxloleulxp uhdo lqwhuhvw udwh exw lw grhv surylgh d uhodwlrq ehwzhhq wkhp
frqglwlrqdo xsrq d3>dqg d4= Jlyhq wkdw d3 @

b

u �d4�� dqg
b

uu@
b

u ���> zh kdyh
wkhq

�� @
b

uu �d3
d4 � 4

+:187,

zklfk hvwdeolvkhv d uhodwlrq ehwzhhq wkh wdujhw udwh ri lq dwlrq dqg wkh htxl0
oleulxp uhdo lqwhuhvw udwh gh�qhg e| wkh sdudphwhuv d3>dqg d4lq wkh srolf| uxoh1
Fodulgd/ Jdol/ Jhuwohu +4<<:, vhw wkh uhdo lqwhuhvw udwh wr wkh dyhudjh lq wkh vdpsoh
dqg xvh +:=87, wr uhfryhu wkh lpsolhg ydoxh iru ��=

Wkh gdwdedvh FJJ frqwdlqv prqwko| gdwd iru wkh XV dqg Jhupdq hfrqrp|
wdnhq iurp GDWDVWUHDP dqg iurp wkh gdwdedvh rq XV prqwko| gdwd xvhg
lq Vlpv/Ohhshu dqg ]kd+4<<9,/ zklfk vkrxog hqdeoh uhsolfdwlrq ri wkh uhdfwlrq
ixqfwlrq hvwlpdwhg e| wkh dxwkruv/ dv zhoo dv whvwlqj iru d qxpehu ri lqwhuhvwlqj
ryhulghqwli|lqj uhvwulfwlrqv1 Wkh iroorzlqj

yduldeohv iru wkh vdpsoh 4<:<=404<<9=45 duh dydlodeoh=
JHUFPU= Jhupdq dyhudjh +ri wkh prqwk, fdoo prqh| udwh
JHU43\= uhghpswlrq |lhog rq Jhupdq 430|hdu jryhuqphqw erqgv
JHUFS= Jhupdq frqvxphu sulfh lqgh{
JHULQIWDU= Exqghvedqn dqqrxqfhg lq dwlrq wdujhw +udwh ri phglxp whup

xqdyrlgdeoh lq dwlrq,
JHUP4= Jhupdq P4
JHUP6= Jhupdq P6
JHULS= Jhupdq Lqgxvwuldo Surgxfwlrq
SFP= LPI zruog frpprglw| sulfh lqgh{ +lq XV grooduv,
VPQEU= XV vprrwkhg +e| d 690prqwk prylqj dyhudjh, qrq0eruurzhg uh0

vhuyhv
VPWU= XV vprrwkhg +e| d 690prqwk prylqj dyhudjh, wrwdo uhvhuyhv
WRWPNXVbG\b34= XV vwrfn pdunhw glylghqg0|lhog
WRWPNXVbSHb34= XV vwrfn pdunhw sulfh0hduqlqj udwlr
WRWPNXVbSLb34= XV vwrfn pdunhw sulfh lqgh{
XV43\= uhghpswlrq |lhog rq XV 430|hdu jryhuqphqw erqgv
XVFS= XV frqvxphu sulfh lqgh{
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XVGP= XV groodu2 G1Pdun h{fkdqjh udwh
XVIGWUJ= XV Ihghudo Ixqgv wdujhw
XVII= XV dyhudjh Ihghudo ixqg udwh
XVLS=XV lqgxvwuldo surgxfwlrq
XVODEFRVH= XV xqlw oderxu frvw
XVP5VD= XV P5
XVPDQKHUD= XV pdqxidfwxulqj krxuo| hduqlqjv
XVRSHUDWH= XV fdsdflw| xwlolvdwlrq udwh

:1914 Wkh hvwlpdwlrq ri d edvholqh srolf| uxoh iru wkh IHG

Zh frqfhqwudwh �uvw rq wkh XV fdvh/ wu|lqj wr uhsolfdwh wkh uhvxowv lq FJJ+<:,1
D vhulhv ri hpslulfdo sureohp pxvw eh vroyhg lq rughu wr shuirup JPP hvwl0
pdwlrq ri wkh prqhwdu| srolf| uxoh1 Wkh �uvw lvvxh zh wdnh lv wkh phdvxuhphqw
ri wkh rxwsxw jds1 FJJ+<:, wdnh ghyldwlrq ri wkh orj ri lqgxvwuldo surgxfwlrq
iurp d txdgudwlf wuhqg1 Wklv lv hdvlo| rewdlqhg e| wdnlqj wkh uhvlgxdov ri dq ROV
uhjuhvvlrq ri wkh orj ri lqgxvwuldo surgxfwlrq rq d frqvwdqw/ d olqhdu wuhqg dqg
d txdgudwlf wuhqg1 Vxfk phdvxuhphqw ri wkh f|foh zrxog eh fruuhfw rqo| li wkh
orj ri lqgxvwuldo surgxfwlrq ihdwxuhv d ghwhuplqlvwlf txdgudwlf wuhqg1 Wr fkhfn
urexvwqhvv ri wkh gh�qlwlrq ri wkh f|foh wr dowhuqdwlyh gh0wuhqglqj phwkrgv zh
frpsduh wkh ruljlqdo FJJ sursrvdo +XVJDS4, zlwk wkh gl�huhqfh ehwzhhq lq0
gxvwuldo surgxfwlrq dqg dq Krgulfn0Suhvfrww �owhu zlwk shqdow| sdudphwhu vhw
wr 47733 +XVJDS5, dqg zlwk wkh ghphdqhg fdsdflw| xwlol}dwlrq udwh+XVJDS6,1
Zh frqvwuxfw XVJDS4/ XVJDS5/ dqg XVJDS6/ rq wkh vdpsoh 4<;4=43 4<<:=45/
dv zh zrxog olnh wr vwduw hvwlpdwlrq ri wkh srolf| uxoh iurp 4<;5=43 +wkh ehjlq0
qlqj ri wkh lqwhuhvw udwh wdujhwlqj uhjlph,1 Zh wkh dowhuqdwlyh phdvxuhv ri rxwsxw
jdsv lq Iljxuh 41

Zh qrwh wkdw wkh wkuhh gl�huhqw phdvxuh gr qrw vkrz hylghqw glvfuhsdqflhv
dv idu dv wkh orfdwlrq ri wkh wxuqlqj srlqwv lq wkh f|foh lv frqfhuqhg xs wr 4<<3/
iurp 4<<3 rqzdugv XVJDS4 vljqdo d shuvlvwhqw uhfhvvlrq/ qrw vkduhg e| wkh
rwkhu wzr phdvxuhv1 Reylrxvo| vxfk gl�huhqfh grhv vkrz xs lq d fruuhvsrq�qj
gl�huhqfh lq srolf| udwhv1 Ruskdqlghv^59` kdv frqvlghuhg h{whqvlyho| wkh sureohp
ri phdvxulqj wkh rxwsxw jds wr vkrz wkdw gl�huhqw ehkdylrxuv e| wkh Ihg lq wkh
frxuvh ri wkh vhyhqwlhv dqg wkh hljkwlhv fdq eh h{sodlqhg e| gl�huhqw phdvxuhv
ri wkh rxwsxw jdsv udwkhu wkdq e| gl�huhqw sdudphwhuv lq wkh uhdfwlrq ixqfwlrq1
Wr nhhs rxu uhvxowv frpsdudeoh zlwk FJJ zh nhhs XVJDS4 dv wkh uhohydqw
phdvxuh ri wkh jds/ fkhfnlqj urexvwqhvv wr gl�huhqw ghwuhqglqj fkrlfhv frxog eh
dq lqwhuhvwlqj h{huflvh1

Wkh vhfrqg hpslulfdo sureohp lv wkh fkrlfh ri wkh lqvwuxphqwv1 Khuh zh iroorz
FJJ e| wdnlqj dv lqvwuxphqwv wkh frqvwdqw/ wkh �uvw vl{ odjv/ wkh qlqwk dqg wkh
wzhoywk odj ri rxwsxw jds/ wkh �uvw vl{ odjv/ wkh qlqwk dqg wkh wzhozwk odj ri wkh
ihghudo ixqg udwh/ wkh �uvw vl{ odjv/ wkh qlqwk dqg wkh wzhoywk odj ri lq dwlrq/
wkh �uvw vl{ odjv/ wkh qlqwk dqg wkh wzhoywk odj ri wkh orj LPI frpprglw| sulfh
lqgh{1
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Ilj1 :141 Dowhuqdwlyh phdvxuhv ri XV rxwsxw jds

Zh wkhq lpsohphqw hvwlpdwlrq e| JPP/ xvlqj wkh fruuhfwlrq iru khwhurvfhgdv0
wlflw| dqg dxwrfruuhodwlrq ri xqnqrzq irup zlwk d odj wuxqfdwlrq sdudphwhu ri
45 dqg fkrrvlqj Eduwohww zhljkwv wr hqvxuh srvlwlyh gh�qlwhvv ri wkh hvwlpdwhg
yduldqfh0fryduldqfh pdwul{1 Wkh iroorzlqj uhvxowv duh rewdlqhg e| lpsohphqwlqj
JPP lq H0Ylhzv=

Ghshqghqw Yduldeoh= XVII Phwkrg= Jhqhudol}hg Phwkrg ri Prphqwv
Vdpsoh+dgmxvwhg,= 4<;5=43 4<<9=45/ 4:4 revhuydwlrqv
Qr suhzklwhqlqj
Edqgzlgwk= Il{hg +45,
Nhuqho= Eduwohww
Frqyhujhqfh dfklhyhg diwhu= :; zhljkw pdwulflhv/ :< wrwdo frhi
lwhudwlrqv
XVII@ F+5,-XVII+04, .+40F+5,,-+F+4,.F+6,-XVLQIO+.45, .F+7,
-XVJDS4,
Lqvwuxphqw olvw= F XVJDS4+04, XVJDS4+05, XVJDS4+06, XVJDS4+07,
XVJDS4+08, XVJDS4+09, XVJDS4+0<, XVJDS4+045, XVLQIO+04,
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XVLQIO+05, XVLQIO+06, XVLQIO+07, XVLQIO+08, XVLQIO+09,
XVLQIO+0<, XVLQIO+045, XVII+04, XVII+05, XVII+06, XVII+07,
XVII+08, XVII+09, XVII+0<, XVII+045, GOSFP+04, GOSFP+05,
GOSFP+06, GOSFP+07, GOSFP+08, GOSFP+09, GOSFP+0<,
GOSFP+045,

Frh� Hvwlpdwh Vwg1 Huuru w0Vwdwlvwlf1 Sure
F+5, 31<5 31345 :61;5 313333
F+4, 51;: 31<< 51<3 313337
F+6, 41:6 3158 91;: 313333
F+7, 3199 3143 9193 313333
U0vtxduhg 31<; Phdq ghshqghqw ydu 91:46<8:
Dgmxvwhg U0vtxduhg 31<; V1G1 ghshqghqw ydu 514<4847
V1H1 ri uhjuhvvlrq 315; Vxp vtxduhg uhvlg 461:7
Gxuelq0Zdwvrq vwdw 4139 M0vwdwlvwlf 313944
Vr zh kdyh dq hvwlpdwhg d3@5=;:>dq hvwlpdwhg d4 @ 4=:6> dq hvwlpdwhg d5 @

3=99> zkloh � @ 3=<5= Hvwlpdwhv duh lq olqh zlwk wkh rqh rewdlqhg e| FJJ/ zlwk
d4 A 4> dowrxjk rxu voljkwo| gl�huhqw1 Vxfk gl�huhqfh frxog eh h{sodlqhg e| wkhlu
fkrlfh ri vhfrqg rughu odj lq wkh dgmxvwphqw/ zkloh zh uhvwulfw wr �uvw rughu
g|qdplfv149

Wkh vwdwlvwlf iru wkh ydolglw| ri lqvwuxphqwv/ glvwlexwhg dv d "5 zlwk 5< +66
lqvwuxphqwv iru 7 sdudphwhuv, wdnhv wkh ydoxh ri 43178 +313944-4:4dv wkh uhsruwhg
vwdwlvwlf lq H0Ylhzv lv glylghg e| wkh qxpehu ri revhuydwlrqv, dqg grhv qrw uhmhfw
wkh qxoo ri ydolglw| ri lqvwuxphqwv1 Li zh iroorz wkh sudfwlfh vxjjhvwhg e| FJJ wr
ghulyh dq hvwlpdwh iru wkh lq dwlrq wdujhw e| xvlqj wkh hvwlpdwhg sdudphwuv dqg
wkh dyhudjh uhdo lqwhuhvw udwh ryhu wkh vdpsoh dv d sur{| iru wkh uhdo htxloleulxp
lqwhuhvw udwh/ zh jhw d srlqw hvwlpdwh ri 318 zlwk d udwkhu zlgh frq�ghqfh lqwhuydo
+dv wkh <8 frq�ghqfh lqwhuydo iru d3 vsdqv 31;<071;8,1 Ryhudoo wkh uxoh lv udwkhu
vxffhvvixo lq h{sodlqlqj wkh Ihg ehkdylrxu dv looxvwudwhg lq Iljxuh 5/ zkhuh zh
uhsruw revhuyhg srolf| udwhv dqg wkh <8 shu fhqw frq�ghqfh lqwhuydo iurp rxu
hvwlpdwhg htxdwlrq=

:1915 Grhv wkh Ihg fduh iru wkh orqj0whup lqwhuhvw udwh B

Zlwklq wkh JPP iudphzrun lw lv udwkhu hdv| wr fkhfn wkh lpsruwdqfh ri rplwwhg
yduldeohv lq wkh srolf| uxoh1 Lq idfw li wkhuh duh lpsruwdqw rplwwhg yduldeohv iurp
wkh srolf| uxoh/ iru vxfk yduldeohv wkh ruwkrjrqdolw| frqglwlrq vkrxog eh ylrodwhg
dqg wkh whvw iru wkh ydolglw| ri lqvwuxphqwv vkrxog wkhq uhmhfw wkh qxoo k|srwkhvlv1
Wkhuh lv d udwkhu zlgh olwhudwxuh frqfhqwudqwlqj rq wkh lpsruwdqfh ri orqj0whup
lqwhuhvw udwhv iru wkh IHG h{solflwo| uhodwhg wr wkhlu vljqdoolqj uroh iru �lq dwlrq
vfduhv�1 Dv srlqwhg rxw e| Jrrgiulhqg^49`/ wkh ehkdylrxu ri orqj0whup lqwhuhvw
udwh frxog eh lqirupdwlyh rq djhqwv h{shfwdwlrqv iru lq dwlrq dqg rq wkh h�hfwv
ri prqhwdu| srolf| rq vxfk h{shfwdwlrqv1 Fdpsehoo+4<<8, frqfhqwudwhv rq wkh
froodsvh ri erqg sulfh lq 4<<7 uhodwlqj lw wr pryhphqwv lq wkh whup suhplxp

�SFkhfnlqj wklv hpslulfdoo| frxog eh d xvhixo h{huflvh
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Ilj1 :151 Revhuyhg XV srolf| udwhv dqg wkh <8 shu fhqw frq�ghqfh lqwhuydo iurp
wkh hvwlpdwhg srolf| uxoh

jhqhudwhg e| d ulvh lq h{shfwhg lq dwlrq/ qrw pdwfkhg e| dq| pryhphqw lq wkh
vdph gluhfwlrq lq dfwxdo lq dwlrq1 Orrnlqj dw wkh 4<<7 gdwd zh vhh fohduo| wkdw
wkh Ihg uhdfwhg odwho| wr wkh lqfuhdvh lq orqj0whup lqwhuhvw udwhv dqg lw wrrn vhy0
hudo wljkwhqlqj vwhsv lq wkh wdujhw ihghudo ixqgv udwh wr frqylqyh pdunhwv ri wkh
fhqwudo edqn ghwhuplqdwlrq lq �jkwlqj lq dwlrq1 Lq idfw rqo| diwhu vhyhudo wljkw0
hqlqj pryhphqwv lq wkh srolf| udwh wkh orqj0whup lqwhuhvw udwh vwduwhg uhyhuwlj
lwv xszug wuhqg1 Doo wklv glvfxvvlrq vkrz wkdw wkhuh duh jrrg wkhruhwlfdo dqg
srolf| uhdvrq iru wkh Fhqwudo Edqn wr prqlwru orqj0whup lqwhuhvw udwhv/ dqg wkh
rplvvlrq ri orqj0whup lqwhuhvw udwhv iurp wkh uxoh vhhpv dq reylrxv fdqglgdwh iru
sxwwlqj rxu whvwlqj surfhgxuh dw zrun1 Zh wkhq uh0hvwlpdwh wkh edvh0olqh prgho
e| lqfoxglqj wkh ohyho ri frqwhpsrudqhrxv orqj0whup lqwhuhvw udwhv lq wkh vhw ri
lqvwuxphqwv1 Wkh iroorzlqj uhvxowv duh rewdlqhg=

Ghshqghqw Yduldeoh= XVII
Phwkrg= Jhqhudol}hg Phwkrg ri Prphqwv
Gdwh= 3;2392<; Wlph= 48=84
Vdpsoh+dgmxvwhg,= 4<;5=43 4<<9=45
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Lqfoxghg revhuydwlrqv= 4:4 diwhu dgmxvwlqj hqgsrlqwv
Qr suhzklwhqlqj
Edqgzlgwk= Il{hg +45,
Nhuqho= Eduwohww
Frqyhujhqfh dfklhyhg diwhu= 97 zhljkw pdwulflhv/ 98 wrwdo frhi
lwhudwlrqv
XVII@ F+5,-XVII+04, .+40F+5,,-+F+4,.F+6,-XVLQIO+.45, .F+7,
-XVJDS4,
Lqvwuxphqw olvw= F XVJDS4+04, XVJDS4+05, XVJDS4+06, XVJDS4+07,
XVJDS4+08, XVJDS4+09, XVJDS4+0<, XVJDS4+045, XVLQIO+04,
XVLQIO+05, XVLQIO+06, XVLQIO+07, XVLQIO+08, XVLQIO+09,
XVLQIO+0<, XVLQIO+045, XVII+04, XVII+05, XVII+06, XVII+07,
XVII+08, XVII+09, XVII+0<, XVII+045, GOSFP+04, GOSFP+05,
GOSFP+06, GOSFP+07, GOSFP+08, GOSFP+09, GOSFP+0<,
GOSFP+045, XV43\ XV43\+04,
Frh� Hvwlpdwh Vwg1 Huuru w0Vwdwlvwlf1 Sure
F+5, 31<8 3133: 453196 313333
F+4, 7156 4143 61;7 313335
F+6, 417; 315: 816: 313333
F+7, 31;9 3144 :17: 313333
U0vtxduhg 31<; Phdq ghshqghqw ydu 91:46<8:
Dgmxvwhg U0vtxduhg 31<; V1G1 ghshqghqw ydu 514<4847
V1H1 ri uhjuhvvlrq 315: Vxp vtxduhg uhvlg 4519<
Gxuelq0Zdwvrq vwdw 414: M0vwdwlvwlf 3139:

Wkh srlqw hvwlpdwhv ri wkh sdudphwhuv duh voljkwo| prgl�hg exw wkh whvwv iru
ydolglw| ri lqvwuxphqwv grhv qrw uhmhfw wkh qxoo+3=39: � 4:4 @ 44=78,= Lq wkh oljkw
ri wklv hylghqfh zh fdq frqfoxgh wkdw wkh orqj0whup lqwhuhvw udwh d�hfwv wkh Ihg
ehkdylrxu dv d ohdglqj lqglfdwru iru ixwxuh lq dwlrq exw qrw dv dq lqghshqghqw
dujxphqw ri wkh prqhwdu| srolf| uxoh1

:1: Lqwhuhvw udwh uxohv dqg fhqwudo edqnv* suhihuhqfhv

Prqhwdu| srolf| uxohv olnh wkrvh zh kdyh vr idu frqvlghuhg duh hpslulfdoo| vxf0
fhvvixo dqg xvhixo wr vkrz krz wkh JPP phwkrgrorj| lv dssolhg1 Krzhyhu/ wkh|
duh qrw lq olqh zlwk rxu lqwurgxfwlrq wr wkh JPP phwkrgrorj| lq wkdw wkh| duh
qrw ghulyhg h{solflwo| iurp dq lqwhuwhpsrudo rswlpl}dwlrq sureohp dqg wkhuhiruh
qr ghhs sdudphwhuv ghvfulelqj fhqwudo edqnv* suhihuhqfhv duh lghqwl�deoh1 Lq idfw
lw lv shukdsv vxusulvlqj wkdw wkh JPP phwkrgrorj| kdv ehhq xvhg wr hvwlpdwh
uhdfwlrq ixqfwlrqv/ zkloh wkh rswlpl}dwlrq sureohp ri wkh fhqwudo edqnv surylghv
�uvw rughu frqglwlrqv zklfk duh lqvwhdg d pruh qdwxudo remhfw ri JPP hvwl0
pdwlrq1 Iroorzlqj Vyhqvvrq^B`/ zh frqvlghu wkh vlpsohvw srvvleoh yhuvlrq ri wkh
lq dwlrq wdujhwlqj sureohp1 Wkh fhqwudo edqn idfhv wkh iroorzlqj lqwhuwhpsrudo
rswlplvdwlrq sureohp=
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Plqlpl}h Hwl @ 3
4[
�lOw.l +:188,

zkhuh=

O @
4

5

k
+�w � ��,5 . �{5w

l
+:189,

zkhuh Hw ghqrwhv h{shfwdwlrqv frqglwlrqdo xsrq wkh lqirupdwlrq vhw dydlodeoh
dw wlph w / � lv wkh uhohydqw glvfrxqw idfwru/ �w lv lq dwlrq dw wlph w / �� lv wkh
wdujhw ohyho ri lq dwlrq/ { uhsuhvhqwv ghyldwlrqv ri rxwsxw iurp lwv qdwxudo ohyho/
� lv d sdudphwhu zklfk ghwhuplqhv wkh ghjuhh ri  h{lelolw| lq lq dwlrq wdujhwlqj1
Zkhq � @ 3 wkh fhqwudo edqn lv gh�qhg dv d vwulfw lq dwlrq wdujhwhu1 Dv wkh
prqhwdu| lqvwuxphqw lv wkh srolf| udwh/ lw / wkh vwuxfwxuh ri wkh hfrqrp| pxvw
eh ghvfulehg wr rewdlq dq h{solflw irup iru wkh srolf| uxoh1 Zh frqvlghu wkh
iroorzlqj vshfl�fdwlrq iru djjuhjdwh vxsso| dqg ghpdqg lq d forvhg hfrqrp|=

{w.4 @ �{{w � �u
�
lw �Hw�w.4�

b

u
�
. xgw.4 +:18:,

�w.4 @ �w .�{{w . xvw.4 +:18;,

Dv vkrzq lq Vyhqvvrq^54`/ wkh �uvw rughu frqglwlrqv iru rswlpdolw| pd| eh
zulwwhq dv iroorzv=

gO

glw
@ +Hw�w.5 � ��, @ � �

��{n
Hw{w.4 +:18<,

n @ 4.
��n

� . ��5{n
+:193,

Qrwh wkdw+:=8<, gholyhu wkh vhw ri ruwkrjrqdolw| frqglwlrqv/ zklfk frqvwlwxwh
wkh qdwxudo remhfw iru JPP hvwlpdwlrq1 Mrlqw hvwlpdwlrq ri +:=8;, > +:=8:, > dqg
+:=8<, doorzv lghqwl�fdwlrq dqg hvwlpdwlrq ri wkh sdudphwhuv ghvfulelqj wkh vwuxf0
wxuh ri wkh hfrqrp| dqg ri wkh sdudphwhuv ghvfulelqj fhqwudo edqnv* suhihuhqfhv1
Dowhuqdwlyho| +:=8;, > +:=8:, > dqg +:=8<, > fdq eh xvhg wr ghulyh dq lqwhuhvw udwh
uxoh1 Lq idfw/ e| vxevwlwxwlqj iurp +:=8;, lq +:=8:, zh rewdlq=

Hw�w.5 @ Hw�w.4 .�{^�{{w � �u+lw �Hw�w.4�
b

u,` +:194,

dqg e| vxevwlwxwlqj +:=94,lq +:=8<, zh ghulyh d vwdqgdug lqwhuhvw udwh uxoh=

lw @
b

u .�� .
�
4 . �{�u
�{�u

�
+Hw�w.4 � ��, . +:195,

.
�{
�u

{w .
�

��{n

4

�{�u
Hw{w.4

D qxpehu ri frpphqwv rq wklv uxoh duh lq rughu=
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� Li wkh uxoh lv hvwlpdwhg dv d vlqjoh htxdwlrq/ wkhq wkh �wwhg sdudphwhuv
duh frqyroxwlrqv ri wkh sdudphwhuv ghvfulelqj fhqwudo edqnv suhihuhqfhv
+��> �> �, dqg ri wkrvh ghvfulelqj wkh vwuxfwxuh ri wkh hfrqrp|

�
�{> �u > �{>

b

u
�
=

Wkxv wkh hvwlpdwhg sdudphwhuv lq wkh lqwhuhvw udwh uxohv duh qrw �ghhs� lq
wkh vhqvh ri Oxfdv +4<:9,1

� Dv wkh vwuxfwxuh ri wkh hfrqrp| fdqqrw eh lghqwl�hg iurp wkh hvwlpdwlrq
ri wkh uxoh rqo|/ lw lv lpsrvvleoh wr dvvhvv li wkh uhvsrqvhv ri fhqwudo edqnv wr
rxwsxw dqg lq dwlrq duh frqvlvwhqw zlwk wkh sdudphwhuv ghvfulelqj wkh lp0
sdfw ri wkh srolf| lqvwuxphqw rq wkhvh yduldeohv1 Qrwh/ iru h{dpsoh/ wkdw wkh
hvwlpdwlrq ri dq lqwhuhvw udwh uxoh uhodwlqj wkh srolf| udwh wr wkh rxwsxw jds
dqg wr wkh ghyldwlrq ri h{shfwhg lq dwlrq iurp wdujhw grhv qrw khos wr glv0
wlqjxlvk d vwulfw lq dwlrq wdujhwhu+� @ 3 / lq wkh whuplqrorj| ri Vyhqvvrq, >
iurp d  h{leoh lq dwlrq wdujhwhu +� A 3, =

� Hfrqrphwulf lghqwl�fdwlrq ri wkh uxoh uhtxluhv wkh wlplqj dvvxpswlrq wkdw
wkh fhqwudo edqn fdq vhw srolf| udwhv lq uhvsrqvh wr frqwhpsrudqhrxv pdfur
yduldeohv lq wkh hfrqrp|/ exw srolf| udwhv gr qrw kdyh d frqwhpsrudqhrxv
lpsdfw rq wkrvh yduldeohv1 Wklv dvvxpswlrq lv frpprqo| xvhg wr lghqwli|
YDU prghov ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp1

� Lq rughu wr pdnh +:=95, frqvlvwhqw zlwk wkh gdwd/ wkh uxoh kdv ehhq lqwhu0
suhwhg dv gholyhulqj �wdujhw� lqwhuhvw udwhv/ dqg d voxjjlvk dgmxvwphqw ri
dfwxdo wr wdujhw udwhv kdv ehhq lpsrvhg +Fodulgd/ Jdol dqg Jhuwohu/ 4<<:,1
Gluhfw hvwlpdwlrq ri wkh srolf| uxoh grhv qrw doorz wr lghqwli| d vwuxfwxuh ri
fhqwudo edqn*v suhihuhqfhv zklfk lv frqvlvwhqw zlwk lqwhuhvw udwh vprrwklqj1

� Wkhuh lv rqo| rqh hpslulfdo lpsolfdwlrq ri wkh uxoh zklfk fdq eh frqiurqwhg
zlwk wkh gdwd lqghshqghqwo| iurp wkh lghqwl�fdwlrq ri wkh sdudphwhuv ri
lqwhuhvw/ qdpho| zkhwkhu wkh sdudphwhu ghvfulelqj wkh uhdfwlrq ri sro0
lf| udwhv wr d jds ehwzhhq h{shfwhg dqg wdujhw lq dwlrq lv odujhu wkdq
rqh1 Lq idfw d prqhwdu| srolf| zklfk dffrpprgdwhv fkdqjhv lq lq dwlrq/

Clw
CHw�w.4

� 4 >zloo qrw lq jhqhudo frqyhujh wr wkh wdujhw udwh ��1 Wklv hp0

slulfdo suhglfwlrq lv wkh rqh zklfk kdv dwwudfwhg prvw ri wkh glvfxvvlrq
rq hvwlpdwhg prqhwdu| srolf| uxohv +Vhh djdlq Fodulgd/ Jdol dqg Jhuwohu/
4<<:,1

Wr surylgh d ehwwhu pdsslqj iurp fhqwudo edqnv* ehkdylru wr wkhlu suhihu0
hqfhv d vwudwhj|/ forvhu wr wkh vslulw ri lqwhuwhpsrudo rswlplvdwlrq/ vhhpv pruh
dssursuldwh1 Iluvw/ hvwlpdwh wkh vwuxfwxuh ri wkh hfrqrp| wr lghqwli| wkh sdudp0
hwhuv ri wkh djjuhjdwh vxsso| dqg ghpdqg ixqfwlrqv1 Vhfrqg/ hvwlpdwh wkh Hxohu
htxdwlrq iru wkh vroxwlrq ri wkh lqwhuwhpsrudo rswlplvdwlrq sureohp wr lghqwli|
fhqwudo edqnv suhihuhqfhv1 Lq wklv vwhs +dqg lq uhihuhqfh wr wkh vlpsoh h{dpsoh
dqdo|}hg deryh,/ jlyhq wkh nqrzohgjh ri �{dqg �u / zh fdq lghqwli| gluhfwo|/
iurp wkh hvwlpdwlrq ri wkh �uvw rughu frqglwlrqv +:=8<,/ wkh � dqg �� dvvrfl0
dwhg wr hdfk dvvxphg ydoxh ri wkh glvfrxqw udwh/ � 1 Wklug/ whvw li wkh prqhwdu|
srolf| uxoh frqvlvwhqw zlwk wkh vwuxfwxuh ri wkh hfrqrp| dqg wkh suhihuhqfhv ri
wkh fhqwudo edqn pdwfkhv wkh dfwxdo ehkdylru ri srolf| udwhv1 Wklv vwudwhj| kdv
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ehhq iroorzhg e| Idyhur dqg Uryhool^45`/ zkrvh hpslulfdo lqyhvwljdwlrq ohdgv wr
vhohfw d vwulfw lq dwlrq wdujhwlqj zlwk uhdo lqwhuhvw udwh vprrwklqj +zlwk hvwl0
pdwhg uhodwlyh zhljwkv ri derxw irxu wr rqh, dv wkh ehvw prgho wr ghvfuleh wkh
Ihg ehkdylrxu lq wkh hljkwlhv1



UHIHUHQFHV

Dqguhzv G1Z1N1+4<<4, �Khwhurvfhgdvwlflw| dqg dxwrfruuhodwlrq frqvlvwhqw fr0
yduldqfh pdwul{ hvwlpdwlrq� Hfrqrphwulfd/ 8</ 57<0587

Fdpsehoo M1 dqg Pdqnlz J1 +4<;:, Shupdqhqw Lqfrph/ Fxuuhqw Lqfrph dqg
Frqvxpswlrq QEHU Zrunlqj Sdshu 5769

Fodulgd U1 dqg P1Jhuwohu+4<<9, �Krz wkh Exqghvedqn frqgxfwv prqhwdu| sro0
lf|1� QEHU zrunlqj sdshu 88;4

Fodulgd U1/ M1Jdol* dqg P1Jhuwohu+4<<:, �Prqhwdu| srolf| uxohv lq sudfwlfh=
vrph lqwhuqdwlrqdo hylghqfh1� FHSU glvfxvvlrq sdshu vhulhv q1 4:83

Fodulgd U1/ M1Jdol* dqg P1Jhuwohu+4<<;, �Prqhwdu| srolf| uxohv dqg pdfurhfr0
qrplf vwdelolw|= hylghqfh dqg vrph wkhru|� FHSU glvfxvvlrq sdshu vhulhv q1
4<3;

Fxpe| U1H1/ M1Kxl}lqjd dqgP1Revwihog+4<;6, �Wzr0vwhs wzr0vwdjh ohdvw vtxduhv
hvwlpdwlrq lq prghov zlwk udwlrqdo h{shfwdwlrqv� Mrxuqdo ri Hfrqrphwulfv/ 54/
6660688

Gdylgvrq U1 dqg M1J1PdfNlqqrq+4<<6, �Hvwlpdwlrq dqg lqihuhqfh lq hfrqr0
phwulfv�/ R{irug Xqlyhuvlw| Suhvv/ R{irug

Ghdwrq D1+4<<4, �Vdylqjv dqg Oltxlglw| Frqvwudlqwv� Hfrqrphwulfd/ 8< +8,/
45540457;

Ghdwrq D1 +4<<5, Xqghuvwdqglqj Frqvxpswlrq R{irug/ Xqlyhuvlw| Suhvv
Hylhzv 6 Xvhu*v Jxlgh+4<<:,/Txdqwlwdwlyh Plfur Vriwzduh
Idyhur F1D1/ Shvdudq P1K1+4<<7, �Rlo Lqyhvwphqw lq wkh Qruwk Vhd� / Hfrqrplf
Prghoolqj/ 44/ 63;065<

Idyhur F1D1 dqg U1 Uryhool +4<<<, �Prghoolqj dqg lghqwli|lqj fhqwudo edqnv*
suhihuhqfhv� FHSU glvfxvvlrq sdshu qr 54:;

Jduehu/ S1 h U1N1 Nlqj +4<;6, �Ghhs Vwuxfwxudo HvfdydwlrqB D Fulwltxh ri wkh
Hxohu Htxdwlrq Phwkrgv�/ QEHU whfkqlfdo Zrunlqj Sdshu qr164

Jk|vhov H1 dqg Kdoo D1+4<<3d, �D Whvw iru Vwuxfwxudo Vwdelolw| ri Hxohu Frq0
glwlrqv Sdudphwhuv Hvwlpdwhg yld wkh Jhqhudol}hg Phwkrg ri Prphqwv Hvwl0
pdwru1� Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 5/ 64/ 68806971

Jk|vhov H1 dqg D1 Kdoo +4<<3e, �Duh Frqvxpswlrq0Edvhg Lqwhuwhpsrudo Fdslwdo
Dvvhw Sulflqj Prghov VwuxfwxudoB� Mrxuqdo ri Hfrqrphwulfv 78/405/ 454046<

Jrrgiulhqg P1+4<<4, �Lqwhuhvw udwh vprrwklqj dqg wkh frqgxfw ri prqhwdu|
srolf|1 Fduqhjlh0Urfkhvwhu Frqihuhqfh rq Sxeolf Srolf|/ :063

Kdoo U1H1+4<:;, �Vwrfkdvwlf lpsolfdwlrqv ri wkh Olih0F|foh Shupdqhqw Lqfrph
k|srwkhvlv= wkhru| dqg hylghqfh�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;9/ <:50<;:

Kdqvhq O1 +4<;5, �Odujh Vdpsoh Surshuwlhv ri Wkh Jhqhudol}hg Phwkrg ri
Prphqwv Hvwlpdwruv�/ Hfrqrphwulfd/ 83/ 435<04386
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Kdqvhq O1 dqg Vlqjohwrq N1 +4<;5, �Jhqhudol}hg Lqvwuxphqwdo Yduldeohv Hvwl0
pdwlrq ri Qrqolqhdu Udwlrqdo H{shfwdwlrqv Prghov� Hfrqrphwulfd/ 83/ 459<0
45<4

Kdqvhq O1S1 dqg N1M1 Vlqjohwrq+4<;6, �Vwrfkdvwlf frqvxpswlrq/ ulvn dyhuvlrq/
dqg wkh whpsrudo ehkdyrlxu ri dvvhw uhwxuqv� Mrxuqdo ri Srolwlfdo Hfrqrp|/
<4/ 57<0598

Mdsshool W1 dqg Sdjdqr P1 +4<;<, �Frqvxpswlrq dqg Fdslwdo Pdunhw Lpshu0
ihfwlrqv= Dq Lqwhuqdwlrqdo Frpsdulvrq�/ Dphulfdq Hfrqrplf Uhylhz/ :</ 8/
43;<04438

Ohhshu H1P1/ F1D1 Vlpv dqg W1 ]kd +4<<9, �Zkdw grhv prqhwdu| srolf| grB�/
dydlodeoh dw iws=22iws1hfrq1|doh1hgx2sxe2vlpv2psrolf|

Pdqnlz J1/ Urwhpehuj M1/ dqg Vxpphuv O1+4<;8, �Lqwhuwhpsrudo Vxevwlwxwlrq
lq Hfrqrplfv� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ ;8/ 5580584

Qhzh|Z1N1 dqg N1G1Zhvw+4<;:, �D vlpsoh/ srvlwlyh vhpl0gh�qlwh/ khwhurvfhgdv0
wlflw| dqg dxwrfruuhodwlrq frqvlvwhqw fryduldqfh pdwul{�/ Hfrqrphwulfd/ 88/
:360:3;

Rolqhu V1/ Uxghexvfk J1 h Vlfkho G1+4<<5, �Wkh Oxfdv Fulwltxh Uhylvlwhg= Dv0
vhvvlqj wkh Vwdelolw| ri Hpslulfdo Hxohu Htxdwlrqv�/ Erdug ri Jryhuqruv ri
wkh Ihghudo Uhvhuyh V|vwhp/ G1S1 463

Ruskdqlghv D1+4<<<, �Wkh txhvw iru survshulw| zlwkrxw lq dwlrq�/ sdshu suh0
vhqwhg dw wkh frqihuhqfh rq �Prqhwdu| Srolf|0pdnlqj xqghu xqfhuwdlqw|�/
Iudqnixuw/ Ghfhpehu 607/ 4<<<

Shvdudq P1K1 dqg U1 Vplwk +4<<7, �Wkhru| dqg Hylghqfh lq Hfrqrplfv�/ Mrxu0
qdo ri Hfrqrphwulfv

Shvdudq P1K1 dqg E1Shvdudq+4<<:, �Zrunlqj zlwk Plfur�w 7131 Lqwhudfwlyh
hfrqrphwulf dqdo|vlv�/ R{irug Xqlyhuvlw| Suhvv

Vdujdq G1+4<;;, �Ohfwxuhv rq dgydqfhg hfrqrphwulf wkhru|�/ hglwhg e| P1Ghvdl/
Edvlo Eodfnzhoo/ R{irug

Vyhqvvrq O1H1R1 +4<<:, �Lq dwlrq Iruhfdvw Wdujhwlqj= Lpsohphqwlqj dqg Prq0
lwrulqj Lq dwlrq Wdujhwv�/ Hxurshdq Hfrqrplf Uhylhz/ 74/ 444404479

Vyhqvvrq O1H1R1 +4<<;, �Prqhwdu| Lvvxhv iru wkh HVFE�1 Suhvhqwhg dw wkh
Fduqhjlh0Urfkhvwhu Frqihuhqfh1 Dydlodeoh dw kwws=22zzz1llhv1vx1vh2ohrvyhq2

Wd|oru M1E1+4<<6, �Glvfuhwlrq yhuvxv srolf| uxohv lq sudfwlfh� Fduqhjlh0Urfkhvwhu
Frqihuhqfh vhulhv rq Sxeolf Srolf|/ 6</ 4<80547

Wd|oru M1E1+4<<;, �Wkh urexvwqhvv dqg h!flhqf| ri prqhwdu| srolf| uxohv dv
jxlgholqhv iru lqwhuhvw udwh vhwwlqj e| wkh Hxurshdq Fhqwudo Edqn� sdshu
suhvhqwhg dw wkh Frqihuhqfh rq Prqhwdu| Srolf| Uxohv/ Vwrfnkrop 45046 Mxqh
4<<;

]hoghv V1S1 +4<;<, �Frqvxpswlrq dqg Oltxlglw| Frqvwudlqwv= Dq Hpslulfdo Lq0
yhvwljdwlrq �/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <:/ 5/ 6380679
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;14 Lqwurgxfwlrq

wr eh dgghg 111
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;15 Edvlf vhw0xs

Zh iroorz PfFdooxp dqg Qhovrq +4<<:, dqg dvvxph wkdw rxu hfrqrp| lv lqkde0
lwhg e| d odujh qxpehu ri lq�qlwho|0olylqj lghqwlfdo sulfh0wdnlqj krxvhkrogv1 Wkh|
fdq eh djjuhjdwh lqwr d vlqjoh uhsuhvhqwdwlyh krxvhkrog/ zkrvh suhihuhqfhv duh
vxppdul}hg e| wkh iroorzlqj lqwhuwhpsrudo xwlolw| ixqfwlrq=

Xw @ Hw

57 4[
v@w

�v�w

4� �

57 hF4��
w . �

#iPw

Sw

$4��6868 +;14,

zkhuh � 5 +3>4, lv wkh uhflsurfdo ri wkh lqwhuwhpsrudo hodvwlflw| ri vxe0

vwlwxwlrq/ � 5 +3>4, lv wkh lqwhuwhpsrudo glvfrxqw idfwru/ hFw 5 U. lv wkh uhdo

frqvxpswlrq ohyho dw gdwh w/
iPw

Sw
5 U. lv wkh vwrfn ri uhdo prqh| edodqfhv khog dw

wkh vwduw ri shulrg w/ dqg � 5 +3>4, lv wkh uhodwlyh zhljkw ri uhdo prqh| edodqfhv
lq wkh iholflw| ixqfwlrq1 Dv vwdwhg lq PfFdooxp dqg Qhovrq +4<<:/ s1 48,/ �111 wkh
udwlrqdoh iru wkh lqfoxvlrq ri lv ri frxuvh wkdw kroglqjv ri wkh hfrqrp|@v phglxp
ri h{fkdqjh surylgh wudqvdfwlrq vhuylfhv wkdw uhgxfh 111 +wkh, uhvrxufhv qhhghg
lq cvkrsslqj* iru wkh qxphurxv glvwlqfw frqvxpswlrq jrrgv zkrvh djjuhjdwh lv
uhsuhvhqwhg e| 1 hFw%=

Iroorzlqj djdlq PfFdooxp dqg Qhovrq +4<<:,/ zh dvvxph wkdw hdfk krxvh0
krog surgxfhv d vlqjoh jrrg xvlqj wkh iroorzlqj frqvwdqw0uhwxuqv0wr0vfdoh Free0
Grxjodv surgxfwlrq ixqfwlrq=

h\w @ dw hN4��
w +]whqw,� +;15,

zlwk � 5 +3>4,/ zkhuh hNw 5 U. lv wkh vwrfn ri fdslwdo khog e| wkh krxvhkrog
dw gdwh w/ ]w @ �w 5 U.. lv oderu0dxjphqwlqj h{rjhqrxv whfkqlfdo surjuhvv/
qw 5 ^3> 4` lv wkh oderu lqsxw/ dqg dw 5 U lv d vwrfkdvwlf phdvxuh ri Wrwdo Idfwru
Surgxfwlylw| +WIS,1 Zh dvvxph wkdw wkh qdwxudo orjdulwkp ri iroorzv d �uvw0
rughu xqlyduldwh DU surfhvv=

oq +dw.4, @ +4� �, oq +d, . � oq +dw, . �w +;16,

zkhuh d lv wkh xqfrqglwlrqdo phdq/ � 5 +3> 4, wkh shuvlvwhqfh sdudphwhu/ dqg
�w s Q

�
3> �5

�
wkh llg lqqrydwlrq1 E| dghtxdwho| fkrrvlqj xqlwv/ zh lpsrvh d @ 4=

Hdfk krxvhkrog lqhodvwlfdoo| vxssolhv rqh xqlw ri oderu wr d frpshwlwlyh oderu
pdunhw/ iurp zklfk wkh vdph krxvhkrog dv d surgxfhu sxufkdvhv wkh oderu lqsxw
dw wkh uhdo zdjh udwh Zw1 Ixuwkhupruh/ d pdunhw iru d rqh0shulrg jryhuqphqw
erqg h{lvwv1 Wkhvh erqgv sd| ehwzhhq gdwh w� 4 dqg w dq lqwhuhvw udwh htxdo wr
uw1

Wkh iroorzlqj uhsuhvhqwdwlyh krxvhkrog*v exgjhw frqvwudlqw kdv wr krog hdfk
shulrg zlwk suredelolw| rqh=



5:3 LQWHUWHPSRUDO RSWLPLVDWLRQ DQG FDOLEUDWLRQ

hNw.4 . +4 . �w,
iPw.4

Sw.4
. hEw.4 @ +;17

+4� �, hNw .
iPw

Sw
. +4 . uw, hEw . dw hN4��

w +]whqw,� � hFw � +hqw � 4,Zw � Y

zkhuh hEw 5 U. lv wkh vwrfn ri jryhuqphqw erqgv khog dw wkh ehjlqqlqj ri
shulrg w/ Sw lv wkh prqh| sulfh ri jrrgv/ �w @ +Sw.4 � Sw, @Sw lv wkh lq dwlrq
udwh/ Yw lv d oxps0vxp wd{ ohylhg rq wkh krxvhkrog/ dqg � lv wkh ghsuhfldwlrq
udwh1

Wkh suhvhqfh ri h{rjhqrxv whfkqlfdo surjuhvv lqwurgxfhv d qrq0vwdwlrqdu|
frpsrqhqw lq wkh v|vwhp1 Wklv lpsolhv wkdw wkh prgho zloo qrw frqyhujh wr d
vwhdg|0vwdwh lq wkh orqj0uxq1 Wkh ruljlqdo qrq0vwdwlrqdu| prgho fdq eh wudqv0
iruphg lqwr d vwdwlrqdu| rqh vlpso| e| qrupdol}lqj doo htxdwlrqv zlwk uhjdug wr
]w

4:1
Qrupdol}lqj htxdwlrq +;=4, jhwv=

Xw @ Hw

% 4[
v@w

h�v�w
4� �

�hf4��w . � +hpw,
4��

�&
+;18,

zkhuh h� @ ��4��/ hfw @ hFw@]w/ dqg hpw @ iPw@ +Sw]w,1 Wr dvvxuh wkh �qlwhqhvv

ri rxu remhfwlyh ixqfwlrq zh ixuwkhu lpsrvh wkdw h� ? 4=
Vlploduo|/ qrupdol}lqj +;17, zh rewdlq=

�hnw.4 . +4 . �w, � hpw.4 . �hew.4 @ +;19,

+4� �, hnw . hpw . +4 . uw,hew . dwhn4��w hq�w � hfw � +hqw � 4,zw � yw

zkhuh vpdoo ohwwhuv lghqwli| qrupdol}hg yduldeohv1

;1514 Wkh krxvhkrog*v sureohp

Wkh uhsuhvhqwdwlyh krxvhkrog vroyhv d vwrfkdvwlf rswlpdo frqwuro sureohp/ zlwk
frqvxpswlrq dqg oderu dv frqwuro yduldeohv/ dqg fdslwdo/ prqh|/ dqg erqgv dv
hqgrjhqrxv vwdwh yduldeohv 1 Irupdoo|/ vkh pd{lpl}hv +;18,/ hydoxdwhg dw gdwh 3/
vxemhfw wr +;19, dqg wkh lqlwldo frqglwlrqv iru doo hqgrjhqrxv vwdwh yduldeohv1

Lq rughu wr rewdlq wkh �uvw rughu frqglwlrqv/ zh irup d Odjudqjldq lq h{shf0
wdwlrqv=

�.Vlqfh � lv h{rjhqrxv/ wkh qrupdol}dwlrq fdq eh hdvlo| uhyhuvhg= wkh ruljlqdo dqg wkh wudqv0
iruphg prgho duh lvrprusklf1 Dq| txdolwdwlyh frqfoxvlrq zh pd| uhdfk vwxg|lqj qrupdol}hg
prgho fdq eh lpphgldwho| h{whqghg wr wkh ruljlqdo rqh1
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O @ Hw

+ 4[
v@w

h�w %#hf4��w . � hp4��
w

4� �

$
. h�w k+4� �, hnw . hpw . +4 . uw,hew . dwhn4��w hq�w � hfw � +hqw � 4,zw � y

+;1:,

zkhuh h�w lv d yhfwru ri suhvhqw0ydoxh frvwdwh yduldeohv/ dqg ghulyh lw zlwk
uhvshfw wr hfw/ hqw/ hnw.4/ hpw.4/ hew.4 dqg h�w1 Wkh �uvw rughu frqglwlrqv duh=

hf��w @ h�w +;1;,

�dwhn4��w hq��4w @ zw +;1<,

h�Hw

kh�w.4 +4� �, dw.4hn��w.4hq�w.4 . h�w.4 +4� �,
l
@ �h�w +;143,

h�Hw

�
� hp��

w.4 .
h�w.4� @ ^4 .Hw +�w,` �h�w +;144,

�hnw.4 . +4 . �w, � hpw.4 . �hew.4 @ +;145,

+4� �, hnw . hpw . +4 . uw,hew . dwhn4��w hq�w � hfw � +hqw � 4,zw � yw=

Frqglwlrqv +;1;,0+;145,/ wrjhwkhu zlwk wkh iroorzlqj wudvyhuvdolw| frqglwlrq=

olp
w�$4

H3

kh�wh�w �hnw.4 . hpw.4 .hew.4�l @ 3> +;146,

duh qhfhvvdu| dqg vx!flhqw iru wkh krxvhkrog*v sureohp/ lh1 wkh| frpsohwho|
fkdudfwhul}h wkh vhtxhqfh ri suredelolw| phdvxuhv wkdw vroyh wkh krxvhkrog*v
vwrfkdvwlf rswlpdo frqwuro sureohp1 Jlyhq wkdw wkh vwdwh yduldeohv duh dozd|v
srvlwlyh/ zh pd| uhzulwh +;146, dv wkuhh vhsdudwhg wudvyhuvdolw| frqglwlrqv=

olp
w�$4

H3
h�wh�whnw.4 @ 3> olp

w�$4
H3

kh�wh�w hpw.4

l
@ 3> olp

w�$4
H3

kh�wh�whew.4l @ 3=

+;147,
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;1515 Wkh jryhuqphqw

Wr forvh wkh prgho/ zh qhhg wr vshfli| d jryhuqphqw exgjhw frqvwudlqw wkdw
krogv hdfk shulrg zlwk suredelolw| rqh1 Zh vlpso| dvvxph wkdw doo vhljqlrudjh
uhyhqxhv duh lpphgldwho| sd|hg edfn wr wkh krxvhkrogv dv oxps0vxp wudqvihuv=

�yw @ +4 . �w, �pw.4 �pw . �ew.4 � +4 . uw, ew +;148,

zkhuhpw lv wkh shu0krxvhkrog uhdo prqh| vxsso| dqg ew lv wkh shu0krxvhkrog
vxsso| ri jryhuqphqw erqgv1

Wkh g|qdplfv ri jryhuqphqw erqgv kdv wr vdwlvi| dovr wkh vr0fdoohg Qr0Srq}l0
Jdph +QSJ, frqglwlrq zlwk suredelolw| rqh=

olp
v�$4

Hw

57 v\
m@w

+4 . um,
�4 ew.v.4

68 � 3= +;149,

Wkh QSJ frqglwlrq vwdwhv wkdw wkh suhvhqw ydoxh ri jryhuqphqw erqgv fdqqrw
eh vwulfwo| qhjdwlyh lq wkh orqj0uxq1 Lq rwkhu zrugv/ lw uxohv rxw wkh srvvlelolw|
iru wkh jryhuqphqw wr uhsd| h{lvwlqj ghew frqwudfwlqj dozd|v qhz ghew1 Wkh
+lqwudwhpsrudo, exgjhw frqvwudlqw +;148, wrjhwkhu zlwk wkh QSJ frqglwlrq +;149,
irupv dq lqwhuwhpsrudo exgjhw frqvwudlqw1

Iru wkh vdnh ri vlpsolflw|/ zh lpsrvh wkdw qrupdol}hg oxps0vxp wudqvihuv duh
frqvwdqw ryhu wlph/ lh1 wkdw yw @ y uw1 Ixuwkhupruh/ zh dvvxph wkdw wkh qrplqdo
prqh| vwrfn jurzv dw dq h{rjhqrxvo| jlyhq udwh �w=

Pw @
w\

l@3

�lP3= +;14:,

Ilqdoo|/ zh dvvxph wkdw wkh orjdulwkp ri �w iroorzv d vwdwlrqdu| DU surfhvv=

oq
�
�w.4

�
@ +4� �, oq +�, . � oq +�w, . �w +;14;,

zkhuh � lv wkh xqfrqglwlrqdo phdq/ � 5 +3>4 ,wkh shuvlvwhqfh sdudphwhu/ dqg
�w s Q

�
3> �5

�
wkh llg lqqrydwlrq1

Htxdwlrq +;14:, fdq eh lqwhusuhwhg dv d �ghjhqhudwhg� yhuvlrq ri wkh fhqwudo
edqnhu uhdfwlrq ixqfwlrq/ vlqfh prqhwdu| srolf|/ lh1 wkh jurzwk udwh ri qrplqdo
prqh| edodqfhv/ grhv qrw ghshqg rq dq| hqgrjhqrxv yduldeoh1 Lq wklv iudph0
zrun/ wkhq/ prqhwdu| srolf| vkrfnv fdq eh prghohg dv xqh{shfwhg vkrfnv wr wkh
h{rjhqrxv jurzwk udwh ri qrplqdo prqh| edodqfhv1 Lq rwkhu zrugv/ wkh| frlqflgh
zlwk wkh llg lqqrydwlrqv lq +;14;,1
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;16 G|qdplf htxloleulxp

Wr fkdudfwhul}h d g|qdplf htxloleulxp/ zh qrwh �uvw ri doo wkdw/ ehlqj doo krxvh0
krogv lghqwlfdo/ lq htxloleulxp lqglylgxdo dqg djjuhjdwh shu0krxvhkrog txdqwlwlhv
kdyh wr frlqflgh> wklv lpsolhv wkdw doo wloghv kdyh wr eh gursshg1 Ixuwkhupruh/
zh lpsrvh wkh iroorzlqj frqglwlrqv=

hqw @ qw @ 4> hpw @pw @
Pw

�wSw
> hew @ ew +;14<,

zkhuh lq +;14<, Pw lv wkh shu0krxvhkrog qrplqdo prqh| vxsso|1 Htxdwlrq
+;14<, htxdwhv ghpdqg dqg vxsso| iru wkh oderu lqsxw/ wkh vwrfn ri qrplqdo
prqh| edodqfhv/ dqg wkh vwrfn ri jryhuqphqw erqgv1

Frpelqlqj +;14:, dqg +;14<, zlwk wkh gh�qlwlrq ri lq dwlrq udwh zh rewdlq=

4 . �w @
�w
�

pw

pw.4
= +;153,

Wkhuh duh wzr rwkhu wklqjv wr qrwh=

41 Wkh yduldeoh pw/ d vwdwh yduldeoh iurp wkh krxvhkrog srlqw ri ylhz/ eh0
frphv d iruzdug0orrnlqj djjuhjdwh ghflvlrq yduldeoh zkhq frqvlghuhg iurp
wkh djjuhjdwh srlqw ri ylhz1 Wkh uhdvrq lv wkh iroorzlqj1 Wkh qrplqdo
prqh| vxsso| lv h{rjhqrxv/ zkloh wkh ghpdqg iru uhdo prqh| edodqfhv lv
hqgrjhqrxv1 Wkh sulfh ohyho Sw kdv wr htxdwh vxsso| dqg ghpdqg/ lh1 xq0
ghu udwlrqdo h{shfwdwlrqv/ kdv wr vdwlvi| wkh �uvw rughu frqglwlrq jryhuqlqj
wkh dffxpxodwlrq ri uhdo prqh| edodqfhv/ htxdwlrq +;144,1 Wkh sulfh ohyho/
wkhq/ vxevwlwxwhv Pw dv dq djjuhjdwh hqgrjhqrxv yduldeoh/ zlwk wkh gl�hu0
hqfh wkdw Sw lv qrw d vwdwh yduldeoh/ exw d iruzdug0orrnlqj yduldeoh wkdw fdq
eh wuhdwhg dv d frvwdwh yduldeoh1 Wkh yduldeohpw/ wkhq/ lv wkh udwlr ehwzhhq
Pw�

�w/ dq h{rjhqrxv surfhvv/ dqg Sw1 Wr vwuhvv wklv srlqw/ zh pd| uhzulwh
pw dv 4@sw/ zkhuh sw @ �wSw@Pw lv d qrupdol}hg vwdwlrqdu| yduldeoh1

51 Vlqfh erwk wkh qrplqdo prqh| vxsso| dqg wkh oxps0vxp wudqvihuv duh
h{rjhqrxv/ erqgv kdyh wr frxqwhuedodqfh vhljqlrudjh lq rughu wr nhhs wkh
jryhuqphqw exgjhw edodqfhg1 Wkh vxsso| ri jryhuqphqw erqg lv wkhq/ lq
vrph vhqvh/ h{rjhqrxv wrr1 Pruh suhflvho|/ lw lv qrw xqghu wkh jryhuqphqw
frqwuro1 Wkh ghpdqg iru jryhuqphqw erqgv lv/ krzhyhu/ vwloo hqgrjhqrxv1
Wkh uhdo lqwhuhvw udwh uw kdv wr htxdwh vxsso| dqg ghpdqg iru erqgv/
lh1 xqghu udwlrqdo h{shfwdwlrqv/ kdv wr vdwlvi| frqglwlrq +45,1 Dovr / wkhq/
ehfrphv dq djjuhjdwh iruzdug0orrnlqj ghflvlrq yduldeoh1

Zh qrz vxevwlwxwh +49, dqg +;153, lq wkh krxvhkrog �uvw rughu frqglwlrqv/ lq
rughu wr rewdlq d v|vwhp ri vwrfkdvwlf gl�huhqfh htxdwlrqv wkdw ixoo| ghvfuleh d
g|qdplf frpshwlwlyh htxloleulxp lq rxu hfrqrp|4; =

�HIru wkh vdnh ri vlpsolflw|/ zh gursshg htxdwlrq EBB�



5:7 LQWHUWHPSRUDO RSWLPLVDWLRQ DQG FDOLEUDWLRQ

f��w @ �w +;154,

Hw

�
�w.4

�
+4� �, dw.4n

��
w.4 .4� �

��
@

�h��w +;155,

Hw

�
�s�w.4 . �w.4

�
@ Hw +sw.4,

�wh� �w
sw

+;156,

Hw ^�w.4 +4 . uw.4,` @
�h��w +;157,

�nw.4 @ +4� �, nw . dwn
4��
w � fw +;158,

�ew.4 @
4� �w
sw

. +4 . uw, ew � yw= +;159,

Ixuwkhupruh/ wkh wudvyhuvdolw| frqglwlrqv +;147, fdq eh uhvwdwhg dv=

olp
w�$4

H3
h�w�wnw.4 @ 3> olp

w�$4
H3

�h�w �w
sw.4

�
@ 3> olp

w�$4
H3

kh�w�wew.4l @ 3= +;15:,

Qrwh wkdw wkh odvw wudvyhuvdolw| frqglwlrq lq +;15:, lpsolhv +fkhfn$, wkh QSJ
frqglwlrq +;149,1 Qrwh ixuwkhupruh wkdw/ dv lq Ehqdvv| +4<<8,/ wkh g|qdplfv ri
frqvxpswlrq dqg lqyhvwphqw lv gulyhq e| uhdo vkrfnv rqo| +frqvlghu htxdwlrqv
;154/ ;155/ dqg ;158= wkh| uhsuhvhqw d vwdqg0dorqh Eurfn0Plupdq prgho,1 Wkh
�uhdo� zruog lv lq vrph vhqvh frpsohwho| vhsdudwhg iurp wkh �prqhwdu|� zruog1
Wkh g|qdplfv ri jryhuqphqw ghew/ rq wkh rwkhu vlgh/ lv gulyhq e| erwk prqhwdu|
dqg uhdo vkrfnv1 Wklv �vhsdudwlrq� uhvxow lv ri frxuvh qrw urexvw/ ghshqglqj rq
rxu yhu| sduwlfxodu dvvxpswlrqv dv idu dv wkh vwuxfwxuh ri suhihuhqfhv dqg wkh
prqh| fuhdwlrq surfhvv duh frqfhuqhg1

Lq vxppdu|/ htxdwlrqv +;155,0+;159,/ wrjhwkhu zlwk wkh lqlwldo frqglwlrqv dqg
+;15:,/ irup d v|vwhp ri vwrfkdvwlf gl�huhqfh htxdwlrqv wkdw frpsohwho| ghvfuleh
wkh frpshwlwlyh htxloleulxp doorfdwlrqv iru rxu hfrqrp|1 Wkh vroxwlrq wr vxfk d
v|vwhp lv dq lq�qlwh vhtxhqfh ri frqglwlrqdo suredelolw| phdvxuhv wkdw frqyhujh
lq wkh orqj0uxq wr d lqyduldqw/ ru xqfrqglwlrqdo/ glvwulexwlrq> lq rwkhu zrugv/ d
vhtxhqfh iSw +fw> sw> uw> �w> ew> dw> �w pn3> e3> d3> �3,j43 / zkhuh hdfk Sw +�, uhsuhvhqwv
d suredelolw| phdvxuh rq U4. / frqyhujlqj wr S +f> s> u> �> n> e> 4> �, dv w $ 41
Jlyhq wkh uhfxuvlyh vwuxfwxuh ri rxu v|vwhp/ d vroxwlrq fdq eh dovr vhhq dv d vhw
ri djjuhjdwh ghflvlrq uxohv iru fw> sw> uw> �w> nw.4 dqg ew.4/ h{suhvvhg dv ixqfwlrqv
ri nw> ew> dw dqg �w1
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;17 Dq LV0OP lqwhusuhwdwlrq

Rqh ri wkh pdlq frqwulexwlrqv ri PfFdooxp dqg Qhovrq +4<<:, lv wkh suryh wkdw
wkh vlpsoh dgglwlrq ri dq h{shfwdwlrqdo whup lv vx!flhqw wr pdnh wkh vwdqgdug
LV ixqfwlrq pdwfk d ixoo| rswlpl}lqj prgho/ zkhuhdv qr fkdqjhv duh qhhghg dv
idu dv wkh OP ixqfwlrq lv frqfhuqhg1

Zh fdq hdvlo| uhsolfdwh wkhlu dujxphqw lq rxu iudphzrun1 Zh fdq frpelqh
+;156, zlwk +;154, dqg +;155,/ rewdlqlqj=

Hw

�
�p��

w.4 . f��w.4

�
@ ^4 .Hw +�w,`Hw

�
f��w.4 +4 . uw.4,

�
+;15;,

Iroorzlqj Vdujhqw +4<;:/ ss1 <70<8,/ zh fdq dssur{lpdwh4< +;15;, zlwk=

Hw

�
�p��

w.4

�
@ Hw

�
f��w.4

� i^4 .Hw +�w,` ^4 .Hw +uw.4,`� 4j +;15<,

Htxdwlrq +;15<, fdq eh uhzulwwhq dv=

Hw

�
�p��

w.4

�
@ Hw

�
f��w.4

�
Hw +lw.4, +;163,

zkhuh lw.4 @ +4 . �w, +4 . uw.4,�4 lv wkh qrplqdo lqwhuhvw udwh ehwzhhq gdwh
w dqg w .41 Ixuwkhupruh/ zh fdq frpelqh +;154, dqg +;155, wr jhw=

h�Hw

�
f��w.4 +4 . uw.4,

�
@ �f��w +;164,

Frqvlghu qrz htxdwlrqv +;163, dqg +;164,1 Wkh �uvw rqh gl�huv rqo| e| d
udqgrp whup iurp d vwdqgdug OP ixqfwlrq pw @ OP +fw> lw,/ zkhuh wkh uhdo
prqh| edodqfhv ghshqg xsrq d wudqvdfwlrq yduldeoh dqg dq rssruwxqlw| frvw
yduldeoh1 Wkh vhfrqg rqh/ lqvwhdg/ fdq eh lqwhusuhwhg dv dq h{whqghg LV ixqfwlrq
e| lpsrvlqj d ixuwkhu dvvxpswlrq1 Li/ dv vwdwhg lq PfFdooxp dqg Qhovrq +4<<:/
ss1 :043,/ zh duh deoh wr dssur{lpdwh  xfwxdwlrqv lq lqfrph zlwk  xfwxdwlrqv lq
frqvxpswlrq +dw ohdvw iru exvlqhvv f|foh sxusrvhv, / wkhq zh pd| vxevwlwxwh wr lq
+;164,/ dqg jhw dq h{whqghg LV ixqfwlrq ri wkh irup |w @ LV ^Hw +|w.4, > Hw +uw.4,`1
Wkh suhylrxv LV ixqfwlrq lv qrq0vwdqgdug vlqfh lw lqfrusrudwhv h{shfwdwlrqdo
whupv iru erwk wkh lqfrph ohyho dqg wkh uhdo lqwhuhvw udwh1 Wklv iruzdug0orrnlqj
dvshfw lv xvxdoo| devhqw lq vwdqgdug LV �OP dqdo|vlv1

;18 Fdoleudwlrq

Ehiruh irfxvlqj rq wkh vroxwlrq phwkrg/ zh qhhg wr fkrrvh d ydoxh iru doo ghhs sd0
udphwhuv ri wkh prgho1 Wr vshfli| d sduwlfxodu ydoxh iru doo h{rjhqrxv sdudphwhuv

�bJlyhq wzr udqgrp yduldeohv/ % dqg +/ zh kdyh wkdw . E%+� ' . E%�. E+� n �J� E%c +� �
Vdujhqw E� dssur{lpdwhv wkh frqglwlrqdo fryduldqfh whup e| }hur1
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lv d txlwh ghpdqglqj wdvn lqghhg/ vlqfh pdq| ri wkhvh sdudphwhuv duh gl!fxow/
ru sudfwlfdoo| lpsrvvleoh/ wr hvwlpdwh1

Wkh dssurdfk zh iroorz khuh lv nqrzq dv fdoleudwlrq/ dqg lv h{whqvlyho| glv0
fxvvhg lq Frroh| +4<<:,/ dprqj rwkhuv1 Kh vwdwhv +s1 89, wkdw �fdoleudwlrq lv
d vwudwhj| iru �qglqj qxphulfdo ydoxhv iru wkh sdudphwhuv ri duwl�fldo hfrqrplf
zruogv111^lw` xvhv hfrqrplf wkhru| h{whqvlyho| dv wkh edvlv iru uhvwulfwlqj d jhqhudo
iudphzrun dqg pdsslqj wkdw iudphzrun lqwr wkh phdvxuhg gdwd1�

Wkh pdlq gl�huhqfh ehwzhhq wkh fdoleudwlrq dssurdfk dqg wkh vwdqgdug
hfrqrphwulf dssurdfk olhv lq wkh elgluhfwlrqdo uhodwlrqvkls ehwzhhq wkhru| dqg
phdvxuhphqw1 Iluvw ri doo/ wkh wkhru| gh�qhv wkh txdqwlwlhv ri lqwhuhvw wr eh phd0
vxuhg/ dqg vxjjhvwv krz dydlodeoh phdvxuhphqwv kdyh wr eh uhrujdql}hg/ vlqfh
wkh| pd| eh qrw frqvlvwhqw zlwk wkh wkhru|1 Iru h{dpsoh/ wkh frqfhsw ri lq0
yhvwphqw lq rxu prgho lv d idluo| eurdg rqh> vlqfh qr jryhuqphqw ru iruhljq
vhfwruv duh h{solflwo| prghohg/ wr rewdlq d phdvxuh ri lqyhvwphqw wkdw pdwfkhv
rxu wkhruhwlfdo frqfhsw zh kdyh wr uhrujdql}h dydlodeoh gdwd/ dqg vxp xs sulydwh
�{hg lqyhvwphqw/ sulydwh frqvxpswlrq ri gxudeoh jrrgv/ jryhuqphqw lqyhvwphqw/
dqg qhw h{sruwv1 Dq h{whqvlyh glvfxvvlrq ri wklv dqg rwkhu wrslfv fdq eh irxqg
lq Frroh| dqg Suhvfrww +4<<8,/ zkhuh d vwdqgdug qhrfodvvlfdo jurzwk prgho lv
fduhixoo| fdoleudwhg wr wkh XV hfrqrp|1

Wkhq/ phdvxuhphqwv duh xvhg wr jlyh hpslulfdo frqwhqw wr wkh wkhru|/ dqg lq
sduwlfxodu wr surylgh hpslulfdoo| edvhg ydoxhv iru xqnqrzq sdudphwhuv> lq rwkhu
zrugv/ wkh sdudphwhuv duh fkrvhq/ dffruglqj wr Frroh| +4<<:/ s1 8;,/ �vr wkdw
wkh ehkdylru ri wkh prgho hfrqrp| pdwfkhv ihdwxuhv ri wkh phdvxuhg gdwd lq dv
pdq| glphqvlrqv dv wkhuh duh xqnqrzq sdudphwhuv�1 Lq rxu fdvh/ wkh ihdwxuhv
zh zdqw wr pdwfk duh orqj0uxq ihdwxuhv ri wkh uhdo dqg prqhwdu| yduldeohv/ vlqfh
rxu pdlq lqwhuhvw duh wkh vkruw0uxq f|folfdo surshuwlhv ri wkh prgho1

Qrwh wkdw hvwlpdwlrq dqg fdoleudwlrq duh qrw vxevwlwxwhv/ exw frpsohphqwv1
Lq rwkhu zrugv/ wkh fdoleudwlrq dssurdfk lv prvwo| xvhixo zkhq d vxe0vhw ri wkh
sdudphwhuv lv xqrevhuydeoh ru gl!fxow wr hvwlpdwh/ zkloh vwdqgdug hfrqrphwulf
phwkrgv duh vwloo suhihudeoh zkhq wkh sdudphwhuv duh revhuydeoh dqg wkh dssur0
suldwh gdwd hdvlo| dydlodeoh1

Qrwh ixuwkhupruh wkdw wkh gl�xvhg sudfwlfh ri eruurzlqj sdudphwhu ydoxhv
iurp rwkhu vwxglhv lv dgplvvleoh rqo| li wkh gdwd zhuh uhrujdql}hg lq zd| frp0
sdwleoh zlwk rxu qhhgv/ dqg li wkh phdvxuhphqwv rewdlqhg uhihu wr wkh vdph
wkhruhwlfdo frqfhsw1 Zh zloo iroorz wklv sudfwlfh wrr/ dqg eruurz pdq| sdudp0
hwhu ydoxhv iurp Frroh| dqg Suhvfrww +4<<8,/ Frroh| dqg Kdqvhq +4<<8,/ dqg
Jdylq dqg N|godqg +4<<<,> zh vwuhvv/ krzhyhu/ wkdw wkh uhtxluhphqwv suhylrxvo|
glvfxvvhg duh lq rxu fdvh frpsohwho| ixo�oohg1

Qrz/ wkh frpsohwh olvw ri sdudphwhuv zh kdyh wr slq grzq lv wkh iroorzlqj= /
wkh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq/ h�/ wkh lqwhuwhpsrudo glvfrxqw idfwru/
�/ wkh uhodwlyh zhljkw ri uhdo prqh| edodqfhv lq wkh iholflw| ixqfwlrq/ �/ wkh
whfkqrorj| frh!flhqw/ �/ wkh ghsuhfldwlrq udwh/ �/ wkh orqj0uxq jurzwk udwh/ �/
wkh xqfrqglwlrqdo phdq ri prqh| jurzwk/ �/ wkh frqvwdqw ohyho ri qrupdol}hg
wudqvihuv/ �/ wkh shuvlvwhqfh sdudphwhu iru WIS/ dqg )/ wkh shuvlvwhqfh sdudphwhu



FDOLEUDWLRQ 5::

iru prqh| jurzwk531
D odujh vxe0vhw ri wkhvh sdudphwhuv lv hdvlo| hvwlpdwhg xvlqj dydlodeoh gdwd1

Lq sduwlfxodu/ wkh orqj0uxq txduwhuo| jurzwk udwh � fdq eh hvwlpdwhg e| �wwlqj d
olqhdu wuhqg wr wkh orjdulwkp ri txduwhuo| JGS> Frroh| dqg Suhvfrww +4<<8, re0
wdlq � @ 4=3371 Wkh shuvlvwhqfh sdudphwhu iru WIS pd| eh hvwlpdwhg e| �wwlqj
dq DU prgho rq wkh vwdqgdug Vrorz uhvlgxdo1 V|pphwulfdoo|/ wkh sdudphwhuv
jryhuqlqj wkh vwrfkdvwlf surfhvv iru prqh| jurzwk fdq eh hvwlpdwhg vlpso| �w0
wlqj dq DU prgho rq wkh orjdulwkp ri wkh dfwxdo prqh| jurzwk udwh1 Djdlq/
Frroh| dqg Suhvfrww +4<<8, rewdlq � @ 3=<8/ zkloh Frroh| dqg Kdqvhq +4<<8,
rewdlq � @ 4=346 dqg � @ 3=7<=1

Ilqdoo|/ hpslulfdo hvwlpdwhv h{lvw dovr iru wkh hodvwlflw| ri lqwhuwhpsrudo vxe0
vwlwxwlrq> prvw dxwkruv djuhh rq d �jxuh wkdw olhv ehwzhhq 4 dqg 5/ vr zh fkrvh
wkh vwdqgdug ydoxh ri 5 iru rxu h{shulphqwv1

Wkh uhpdlqlqj sdudphwhuv/ qdpho| h�/ �/ �/ �/ dqg / duh ohiw iru rxu fdoleudwlrq
h{huflvh1 Qrw wkdw wkh �uvw wzr sdudphwhuv duh lq sulqflsoh xqrevhuydeoh1 Dv
douhdg| dqwlflsdwhg/ zh fkrrvh ydoxhv iru wkhvh sdudphwhuv wkdw pdnh wkh prgho
uhsurgxfh vrph orqj0uxq ihdwxuhv ri dfwxdo XV gdwd1 Iluvw ri doo/ wkhq/ zh kdyh
wr �qg rxw zkdw wkh orqj0uxq ihdwxuhv ri wkh prgho duh1

Zh lpphgldwho| uhfrjql}h wkdw wkh Free0Grxjodv whfkqrorj| lpsolhv d oderu
vkduh lq lqfrph frqvwdqw dqg htxdo wr 1 Wklv ohdgv xv wr fkrrvh d ydoxh iru htxdo
wr wkh orqj0uxq oderu vkduh lq wrwdo lqfrph1 Frroh| dqg Suhvfrww +4<<8, fduhixoo|
uhfrqvwuxfw d frqvlvwhqw phdvxuh ri wrwdo lqfrph dqg fdslwdo lqfrph/ rewdlqlqj
d orqj0uxq fdslwdo vkduh htxdo wr 3171 Zh eruurz wkhlu uhvxow dqg fkrrvh 1

Zh lpsrvh wkhq d fhuwdlqw| htxlydohqfh dvvxpswlrq/ dvvxulqj wklv zd| wkdw
wkh xqfrqglwlrqdo phdq ri wkh lqyduldqw glvwulexwlrq wr zklfk wkh vroxwlrq whqgv
lq wkh orqj0uxq lv htxdo wr wkh vwhdg|0vwdwh ri wkh ghwhuplqlvwlf yhuvlrq ri rxu
v|vwhp1 Wkh vwhdg|0vwdwh ri wklv ghwhuplqlvwlf v|vwhp fdq eh hdvlo| frpsxwhg
gursslqj doo h{shfwdwlrqv dqg wlph lqgh{hv iurp +55,0+5:,=

f�� @ � +;165,

+4��,
|

n
.4� � @

�h� +;166,

�s� @

�
�h� � 4

�
� +;167,

4 . u @
�h� +;168,

2fQrwh
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� @ 4� � .
l

n
+;169,

�e @
4� �

s
.
�h� e� � +;16:,

Htxdwlrqv +66,0+6;, gh�qh lpsolflwo| wkh vwhdg|0vwdwh ydoxhv iru wkh frqwuro/ hq0
grjhqrxv vwdwh dqg frvwdwh yduldeohv1 Ixuwkhupruh/ zh pd| hdvlo| rewdlq d forvhg
irup vroxwlrq iru wkh vwhdg|0vwdwh fdslwdo0rxwsxw udwlr/ wkh lqfrph yhorflw| ri
prqh|/ wkh frqvxpswlrq vkduh lq wrwdo lqfrph/ dqg wkh jryhuqphqw erqg0rxwsxw
udwlr1 Iurp +67, zh jhw=

n

|
@

h� +4� �,

� � h� +4 . �,
+;16;,

Frpelqlqj +66, dqg +68,/ zh rewdlq=

f

|

|

p
@

#
� � h�h��

$ 4
�

+;16<,

Vroylqj +6:, iru wkh lqyhvwphqw0fdslwdo udwlr jhwv=

l

n
@ � � 4 . � +;173,

Ilqdoo|/ iurp +6;,=

e

|
@

�
�

|
� +4� �,

p

|

�
�h�

4� h� +;174,

Frpelqlqj +6<, dqg +74, zh jhw dq h{suhvvlrq iru wkh lqyhvwphqw vkduh l@| @
+l@n, +n@|, dqg lqgluhfwo| iru wkh frqvxpswlrq vkduh/ f@| @ 4� l@|=1

Hpslulfdo hvwlpdwhv ri wkh orqj0uxq fdslwdo0rxwsxw udwlr/ wkh jryhuqphqw
erqg0rxwsxw udwlr/ wkh lqfrph yhorflw|/ dqg wkh frqvxpswlrq vkduh duh uhdglo|
dydlodeoh1 Lq sduwlfxodu/ Frroh| dqg Suhvfrww +4<<8, rewdlq d orqj0uxq txduwhuo|
fdslwdo0rxwsxw udwlr htxdo wr 4615; dqg d frqvxpswlrq vkduh htxdo wr 31:8> Jdylq
dqg N|godqg +4<<<, uhsruw d orqj0uxq P4 lqfrph yhorflw| htxdo wr 8161

Uhihuhqfh iru e2|

Pdqlsxodwlqj +6<,0+75,/ zh fdq h{suhvv wkh sdudphwhuv h�/ �/ �/ dqg �/ dv d
ixqfwlrq ri wkhvh revhuydeoh orqj0uxq surshuwlhv=
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� @ 4� � .

�
4� f

|

�
|

n
+;175,

h� @
�

+4��, |n .4� �
+;176,

� @
� � h�h�

�
|

f

p

|

��

+;177,

�

|
@

4� h�
�h� e

|
. +4� �,

p

|
+;178,

Wkh lpsolhg ydoxhv duh � @ 3=348/ h� @ 3=<;</ � @ 4=55/ dqg 1
Dv douhdg| qrwhg/ rxu fhuwdlqw| htxlydohqfh dvvxpswlrq pdnhv wkh xqfrq0

glwlrqdo phdq ri wkh lqyduldqw glvwulexwlrq wr zklfk wkh v|vwhp whqgv lq wkh
orqj0uxq wr pdwfk lwv ghwhuplqlvwlf vwhdg|0vwdwh1 Zlwk wklv lp plqg/ fdoleudwlrq
fdq eh lqwhusuhwhg dv d phwkrg ri prphqwv hvwlpdwlrq wkdw irfxvhv rqo| rq d
olplwhg vxevhw ri wkh sdudphwhuv/ vhwwlqj rqo| wkh glvfuhsdqf| ehwzhhq wkh �uvw
prphqw ri wkh gdwd dqg wkh prgho wr }hur1

;19 Wkh NSU surfhgxuh

Wr rewdlq wkh ghflvlrq uxohv/ zh dsso| wkh zhoo nqrzq Nlqj/ Sorvvhu dqg Uhehor
+4<;;/ NSU, vroxwlrq surfhgxuh1 Dv dqwlflsdwhg lq wkh suhylrxv vhfwlrq/ zh vwduw
e| lpsrvlqj fhuwdlqw| htxlydohqfh1 Dv d frqvhtxhqfh/ wkh xqfrqglwlrqdo phdq
ri wkh lqyduldqw glvwulexwlrq wr zklfk wkh vroxwlrq whqgv lq wkh orqj0uxq fruuh0
vsrqgv wr wkh ghwhuplqlvwlf vwhdg|0vwdwh1 Wkhq/ zh olqhdul}h wkh v|vwhp durxqg
wkh vwhdg|0vwdwh dqg vroyh lw zlwk wkh Eodqfkdug0Nkdq dojrulwkp1

;1914 Orj0olqhdul}dwlrq

Wr lpsohphqw rshudwlrqdoo| wklv surfhgxuh/ zh vwduw e| frqvlghulqj d ghwhuplq0
lvwlf yhuvlrq ri wkh �uvw rughu frqglwlrqv=

f��w @ �w +;179,

�w.4

�
+4��,�w.4n

��
w.4 .4� �

�
@

�h��w +;17:,
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�s�w.4 . �w.4 @
�h� sw.4sw

�w +;17;,

�w.4 +4 . uw.4, @
�h��w +;17<,

�nw.4 @ +4� �, nw .�n4��w � fw +;183,

�ew.4 @
4� �w
sw

. +4 . uw, ew � � +;184,

Zh olqhduo| dssur{lpdwh frqglwlrqv +7:,0+85, zlwk d �uvw0rughu Wd|oru ds0
sur{lpdwlrq durxqg wkh ghwhuplqlvwlf vwhdg|0vwdwh/ h{suhvvlqj wkh dssur{lpdwhg
frqglwlrqv lq shufhqwdjh ghyldwlrqv iurp wkh vwhdg|0vwdwh lwvhoi1

Frqvlghu htxdwlrq +7:,/ dqg uhzulwh lw dv54 =

h��hfw @ h
h�w +;185,

zkhuh h{ @ oq +{w,1 Wkh �uvw0rughu Wd|oru dssur{lpdwlrq ri +86, lv htxdo wr55

=

��h��hf +hfw � hf, @ h
h�
�h�w � h�� +;186,

Vlqfh lq vwhdg|0vwdwh h{s +��hf, @ h{s
�h��/ dqg vlqfh h{w � h{ @ oq +{w@{,/

frqglwlrq +87, fdq eh vlpsol�hg dv56 =

��efw @ e�w +;187,

zkhuh e{w @ oq +{w@{,1 Htxdwlrq +88, lv d orj0olqhdul}hg yhuvlrq ri frqgl0
wlrq +7:,/ h{suhvvhg lq shufhqwdjh ghyldwlrq iurp wkh vwhdg|0vwdwh/ vlqfh e{w t
+{w � {, @{1

Frqvlghu qrz frqglwlrq +7;,/ dqg uhzulwh lw dv=

2�Dorqj dq rswlpdo sdwk erwk S| dqg b| duh vwulfwo| srvlwlyh1
22Wkh �uvw rughu Wd|oru h{sdqvlrq ri d qrq0olqhdu ixqfwlrq s E%� durxqg d srlqw %f lv jlyhq

e| s E%� ' {s E%f� E%3 %f� n " E%� � Wklv lpsolhv wkdw s E%� t {s E%f� E%3 %f� �
2�Wkhuh lv dq hdvlhu zd| wr jhw +,=wdnh orjv ri +,/ dgg dqg vxewudfw *? Eb� iurp wkzh ohiw0kdqg

vlgh ri wkh uhvxow/ dqg frqvlghu wkdw *? Eb� ' 3> *? ES� � Qrwh wkhw wklv dssurdfklv ihdvleoh rqo|
ehfdxvh +, lv dohdg| orj0olqhdu1 Qrwh ixuwkhupruhwkdw frqglwlrq lv qrw dq dssur{lpdwlrq/ exw
vlpso| d wudqvirupdwlrq1
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h
h�w.4

k
+4� �, hh�w.4h��

hnw.4 .4� �
l
@

�h�hh�w +;188,

Wkh �uvw0rughu Wd|oru dssur{lpdwlrq ri +89, durxqg wkh vwhdg|0vwdwh lv=

+4� �, h
h�h��

hn
�h�w.4 � h��. +4��, h

h�h��
hnh�w.4 � �VNh

h�h��
hn
�hnw.4 � hn�. +4� �, h

h�
�h�w.4 � h�� @ *h

+;189,

Htxdwlrq +8:, fdq eh uhzulwwhq dv=k
+4��,

|

n
.4� �

l
�e�w.4 . +4� �,

|

n
�edw.4 �� +4��,

|

n
�enw.4 @

�h��e�w
+;18:,

vlqfh h{s +h{, @ { dqg=

+4��, h
h�h��

hn @ +4��,�n�� @ +4� �,�
n4��

n
@ +4� �,

|

n
+;18;,

Wdnlqj lqwr dffrxqw wkdw lq vwhdg|0vwdwh=k
+4��,

|

n
. 4� �

l
� @

�h�� +;18<,

zh fdq glylgh hyhu|wklqj e| +4��, |
n
� dqg uhzulwh +8<, dv=

��enw.4 . $e�w.4 � $e�w @ �edw.4 +;193,

zkhuh=

$ @
n

|

�h� +4� �,
+;194,

Qrwh wkdw lq htxdwlrq +94,/ doo hqgrjhqrxv vwdwh dqg frvwdwh yduldeohv duh
jurxshg rq wkh ohiw0kdqg vlgh/ zkloh wkh +xqltxh, h{rjhqrxv vwdwh yduldeoh lv
lvrodwhg rq wkh uljkw0kdqg vlgh1 Wklv lv grqh iru ixwxuh qrwdwlrqdo frqyhqlhqfh1

Frqglwlrqv +7<, dqg +83, fdq eh orj0olqhduo| dssur{lpdwhg e| +fkhfn$,=%
�

#
4�

h�
�

$
� 4

& esw.4 . esw . h�
�
e�w.4 � e�w @ e�w +;195,

u

4 . u
euw.4 . e�w.4 � e�w @ 3= +;196,

Ilqdoo|/ frqglwlrqv +84,0+85, fdq eh orj0olqhduo| dssur{lpdwhg e| +djdlq/
fkhfn$,=
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�
n

|
enw.4 � �+4� �,

n

|
. 4��

� enw @ � f

|
efw . edw +;197,

�eew.4 � +4 . u,eew . +4� �,*esw � ueuw @ ��*e�w +;198,

zkhuh * @ +p@|, +|@e,1
Htxdwlrqv +6, dqg +4<, gluhfwo| lpso| wkdw=

edw.4 @ �edw . �w +;199,

e�w.4 @ �e�w . �w= +;19:,

;1915 Wkh olqhdul}hg v|vwhp

Gh�qlqj exw @ ^efw`/ evw @ kenw m eew m esw m euw m e�wl3 / dqg ehw @ ^edw m e�w`/ zh fdq uhzulwh

+88, dv=

Px xexw @Px vevw .Pxhehw +;19;,

zkhuh Px x @ ^��`/ Pxv @ ^3 m 3 m 3 m 3 m 4` >/ dqgPxh @ ^3 m 3` 1
Frqglwlrqv +94, dqg +96,0+99, fdq eh mrlqwo| uhzulwwhq dv=

Pvv +O, evw.4 @Pvx +O, exw.4 .Pvh +O, ehw.4 +;19<,

zkhuh O lv wkh odj rshudwru/ ru dv=

�
P3

vv .P4
vv � O

� evw.4 @
�
P3

vx .P4
vx � O

� exw.4 .
�
P3

vh .P4
vh �O

� ehw.4 +;1:3,

zkhuh=

P3
vv @

5999997
�� 3 3 3 �

3 3 �
�
4� h�

�

�
� 4 3

h�
�

3 3 3 u
4.u

4

� n| 3 3 3 3

3 � 3 3 3

6:::::8 +;1:4,
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P4
vv @

599997
3 3 3 3 ��
3 3 4 3 �4
3 3 3 3 �4

� +4� �, n| . 4�� 3 3 3 3

3 � +4 . u, +4� �,* �u 3

6::::8 +;1:5,

P3
vx @

599997
3
3
3
3
3

6::::8 >P4
vx @

599997
3
3
3
� f

|

3

6::::8 =P3
vh @

599997
�4 3
3 3
3 3
3 3
3 3

6::::8 >P4
vh @

599997
3 3
3 4
3 3
4 3
3 ��*

6::::8 +;1:6,

Dvvxplqj lv lqyhuwleoh/ zh fdq vroyh +9<, iru exw=
exw @ Txvevw .Txhehw +;1:7,

zkhuh Txv @ P�4
x xPxv dqg Txh @ P�4

x xPxh1 Hydoxdwlqj +:7, dw gdwh w . 4
dqg vxevwlwxwlqj wkh uhvxow lqwr +:4, zh jhw=

�
P3

vv .P4
vv � O

� evw.4 @
�
P3

vx .P4
vx � O

�
+Txvevw.4 .Txhehw.4, .

�
P3

vh .P4
vh �O

� ehw.4
+;1:8,

Uhduudqjlqj whupv/ zh pd| uhzulwh +:8, dv=

�
P3

v .P4
v �O

� evw.4 @
�
P3

h .P4
h � O

� ehw.4 +;1:9,

zkhuh P3
v @ P3

vv �P3
vxTxv/ P4

v @ P4
vv �P4

vxTxv/ P3
h @ P3

vh .P3
vxTxh/

P4
h @P4

vh.1P
4
vxTxh=

Li P3
v lv lqyhuwleoh/ zh fdq vroyh iru evw.4/ rewdlqlqj=

evw.4 @Zevw .Uehw.4 .Tehw +;1::,

zkhuh Z @ � �P3
vv

��4
P4

vv/ U @
�
P3

vv

��4
P3

vh/ dqg T @1
�
P3

vv

��4
P4

vh=
Xqghu rxu fhuwdlqw| htxlydohqfh dvvxpswlrq/ udqgrpqhvv fdq eh uhlqwurgxfhg

e| vlpso| wdnlqj wkh frqglwlrqdo h{shfwdwlrq ri +::,=

Hw +evw.4, @Zevw .UHw +ehw.4, .Tehw +;1:;,

Fohduo| Hw +ehw.4, @ Sehw/ zkhuh=
S @

�
� 3
3 �

�
+;1:<,

dqg +:;, ehfrphv=
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Hw +evw.4, @Zevw . +US .T, ehw @Zevw .Dehw +;1;3,

zkhuh D @ US .T1
Htxdwlrq +;3, lv d olqhdu v|vwhp ri h{shfwdwlrqdo gl�huhqfh htxdwlrqv/ dqg

fdq eh vroyhg e| dsso|lqj wkh Eodqfkdug0Nkdq dojrulwkp1

;1916 Wkh Eodqfkdug0Nkdq dojrulwkp

Li S lv wkh prgdo pdwul{ ri Z dqg � lwv fdqrqlfdo irup +zlwk wkh hljhqydoxhv rq
wkh gldjrqdo rughuhg lq dvfhqglqj devroxwh ydoxh,/ dqg li S lv lqyhuwleoh/ zh pd|
ghfrpsrvhZ dvZ @ S�S�41 Zh sduwlwlrq wkh yhfwru ri hqgrjhqrxv vwdwh ydul0

deohv dv evw @ ^ev43w m ev53w`3 / zkhuh ev43w @ kenw m eewl3 frqwdlqv wkh edfnzdug0orrnlqj
yduldeohv/ ev53w @ kesw m euw m e�wl3dqg wkh iruzdug0orrnlqj rqhv1 Ohw xv ixuwkhupruh

sduwlwlrq wkh pdwulfhv Z / � / S�4 dqg D dv=

Z @

�
z44 z45

z54 z55

�
> S�4 @

�
t44 t45
t54 t55

�
> � @

�
�4 3
3 �5

�
>D @

�
d4
d5

�
= +;1;4,

Wkh g|qdplfv ri +;3, duh jryhuqhg e| wkh hljhqydoxhv ri Z 1 Dvvxplqj wkdw
wkh �uvw wzr hljhqydoxhv duh vwdeoh +vwulfwo| ohvv wkdq rqh lq devroxwh ydoxh,
dqg wkh odvw wkuhh xqvwdeoh/ wkh v|vwhp zloo eh vdggoh0srlqw vwdeoh dqg wkhuh
zloo eh rqo| rqh lqlwldo yhfwru ri iruzdug0orrnlqj yduldeohv frpsdwleoh zlwk wkh
wudqvyhuvdolw| frqglwlrqv1

Suh0pxowlso|lqj +;3, e| S�4/ zh fdq wudqvirup wkh ruljlqdo v|vwhp lq d wudqv0
iruphg v|vwhp frpsulvhg ri wzr ghfrxsohg yhfwruv ri gl�huhqfh htxdwlrqv=

Hw +e}w.4, @ �e}w .Eehw +;1;5,

zkhuh e}w @ S�4evw dqg E @ S�4D1 Wkh wudqviruphg v|vwhp lv frpsulvhg
ri wzr gl�huhqfh htxdwlrqv ghvfulelqj wkh ehkdylrxu ri wkh edfnzdug0orrnlqj
yduldeohv/ ev4w/ dqg wkuhh gl�huhqfh htxdwlrqv ghvfulelqj wkh ehkdylrxu ri wkh
iruzdug0orrnlqj yduldeohv/ ev5w1

Wkh edfnzdug0orrnlqj vxe0v|vwhp fdq eh uhzulwwhq dv=

Hw +e}4w.4, @ �4e}4w . e4ehw +;1;6,

zkhuh e4 lv lpsolflwo| gh�qhg e| E @ ^e4 m e5`
3

1 Vlqfh wkh hljhqydoxhv lq �4 duh
ohvv wkdq rqh lq devroxwh ydoxh/ htxdwlrq +;6, lv vwdeoh lq wkh iruzdug gluhfwlrq>
ixuwkhupruh/ vlqfh ev4w lv suhghwhuplqhg/ wkh lqlwldo frqglwlrqv frpsohwho| slq
grzq lwv vroxwlrq1
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Xqiruwxqdwho|/ wkh iruzdug0orrnlqj vxe0v|vwhp=

Hw +e}5w.4, @ �5e}5w . e5ehw +;1;7,

lv vwdeoh lq wkh edfnzdug gluhfwlrq/ vlqfh wkh hohphqwv ri �5 h{fhhg rqh lq
devroxwh ydoxh1 Wklv phdqv wkdw lw lv qhfhvvdu| wr lpsrvh d whuplqdo udwkhu wkdq
dq lqlwldo frqglwlrq/ lh1 zh kdyh wr lpsrvh wkh vwrfkdvwlf WYF1

Uhzulwh +;7, dv=

e}5w @ ��45 Hw +e}5w.4, . ��45 e5ehw @ g4Hw +e}5w.4, . g5ehw= +;1;8,

Dsso|lqj zhoo0nqrzq uhvxowv57/ zh fdq vkrz wkdw wkh vroxwlrq wr +;3, lv jlyhq
e|=

e}5w @ �
4[
n@3

gn4g5Hw +ehw.n, @ �
4[
n@3

gn4g5�
nehw @ Ohhehw= +;1;9,

Dsso|lqj wkh YHF rshudwru wr Ohh zh hdvlo| jhw=

�$
O hh @ � +4� �3 
 g4,

�4 �$
g 5 +;1;:,

E| frqvwuxfwlrq=

e}4w @ t44ev4w . t45ev5w> e}5w @ t54ev4w . t55ev5w +;1;;,

Zh fdq vroyh wkh vhfrqg h{suhvvlrq lq +;;, iru ev5w=
ev5w @ t�455 e}5w � t�455 t54ev4w +;1;<,

ru=

ev5w @ Ovev4w . Ohhhw @ O�h�w +;1<3,

zkhuh Oh @ t�455 Ohh/ Ov @ �t�455 t54/ O� @ ^Ov m Oh`/ dqg h�w @ ^ev4w m ehw`3 1
AIurp +;3, zh fdq lvrodwh wkh �uvw wzr htxdwlrqv ri wkh ruljlqdo v|vwhp/

jlyhq e|=

2eVhh Vdujhqw +4<;:,1
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Hw +ev4w.4, @ z44ev4w .z45ev5w . d4ehw= +;1<4,

Vlqfh ev4w lv suhghwhuplqhg lq wkh Eodqfkdug0Ndkq vhqvh +h{shfwdwlrqdo huuru
htxdo wr }hur,/ zh fdq uhzulwh +<4, dv=

ev4w.4 @ z44ev4w .z45ev5w . d4ehw= +;1<5,

Wdnlqj lqwr dffrxqw +<3,/ zh fdq uhduudqjh +<5, dv=

ev4w.4 @ +z44 .z45Ov, ev4w . +z45Oh . d4, ehw= +;1<6,

Frpelqlqj +<6,/ +9:,/ dqg +9;, zh jhw=

h�w.4 @P�h�w . lw +;1<7,

zkhuh=

P� @

�
+z44 .z45Ov, +z45Oh . d4,

3 S

�
> lw @

�
3

^�w m �w`3
�

+;1<8,

AIurp +9<, zh kdyh wkdw=

exw @ Txv

� ev4w
O�h�w

�
.Txhehw +;1<9,

zkhuh Txv @P�4
x xPxv dqg Txh @P�4

x xPxh1
Sduwlwlrqlqj wkh pdwul{ Txv zh pd| uhzulwh +<4, dv=

exw @ X�h�w +;1<:,

zkhuh X� @
�
T4
xv m Txh

�
.T5

xvO� 1
Jlyhq dq h{rjhqrxv vhtxhqfh ri lqqrydwlrqv/ wkh +hqgrjhqrxv dqg h{rjhqrxv,

vwdwh yduldeohv hyroyh dffruglqj wr +<7,/ wkh frqwuro yduldeohv dffruglqj wr +<:,/
dqg wkh frvwdwh yduldeohv dffruglqj wr +<3,1 Htxdwlrq +<7, ghvfulehv d �uvw0rughu
yhfwru dxwruhjuhvvlrq> lwhudwlqj rq +<7, dqg wdnlqj lqwr dffrxqw +<3, dqg +<:,
zh fdq wr uhfryhu wkh vhtxhqfh ri suredelolw| glvwulexwlrqv wkdw uhsuhvhqwv wkh
+dssur{lpdwhg, vroxwlrq wr rxu qrq0olqhdu v|vwhp ri vwrfkdvwlf gl�huhqfh htxd0
wlrqv1



WKH NSU SURFHGXUH 5;:

;1917 Yduldeohv ri lqwhuhvw

Wkhuh duh wzr rwkhu yduldeohv ri lqwhuhvw zh zrxog olnh wr uhfryhu58/ lh1 rxwsxw
dqg lqyhvwphqw/ gh�qhg dv=

|w @ dwn
4��
w > lw @ dwn

4��
w � fw= +;1<;,

Zh fdq orj0olqhdul}h +<;, dv=

e|w @ edw . +4��, enw> elw @ |

l
edw . +4� �,

|

l
enw � f

l
efw= +;1<<,

Zh fdq zulwh wkh suhylrxv v|vwhp lq d pruh frpsdfw irup dv=

eiw @ IYxexw .IY�e�w .IYvev5w> +;1433,

zkhuh eiw @ ke|w melwl3 dqg=
IYx @

�
3
� f

l

�
> IY� @

�
4� � 3 4 3

+4��, |l 3
|
l 3

�
> IYv @

�
3 3 3
3 3 3

�
+;1434,

Vxevwlwxwlqj +<3, dqg +<:, lqwr +433, zh fdq uhzulwh lw pruh frpsdfwo| dveiw @ I�e�w/ zkhuh I� @ IYxX� . IY� . IYvO�1 Iru qrwdwlrqdo frqyhqlhqfh/

zh gh�qh dovr d qhz yhfwru ekw @
kexw m eiw m ev5wl3 vxfk wkdw ekw @ K�e�w/ zkhuh

K� @ ^X� m I� m O�` =1

;1918 PDWODE frgh

Wkh zkroh surfhgxuh ghvfulehg xqwlo qrz fdq eh hdvlo| wudqvodwhg lq wkh PDW0
ODE pdwul{ surjudpplqj odqjxdjh1 Iluvw ri doo/ zh qhhg d pdlq �oh/ fdoohg
pdlq1p/ frqwdlqlqj doo wkh exloglqj eorfnv qhhghg wr uxq wkh NSU surfhgxuh
lwvhoi1

Wkh �uvw sduw ri wkh �oh gh�qhv wkh yduldeohv* qdphv dqg wkhlu srvlwlrq lq
wkh v|vwhp1 Wkhq/ lw vwruhv wkh qxpehu ri yduldeohv wkdw ehorqj wr hdfk uhohydqw
jurxs/ lh1 wkh qxpehu ri frqwurov/ vwdwhv/ dqg vr rq1 Ilqdoo|/ lw vwruhv wkh wrwdo
qxpehu ri yduldeohv lq wkh v|vwhp/ dqg wkh wrwdo qxpehu ri hqgrjhqrxv vwdwh
dqg frvwdwh yduldeohv1

( zh fuhdwh d yhfwru frqwdlqlqj wkh qdphv ri doo wkh yduldeohv lq

wkh prgho/

2DQrwh wkhw/ vlqfh wkh uhdo zdjh lv vlpso| rxwsxw wlphv d frqvwdqw/ wkhlu g|qdplf surshuwlhv
zloo frlqflgh> wkhuh lv qr ydoxh0dgghg lq vwxg|lqj wkh uhdo zdjh vhsdudwho|/ dqg zh vlpso| gurs
lw iurp rxu yduldeohv ri lqwhuhvw1



5;; LQWHUWHPSRUDO RSWLPLVDWLRQ DQG FDOLEUDWLRQ

( dqg vwruh wkh srvlwlrq ri hdfk yduldeoh lq wklv yhfwru=

qdph@^*n *>*e *>*d *>*h *>*f *>*| *>*l *>*s *>*u *>*o *`>

ns@4> es@5> ds@6> hs@7> fs@8> |s@9> ls@:> ss@;> us@<> os@43>

( zh vwruh dovr wkh glphqvlrq ri doo uhohydqw yhfwruv +qf= frqwurov/

( qv= vwdwhv/ qo= frvwdwhv/ qq= h{r1 vwdwhv/ q{i= yduv ri lqwhuhvw/

( qydu= wrwdo qxpehu ri yduv/ qw= vwdwhv.frvwdwhv,=

qf@4> qv@5> qo@6> qq@5> q{i@5> qydu@qv.qo.qf.qq.q{i> qw@qo.qv>

Wkh vhfrqg sduw ri wkh �oh vwruhv wkh frpsohwh sdudphwhul}dwlrq xvhg lq rxu
h{huflvh/ dqg fuhdwhv wkh fryduldqfh pdwul{ ri wkh yhfwru ri lqqrydwlrqv gh�qhg
dv lw lq htxdwlrq +<3,1

( Rxu sdudphwhul}dwlrq=

px@5> ( ulvn dyhuvlrq

vq@319> ( doskd

vf@31:8> ( f2| vkduh

j@41337> ( jurzwk udwh

un|@4615;> ( fdslwdo0rxwsxw udwlr

up|@816> ( prqh| lqfrph yhorflw|

ue|@319> ( erqgv0rxwsxw udwlr

hwd@41346> ( prqh| jurzwk udwh

ukr@^31<8 3>3 317<`> ( shuvlvwhqfh ri vkrfnv

frydu@^4 3>3 4`> ( fryduldqfh pdwul{

( zh ghilqh wkh frydu1 pdwul{ ri lrwd lq htxdwlrq +<3,=

opdw@}hurv+qv.qq,>

opdw+qv.4=qv.qq/qv.4=qv.qq,@fkro+frydu,*>

Wkh wklug sduw vroyhv iru wkh vwhdg|0vwdwh dqg rewdlqv wkh ydoxh ri doo fdol0
eudwhg sdudphwhuv1

( fdoleudwlrq dqg vwhdg|0vwdwh=

vn@40vq> ( 40doskd

vl@40vf> ( l2| vkduh

g@40j.vl2un|> ( ghowd

eh@j2+vn2un|.40g,> ( ehwd wlogh

u@+jBeh,2eh> ( uhdo lqw1 udwh

wkhwd@++hwdBeh,2eh,-+up|2vf,apx> ( suhi1 sdudp1

uy|@+4Beh,2+j-eh,-ue|.+40hwd,-up|> ( y2| udwlr

ysl@+j2eh,-+un|2vn,> ( fdslwdo ghowd

yskl@up|2ue|>

( zh vwruh d yhfwru ri vwhdg|0vwdwh ydoxhv=

|vv@un|a+vn2vq,> nvv@un|-|vv> evv@ue|-|vv>

fvv@vf-|vv> lvv@vl-|vv> ovv@fvva+0px,>

svv@++hwd2ehB4,-+ovv2wkhwd,,a+42px,>

vwhdg|@^nvv>evv>4>hwd>fvv>|vv>lvv>svv>u>ovv`>
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Ilqdoo|/ wkh irxuwk sduw vwruhv wkh pdwulfhv wkdw ghvfuleh wkh olqhdul}hg v|vwhp
wkdw zloo eh vroyhg e| wkh NSU surfhgxuh1

( zh ghilqh wkh pdwulfhv ghvfulelqj wkh olqhdul}hg v|vwhp=

pxx@0px>

pxv@^3/3/3/3/4`>

pxh@^3/3`>

pv3@^0vq/3/3/3/ysl> 3/3/px-+40eh2hwd,04/3/eh2hwd> 3/3/3/u2+4.u,/4>111

j-un|/3/3/3/3> 3/j/3/3/3`>

pv4@^3/3/3/3/0ysl> 3/3/4/3/04> 3/3/3/3/04> 0+40g,-un|0vn/3/3/3/3>111

3/0j2eh/+40hwd,-yskl/0u/3`>

px3@^3>3>3>3>3`>

px4@^3>3>3>0vf>3`>

ph3@^04/3>3/3>3/3>3/3>3/3`>

ph4@^3/3>3/4>3/3>4/3>3/0hwd-yskl`>

iyx@^3>0vf2vl`>

iyy@^vn/3/4/3>vn2vl/3/42vl/3`>

iyv@^3/3/3>3/3/3`>

Wkh NSU surfhgxuh lv wkhq lpsohphqwhg e| wzr h{whuqdo ixqfwlrqv1 Wkh �uvw/
nsu1p/ shuirupv vwhs e| vwhs wkh dojrulwkp ghvfulehg lq wkh suhylrxv sdudjudskv/
iroorzlqj dv vwulfwo| dv srvvleoh wkh qrwdwlrq=

ixqfwlrq ^k/py`@nsu+pxx/pxv/pxh/px3/px4/pv3/pv4/ph3/ph4/iyx/iyy/iyo/ukr,>

qo@vl}h+iyo/5,> ( uhfryhu wkh qxpehu ri frvwdwh yduv

qw@vl}h+pxv/5,> ( uhfryhu wkh qxpehu rv vwdwh.frvwdwh yduv

qv@qw0qo> ( uhfryhu wkh qxpehu ri vwdwh yduv

txv@pxxqpxv>
txh@pxxqpxh>
txv4@txv+=/4=qv,>

txv5@txv+=/qv.4=qw,>

pvvv3@pv30px3-txv>

pvvv4@pv40px4-txv>

pvvh3@ph3.px3-txh>

pvvh4@ph4.px4-txh>

z@0pvvv3qpvvv4>
d@pvvv3q+pvvh3-ukr.pvvh4,>
^oy/py`@en+z/d/ukr/qv,>

xy@^^txv4/txh`.txv5-oy`>

iy@iyx-xy.iyy.iyo-oy>

k@^xy>iy>oy`>

hqg>

Wkh vhfrqg/ en1p/ shuirupv wkh fruh Eodqfkdug0Nkdq vroxwlrq dojrulwkp/
ghvfuleh lq sdu1 41916/ iroorzlqj djdlq wkh vdph qrwdwlrq=

ixqfwlrq ^oy/py`@en+z/d/ukr/qv,
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qw@vl}h+z/4,>

qo@qw0qv>

qq@vl}h+ukr/4,>

z44@z+4=qv/4=qv,>

z45@z+4=qv/qv.4=qw,>

^hyhf/hydo`@hlj+z,>

^px4/lqg`@vruw+dev+gldj+hydo,,,>

px@gldj+hydo,>

px@px+lqg,>

s@hyhf+=/lqg,>

px5@gldj+px+qv.4=qw,,>

sv@sqh|h+vl}h+s,,>
e@sv-d>

g4@px5qh|h+vl}h+px5,,>
g5@g4-e+qv.4=qw/=,>

ohh@0+h|h+qo-qq,0nurq+ukr*/g4,,qg5+=,>
ohh@uhvkdsh+ohh/qo/qq,>

ov@0sv+qv.4=qw/qv.4=qw,qsv+qv.4=qw/4=qv,>
oh@sv+qv.4=qw/qv.4=qw,qohh>
oy@^ov/oh`>

py@^z44.z45-ov/z45-oh.d+4=qv/=,>}hurv+qq/qv,/ukr`>

hqg>

Rqfh wkh pdlq1p �oh kdv ehhq uxq/ zh uhfdoo nsu1p/ zklfk lq wxuq uhfdoov
en1p/ wr rewdlq wkh pdwulfhv wkdw fkdudfwhul}h wkh dssur{lpdwhg vroxwlrq1

;1: Lpsxovh uhvsrqvh ixqfwlrqv

Rqfh wkh dssur{lpdwhg vroxwlrq iru wkh fkrvhq sdudphwhul}dwlrq lv dydlodeoh/ zh
pd| eh lqwhuhvwhg lq vwxg|lqj wkh h�hfw ri dq xqh{shfwhg vkrfn wr rqh ri wkh
h{rjhqrxv vwdwh yduldeohv/ iru h{dpsoh d 4( lqfuhdvh lq WIS1

Dvvxph wkdw wkh v|vwhp dw gdwh 3 lv lq vwhdg|0vwdwh/ lh1 e�3 @ 3> lwhudwlqj rq
+;< dqg dvvxplqj �m @ 3 iru m @ 4>5> ===> w/ zh jhw wkdw=

e�w @Pw
��3 +;1435,

Wklv lpsolhv wkdw ge�w@g�33 uhsuhvhqwv wkh h�hfw rq ri dq xqh{shfwhg vkrfn dw
gdwh 3/ li iru m @ 4>5> ===> w1 Wkh ghulydwlyh Ce�lw@C�m3 @ ^Pw

� `lm/ frqvlghuhg dv d
ixqfwlrq ri wlph/ lv fdoohg wkh lpsxovh uhvsrqvh ixqfwlrq ri wkh vwdwh yduldeoh l iru
vkrfnv wr wkh vwdwh yduldeoh m/ li doo rwkhu vkrfnv dw doo rwkhu gdwhv duh }hur1 Jlyhq
+<</ lw lv hdv| wr uhfryhu wkh lpsxovh uhvsrqvh ixqfwlrqv ri doo frqwuro yduldeohv
dqg doo yduldeohv ri lqwhuhvw1

Wr rshudwlrqdoo| shuirup wkh lpsxovh uhvsrqvh dqdo|vlv/ zh kdyh �uvw ri doo
wr fkrrvh wkh vwdwh yduldeoh wr vkrfn> wkhq/ zh kdyh wr gh�qh dq lqlwldo yhfwru ri
lqqrydwlrqv/ iru h{dpsoh �3 @ ^3 m 3 m 4 m 3`3 li zh duh dvvxplqj d srvlwlyh vkrfn
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wr WIS1 Wkhq/ jlyhq �3 dqg e�3 @ 3/ zh rewdlq iurp +;</ ex4/ ei4/ dqg eo4 iurp +<;1
Dvvxplqj �w @ 3 ;w � 4/ zh lwhudwh wkh surfhgxuh iru �qlwh qxpehu W ri shulrgv>
�qdoo|/ zh sorw wkh vlpxodwh vhulhv/ rewdlqlqj wkh lpsxovh uhvsrqvh ixqfwlrqv1

Wkh PDWODE frgh wkdw shuirupv wklv wdvn lv frqwdlqhg lq d �oh fdoohg lp0
sxovh1p1

fohdu>

pdlq>

q@93> ( Vlpxodwlrq krul}rq

su@3> ( Iodj= li 3/ sorw rq vfuhhq/ li 4/ vdyh rq glvn

vkrfnwr@^*D *>*Hwd*`>

vlp@}hurv+qydu/q,>

^k/py`@nsu+pxx/pxv/pxh/px3/px4/pv3/pv4/ph3/ph4/iyx/iyy/iyo/ukr,>

iru l@4=5>

( Exlog d pdwul{ ri lqqrydwlrqv=

vfn@}hurv+qq.qv/q.4,>

vfn+l.5/4,@4>

v@vfn+=/4,>

( Vlpxodwh wkh v|vwhp=

iru m@4=q>

vlp+=/m,@^v>k-v`>

v@py-v.vfn+=/m.4,>

hqg>

( Sorw wkh uhvxowv=

w@4=q>

vxesorw+6/4/4,/ kqg@sorw+w/vlp+|s/=,*/*n0*/w/vlp+fs/=,*/*n01*/w/vlp+ls/=,*/*n=*,>

ohjhqg+kqg/*|*/*f*/*l*/4,>

wlwoh+^*Vkrfn wr * vkrfnwr+l/=,`,>

|odeho+*( Ghyldwlrq*,>

vxesorw+6/4/5,/ kqg@sorw+w/vlp+ss/=,*/*n=*,>

ohjhqg+kqg/*s*/4,>

vxesorw+6/4/6,/ kqg@sorw+w/vlp+ns/=,*/*nB*/w/vlp+es/=,*/*n=*,>

ohjhqg+kqg/*n*/*e*/4,>

li su@@3

sdxvh>

hovh

hydo+^*sulqw 0gelwpds ilj* qxp5vwu+l,`,>

hqg>

hqg>

Wkh uhvxowv duh sorwwhg lq Iljxuhv 4051

;1; Vwrfkdvwlf vlpxodwlrqv

Wr hvwlpdwh wkh vpdoo vdpsoh vwrfkdvwlf surshuwlhv ri wkh prgho/ zh fdq shuirup
d Prqwhfduor h{shulphqw1 Lq rwkhu zrugv/ zh fdq gudz iurp d udqgrp qxpehu
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jhqhudwru d �qlwh vhtxhqfh ri lqqrydwlrqv +wkh vlpxodwlrq krul}rq lv w|slfdoo|
W@433, dqg lwhudwh wr jhw wkh vlpxodwh vhulhv iru doo h{rjhqrxv dqg hqgrjhqrxv
yduldeohv1

Wr lvrodwh wkh g|qdplf ehkdylru ri rxu prgho dw exvlqhvv f|fohv iuhtxhqflhv/
zh �owhu wkh vlpxodwhg vhulhv dsso|lqj wkh vr fdoohg Krguln0Suhvfrww +KS, �owhu/
zlwk d vprrwklqj sdudphwhu htxdo wr 49331 Wkhq/ zh fdofxodwh doo vwdwlvwlfv
ri lqwhuhvwv/ iru h{dpsoh wkh uhodwlyh vwdqgdug ghyldwlrq ri hdfk yduldeoh zlwk
uhjdug wr rxwsxw/ wkh dxwrfruuhodwlrq frh!flhqw/ wkh fruuhodwlrq frh!flhqw zlwk
rxwsxw/ dqg vr rq1 Zh uhshdw wklv surfhgxuh iru dw ohdvw 4333 wlphv/ vwrulqj hdfk
urxqg wkh uhvxowv lq d pdwul{1 Ilqdoo|/ zh vxppdul}h wkh hpslulfdo glvwulexwlrq
ri rxu vwdwlvwlfv ri lqwhuhvw fdofxodwlqj wkhlu phdq/ vwdqgdug ghyldwlrq/ dqg vr rq/
dfurvv wkh 4333 uhsolfdwlrqv1 Lq Dsshqgl{ B zh surylgh d PDWODE surjudp wkdw
shuirupv d vhw ri 4333 vwrfkdvwlf vlpxodwlrqv rq d 433 shulrgv krul}rq/ fdofxodwlqj
wkh vlpxodwh glvwulexwlrq ri wkh uhodwlyh vwdqgdug ghyldwlrqv/ dxwrfruuhodwlrqv/
dqg fruuhodwlrqv zlwk rxwsxw iru doo pdlq yduldeohv1 Uhvxowv duh vxppdul}hg lq
Wdeohv 4061


