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Mpegucnosue

«JKOHOMETPHKA» KaK AMCUMIUIMHA deaepanbHOro (perHoHanbHoro)
KOMIIOHEHTa BKJIKY€HA B OCHOBHYI0 00pa3oBaTeibHyI0 NMPOrpaMMy MOAro-
TOBKH 3KOHOMHCTOB, onpejeasemyio deaepaibHbIMH roCyAapcTBEHHBIMHM
o6pa3oBaTe/bHBIMKH CTAHAAPTAMHM BhICLIErO NpodeccHoHaIbHOro 0bpaso-
paHus (Proc). OaHako B HACTOANIEE BpeMs BCE elle ONYIaeTCA HeXBaTKa
AOCTYTIHBIX BY30BCKMX y4eOHMKOB i yyeBHbIX MOoCcoOHit 110 IKOHOMETPHKE
A CTYIHTOB 3KOHOMHYECKOro GakaiaBpuara.

ABTOpPbI JAHHOIO y4eOHMKA NONBITAMUCL XOTS Obl B HEKOTOPOH CTeNeH!
BOCTIOIHMTL MMeRoLIHiica npobet. YueOHUK HANUCaH B COOTBETCTBHH C NPH-
MEPHBIMH NporpaMMamMy AMCUHIUIMHBL «JKOHOMETPHKa» BEAYIIHX 3KOHOMH-
4eCKHUX By30B (Beiciuas mKoia S3KOHOMMKH, PHHAHCOBLIH YHUBEPCHTET M /Ip.).

M3yuenne npeacTaBieHHOro B yuebHuke matepuana 6yaer cnocobeTso-
BaTh (POPMHUPOBAHUIO OOIMEKYIBTYPHBIX M NPO(GECCHOHANBHBIX KOMIETEH-
uui, npeayemorpeHHbx IOC-3 + no HanpasaeHHAM 3KOHOMUKH M VIIPaB-
JIEHUA, TAKUX KAK CTIOCOBHOCTH:

* cobpaTe M NpOAHANU3UPOBATE MCXOAHBIC AaHHBIE, HeODXOAUMbBIC
NS pacyeTa 3KOHOMHYECKHX M COLMANbHO-DKOHOMHYECKHX MNoKasarteneit,
XapaKTepHU3YIOLUUX AeATeJIbHOCTh XO3AUCTBYIONHX CYOBEKTOB;

* BhiOpaTh MHCTPYMEHTANbHbIE CPeACTBa s 06paboTKn 3KOHOMHYE-
CKHX J@aHHBIX B COOTBETCTBHH C MNOCTaBJICHHOH 3a/1a4€H, TPOaHaIu3HpPOBaTh
Pe3yAbTaThl PaCYeTOB M 0BOCHOBATH NOJYYCHHBIE BHIBOAKL;

* Ha OCHOBE ONHCAHWA IKOHOMHYECKHX NPOLECCOB U ABAEHHI CTPOUTL
CTAHAAPTHHIE TEOPETHYECKHE M 3KOHOMETPUYECKHE MOJEIH, aHANTHUIUPO-
BATb M COAEPKATENBHO HHTEPIIPETHPOBATD NOJYYEHHBIE PE3YIbTATHI;

* HCNOAb3yA OTEYECTBEHHBIE U 3apyDekHbIe HCTOYHHKH HHpopMaluy,
MCTIONB30BATE V1A PelIeHUsA aHATUTHYECKHX M MCCIeJ0BaTeIbCKUX 3a1a4
COBPEMEHHBIE TEXHHYECKHUE CPEACTBA M MHPOPMALIMOHHBIE TEXHONIOTHH,

B pesyabrare H3y4eHHsA AUCUHIIMHEL «JKOHOMETPUKa» 00yuarmmincs
AOMAEH:

JHAMbB

* COBPEMEHHBIC METOABLI NOCTPOEHHA IKOHOMETPHYECKHX MOAE/IeH 06b-
€KTOB, ARIEHHH H NPOLEeCCoB;

ymems

* CTPOUTH TEOPETHUYECKHE W IKOHOMETPHYECKHE MOJEIH M OLEHHBATD
HX NapaMeTpsl;

* AHAZNW3MPOBAThL M COACPKATENHLHO MHTEPNPETHPOBATHL MOJAYYEHHBIE
pe3y/bTaThi;



* [NPOrHO3HPOBATH NOBEACHHE IKOHOMHYECKHUX ATEHTOB M PasBHTHE
3KOHOMMYECKHX NPOLIECCOB M ABIEHUH Ha MMKDPO- H MaKpOYPOBHE;

anadems

* HaBbIKAMM NTPHMEHEHHUA COBPEMEHHOI'O 3KOHOMETPHYECKOTO MHCTPY-
MEHTapHA M NporpaMMHoOro ofecnevyeHus VIS aHalIu3a IKOHOMHYECKHX
ABJNEHHH H Nponeccors U YriparieHHA HMH.

[Tpy M3noxkeHnu y4eGHOro MaTepHana npeArnosaraerTcs, 4yro YHTaTeab
BJlaleeT OCHOBAMM TEOPHUH BEPOATHOCTEH, MAaTEeMaTHY€CKON CTaTHCTHKH
W IMHEeHHOMN anrebGpsl B oObeMe Kypca MaTEMAaTHKH IKOHOMHYECKOI'O By3a
(nanpumep, [6], wm [7], [17] u [19]).

YyeOHHK COCTOMT M3 BBEAEHHA, OCHOBHOro yvyebHoro marepuana
(rn. 1—12) u npunoxennit (ra. 13 u 14).

Bo BBEAECHUH AaHO ONpeAeeHHe IKOHOMETPHKH, MOKa3aHO ee MecTo
B PAAY MaTEeMaTHKO-CTATUCTHYECKHX W IKOHOMHYECKHUX AWCLMIUIMH.

B ra1. 1 H310eHbl OCHOBHBIE ACTIeKThI SKOHOMETPUUYECKOT'o MOAEIHPOBa-
HHA, €ro NPEANOCHUIKH, THIH BbIGOPOYHBIX AaHHBIX, BUABI MOAENEH, 3Talbl
NpOBEAeHHs M BOZHUKAIOUIHE NIPH 3TOM npobieMbl MOAEIHPOBAHMA,

B CBA3M € TEM, YTO OCHOBOH MAaTeMaTH4eCKOr0 HHCTPYMEHTAPHA IKOHO-
METPHKH ABJISAETCA TEOPHSI BEPOATHOCTEH H MaTeMaTHYeCKana CTaTUCTHKA,
B 1. 2 IpeACTaBaeH KpaTkuil 0630p ee OCHOBHEIX MOHATHH W PE3YALTATOB.

B ra. 3, 4 paccMOTpeHBl KJacCHYeCKHe JHHEHHBIE PerpecCHoHHbIe
MOJIEJIN: B Il. 3 — MNapHEIE PErpecCHOHHBIE MOJAEIH, HA IPHMEpPE KOTOPHIX
Hanbonee AOCTYNHO ¥ HAMIAAHO yAAeTCA npocaeauTs 6a3oBue NOHATHA
PEerpecCHOHHOTO aHaNU3a, BEIACHUTL OCHOBHLIE NMPEANOCHUIKM KaaccHye-
CKO# MOJe/H, AaTh OLIEHKY ee MapaMeTpoB H 'eOMETPHYECKYIO HHTeplpe-
Tauuio; B . 4 — o6obuieHne perpeccui Ha cay4ail HeCKONbKHX 00 bACHSA-
0UIUX NepeMenHbIX, [IpuMenenne B 11, 4 annapata MaTpHYHON anredpel
NO3BOJAET AaTh KOMIIAKTHOE ONMHCAHKWE U aHAAN3 MHOKECTBEHHOMH perpec-
CHH, J0Ka3aTeNLCTBO €€ OCHOBHBIX IOJIOKEHHM.

B r. 5 paccMoTpeH paj npobaem, CBA3aHHBIX C MCTIONb30BaHHEM perpec-
CHOHHBIX MOZENEH, TAKUX KaK MYJIbTHKOIHHEAPHOCTh, GUKTHBHLIE nepe-
MEHHEIE, TMHeapHU3alysa MOAEIH, YaCTHAsA KOPPeIALHA.

B 1. 6 paubl obmue NOHATHA H NPOAHANH3IUPOBAHBI BONPOCH, CBA-
3aHHBIE C BPEMEHHBIMH (AMHAMMYECKMMH) PAAAMH H MCIIONb30BaHHEM
UX Moaesei UIA NPOrHO3HPOBaHHA.,

B ra. 7 npeacrasnens 06001eHHan TMHEHHaA MOAEIb MHOXECTBEHHON
perpeccuu ¥ oB06IIEHHBIH METOI HAMMEHBIINX KBaZpaToB. Uccieayercs
KOMIINEKC BONPOCOB, CBA3aHHBIX C HAPYIIEHHEM NPLANOCHLIOK KiaaccHuye-
CKO MOJE/TH PErpeccH — reTepocKeAacTHYHOCTBIO H aBTOKOPPeTHPOBaH-
HOCTBIO OCTAaTKOB BPEMEHHOI'O psaja, X TeCTHPOBAHHEM H YCTpaHEHHEM,
naeHTHHUKalHeH BpeMeHHOro paja.

lapa 8 nocedAllleHa PacCMOTPEHHIO CTOXACTHYECKHX PEerpeccopoB
M WCTNIONb30BAHHMIO CTEIHANbHBIX METOZ0B HHCTPYMEHTAIBHBIX NepeMeH-
HBIX. 3/€Ch e AaHO ONUCAHHE CTIENHATLHBIX MOJesneH BPEMeHHLIX PAAOB
(aBTOpPErpeCCHOHHBIX, CKONB3ALIEH CPEAHECH, ¢ PACTIPEAEICHHBIMH 1araMu



1 ux MoaudHKaumit), nossoasomnx Haubonee 3hpPeKTHBHO pemaTh 3aaa49H
aHaNN3a M NPOrHO3HPOBAHHA BPEMEHHBIX PAAOB.

B ra. 9 uayueHsl 3IKOHOMETPHYECKME MOAEIH, BRIPAXEHHBIE CHCTEMOH
OAHOBPEMEHHBIX YpaBHEeHHi. PaceMoTpensl npobieMsl naeHTHGHUHPYEeMO-
CTH IAPAMETPOB MOAE/H, KOCBEHHBIN W TPEXIIATOBLIA METOA HaMMEHbIITHX
KBaApaToB.

B 1. 10 otpaxens npobaembl cnettMpruKalmm 3KOHOMETPHYECKHX MoJie-
nei. B ra. 11 npUBOAATCA MOAGNN, OCHOBAHHBIE HA NaHeJbHLIX (NPOCTpaH-
CTBEHH()-B]JEMCHHHE) AaHHBIX, H MO/IE/IH C OrpaHHYIeHHAMH Ha 3Ha4€HHA
3aBUCHMON TepeMeHHOM u oTHop Habmoaenuii B BuGOpKy. B HOBO#M 1. 12
NpeACTaBAeHb IKOHOMETPHYECKHEe MoaeaH (UHAHCOBOTO PbIHKA M NOJy-
YeHHBIE HAa UX OCHOBE apOUTPAXKHBIE CTPAaTErHy.

B ra. 1—12 aBTopsl OrpaHHYHIHCE PACCMOTPEHHEM B OCHOBHOM JIUHell-
HBLX IKOHOMETPHYECKHX Mojesel Kak HanbGosee npocThix U 06aaaaomMx
MEHbIIUM PHUCKOM MOJYHeHHS 3HAYMTENbHBIX omubok nporuosa. Ilo Toi
*e NpHYHHE H3Y4YeHHEe BPEMEHHBIX pPagoB 6bL10 OrPAaHHYEHO paccMoTpe-
HHEM B OCHOBHOM CMAUUOHAPHBLX PAAOB.

VuyuTeipas MaTpuunyio Gopmy nanokenna B yuebHHAKE BONPOCOB MHO-
KECTBEHHOH perpeccuH, B NMPHJIOKEHHH (ra. 13) npusesieHbl OCHOBHbIE
CBEAEHHA M3 TMHeHHoH anrebpu. Kpome Toro, B 1. 14 paccMoTpeHo npu-
MEHEHHE KOMIBIOTEPHHIX MAKETOB A5 OUEHWBAHMA IKOHOMETPHYECKHX
MOZENEeH, a TAKKe NPoBeJeHHE IKCNEPUMEHTa o MeToay MounTe-Kapiao,
OCHOBAHHOTO Ha KOMITBIOTEPHOM MOAETHPOBAHWH CAYHAHHBIX BETHYMH.

B uerseproe uananue yyebHnka aobasnena Hopas rasa (rn. 12) u pac-
mupeHa ctapas raasa (. 2).

HanoxeHne MaTepHana CONPOBOXAAETCA WLTIOCTPHPYIOIIHMMH €ro npu-
MepamH M 3asa4amMu. Pelienne 3THX 3a1a4 NPOBOAXTCS IUMD0 «BPYYHYIO» —
Anst oTpaboTKH COOTBETCTBYIOIMX METOAOB MX PeleHnd, 160 ¢ NOMOUILIO
KOMIBIOTEPHOTO 3KOHOMETPHYECKOro nakera «Econometric Views». 3ajaun
C pemIeHUAMH NPHBOAATCA B OCHOBHOM TEKCTe AaHHOH IMaBhl, a 3a/1a4u Ui
CaMOCTOATENIbHON paboTsl — B KOHIUE raBkl B pyOpuKe «YIpaXHeHHs ».
(Hymepaumusa 3agay 1o rmape — ejuHasn.)

Heobxoaumbie s pelieHHs 3a1a4 MaTeMaTHKO-CTATHCTHYECKHE Tabiitsl
AaHBI B NPWIOXKEHHWH. B KOHIIE KHHTH NPUBEAEH Pa3BePHYTHIA NMpeAMeTHBIN
yKasaTtesib OCHOBHBIX NMOHATHH Kypca.

ABTOpHI BEIpaXkaloT rybokyio 6aarogapHocTs npodeccopy B. C. Mxura-
pany u npodeccopy 0. C. XoX10By 3a pelieH3HPOBAHHE PYKOITHCH M Cle-
JaHHBIC MMM 3aMEYaHmA.

Asmoput yuebHuxa:

H. I1l. Kpemep, npodeccop — npeaucaosue; . 1 (maparpadu 1.5—1.6);
2—6, 13; Beeaenue u 1. 7 (coBmecTHO ¢ B. A. [1yTKD);

b. A. I[lymxo, poueHt — ra. 1 (naparpadwm 1.1—1.4), 8—12, 14; psege-
Hue u 1. 7 (coemectro ¢ H. III. Kpemepom).



Beegenune

Mocneanue AeCATHIETHA IKOHOMETPHKA KaK HayuyHas AUCUMIVIHHEA CTpe-
MHTENBHO pa3BMBaeTcs. PacTeT YnueIo HayuHsIX nybaMKaumii U uccreaopa-
HHUI ¢ TPHMCHEHHEM 3KOHOMETPHYECKHX MEeTOA0B. CBUAETENbCTBOM Bee-
MHPHOIO NPH3HAHWA SKOHOMETPHKH ABIAETCH IIPHCYA/eHHe 3a Haubonee
BhAaNONMecH pa3paboTku B atoi obnactn HobeaeBckuX npeMHi no ako-
Homuke P. @puy n A. Tunbepry (1969), J1. Kneiny (1980), T. Xaapesabmo
(1989), k. Xexkmany u Jl. Makdaaneny (2000), P. Durny n K. 'panmxepy
(2003), T. CapaxenTy 1 K. Cumcy (2011), 10. Poma, JI. Xanceny v P. [lna-
aepy (2013).

S13BIK 3KOHOMMKH Bce 60/bIe CTAHOBHUTCA A3LIKOM MaTeMaTHKH, a 3Ko-
HOMMKY BCE Halle Ha3biBalT OAHOH M3 Haubojlee MaTeMaTHU3HPOBAHHKIX
HAYK.

JlocTwkKeHHa COBPEMEHHON 3KOHOMHYECKON HayKH NPeAbARIIIOT HOBLIE
TpeboBaHuA K BhICIIEMY NpodeccHoHanbHOMY 06pa30BaHUIO 3KOHOMMUCTOB,
Coepemerroe akoHoMuNeckoe 06pasosaknue, — yrBepxaaeT anpextop LIDMH
PAH akazemuk B. JI. MakapoB, — depwunica HQ mpex Kumax: MaKpo3KoHo-
MUKE, MUKPOIKOHOMUKE U 3KoHoMempuke. ECIH B neproa LeHTpasnioBaH-
HOM TLTAHOBOH 3KOHOMMKH YTIOp Aenaznca Ha 6a1aHcoBBIX H ONTHMH3ALHMOH-
HBIX METOAAX MCCIE0BAHMUA, HAa ONTMCAHNH «CHCTeMbl GYHKIIHOHHPOBAHUA
COUMATHCTHYECKON 3KOHOMHKH», MOCTPOEHHH ONITHMH3AIMOHHBIX MOJIe/e
oTpacient U NpeANpPUATHHA, TO 8 nepuod nepexoda K PoIHOMHOU IKOHOMUKE
go3pacmaem postb IKOHOMEMPUHECKUX Memodos. Be3 3HaHMA 3THX METo-
JIOB HEBO3MOXKHO HH MCCIE0BaHME H TeopeTHYecKoe obobuenue dMIHU-
PHYECKHX 3aBHCHMOCTEH 3KOHOMMYECKHMX NepeMEeHHBIX, HH NOCTPOeHHe
CKONBKO-HUOY/Ib HAAEKHOrO NPOrHo3a B HaHKOBCKOM Aene, QHHAHCAX HIK
buanece.

EanHoe ofmenpHHATOE ONpPEAeiCHHE IKOHOMETPHKH B HacTodAllee
BpeMs OTCYTCTBYeT. CaM TEPMHUH «3KOHOMETpHKa»' GbL1 BBeaeH B 1926 r.
HOPBEXKCKMM Y4eHbIM P. PpHiiieM U B J0CIOBHOM NEPEBO/e 03HAYAET «3KO-
HOMETPHYECKHE M3MepeHusi», Hapagy ¢ TakuM IIMPOKHUM NOHHMaHHEM
3IKOHOMETPHKH, NOPOKAAEMbIM NTEPEBOJOM CaMOTO TEPMHUHA, BCTPEYaeTCs
M BECbMa Y3Kas TPaKTOBKAa JKOHOMETPHKH Kak Habopa MareMaTHKO-CTaTH-
CTHYECKHUX METOAOB, MCMONE3YEMEIX B NPHIOKEHHAX MAaTEMaTHKH B 3KOHO-
MHKe.,

! B aurepatype HCToAb3yeTes M APYTOiM, MeHee YHOTpeOHTEAbHbIH, TEPMHH «JKOHOMeE-
TpHA®,
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[TpHBOAMMBIC HUAKC ONPEACTCHUA H BRICKA3BIBAHHA U3BECTHBHIX VHCHBIX
NO3BOJIAIOT NOAYIHTEL NPEACTARIEHNE O PA3INYHBIX TOAKOBAHHAX DKOHOME-
TPHKH.

IKOHOMEMPUKA — AMO PA3OES IKOHOMUKI, 3aHUMaruulics paapabom-
KOl U NPUMEHEHUEM CIAamuCcmu4ecKux Memodos O USMEPEeHUll B3AUMOCEA-
3eil Mexcdy 3koHoMuueckuMu nepemernbimu (C. Gumep u ap.).

OcrogHad 3a0aua IKOHOMEMPUKL — HANOAHUMb IMNUPUYECKUM codep-
HAHUEM anpuopHble aKoromuveckue paccymdenus (J1. Kneitn).

Heas IKOHOMEMPUKH — AMIIIIPIHJECK‘H!} AhiA00 AKOHOMUYUECKILY 3AKOHOB
(3. MasneHBo).

DKOHOMEMPUKA ABAREMEA He 6oaee yem HabopoM UHCMPYMEHMOE, XOmA
U OUEHb NOACIHBIX... IKOHOMEMPUKA ABAAEMCA 0OHOBPEMEHHO HALUUM mene-
CKONOM U HAWUM MUKPOCKONOM O UYHEHUS OKPYKAIOULE20 IKOHOMUYE-
cko2o mupa (1. I'punnxec).

P. @puur yKasniBaeT Ha TO, 4TO 3KOHOMEMpPUKa ecmsb eOUHCMEn mpex
COCMABASIOWUX — CMAMUCTMUKU, IKOHOMUNECKOU TMEeoPUl i MAmemamuxtL.

C. A. AHBa3dH noaaraet, YTo DKOHOMETpHKa 00beIHHAET COBOKYITHOCTD
METOAOB M MOZENeH, TO3BONAIINMX Ha Dase akoHoMuYeckoll meopuu, 3Ko-
HOMUYECKOU CIMamuCcmuKy U MamemMamuko-cimamucmuuecko2o UHCMPYMeH-
mapus NPUAaBaTh KOAHIECTBEHHBIC BRPAKCHUA KaHCCTBEHHBIM 3aBHCHMO-
CTaM,

OCHOBHBEIE Pe3y/AbTaThi IKOHOMHYECKOH TEOPHH HOCAT KAYECTBEHHBIH
XapaKTep, a IKOHCMEMPUKA BHOCUM 8 HUX AMNUPUNECKoe codepucariie. MaTte-
MaTHYeCKasi IKOHOMHKA BEIPKAET SKOHOMHYECKNE 3aKOHbI B BHAE MaTeMa-
THYECKMX COOTHOWEHHI, a IKOHOMEMPUKA OCYULECMBASEM ONBIMHYI0 NPo-
BEPKY IMILY 3aKOHOB. DKOHOMMYECKas CTATHCTHKA JaeT HHGOPMALHOHHOE
obecneyueHne NCCaeyeMoro npouecca B BUAe HEXOAHbIX (o6paboTaHHbIX)
CTATHCTHYECKHX JaHHBIX H S3KOHOMWYECKHX NOKA3ATENeH, a IKOHOMEMPUKA,
HCTIONB3YH TPAAMIIMOHHBEIE MATEMATHKO-CTATHCTHYECKHE M ClIeHaIbHO
paspafoTaHHbLIC METObI, NPOBOOUM AHAAUI KOJUUCCTBEHHBLX 83AUMOCEAIEN
MeHCOY IMUMU NOKAIAMEAAMU.

Muoryde 6aszoBbie NOHATHA 3KOHOMETPUKH HMEIOT ABa ONpe/ieNeHHs —
«IKOHOMHYECKOe» M «MareMaTHueckoe». [NogoGHas ABOHCTBEHHOCTh
MMEET MECTO M B GOPMYJIMPOBKAX PE3YIbTaTOB. XapakTep Hay4YHhIX pabor
110 AKOHOMETPHKE BaPEHPYETCA OT «KJIaCCHYECKHX» IKOHOMHUYECKHX paborT,
B KOTOPBIX MOYTH HE MCIOAL3YETCH MaTeMaTHYeCKHH annapar, 40 COlHi-
HEIX MATEMATUUECKUX TPYAOR, HCTIONBL3YIOIIHX JOCTATOYHO TOHKWIE anna-
PAT COBPEMEHHON MATEMATHKH., FKOHOMUNECKAS COCMABARIOUAA SKOHOME-
mpukt, GE3YCAOBHO, AGAIEMCA NEPSUiHol. HMEHHO IKOHOMHKA OTpesenieT
NOCTAHOBKY 384a4H W MCXO/IHBIC NPEANIOCEUIKH, @ Pe3yabTaT, GopMHpyembii
Ha MaTeMaTH4YecKOM si3blKe, TPeACTABISET MHTEpeC JIMIIL B TOM caviae,
eCIH VAAETCH €ro IKOHOMHYECKas HHTepnpeTanns. B 10 e BpeMsa MHOTHE
3KOHOMETPHYECKHE Pe3yabTaThl HOCAT XapaKTep MaTeMaTHYCCKUX YTBEPK-
JAeHHA (Teopem).

[IupoKoMy sHedpenuio IKOHOMEMpUUecKux Memodos cnocobemeosano
noasaexiie BO BTOPOI nonopuue XX B. a1eKMPOHHLLY BbIHUCTUMEAbHBIX
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MAWUH U B YACTHOCTH NEPCOHANBHLLX KOMNBLIOMEPo8, KOMNBIOTEPHEIE 3KO-
HOMETPHYECKHE NaKeTh CAeIaIM 3TH MeTOAb! HoJiee A0CTYIHBIMH H HAINAA-
HBIMM, TaK Kak Haubonee TpyaoeMkyio (pyTHHHYIO) paboTy no pacyery
Pa3WYHBIX CTATHCTHK, NapaMeTpPoOB, XapaKTEPHUCTHK, NOCTPOEHHIO TabsiHiL
M rpapMKOB B OCHOBHOM CTaJl BHITIOJHATE KOMIIBLIOTED, a IKOHOMETPHCTY
ocTanachk raaBHBM 06pasoMm TBopueckas pabora: MocTaHOBKa 3ajayw,
BLIOOP COOTBETCTBYIOIIEH MOAENTH W METO/a €€ PellleHHs, HHTeplpeTalus
Pe3yALTATOB.



fnaBa1
OCHOBHbIE ACEKTbI JKOHOMETPUYECKOIO
MOJENUPOBAHUA

1.1. BBegenue B IK0HOMETPUYECKOE MOAENUPOBAHKME

PaccMOTPUM CAEAYIOLYIO CHTYAIHIO. JIONYCTHM, MBI XOTHM TNPOAATh
asroMoOWibL M pemwin Jath obbABNEeHHe 0 npoaaxke B rasere «M3 pyk
B PyK#», ECTECTBEHHO, Nepel HaMH BCTAET BONPOC: KaKyl LEHY yKa3aTh
B 00bABIEHHH?

OueBuAHO, Mbi ByaemM PYKOBOACTBOBATHCH HHOOPMaNMeit 0 lieHe, KoTo-
PYIO BHICTABJSIOT APYIHE IPOAABLbLI NOAOOHBIX apTOMOOMAEH. YTO 3HAYHT
«noaobusble apToMobWIN»? — OueBHaHO, 310 aBToMobGMan, obaajarwuine
G/M3KMMM 3HAYCHMAMH TakuX GakToOpOB, KaK roj BHINYycKa, npoder, Moll-
HOCTB ABUraTess. [1pornazes KONOHKY 00bABNeHHH, MBI OPMHpYEM CBOE
MHEHUE O PhIHKE HHTEPECYIOIero Hac ToBapa M, BO3MOXKHO, N0Ce HEKOTO-
pOro pasMuillVIEHHA, HA3HAYAEM LeHY.

Ha s1om npocTedmeM npuMepe Ha CaMOM Jene MOXKHO NMPOCIeAnTh
OCHOBHBIE MOMEHTHI 3KOHOMETPHYECKOI'0 MOAEAUPOBAaHHA. PaccMOTpHM
Hawy gelicTeusa 6onee GopMaaH3OBAHHO.

Mbl CTaBHM 337124y ONpPEAEIHTD 1IeHY — BEIHYHHY, GOpMHUpYeMyI0 noa
BO3AeHCcTBHEM HeKoTopbix ¢akTopor (roaa Bmnycka, npobera u T. A.).
Takue 3aBHCHMBIC BEJIUYHUHBI 0OBIYHO Ha3LBaKTCA 3asucumbimu (06BAac-
HSteMbIMU) TIEPEMEHHBIMM, a GAKTOPBI, OT KOTOPBLIX OHH 3aBUCAT, — 00%-
ACHAIOWUMU.

®opmupys obuiee MHEHHE O COCTOAHHH PhIHKA, Mbl 06paillaeMca K HHTe-
pecylomemy Hac 0OBEKTY K TosyYaeM oxcudaemoe 3HaY€HHE 3aBHCHMOMN
NepeMeHHOMN NPH 3aJaHHLIX 3HAYEHUAX OO BACHAIOUMX NEPEMEHHBIX.

YKa3aHHas KOHKpeTHadA leHa — nabaodaemoe 3HaYeHHe 3aBUCHUMOMN
IIEp@MEHHOﬁ 3ABHCHT TaKXe U OoT m_)ﬂmﬁuux ABJAEHHUH — TAKHX, HAlpH-
Mep, KaK XapakTep Nnpojaslia, ero noTpefHOCTL B KOHKPETHOH JeHeXHOM
CyMMe, BO3MOXHBIE CPOKH Mpoaaxu aBTomobuas u ap. [Mpoaasen-oau-
HOYKa BpAA ¥ OyJAeT CTPOUTH KaKylo-1H00 MareMaTHYeCKyI0 MOAeNb,
HO MEHEe)Kep KPVITHOro CajJoHa, CreuHaau3Mpylollerocs Ha Toprosue
aBTOMOOHISIMM HAa BTOPHYHOM PhIHKE, CKOpPee BCero, 3axo4er umMeTs 6osee
TOYHOE NpejcTasieHne 0b 0XHAaeMOH LIeHe U 0 BO3MOXKHOM NOBEAEHHH
cayuaitHoOn cocrapasiomen. Creayiomui War 1 eCTb IKOHOMETPHYECKOE
MOZEJIMPOBaHHE.
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OBIWMM MOMEHTOM ANA NGO 3KOHOMeTpHUYeckol MoZenu sSrRAfeTcH
pasbuerue 3asucumoti nepemennotl Ha dee uacmu — oDBACHEHHYIO U CAYYall-
ny1o. Chopmymrpyem 3azady MOASTMPOBAHKA cCaMBIM 081MM, HeGopMaib-
HEIM O0DA30M: HA OCHOSAHUYU IKCNEPUMEHMANLHLIX JAHHBIX Onpedeaums
COTBACHEHHYIO WaCTb U, PACCMAMPUBAR CAYRAUHYIO COCMABASIOULY IO KAK CY-
yalinyo seauduHry, noxyuums (BO3MOXKHO, IIOC/IE HEKOTOPBIX NPEANOLoKe-
HHIL) OUeHKL napamempos ee pacnpedeaeHus.

TakuM o€pazoMm, IKOHOMETpHUYeCKas MOAENk HMEET CASAYIOIIHI BHA!

Habawoaaemoe OfBACHEHHANA YACTh, Cryaaitan
JHAYEHHE JABUCHMOR = 3ABUCANLAA OT 3HA49eHHi +
COCTARNAOUAA
nepemeHrsol OSBACHAOIHX MepeMeHHbIX
Y = S + €. (11)

AN
OCTaHOBHMCA TeNneph Ha nensx MO,ELEJIPIPOB&HHH TIpeaAnoAOKHM, NOAY-
YEHO Cllefyllee BHpaskeHHe /1A 0OLACHEHHON YacTH MepeMeHHol ¥ —
LEHEB] ABTOMOOH:

#=18000-1000x; —0,5x2,

rae y— oxHAaeMas [eHa apToMo6wia (B yeA. AeH. ef., 34ech U AdJee ¥. e.);

X|— CPOK 3KCIAyaTauuy aeToMobuia (B rogax);

X, — npober (B THC. KM)L,

KakoBO IpaKTHYecKOe IIpHMeHeHHE IOYIeHHOTD pesy/bTata? O4eBHAHO,
BO-NIEPBLIX, OH TIO3BOJIAET NOHATE: KaK HMEeHHC GOPMUPYETCA paccMaTpHBae-
Ma# IKOHOMUNECKaA IepeMeHHasA — 11eHa Ha aBTOMOOIIL. BO-BTOPBIX, OH JaeT
BO3IMOXHOCTh BLIABUTEL BAMAHHME KaXA0HN M3 OCBLACHAKINUX MepeMeHHEIX
HAa lleHy aBTOMOOMA (TaK, B JAHHOM CIy4yae LeHA HOBOrO aBTOMOOHIA (IpH
X, = 0,x, = 0) 18 000 y. e., IpH 3TOM TOJBKO 33 CYET YBEJHYEHHA CPOKA IKC-
ILTyaTauru Ha 1 rog neHa asToMeBiIs yMeHBIIAETCS B cpeAHeM Ha 1000y, e.,
a TOJBKO 33 CYeT yReIMYeHUR npobera Ha 1 ThIC. KM — Ha 0,5 v. e.), B Tpe-
TBHX, YTO, IOKATYH, HaUb0Aee BaYKHO, ITOT Pe3yALTAT [IO3BOIET NPOZHO3UPO-
8amb LIEHY Ha aBTOMOOIUIE, EC/IH U3BECTHHI €0 OCHOBHEIE [IAPaMeTphl. Telephb
MEHEZXEPY He COCTABMT OONBIIOTO TPYAA ONPEASTUTh MKHAREMYIO LIEHY
BHORB ITOCTYTIMBLIETO /1A NPOADKY aBTOMOOMA, JAKE €C/IN €T0 IO Bbmycxa
H rpeber He BCTPEYaNiCh paHee B JaHHOM CAJIOHE,

1.2. OcHoBHbIE MaTEMaTUYECKHE npeanocbiNKU SKOHOMETPUYECKOTO
MOAenupoBaHus

[ycTb nMeeTes p OGBACHAIOUIUX TEPEMEHHEIX Xy, Xy, .., X, H 3aBUCHMASA
nepeMenHan Y. [lepemennan Y apnaerca cayualinoil seuyunol, UMERUIEHR
NPH 3aJaHHbIX 3HaUeHHAX (PAKTOPOB HEKOTOpOe pacnpeaencHHe. Ecin cy-
yaifiHasa BeJIMYHHA Y HENpPepPEIBHA, TO MOXKHO CHHUTATh, YTO €€ Pacupejene-

! Mepemennrie ofio3HataeM NPOTUCHEIMHA BYKBaMM TaTHHCKONG andapnTa, a KX 3HaTe-
HHA — CTPOYHEIMH.
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HME NIPH KaXA0M AONYCTHMOM Habope 3HaYeHnil GakTopoB (X, X, ..., X,)
MMEET YCIOBHYIO IIOTHOCTD f, o er( y).

OB6rvHO fenaeTcs HEKOTOPOE NPEeATIONIONMEHHE OTHOCHTEABHO pacnpe-
Aenenua Y. Haule BCero npearnosaraeTcs, YTo YCJIOBHbIE pacnpeaeneHus
Y npH KaxAoM A0NYCTHMOM 3HayeHnH GakTopoB — Hopamaibubie. Tloaob-
HOE MpeAnoIoKeHHe NO3BOJACT NMOJAYHYUTE 3HATHTEAbHO fonee «[IPOABHHY-
Thi€» PE3YAbTaThl. BpoYeM, 3aMETHM 34€Ch XKe, UTO MOPOH NPEANONoKeHHe
0 HOPMAaNBHOCTH YCJIOBHKIX pacnipefeseHHi Y npuxoauTes OTBEPrayTh.

O6wacuaomue nepemernsie X; (j = 1, 2, ..., p) MOTYT CYHTATHCA KaK Cy-
YailHbMU, TAK U 0eMEePMUHUPOBAHHBIMU, T. €. TPHHUMAIOUMMH ONpeJeNeH-
Hble 3Ha4eHUA. [IPOWLTIOCTPHPYEM ITOT TE3HC Ha YIKE PACCMOTPEHHOM IIPH-
Mepe npoaaxku asTomobunel. Mul MOXKeM 3apaHee onpeaeuTb Ans cebs
napaMeTpsl asTOMOOWIA M HCKaTh O0BABAEHUA O Npojake aBToMoOuaA
C TAaKMMM napameTpamu. B 3ToM caydae HeynpasaseMon, cy4aiHON Beau-
YWHOH OCTAeTCH TONBKO 3aBHCHMas NepeMeHHas — 1eHa. Ho Mbl Moxem
TaKKe CAy4aiHuIM 06pazoM BHIOHMPATL OO BABIEHHSA O TIPOAAXKe, B ITOM CIIy-
yae rmapaMeTphl aBToMOOKAS — 06 BACHAIOLIME NIEPEMEHHBIE — TaKOKe OKa-
3bIBAIOTCA CTYYaHHBIMM BETHYHHAMH.

Knaccnueckas 3KOHOMETPHYECKAs MOJAEAb paccMaTpuBaeT 0ObACHAID-
e nepemMeHHsie X; Kak demepMunuposanible, OAHAKO, KaK Mbl YBHAUM
B JlaabHeHIeM, OCHOBHEIC Pe3yAbTaThl CTATUCTHYECKOrO MCCAe0BAHNA
MOZENH OCTAKTCA B 3HAYMTENBHON CTETIEHH TEMH XK€, YTO U B C/Iydae, eciu
CYHTATD X; CAYNAIHBIMU NEPEMEHHBIMM.

O6psacHeHHas YacTs — obo3HaummM ee Y, — B mobom wiyvae npejcTariser
coboi GyHKUMIO OT 3HaYeHHH GaKTOPOB — OOBACHAIOUIMX NEPEMEHHbIX:

}’c - f(XIs X29 ssey Xp)-
Takum oﬁpamm, IKOHOMETPpHYECKAN MOAETE HMEET BHJ
Y =fX;, Xy, ... X,) + E.

Haunbonee ecrecTBeHHbIM BHIGOPOM 0OBACHEHHONW YaCTH CyYaHHON
BEIMYHHBI Y ABIACTCA €€ cpeHee 3HaYeHHe — YCIOBHOE MaTeMaTHUeCKoe
oKHAAHHE M,l_‘,z_m_,},(}’), NOJY4€HHOE NPH JaHHOM Habope 3HaueHui 00b-
ACHAIONIMX NepeMeHHbIX (x,, Xy, ..., xp). (B aanbHeHmeM MaTeMaTHYECKOE
oxuaanmne byaem obosznavars M, (Y).) B camom aene, no cBOEMY CMBICTY
00BACHEHHAA YaCTh — 3TO OKHAAEMOE 3HAYEHHE 3aBUCUMON NePeMEeHHON
NPH 3a4aHHBIX 3HAYEHUAX OOBACHAIOWMX.

Ypasuenue M,(Y) = f(x,, x,, ..., X,) Ha3BIBAETCA YPABHEHUEM PE2PECCULL.

IlpK TAKOM €CTECTBEHHOM Bhifope 0O BACHEHHOM! YaCcTH IKOHOMEeTpHYe-
CKasi MOZIe/Ib UMEET BHA

Y=M/(Y) +¢, (1.2)

TARE = Cﬂ}"laﬁﬂaﬂ BE@JIHYHHA, Ha3blBaACMad 80IMYWEHUEM HIH owubxoll.
B Kypce MaTeMaTHYeCKOH CTaTHCTHKH ypaBHeHue (1.2) HasbiBaeTca ypas-
HEHLLEM Pe2PecCUORHOI MOdeALL.
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Cpasy e OTMETHM, YTO 3IKOHOMEeTpHYecKas Mojens He obs3zaresbHo
ABRNAETCA PETPECCHOHHOM, T. €. OObACHEeHHAA YACTh HE BCErja npeicrapiser
co6o#t yc/I0BHOE MaTeMaTHYECKOe OXH/IaHHE 3aBHCHMON NepeMeHHOH.

PaccMOTPHM, HanpuMep, CIeAyIONULYIo 3aJaqy: OnpeAeuTs 3aBUCHMOCTE
3aTpar Y Ha KakoH-1160 ToBap or Aoxoza X. JlonycTHM, MMEKTCA JaHHbIE
OMpoca CTa YeN0BeK U CTO nap yucen (xy, ¥,), ..., (X;00, ¥100). AHATHIMPYH
3TH JAHHBIE, MBI NOAy4aeM (OTJIOXKHM 110KA BONPOC — KakuM obpa3om)
3asucumocts Y, = f(X).

O/IHAKO MOXET OKA3aThCA, YTO JJaHHBIE O A0X0AE, NONYYEHHEIE B Pe3yiib-
TaTe OMpOCa, Ha CaMOM Jej€e ABAAIOTCA MCKaXeHHBIMM, — Hanpumep,
B CpeAHEM 3aHHKEHHBIMH, T. €, OOBACHAIOIHE NePEMEHHbIE H3MEPHIOTCA
¢ CHCTeMaTHYeCKMMH oluMbKkaMu. B 3ToM civyae nio4H, AeHCTBUTENBHO
obnazaromme Aoxoaom X, OyAyT Ha CaMOM Jeie TPaTUTh Ha MCCIelyeMblit
TOBap B CPEAHEM BeNHYMHY, MEHBIIYIO, YeM f(X), T. €. B pacCCMOTPEHHOM
npumepe o0bACHEHHAA YacTh HE ECTh YCJIOBHOE MaTeMaTHYeckoe 0XHAa-
HHE 3aBUCHMOH NEPEMEHHOM.

CucremMaTHyeckne omMOKH M3MEpPEeHHA OOBACHAIOIUX IepeMeH-
HBIX — O/IHA M3 BO3MOXHBIX IIPHYMH TOT'0, Y4TO 3KOHOMETPHUYECKAsA MOJE1b
HE ARIAETCA PErPecCHOHHOM. B 3KOHOMMYECKHX HCCIE€A0BaHUAX NoA0OHaN
CATYAUMA BCTPEYAETCA A0CTATOYHO YacTo. OAHMM M3 BO3MOXKHBIX NyTeH
YCTPaHEHUA 3TOTO, KaK MPABHIO, J0BOIBHO HENPHATHOrO OOCTOATENLCTBA,
ABAAETCH BBIOOP APYTHX OO BACHAIONIMX NMEPEMEHHEIX (3TH BONPOCH! paccMa-
TpUBalOTCA B /1. 8 HacTosAlero vueGHUKa).

C MaTeMaTH4YeCcKoH TOYKH 3PEHHA PErpecCHOHHBIE MOJE/H OKa3bliBa-
IOTCA CYIECTBEHHO Bosiee MpoCTeIM 0OBEKTOM, YeM 3IKOHOMETPHYECKand
Mozenb obuero Tna. OTMETHM 3/1€Ch HEKOTOPBIE CBOMCTBA PErpeccHoH-
HOH MOJETH.

PaccmoTpum paseHcTBo Y = M, (Y) + €, ¥ Bo3bMeM OT 00€HX YacTeH
MaTeMaTHYeCKOe OXHAAHUE NPH 3aZlaHHoM Habope 3HaveHnil 06LACHA-
MX nepeMeHHbIX X. B otoM cayyae M (Y) ecTh uHCI0BaA BeHYHHA, PaB-
Has CBOEMY MATEMATHYECKOMY OKHAAHHIO, H Mbl [10Oy4aeM PaBEHCTBO

MJ(e)=0 (1.3)

(a 3naumT, ¥ M(g) = 0), T. €. B PerpecCHOHHON MOJENH OXHIAaeMoe 3Have-
HUe cryvaiHoi omubku pasHO Hy!0. MOXKHO NoKasaTh, 4YTo OTCHAA Ce-
ayet (ecin oObACHAIONME NEPEeMEeHHBIC PACCMATPHBAIOTCA KaK caydaiHble
BEJIMYNHE) HEKOPPEAUPOBAHHOCM CayHaliHbix owubok u 06BACHAOUIUX
nepemexnbix X, 3T0 06CTOATENILCTBO OKa3bIBAETCH Hanbosee CymeCTBEHHBIM
YCJIOBHEM COCMOAMEABHOCMU TIOAYIACMBIX KONHYECTBEHHHIX Pe3yAbTaToB
aHa/iM3a JKOHOMETPUYECKON MOAE/IH.

1.3. IKOHOMETPUYECKAA MOAEND U IKCNEPUMEHTaNbHbIE AaHHbIe

Y106 NOJYYHTH JOCTATOYHO JOCTOBEPHbLIE U HHPOPMATHBHBIE JaHHbIE
0 pacnpeaeeHHH Kakoi-1ubo caydaitHOH Be/IMYMHBI, HEOOXOAHMO UMETh-
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sbifiopky ee HabnoaeHUi AocTaTodHO Goabworo obbema. Beibopka Habmo-
A€HHMHN 3aBHCHMOH NepeMeHHon Y n o6bACHAIOWMNX nepeMenHeix X, (j = 1,
«ery P) ABAAETCS OTNIPABHOH TOYKOH J1060ro 3KOHOMETPHYECKOr0 HCCAe0-
BaHMA.

Taxue BrIGOPKH NpeAcTaBAAIOT cOB0M HabOPBI 3HaYeHUH (X;), ..., X5 V),
rae i = 1, ..., n; p —KOAW4ECTBO OOBACHAOUIMX NEPEMEHHBIX, T — YHCIO
Habmose R,

Kax npasuno, yucao HabAoAeHHH n JOCTATOYHO BEJHKO (AeCATKH,
COTHHM) M 3HAYMUTENLHO NPEBLILIAET YHCIO0 P OOBACHAIOIMX NEPEMEHHBIX.
ITpobnema, oAHAKO, 3aK0YAETCA B TOM, YTO HabaK0AeHuA y,, paccMaTpH-
BaeMble B pa3HbiX BHIOOPKAX Kak cayudiihbie BEIHYHHB Y, M nojay4yaemMble
NPH Pa3M4HBIX HABOPax 3HaYeHNH OOBACHAIOUIMX NEPEMEHHRIX X, HMEIOT,
Booblle roBopA, paaiMYHOE pacnpejeteHne, A 3T0 03HAUALT, YTO IR Kax-
AOW CTyyalHHOM BeMYHHB Y,, MBI HMEEM BCEro JHMIlb OAHO HabaroaeHue,
Pazymeercs, Ha OCHOBAHMM OAHOI0 HaOMIOACHHA HHKAKOTO a/IeKBATHOIO
BBIBOAA O PACTIPEJESIEHHH CYy4aHHOH BEAWYHHEI CAENATh HEJb3d, M HYKHEI
AONONHUTEIbHbIE NPEANONOKEHHUS.

B knaccuyeckoM Kypce JKOHOMETPHMKH PacCMaTPHBAaeTCsA TPH THMA
BbIGOPOYHBIX JAHHBIX.

lpocrpancreennas BhIOOPKA WIM NPOCTPAHCTBEHHbIE JaHHbIE
(cross-sectional data). B sxoHOMEKe 1o npocmparcmaenHoil abibopkoil
NOHUMAIOT Habop NoKasaTesei IKOHOMHUYECKHX NePEMEHHBIX, NOAYYEHHbINH
B JAHHBLI MOMEHT BpeMeHH. /Ui 3KOHOMETPHCTA, OAHAKO, TAKOE ofnpe-
AeJieHue He O4eHb YA0OHO — H3-32 HEOAHO3HAYHOCTH NOHATHA «MOMEHT
BpeMeHn». DTO MOKeT ObTe M JeHb, ¥ Heaed, U rol. OYeBHaAHO, O Npo-
CTPAHCTBEHHOI BRIOOPKE MMEET CMBIC/ TOBOPHTL B TOM (JIy4ae, eciiu Bce
HabMloAeHNA TIONYHEHBI TPUMEPHO B HEM3MEHHBIX YCIOBUAX, T. €. Nnpel-
cranisoT coboit Habop He3aBUCMMBIX BbIGOPOYHBIX JaHHLIX H3 HEKOTOPOI
reHepasbHOM COBOKYITHOCTH.

Takum oOpa3oM, Mbl OyaeM HA3LBAThL NPOCMPAHCMEEHHOI abibopkotll
CEPHIO M3 N He3asucumbsix HabawgeHHH (p+1)-MEpHOH CAYYaHHOH BETH-
wnHbl (X, ..., X,; ¥).(Tlpu aTOM B AaabHeiiwieM MOXKHO HE pacCMaTpHBaTh
X; Kak cayqaiinbie BeMYHHEL) B 9TOM C1ydae pasniHbIe ClydaitHbie Beu-
YHHE Y; OKa3bIBAIOTCA MEXkY CoDOH He3aBHCHMBIMM, 4TO BJEYET 3a coboi
HEKOPPEJHPOBAHHOCTD HX BO3MYIIECHHH, T. €.

r(e,¢) = Onpni=j, (1.4)

rae rig,, €;) — K03GGUIHEHT KOPPEIAIHN MEKIY BOIMYIIEHHAMM €; U €.

Yeaopue (1.4) cymecTBEHHO yNpouaeT MOAEIb U ee CTaTUCTHYECKHH
dHaIHa.

Kak onpesenutb, saseTca A4 Buibopka cepHen He3aBUCHMBIX Habumio-
AeHWH? — Ha 3TOoT BOIpOC HeT 0AHO3HAYHOro oTBeTa. PopmanbHoe onpe-
Ae/leHHe He3aBUCHMOCTH CY4aiHBEIX BETHYHH, KaK MPaBHiIO, OKa3hbiBAeTCH
peanbHo HenposepAeMbM. OOLIYHO 32 He3aBHCHMbIE IPHHHMAKOTCA BEJIH-
YHHBI, HE CBA3aHHBIE NPUYHUHHO. Oanaxo Ha NPpaKTHKE AAaNeKO HE BCErja
BOMPOC O HE3aBMCHMOCTH OKa3blBaeTCA BECCIIOpPHBIM.



BepHemca K mpyUMepy 0 npojake MamuHbl (cm. § 1.1).

IlycTh Y — neHa mMamuHel, X — rog BeNycka, a (x,, y,), ..., (X, ¥,) —
CepHA IaHHBIX, NOAYYEHHAA U3 razeTsl «H3 pyK B pyku». MOXKHO M CHHTATDL
3TH HabNKweHNA He3aBUCHMBIMH?

PaasHyHbie NPo/aBlibl He 3HAKOMbI Mex Ay coboil, OHHM Aal0T CBOH 00b-
ABEHUA HE3aBHCHMO APYT OT APYra, Tak YTO NpPeANoNOKEeHHE O He3aBHCH-
MOCTH HAbIIOAeHHUI BHIVIAJAMT BIOAHE pasyMHO. C Apyrod CTOPOHBI, Heso0-
BEK, Ha3HA4alIMi LIeHy 3a CBOi aBTOMOOWIb, PYKOBOJACTBYETCH LlEHAMH
NpeANAYnMX OObAWIEHHH, TAK YTO M BO3PAXKEHHE MPOTUB HE3ABUCHMOCTH
HabI0/IeHHHA TaKkKe UMEET NPaBo Ha CyIleCTBOBaHHE.

M3 3TOr0 MOXHO CAENATH BHIBOA, YTO PEelIeHHe O NPOCTPAHCTBEHHOM
xapakTepe BhIOOPKH B H3BECTHOM CTeleHH CyObeKTHBHO M CBA3AHO C YCJIO-
BHAMH MCNOAb3yeMOit Mojenu. Bnpoyem, To ke caMoe MOXHO CKasaThb
0 MHOTHX NPEANONOKEHHAX, KOTOPhIE AIaI0TCH B MATEMaTHYECKOH CTaTH-
CTHKE M OCOOCHHO €€ NPHUIOKEHHAX.

WTak, 9KOHOMETpHUYeCcKas MOAe/b, NMOCTPOCHHAA Ha OCHOBE NPOCTPaH-
CTBEHHOW BHIGOPKM IKCIEPHMEHTANbHBIX AaHHBIX (X, ¥;), HMEeT BHA:

y=fx) +¢g,i=1,...,n, (1.5)
rzie omnOKN perpeccuu yAoBIeTBOPAIOT YCAOBUAM
M(e) = 0, (1.6)
r(e, ) =0, (1.7)
D(g;)=o?, (1.8)

Yro kacaetcs ycaonus (1.8), To 31ech BO3MOXKHBI /[Ba CIIyvas:

a) of =0_§'-‘ npH Bcex i ¥ j. CBONCTBO NMOCTOAHCTBA AXCNIEPCHI OIMOOK
perpeccuy HasblBaeTCs 2omockedacmuyHocmpblo. B aToM cayyae pacnpeae-
JIEHWA CAYYaHHBIX BEIMYHMH Y, OTIMYAKIOTCA TONBKO 3HAYEHHEM MaTeMaTH-
YecKoro oxuaanua (06 bpACHEHHOH YacTH);

6) of # G_f. B aTOM cnyyae MMeeT MeCTo 2emepockedacmuyHocms Modenu.
[eTepocKe1aCTHYHOCTD «[TOPTHT» MHOTHE Pe3VyibTaThl CTATUCTHYECKOro
aHajaM3a M, Kak npaswio, Tpebyer ycrpanenus. ([logpo6ree o6 atom cMm.
BIL 7.)

Kak onpeaenuTs, SRISETCA JIH U3y4aeMas MO/IeIh TOMO- WIH MeTEPOCKe-
JAACTHYHON? — B HEKOTOPBIX CJAYYafAX 3TO AOCTATOYHO OueBHAHO. Hanpu-
Méep, 1leHa aBTOMOOWISI, KOTOPOMY NATHAALATD JIET, BPAA 1M MOXEeT NoJ-
HATBCA Bhie 2000 y. e., TaK YTO CTaHAaPTHaA OIIMOKA LEHBI B 3TOM cayyae
BpAA ¥ MoxkeT ObiTh Gonbine, yem 300—400 y. e. Mexay TeM asToMoOUIb,
KOTOPOMY ABa roja, MOXeT cTouTs 1 7000, 1 17 000 y. e., T.e. cTanaapTHas
ommnbka 3asezoMo He MeHbme 1500—2000 vy. e.

OAHAKO BO MHOIMX CAy4aaX reTepocKeAacTHYHOCTh MOAENH AaNeKo
HEe CTO/Mb OYeBH/HA, ¥ TpebyeTcs NPUMEHEHHE METOA0B MaTeMaTHYeCKOH
CTATUCTHKY 1A IPUHATHA PelleHHA O TOM, KakoH Tin Mogenu byaer pac-
CMATPHBATHCH.
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BpeMenHoH (AuHamuveckuiil) pag (time-series data). BpeMeHHEIM
(AMHAMHYECKHM) PSAOM HA3BIBaeTcs BHIOOpKa HabnwaeHUH, B KoTopoi
BaXHBI He TOABKC caMHM HalamoJaeMble 3HAYEHHA CAYIAHHEIX BENMYMH,
HO U nopadok UX cAeJCRAHUA APYT 3a ApYroM. Halle BCero ynopsaaoieH-
HOCTb 00YC/IOBAEHA TEM, YTO DKCIIEPUMEHTANbHEE AAHHBIE NPeACTARIAKT
coboil ceprio HabTIOAEeHUA OAHOMN U TOH We CIYyHaRHONA BEAUYUHE B TOCAE-
ACBaTeNbHblE MOMEHTH BPeMeHH. B 3TOM caydae AMHAMUYECKMH PAA
HA3BIBAETCH 8PEMEHHbIM padom. IIpH 3TOM NPeANONAraeTca, 4TO THI pac-
npefeneHud HabnwoJaeMoil cTydaiiHOH BeJHYHHBL OCTAETCA OJHHM H TEM
*¥e (HanpuMep, HOPMAJIbHBIM), HO NapaMeTphl €ro MEHAKTCA B 3aBUCUMO-
CTH GT BPEMEHH.

Mogaenu BpeMeHHBIX PAAOB, KK IIPaBUIO, OKA3LIBAIOTCA CIOKHEE MOJE-
nei TpocTpAHCTBEHHOH BEIOOPKH, Tak Kak HabMOZeHHs B CAyYae BPEMEH-
HOTO pAAa BOOBIIE TOBOPSA He ABALIOMCSA He3ABLCUMBIMU, & 3TO 3HAYUHT, YTO
OIMOKW PEFPECCHH MOI'YT KOppelupoBaTh APYT ¢ APYroM, T. €. YCAOBHE
(1.4) BooGule TOBOPA He BHIONQAHASTCA. B HOCHEAYIOMKUX MTABAX Ml YBH-
IVM, YTO HEBRINOAHeHUE yoA0BHA (1.4) 3HAYNTEALHO YCAOKHACT CTATUCTH-
YeCKHH aHATH3 MOACTH.

Crneayet 0coGeHHO OTMETHTDb, YTC WMed TOAbKO pAj Habmogenui Ges
NOHUMAHHA HX IPUPOAE!, HEBO3MOXHO ONPEZeNNTb, HMEEM MBI JJI0 C [IPo-
CTPAHCTBEHHOH BHIGOPKOI Wik BpeMeHHEIM PAAOM. [1yCTE, HanpHMep, UMe-
erca 500 map uucen (xy, y;l, ..., (Xsgq, ¥500): TAE ¥ — neHa asToMoGuAA,
a X — roa eeinycka, JaHRrkle B3ATH H3 Ta3eThl «F13 pyK B PyKil». BOaMOXHbI
CNeAyIMME BAPHAHTH:

1) n raszer HbUIO YIOPAADYEHO MO ZaTe UX BBRITYCKA, M U3 KaKACH raseTsl
6b110 BEIGpaHO (Cay4aiinbnim 0bpasom) Mo OAHOMY OOEBABIEHUIO. — B aTOM
CIyqae MBI, QUEBMAHC, MOXEM CYHTaTh, YTO HMEEM JE0 C BPEMEHHBIM
psacM;

2)raszeTsl HpuUTM NPOUIBONEHEIM O6PA3OM IEepeMelaHbl, B HEBIHPas
Ha AaTy BeINYCKa <IyvaHHbiM ofpaszom OpU1o oTo6paro n 06bABNEHUH, —
B 3TOM cayuae MEl, CKOpee BCEero, MoXemM CHMTATh, YTC Halra BhIGopka —
NpoOCTPaHCTEEHHAA.

Ipu aTom, BooBInE roBOPH, BO3MOXHO, YTO B O60MX CAYYAAX MBI MOMY-
YAM OZMH ¥ TOT e Halop YMCIOBEIX JaHHEIX. BONee TOro, TeopeTHyeckt BO3-
MOXKHO Aa¥e M TO, UTO OHH OK&KYTCA B TOH e nocteoratensHocti! Oanako
BO BTOPOM CYHae MBI Z0MKHbI FIOCITYILPOEA b HEKCPPEMUPOBAHHOCTD OLIH-
Bok perpeccud (BeimonHeHue yenoBud (1.4)), MEXAY TEM KaK B IEPBOM CIIy-
yae noaeOHas NPEANOCELUIKA MOXET OKa3aThCs HENPaBOMEPHOIA,

IManeawHbie (MPOCTPAHCTBEHHO-BpeMeHHbIe) AaHHBIE (PACCMOTPEHB
B M. 11). .o : Coe . S

1.4. NuHeitHan perpeccuonHan mogenb

[lycTh onpesAesieH XapakTep SKCIEPUMEHTalbHbIX JAHHBIX U BBLAECAEH
onpeAeleHHEIH Habop OOBACHAIINX NepeMeHHbIX.
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Js toro, 9ToOs HalTH OO BACHEHHYIO YacTE, T. e, Beanuuny M, (Y), tpe-
ByeTcA 3HAHME YCR0BHBIX pacnpedeaeHult cayuatinoil seaununnt Y. Ha npak-
THKE 3TO TIOYTH HHKOI/IA HE MMEET MeCTa, 1o3ITOMY TOYHOE HAXOXK/eHHne
0OBACHEHHOMN YaCTH HEBO3MOXKHO.,

B TakuX cAy4anx NPUMEHAETCA CTAHAAPTHAsS npouedypa CaaaimusaHus
SKCHEPUMEHTAIBHEIX JaHHBIX, 10APOGHO onMcaHHas, Hatpumep, B [1]. D1a
NPOLEAYPa COCTOUT U3 ABYX 3TATIOB:

1) onpeaenseTcd napaMeTpPHYECKOE CEMEHCTBO, K KOTOPOMY NPHHA/UIC-
KHT Hekomas Gyakiua M (Y) (paccmatpupaemas Kak GpyHKIMA OT 3Have-
HHH OOBLACHAIOUIMX NTepeMeHHEIX X). 3TO MOXKET DBITL MHOMKECTBO JTHHEel-
HBIX (PVHKIMI, TOKa3aTeapHBIX GYHKIMH U T. 1.}

2) HaXOJATCA OLEHKH 1apaMeTpoB aToH PYHKIMH € MOMOUBK OAHOTO
H3 METOA0B MAaTEMaTHUYECKOH CTATHCTHKH.

DQopManbHO HUKAKMX c1ocoboB BHOOPA NapaMeTpHIecKoro ceMeicTna
He cyuecTveT. OHAKO B NOAARAAIOMEM OOALITHHCTBE C/IVYAER 3KOHOME-
TPUHUECKHE MOJICIH BhIGMPAIOTCH AUHETTHBIMU.

Kpome BrojHe OYeBHMAHOTO NpPeUMYyNleCTBa JHHEHHOH MOAenH —
€¢ OTHOCHTENBHON npocmomst,— A4 TAKOTo BeIOOpa UMETeA, 110 Kpaii-
HEH Mepe, /IBe CYLIeCTBEHHDIE TPUYMHBL.

lMeppas npuuMHA: eCcan cayyaiiHan Beanuuna (X, Y) mMeer coBMecTHoe
HOPMUILHOE PACTIPEACACHHE, TO, KAK M3BECTHO, YPABHEHUS PE2PECCUl TUHETL-
nnte (eM. § 2.5). lipeanoaokenne 0 HOPMAJILHOM pacnpeacIeHHH ABaIAeTcA
BIIOJIHE ECTECTBEHHBIM ¥ B PSJE CAydaes MOXKeT OBTe 060CHOBAHO € TOMO-
11bIO TIPEAEIbHBIX TEOPEM TEOPHH BeposiTHoCcTeH (eMm. § 2.6).

B ApyTHX caydadgx caM¥ BEJIHYHHEBL Y WM X MOI'VT He UMETh HOPMaJb-
HOTO pacnpejeneHua, HO HEKOTOpPhe GYHKIUH 0T HHX PacnpeAeaeHbl
HOpMaabHO, Hanpumep, U3BecTHO, 4TO JoTapudmM A0X010B HACETEHHA —
HOPMAJIBHO pacnpeaeseHHas cayvaitad BeHUMHA. BnoaHe ecTecTBeHHO
CYHTATL HOPMAALHO PacTipeJeeHHoH CayuaiHoi BeTHIHHOH npoder aBTo-
MOGHIA. HacTo rHNOTe3a 0 HOPMAJBHOM pacnpeieneHuH TPUHUMAeTCH
BO MHOIHX CJTy4asx, KOrjla HeT ABHOTO el NMpoTHBOpeYHs, H, KaK IOKaakl-
RAET MPaKTHKA, NoA0OHAA NPEANOCHUTKA OKa3hiBaeTCA BIIOJIHE Pa3yMHOH.

Bropaa npHYHHA, N0 KOTOPOH AWHEIHAA PErpecCHOHHANA MOAEIb OKa-
3bIBAETCA [IPEATIOYTHTEIbHEE APYI'HX, — ITO MEHLIULL PUCK ZHAYUMEABHOT
owubKi npozHeada.

Pucynok 1.1 wunocTpupyerT Asa Buibopa GVHKIHK PErpeccu — JIHHEeH-
HOH 1 KBaApaTHYHON. Kak BUAHO, MMEIOIIEecs MHMKECTBO SKCIICPHMEHTANb-
HBIX JaHHBIX (TOYeK) napabona criaamuBaeT, NoKanyi, Aaxe Aydine, 4em npda-
mas. OgHako napabosa ObICTPO yAaSETCs OT KOPPEIAIMOHHOTO NOJA M /ISt
Aobasaernore HatawaeHus (0603HAYEHHOTO KPECTHKOM) TEOPETHYECKOE
3HAYEHHE MOKET OUEHE 3HAYUTEILHO OTAWYATHCA OT IMITHPHYECKOTO.

Mo®%HO NpHIATE TOYHEIH MaTEMAaTHYCCKHH CMEBICI 3TOMY YTBEPIKACHHIO!
oxcudaemoe anaverue owubku npoexosa, T. €. MaTeMaTHYeCKOe OXHAaHHE
KBAJpaTta OTKJIOHeHNs HabalodaeMbIX 3HaueHHil oTCIIakeHHBIX (WK Teo-
pernueckux) M(Y, ¢, — Y., )? oOkasbisaemes menbie 6 mom cayuae, ecau
YpasHeHue pezpecciuil 8bl6paHo AUHETIHbHIM.
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Puc. 1.1

B Hacrosumenm yueGHHKE Mbl B OCHOBHOM Dyaem paccMaTpuBaTh JuHedl-
HbIE PETPECCHOHHBIE MOJAEH, H, NTO MHEHHIO @BTOPOB, 3TO BINOJHE COOTBET-
CTBYET TO# POJIH, KOTOPYIO HTPAIOT IMHEHHEIC MOJE/IH B 9KOHOMETPHKE.

Hanbonee xopoimo H3yueHs! THHEAHEIE PEIPECCUOHHBIE MOJAENH, YAOB-
Jersopsiomue yeaosuaMm (1.6), (1.7) 1 cBOMCTBY NOCTOAHCTBA AHCTIEPCHH
ownBOK perpeccHH, — OHH HA3BIBAIOTCA KAACCUMECKUMU MOORAAMU.

3aMeTHM, YTO YCJIOBHAM KIACCHYECKON PErpPeCcCHOHHON MOJAEIH YAOB-
JETBOPAIOT H F'OMOCKEAACTHYHAA MOAEJh NMPOCTPAHCTBEHHOH BhIGOPKH,
M MOJeNh BPEMEHHOTO psAAa, HabMIOAEHHA KOTOPOTO HE KOPPEeaHpYIoT,
a AHCNepCHN NOCTOAHHB. C MaTeMaTHYeCKOH TOUKH 3peHHs GHM AeHCTBH-
TEeNbHO HEPa3/IMYMMbl (XOTA MOTYT 3HAYMTEIbHO Pa3aHYaThCH JKOHOMHYE-
CKME MHTEPNPETALMH NONYYEHHBIX MaTEMATHYECKHX PE3YIbTATOR).

Moapo6HOMY PacCMOTPEHHIO KAACCHYECKOH PerpecCHOHHOH MojenH
nocBAmeHs 1. 3, 4 Hacroamero vie6HHKA. [TpakTHYECKH BECh 10OCIe-
AYIOUIHIT MaTepHaj NOCBALILEH MOJENAM, KOTOpble TaK HJIM MHA4Ye€ MOryT
BBITH CBEICHBI K KAACCHYECKOH, HacTo pa3se] SKOHOMETPHKH, H3yyatouuii
KIaCCUYECKHE PErpecCHOHHBIC MO/E/IH, Ha3biBaeTCH «JKOHOMETPHKOMN-1»,
B TO BpeMSA KaK Kypc «JKOHOMETpHKa-2» oXBaTbiBaeT 0ojiee CROKHbIE
BOIIPOCHI, CBA3AHHBIE C BPEMEHHBIMM PAJAMH, a TakKe Hosee CIOKHBIMH,
Cyl1eCTBEeHHO HEJIMHEHHBIMH MOAENAMH.

1.5. (ucTema oHOBpEMEHHbIX YpaBHEHUH

Jlo cHX 1OP MBI PACCMATPUBAIH SKOHOMETPHYECKHE MOJETH, 3aaBae-
Mbl€ YPaBHEHHAMH, BLIPAKAIOIMMH 3aBHCHMYIO (06BACHAEMYIO) NEpeMeH-
HYI0 Yyepe3 obbACHAIINE nepeMenHbie. OIHAKO peaibHble IKOHOMHYECKHE
06BbeKTHI, HCCAEAYEMbIE C MOMOLLLK IKOHOMETPHYECKHX METOAOB, TPHUBO-
JAT K PAClIMPEeHHI0 NOHATHA AKOHOMETPHYECKOH MOAEH, ONUCHIBAEMON
cucmemotl pezpeccuoHHbIM YpasHeHuil ¥ ToxaecTs!.

OcoBeHHOCTBIO 3THX CHCTEM ABIAETCA TO, YTO KAXK/A0€ M3 YpaBHEeHUH
CHCTEMBI, KPOME «CBOMX» 00BACHAKWUX NEPEMEHHBIX, MOXET BKAIO-

I B omanume OT perpeccHOHHBIX YPaBHEHHI TOKAeCTBA HE COAEPHKAT NOANEKALIHX
OlleHKe NapaMeTpoB MOAETH H He BIIIOYAIOT caydaiolt cocranmiomeit.
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uaTh oOBACHAEMble ICPDEMEHHBIE U3 ADYTHX ypaBHeRUN. Taxum o6pasoM,
Mbl KMEEM HE OZHY 3aBHCHMYH) MepeMeHHYI0, a Habop 3aBUCHMBIX {(06b-
HCHHEMBIX) NEPpEMEHHEIX, CBA3IAHHBIX YPDABHEHWAMM CHCTEMBIL. TBKYIO
CUCTEMY HA3bIBAlOT TAKKE CUCMeMOIl 00HOBDEMERHDIX YPasHeRULE, TTOAYED-
KHABaA TOT GaKT, YTO B CMCTEME OAHM M TE Y€ MEPEMEHHbIE 00HOBPEMEHHO
PaccMAaTPUBAKTCA KAK 3aBUCHMBIC B OAHHX YPaBHEHHAX H HE3aBUCHMEIE
B APYTHX.

CHCTEMEBI OHOBPEMEHHEIX YPaBHEHHI Hauboee TI0/AHO ONUCKIBAIOT 3KO-
HOMHYECKHH OOBEKT, COALPKAIINI MHOMECTBO BRAUMOCBA3AHHEIX S3HO02eH -
Hotx (POPMHUDYIOIMXCS BHYTPH QYHKIMOHMPOBaHUA 00BEKTA) M IKI02EH-
Helx (3afaBacMbBIX M3BHE) NepeMeHHBIN. TIPU 3TOM B KAYeCTBE 3HAOTEHHEIX
M 3K30T€HHBIX MOTYT BLICTYIIATh A0208bi¢ (B3ATHIE B NPEABIAYILMA MOMEHT
BpeMeHH) nepeMeHHbIe. _ :

KnaccHYecKHM TIPUMEPOM TAKOM CHCTeMEl SIBAAETCS MoAenb crrpoca Q4
U npeanoxeHusa (¢ (cMm. § 9.1), Korga cnpoc Ha TOBap CNpEJeRATCd €ro
neHo# P u zoxofoM noTpebureas I, npeanokeHue ToBapa — ere LeHOH
P ¥ ZOCTUraeTesl paBHOBECHE MEXKAY CNPOCOM M MPEAJIONREHHEM:

Q=P + B,P + Byl + &5
Q@ =By + BsP + €y

Q=0q. -

B 3TOif cMCTEME 3K30reHHOH NepeMEeHHOH BHCTYyMaeT A0X0f HOoTpe-
6uTenn I, a 3HAOTEHHEIMH — cnpoc (IpeaioxeHune) ToBapa QF = @ = Q
¥ UeHa ToBapa (leHa parHOBecus) P.

B Apyrci Mofenu CIpoca M NpPeAIoHKeHUA B KadecTBe 00'bACHAKILEN
NpefIoKeHHe f epeMeHHOMH MOXeT OHITE He TOABKO lleHa ToBRapa P B JaH-
HEII MOMEHT BpeMEHH I, T.e. Pt’ HO H OEH4 TQBApDA B I'IpE,I[bI,Z[yHJ,HIl;] MOMEHT
BpeMeHH P, ,, T. €. 1aroBad JHACIeHHAA NepeMeHHan:

Qf =PB4 +Psh +Bs P+

O6Gobman HANOKEHHOE, MOXKHO CKA3aTh, YTO 3KOHOMEMPUYECKAA MOOetb
nozsoasem o0BACHLUNL Nosederlie 3H002eHHBIX NEPEMERHBIX 8 3ABLICUMOCTMU
OmM 3HAYEHUU 3KI02EHHBIX U JIAZ0BBIX IHOOZEHHbLX NepeMennbix (MHave —
B 3@aBMCHMOCTH OT npedonpedeﬂenﬂbax, T. €. 3apaHee ONpeJeICHHEIX, Nepe-
MEHHBIX).

3apepluasd pACCMOTPEHHE TTOHATHA IKOHCMETPHYECKOH MOJEIH, CneayeT
OTMETUTh Chegywinee, He BCAKAs 3IKOHOMMKO-MATEMATHYECKAA MOAETH,
NpeACTaBAAIdA MaTEMaTHKO-CTATHCTHIECKOE ONNMCAHUE HCUICZYEMOTO
3KCHOMUYECKOT0 00BEKTa, MOXKET CYMTATLCA IKOHOMETPHYECKOH. OHa cma-
HOBLIMCA IKOHOMEMPUUECKOL] MOABKO 8 MOM CRYLde, ecau Gydem ompaxcanty
amom 00sexm Ha 0CHOB8E XAPAKMepU3YIOUUX UMEHHD €20 AMNUPUHECKUX
(cmamucmuueckux} GaHHsLx. .
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1.6. OcHOBHbI€ 3Tanbi U Npo6nembl 3KOHOMETPUYECKOTO
MOJeNNPOBaHUA

MOKHO BBJIETHTD IECTh OCHOBHBIX 3TANOB 3KOHOMETPHYECKOro Mo/ie-
AMPOBAHMSA: TIOCTAHOBOMHLIH, aIPHOPHLII, 3Tan napaMeTpH3auuy, HHdop-
MallMOHHBIH, 3Tansl WieHTHGukanuu u Bepudukaumuu moaenn [2].

OcraHoBUMCH NoApobHee Ha KOKAOM M3 3THX ITANOB M PACCMOTPHM
npobaeMbl, CBA3aHHBIE C HX pealn3auuei,

1-it 3man (nocmanoeounsiil). PoOpMUPYETCH Ueab NCCIEA0BAHNA, Habop
YHACTBYIOIIHX B MOJAEIH IKOHOMUHECKUX TIEPEMEHHBIX.

B KayecTBe LeH IKOHOMETPHYECKOTO MOAEHPOBAHHA 0BBIYHO paccmMa-
TPHBAIOT QHATU3 UCCIELYEMOro aKOHOMKHecKoro o6bekTa (nporecca); npo-
2HO3 ero IKOHOMHYECKUX NoKaszaTesel, uMumayuio pa3BUTHA o6beKTa npu
PasTHYHBIX 3HAYEHUAX IKIOrEHHBIX NePeMEeHHBIX (OTpaXKas MX CAyuaiHbIH
XapaKrep, H3MEHEHHE BO BPEMeHH), 8upabomky ynpasneHweckux peuteHuil.

Ipu BEIGOPE IKOHOMUYECKHX NEPEMEHHEIX HEOOX0IMMO TEOPETHYECKOe
0BOCHOBaHME KAXKAON nepeMeHHOW (NpH dTOM peKoMmeHayeTcs, 4To6b!
YHCN0 UX 6bL10 He ovueHb OONBIIMM M, KAK MHHHMYM, B HECKOJIBKO pa3
MeHble Yucena Habnoaenunit). OObACHAIME NEePEMEHHbBIE HE JONKHbI
GuiTh cBA3aHbl QYHKITMOHANLHON WIKH TECHOH KOPPEIALIHOHHOH 3aBUCHMO-
CTBIO, TAK KaK 3TO MOXKET NPHBECTH K HEBO3MOXHOCTH OIIEHKH NapaMeTpoB
MOZE/IH WIH K NONYHEHHUIO HEYCTONUHBLIX, HE HMEIONMM PeasbHOr0 CMLIC/AA
OLEHOK, T. €. K ABAEHHIO Myabmukortuneaprocmu (eM. 06 aTom . 5).

3aberas snepea, OTMETHM, 4TO 1A 0T6OpPA NEepeMeHHbIX MOryT ObiTh
HCTIO/Ib30BaHbl PA3/IMYHBIE METO/bI, B YACTHOCTH NPOLEAYPHI NOWa208020
ombopa nepemennbix (§ 5.2). A 119 OUEHKH BAMAHWA Ka4e€CTBEHHBIX NMPH-
3HaxkoB (Hanpumep, noj, o6pa3oBaHne H T. N.) MOTYT OBITH HCTIONB30BAHbI
Ppuxmuensie nepemernsie (§ 5.3). Ho B mobom ciyyae onpeaeisionum npu
BIUIIOYEHHMH B MOJE/b TeX WIH WHBIX NTEPEMEHHBIX ABISETCH 3IKOHOMMYe-
CKMi (KayecTBeHHBIH) aHATU3 uccaeayemMoro obbexra.

2-i1 3man (anpuopustil). [TPOBOAUTCA GHAAUI CYUWHOCMU H3YHAEMOT0
ofsexma, bopmupoBaHue U GopMarM3auHUA anpPHOPHON (M3BECTHOM
A0 Havana MOAEIHPOBAHHA) HHPOPMALHH.

3-tt aman (napamempu3aayus). OCylECTBAAETCA HENOCPeACTBEHHO
Modeauposanue, T. . BuBop obuero suda MoaenH, BHABICHHE BXOAAIIMX
B HEe CBA3EH.

OcHoBHad 3ajaya, peuiaeMas Ha 3TOM 3Tane, — BuGOp BUAA QYHK-
uuu f(X) B akoHOMETPHYECKOH Mozesau (1.1), B HACTHOCTH, BO3MOKHOCTD
MCNOAB30BAHMA JTHHENHON MOAeNH KaK Haubosnee NPOCTOH M HAAEKHOM
(0 HEKOTOPLIX BONMPOCAX IHHEAPH3alluKM MOAeIN ¢M, § 5.5). Becbma BakHOM
npobaemMon Ha 3TOM (M NpeAbAYLIKX) 3Tare IKOHOMETPHYECKOTO MOJAEIH-
poBaHuA ABaAeTCA npobaema cneyudukauuu moaenu (em. ri. 10), B yacTHo-
CTH: BhIp@XKEHHE B MaTeMaTH4ecKoi Gpopme oOHaPYKEHHBIX CBA3EH U COOT-
HOLIEHHI1; YCTaHORAEHHE COCTABA IK30I€HHEBIX U 3HAOIeHHbIX I1EPEMEHHBIX,
B TOM YMCJI€ JaroBuix; GOpMyJIMPOBKA HCXOAHBIX NPEANOCEUIOK M OTpaHuye-
Hui moaenu. OT Toro, HaCKONBLKO yAa4yHO pemeHa npobrema cnenuduka-
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MM MOJETH, B 3HAYMTEABHOMN CTENEHH 3aBHCHT YCIEX BCEro 3KOHOMETPH-
H4EeCKOro MOAEJIHPOBaHMS.

4-ii aman (undopmayuonnstil). OcymecTasercs cbop HeobXoauMOH
CTaTHCTHYECKOH MHbopMauun — Habao4aeMBIX 3HA4YCHWA IKOHOMUYE-
CKHMX TIePeMEHHBIX

(xi1, Xigs «ves Xips Yirs Yizs ---._Y;q), i=1.,n

3aechk MoryT 6uITh HabnOZEHWA, NOJYYEHHBIE KaK ¢ y4aCTHEM HCCIea0-
BaTend, Tak 1 6e3 ero yqacTus (B yCIOBHAX AKMUBHO20 WK NACCUBHO20 IKC-
nepumenma).

5-ii 3man (udenmudurauun modea). OCymecTBIAECTCA CMamucmuie-
ckuil aHaaus modeau ¥ oyeHxa ee napamempos. Pealnsauum 3Toro srana
[OCBALLEHA OCHOBHAA 4acTh y4eOHHUKa.

C npobaeMoit waenTHGHUKALMK MOJENH He cieayeT nyTaTh npobaemy
ee udenmuduyupyemocmu (ra. 9), 1. e. npodiaeMy BOZMOKHOCTH Noayye-
HMSA OIHO3HAYHO ONPEAENICHHBIX IAPAMETPOB MOAEJIH, 3alaHHOH CHCTEMOH
OZHOBPEMEHHBIX YPaBHEHWH (TOYHEe, napaMeTpoB cmpyKmypHoll gopmbi
MOJeNH, PACKPHIBAIOMENR MEXaHU3M GOPMHUPOBAHUA 3HAYEHHH 3HJOreH-
HBIX NepEeMEeHHBIX, 110 NapaMeTpaM npusedeHHoll opmbl MOAEAH, B KOTOPOH
DHAOTE€HHbIE NEPEMEHHDBIE HENOCPEACTBEHHO BHIPAXAKTCA Hepes npejonpe-
Jle/IeHHBIE NePeEMeHHbBIe).

6-it aman (sepuduxauus modeau). IpOBOAHTCS nposepKka UCMUH-
Hocmu, adekeamuocmu Modeau. BHIACHAETCHA, HACKONBKO YAaYHO PELIeHE
npobaemsl cneuuduKaunu, HACHTHGUKALUMK H HACHTHPHUMPYEMOCTH
MOZEIH, KAKOBA TOYHOCTb PACHETOB 10 JaHHOH MOAENH, B KOHEYHOM CyeTe,
HACKONMBKO COOTBETCTBYET IMOCTPOEHHAA MOJAENb MOJAETUPYEMOMY peab-
HOMY 3KOHOMHYECKOMY OOBEKTY WM npoueccy. O6cyx/ieHne yKazaHHBIX
BOTPOCOB NPOBOANTCA B GOBIIMHCTBE I71aB HACTOANIEr0 ydeOHHMKa.

Cresyer 3aMeTHTb, 4TO €I HMEIOTCH CTATHCTHYECKHE AaHHbIE, XapakK-
TEPHU3YIOLIHE MOACIMPYEMbIH IKOHOMHUYECKHUI 0OBEKT B IJaHHBIH U npeiie-
CTBYIONIIHE MOMEHTEI BPEMEHH, TO /1A BepudHUKaLMK MOAEIH, TOCTPOEH-
HOM U1 MPOTHO3a, A0CTATOYHO CPABHHTD PeaibHbIe 3HAYEHUSA TEPEMEHHBIX
B [10CJIEAYIONIHE MOMEHTHI BPEMEHH ¢ COOTBETCTBYIOIMMH MX 3HAYEHUAMH,
NOJYYeHHBIMU HAa OCHOBE PacCMaTpPUBAaeMOH MOJAEIH N0 AaHHLIM npeaue-
CTBYIOIMX MOMEHTOR.

anBCAEHHOQ BbllI€ PasjicNeHHe SKOHOMETPHYECKOTO MO.QEJ'[HPOBSHHR
Ha OT/AIE/IbHBIE Tallbl HOCHT B U3BECTHOM CTENEHH YCIOBHBIH XapakTep, Tak
KaK 3TH 3Tallbl MOTYT NEPeceKaTbCd, B3aHMHO JONOMHATL APYT APyra U T. 1.

[lpexae uem M3yyaTh OCHOBHBIE Pa3zenbl IKOHOMETPHKH — KJIACCH-
4eCcKylo ¥ 0006IEeHHYI0 MOJETH PErPeCcCHH, BPEMEHHbIE PA/AbI U CHCTEMBI
OAHOBPEMEHHBIX YPABHEHWH, MOE/IN € PA3NTUYHBIMH THIIAMH BHIGOPOYHBIX
AAHHBIX ¥ MOZeNH GPHHAHCOBOrO PhIHKA (1. 3—12), paccMOTPHM B Caedy-
omeit raase (1. 2) OCHOBHbBIE NOHATHA TEOPHH BEPOATHOCTEH W MaTeMa-
THYECKOH CTATHCTHKH, COCTARIAIONINE OCHOBY MaTEMaTHYEeCKOTO HHCTPY-
MEHTapHA 3KOHOMETPHKH, [TOArOTOBNIEHHBIH COOTBETCTBYIOIUM 06pa3om
YHTATENb MOXKET Cpa3y nepeiTH K U3Yy4eHHio 1. 3.



naBa 2
3NTEMEHTbI TEOPUU BEPOATHOCTEM
U MATEMATUYECKOW CTATUCTUKM

B aTo# maape NpMBOAMTCA Kpamxuil 0630p OCHOBHBIX MOHATHH W Pe3yib-
T4aTOB TEOPHH BEPOATHOCTEH W MATEMATHYECKOH CTATMCTHKH, KOTOPHE
HCTIONB3YIOTCH B KYPCe 3KOHOMETPHKH. llesb 3TOH 11aBhl — HANOMHUTH
YHUTATENI0 HEKOTOPhIE CBEAEHHA, HO HHKAK He 3aMeHHTb M3yueHHue Kypca
TEOPHH BEPOATHOCTEH ¥ MATEMATHYECKOH CTATHCTHKH, Hanpumep, B 00b-
eme yuebuuka [19].

2.1, CnyyaiiHble BeNMYMHbBI M UX YUCNOBbIE XapaKTepPUCTUKM

Bepoamuocmuio P(A) cobbimus A HA3bi6AEMCA HUCIEHHAA MePa Cime-
nexu 06BEKMUBHOLU B0IMONCHOCTNU NOABAEHUA 3MO20 COOBIMILA.

COrnacHo KAaccH4ecKoMy ONpe/ieleHHIo gepoamuocms cobuimus A
PABHA OMHOULEHUIO YUCAA CAyHaes m, 6aazonpusamcmaeyloux emy, k obuesy
yucay cayuwaes n, T. . P(A)= m/n. [lpu onpeaeneHHLIX YCIOBUAX B Kaye-
CTBE OLIEHKH BEPOATHOCTH COOBITHA P(A) Moxer ObiTe MCHOAB3OBAHA
cmamucmuyeckas eepoamuocms P (A), 1. e. omuocumenvhas wacmoma
{uacmocms) W(A) nossaenus cobsimus A 8 n npou3gedeHHbIX UCNBUMAHLUSLY.

OAHMUM M3 BAXKHEHIINX NOHATHH TEOPHHU BEPOATHOCTEH ABIAETCH TOHS-
THE CIY4AHHOH BEJHYHHBL.

Ioa cayuaiinoil seruduHOl MOHUMAETCs NepeMeHHas, KOTopas B pesyib-
TaTe UCMLITAHHA B 3aBUCHMOCTH OT CAy4ad NPHHHMAET OJHO H3 BO3MOX-
HOTO MHOXECTBA CBOMX 3HAYEHHH (KaKOe HMEHHO — 3apaHee He H3BECTHO).

Bonee cTporo caywaitinas eeauquna X ONpeAeIAaeTea Kak PyHkyus,
300aHHAA HA MHONECTNBE NEMEHMAPHBLX ucx0008 (UAu 8 npocmpaxcmse
aneMeHmapHbix cobbimuil), T. €.

X = flw),

rie o — 3MeMEHTAPHLIA HCX0A (MK J/IeMeHTapHoe codbITHe, NpUHaUIeka-
miee npocTpaHeTey L, T. e. w € Q).

Jns ducxpemmoll CyH9alHON BEIMYHHBI MHOXKECTBO = BO3MOXKHBIX 3Ha-
YeHHIl CIy4aiHON BEAHYUHLL, T. €. QYHKIUMH f(©), KOHEYHO WIH CYeTHO',
VIR HENPEPBLIBHOI — DECKOHEYHO M HECHETHO.

! HanoMHmM, 4T0 MHOKECTBO HA3SLIBAETCH CUEMHMBLM, ECH €r0 VIEMEHTH MOKHO Nepe-
HYMEpPOBaTh HATYPAIBHLIMH HHCIAME.
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Ipumepst cydaliHBIX BEJIHYMH:

X — 4HUCIO POAHBILMHXCA J€Tel B TEYEHHE CYTOK B I. Mockse;

Y — umncno npou3BeeHHBIX BHICTPEIOB A0 NEPBOIO NONajaHus;

Z — AanbHOCTE NIOJIETa apTHUIEPHHCKOro CHapsa/a.,

3aecs X, Y — AMCKpPeTHBIE CJydaliHble BEUYHHEL, a Z — HeNnpephIBHAA
cayvyanHas BeIHYMHA.

Haubosaee MoAHBIM, HCYEPNLIBAIOLIHM ONHCAHWEM CAYy4YailHON Beau-
YMHBI AWIAETCH €€ 3aKOH Pacnpele/IeHHA.

3akoHom pacnpedenerHun cAYHAUHOU BeAUMUHBI HA3BIBAEMCA BCAKOE
COOMHOWeEHUE, YCMAHABAUBAIOULEE CB8A3b MEMOY BOIMOMCHBIMU 3HAYEHUSMU
CAVHATIHOU BENUNUHB! U COOMBEMCMEYIOUWUMU UM BEPOAMHOCMAMLL.

st AMcKpeTHON CIy4aiiHOH BE/IMYMHBI 3aKOH pacnpeieIeHHa MOXKeT BuITh
3azaH B Brje TabnuLbl, aHATHTHYeCKH (B BHe GopMmysisl) M rpaduuecki.

Hanpuwmep,

X, Xo vae X, P Xn

2 Pz P Pn

X:

% =(X] X9 ... Xp ]
PrP2-Pn

Takas Tabauua Ha3uBaeTCos padom pacnpedeneHist AMCKPETHOM caydail-
HOW BEJWYHHBI,
s mo6oi AMCKPETHOHN CIy4aiHON BeHYHHbI

T P(X=x)=%p =1 @2.1)
i=1 i=1

Ecam no ocu abcumcec oTKAaAbBaTh 3HAYEHUA CAYYAaHHOH BEJWIHHBI,
Mo OCH OPAMHAT — COOTBETCTBYVIOIIHE HX BEPOATHOCTH, TO NojJyvyaeMan
(coegMHeHMEM TOMEK) JIOMaHas HA3bIBACTCA MHO20Y20NbHUKOM WJIH NOMU-
20HOM pacnpedeneHus BepoORMHOCMeil.

P TIpumep 2.1. B noTepee pa3nirpuiBaeTca: asTOMOGMAL CTOMMOCTEIO
5000 aeH. ea., 4 Tenepnsopa croMMocTeO 250 ZeH. el., 5 BuAeOMarHHToQOHOB
cronmoctbio 200 aen. ea. Beero npoaaercs 1000 6uneros no 7 AeH. ea. CocTaBuTs
3aKOH pacnpeaeNeHHA YHCTOrO BLMIPHILLA, TTOJAYYEHHOIO YJaCTHHKOM J0TepeH,
KYNHBIIHM OAHH GHaeT.

Pewenue, Bo3MOXKHbBIC 3HAYCHHA CAYHaHHON BEJAHYHHB X — MUCTOrO BBIK-
rpuia Ha oAHH Guner — pasril 0 - 7 = -7 aeH. ea. (ecau Guaer we suMrpan),
200 -7 = 193, 250 -7 = 243, 5000 - 7= 4993 sex. ea. (ecan Ha Guner punan
BLIMTPHII — BHAEOMarHHTOMOH, TENEBHIOP HAM aBTOMOGHAL COOTBETCTEEHHO).
Yunreisad, 4o u3 1000 6wieToB YHC10 HeBLIMTPaBIIKX cOCTanAeT 990, a yKasaH-
HEIX BRIMIPhILei 5, 4 1 1 COOTBETCTBEHHO; HCMIOAL3YA KAACCHYECKOe onpeaene-
HHE HEPOATHOCTH, NOAYHYHM:

P(X =-7) = 990 / 1000 = 0,990; P(X = 193) = 5 / 1000 = 0,005;
P(X =243) = 4 / 1000 = 0,004; P(X = 4993) = 1 / 1000 = 0,001,

T. €. PAA pacnpefeneHns



X -7 193 243 4993

P, 0,990 0,005 0,004 0,001 |

X:

Jlse cryqaiHble BEAMYHHB HAa3bIBAKOTCA HE3ABUCUMBLMU, €C/TH 3aKOH pac-
npeeieHHs OAHOM W3 HHX He MEHAETCA OT TOro, KAKMe BO3MOMKHbBIE 3Have-
HUA NIPUHAA APYTas BEIHYNHA.

3akoH (paa) pacnpezeneHus AMCKPETHOH Cly4alHOW BeJIHYMHBI AaeT
HCYEPNBIBAKOULYH HHPOPMAUHIO O HEH, TaK Kak Mo3BoAAeT BHYHCIHTD
BEPOATHOCTH JIOGHIX COBBITHI, CBA3AHHBIX CO CAY4alHON BENHYHHOMN.
Oanako Tako# 3akoH (psaa) pacnpeaenenus ObIBaeT TPyAHO 0603pHMBIM,
He Beerza vaoOHBIM (M Aaxe HeOOXOAUMBIM) VIS aHAIH3A.

[ToaToMy Ans ONHCAHHA CAYHAHHBIX BEJHYMH YAaCTO MCNONAB3YIOTCA
HX HUC08bIE XAPAKMEPUCTUKU — YUCAA, 6 cxcamoll hopme sbipaxmanujue
Haubonee cyusecmaenHble Yepmsl pacnpedenenus cayuatiHoll seauyunst. Hau-
flonee BaXHBIMM M3 HUX ARIAIOTCA MAaTEMATHYECKOE OXHAAHHE, UCTIEPCHS,
CpesHee KBaJpaTHYecKoe oTKJAoOHeHHe u Ap. Obpaumaem BHUMaHKe Ha TO,
YTO B CHJY ONPEAENeHHA, YUCA08ble XAPAKMEPUCTNUKU CAYUALHBIX BEAUNUH
ABAAIOMCA HUCAAMU HECAYHALHBIMU, ONPEAeNeHHBIMH,

Mamemamuueckum oxcudanuem, Wi cpednum anavenuem, M(X) duc-
KpemHoll cayuatinoll seaudunst X Ha3seaemca cymma npoussederull scex
€€ 3HAYEHULI HA COOMBEMCMEYIOLLLE UM 8EPOAMHOCLL

n
M(X)=Y x;p;. (2.2)
=1
(Jl1a MaTeMaTHYeCKOrO OKHAAHHA UCTIONB3YIOTCA TaKKe 0003HaAYeHHs:
E(X), X.)
> lpumep 2.2, Buuucants M(X) aia cryyaiinoil seauanib X — 4HCTONO BbiK-
rpeiia no AaHHbLIM npamepa 2.1,
Pewenue. o popmyrne (2.2)

M(X) = (=7)- 0,990 + 193 - 0,005 + 243 - 0,004 + 4993 - 0,001 = 0,

T. €. CPeAHHH BbIMTPLILI paBeH HyMo. [loayYeHHbIH peay1bTaT 03HA4AeT, YTO BCH
BBIPYYKa OT NPOAaXKH GHAETa NOTEPeH HAET Ha BBIMIPHILN. P

TpH n—>% MaTeMaTHYECKOE OHAAHME NPEACTARIAET CYMMY pada 3 x,p,,
ecM OH abCoNMOTHO CXOAUTCA., i=1

CBoHCTBA MAaTEMATHYECKOTO OKHIAHHA:

1)M(C) = C, rae C — NoCTOAHHAA BEJIHYMHA;

2)M(kX) = kM(X);

IMXEY) = M(X) =M(Y);

4)M(XY) = M(X)-M(Y), rae X, Y — He3aBHCHMBIe CTydaitHble BETHYMHDL;

5)M(X=C)= M(X) =C;

6)M(X -a)= 0, rae a= M(X).

HAucnepcueii D(X) cayuatinoll eenununbi X HA3bIBALMcA MAMEMAMUHECKOL
owcudanie keaopama ee OMKAOHEHUS O MAMEMAMUYECK020 OMUOAHUA:

27



D(X) =M[X -M(X)]3, (2.3)

D(X) = M(X-a)?, rae a = M(X).

(Jlra aucnepcuu caydaiHoON BeWYHHB X HCNOAb3yeTca Takke obo3Ha-
yenue Var(X).)

Jucnepcus xapakTepusyer omiaouenue (pasbpoc, paccesinue, sapua-
YL0)3HAYEeHUH CIYyYaitHON BEIMYMHB! OTHOCHTEILHO CPEAHETO 3HaUeHUs.

Ecau cayvaiiHasa BendduHa X — AMCKPETHAaA ¢ KOHEYHBIM YHCJIOM 3Ha-
YeHHit, TO

n
D(X)=3 (x;—a)*p;. (2.4)
i=1
Aucnepcusa D(X) umeeT pasMepHOCTh KBajpaTa clIydalHOH BEJIHYHHBI,
YTO He Beeraa yAo6Ho. [ToaToMy B KauecTse NoKasaTens paccesHHa UCTIONb-
3VIOT Takke BeMUHHY  D(X).
CpedHum keadpamu4ecKum OmMKAOHEHUEM (CMAaHdapmHbsLmM OMKAo-
HeHuem win cmandapmom) o, cayualinoll geaununs X naasieaemes apud-
MEMUYECKOe 3HAUEHLIE KOPHA K8aopamHozo U3 ee ducnepcuu:

o, =JD(X). (2.5)

> ITpumep 2.3. BHYUCAHTD AUCTIEPCHIO H CpeHee KBAJpaTHieckoe OTKI0HE-
HHe cayuainoil BernunHs X No AanHeM npuMmepa 2.2.

Peweriue. B npumepe 2.2 6110 Buiuucaeso M(X) = 0.

Mo popmynam (2.4) u (2.5)

D(X) = (-7-0)2-0,990 + (193 - 0)2- 0,005 + (243 -0)2- 0,004 +
+ (4993 - 0)%- 0,001 = 25 401,

0, = JD(X) = /25401 = 159,38 (zen. en.). P>

CpoO#CTBA AMCNIEPCHH CAVYAHHON BeMYHHEL:
1) D(C) = 0, rae C — NOCTOAHHAA BETHYHHA;
2)D(kX) = k2D(X);
3)D(X) = M(X2) - a?, tae a = M(X);
DX +Y) = DX -Y) = D(X) + D(Y), rae X n Y — He3aBHCHMbIE CIy-
YalHbie BEJTHYHHEL

P [Ipumep 2.4. HallTi MaTeMaTH4eCKOe OXHAGHNE H AHCNEPCHIO CAYYaHHON
BenuuuHbl Z= 8X - 5Y+ 7, ecau aavn M(X)= 3, M(Y)= 2, D(X)= 1.5uD(Y)= 1
H H3BECTHO, 4TO X H Y— He3aBHCHMBbIE CTyYaHHbie BETHYHHEL

Pewerine. Vicmonbays csoficTBa MATEMATHYECKOTO OMMAAHHA M AHCTIEPCHM,
BEIYMCTHM:

M(Z) = 8M(X) -5M(Y) + 7=8-3-5-2+7=21;
D(Z) =82D(X) + 5°D(Y) +0=82-15+52-1=121.
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2.2, OyHKUMA pacnpefieneHua Cy4aiHon BenuunHbl. HenpepbiBHble
CnyyaiHble BefIMYMHbI

PyHKuLell pacnpedenerHus CAVHATHOU 8eaUNUHb X HA3BIBACMCH PYHK-

yust F(x), estpasxcaionias Ona kamo0ozo X 8eposmuocms mozo, Ymo cayuaiHas
gealnuna X npumMem Havenue, Menbllee X:

F(x) = P(X < x). (2.6)

P Ipumep 2.5. Jlay paj pacnpejgenenns CIydailHoH BeTHYHHEL

X X | 1 :I 4 5 |
- P 04 | 01 | o5 |

Haiiti 1 n3obpaauTs rpadmveckn ee GyHKUNIO pacnpesenenms.
Perseniue. B COOTRETCTBHU ¢ ONIPeieAeHHEM

Fx)=0upux=1;Flx) =04npn 1l <x < 4;

Fix) =04+ 0.1=05npud <x =5 Flx) =05+ 05=1lupux>5,
Hrak (em. puc, 2.1):

Onpux<1,
0. 4npul<x<4,
Fx)=1 P
0. 5npu4<x<5,
1rpu x >5.
Fix)
I'OL ...................... *—.——-—.—
O.BT : :
% Y o :
0.4 F----- < - !
0,2 : :
i i . :
0 1 2 b 4 5 6 7 X
Puc. 2.1

Ceolicnaa (pYHKIHH pactipeacieHis:

1. GyHKUMA pacnpejeneHls cayvanHol BeTHYHHE! €CTh HEOTPHILATEIh-
HaA GVHKIMA, 3aKTI0MeHHAS MEKAY HYIEeM H eIHHNIIeH:

0<Fx)<1.

2. PyHKUMA paCHpeJeneHns CIyIalnHoN BEIHYHHBl €CTh HeyOhBalomas
$yHKIMA Ha BCEH YMCIOBOM OCH, T. €. IPH X; > X,

Fx,) = Flxy).

3. Ha MuRYC 6eCKOHEMHOCTH (YHKIMA pacnpeieleHds paBHa HYIO,
HA TWTHC BECKOHEeYHOCTH — paBHa €AHHMIE, T. €.

F(—==)= lim F(x)=0, F(4e0)= lim F(x)=1.

L Xpbee
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4. BeposTHOCTD NONajanus CayyaiHoH Benyunbl X B uHTEPBaN (X}, X,)
(BkAI0YAA Xx;) paBHA NPUPALEHHIO ee QYHKIIMH pacrpeaeeHHs Ha 3TOM
HHTEpBaJe, T. €.

P{xIEX<X2] ZF(xz)—F(.r]). (2.7)
> [Tpumep 2.6. PyHKIUMA pacnpeseneHHa cayvaiiHol BeanunHb X nMeeT BHA:
Onpux<0,
F(x)={x/2npull<x<2,
}] npH x >2.

HalTi BEPOATHOCTL TOTO, 4TO Cy4HaiiHaA BeAUYNHa X NPHMET 3HaYeHHe
B MHTEpBane [1; 3).
Pewenue. Tlo dopmyne (2.7)

P(I-sX<3)=F(3)—F(l)=]—%:%_)

Cayuatinaa geauyuna X Ha3sieaemcs HeNpepulBHOll, ecau ee HyHKUuU
pacnpedenenus Henpepuiena 6 awoboii mouxe u duddepenuyupyema acody,
Kpome, Bbims Moxcem, 0omOAenbHbLX Mouex.

Ana HENnpepLBHOW cAyYyallHON BeNMYHHB X BEpPOATHOCTH J1060r0
OTAEIbHO B3ATOrO 3HAYEHUs PaBHa HyMIO, T. €. P(X = x;) = 0, a BepoATHOCTS
nonagaHua X B nHTEpBan (x,, X,) HE 3aBUCHT OT TOro, ABAAETCA JIH 3TOT
MHTEPBaA OTKPLITBIM HIH 3aKphIThIM (T. €., Hanpumep, P(x;< X < x;) =
=Plx; =X = x3)).

Iromuocmbio eeposmuocmu (NAOMHOCMbIO pacnpedeneHus Win 1npo-
CTO NIOMHOCMbBIO) P(x) HenpepwbisHoll cayHaliHoll senuduHbl X Ha3bi8aemcs
NPou3sooHas ee GYHKUUU pacnpeoeneHus

o(x) = F(x). (2.8)

[I10THOCTL BEPOATHOCTH @(x), Kak W VHKIMA pacnpeaeneHus F(x),

ABAAETCA OAHON W3 POPM 3aKOHA pacnpesieleHns, HO B OTIHYHE OT QYHK-

MM pacnpeleseHus OHA CYIEeCTBYET TONbKO 1A HenpepbiHblX Cy4alHBIX
BEJTMYMH.

I'padmk IWIOTHOCTH BEPOATHOCTH HA3BIBAETCHA KPUBOL pacnpedeneHus.
P [puamep 2.7. [lo ganusiv npusMepa 2.6 HAWTH IIOTHOCTE BEPOATHOCTH LTy~
4aHHON BEAHYUHR X,

Pewenue. IlnotHoCTb BepoATHOCTH @(x) = F(x), 1. €.
Onpux<0ux>2,

olx)= P >
1/2npu0<x<2.

Ceolicmea NIOTHOCTH BEPOATHOCTH HENPEPLIBHOH CIy4ailHOW BEJTHYHHDI:

1. [LIOTHOCTL BEPOATHOCTH — HeoTpULaTeabHas QyHKIMA, T. €. o(x) = 0.

2. BepoATHOCTp NonajaHuA HenpepuiBHON cay4ailHOH BEJIHYHHEI
B MHTepBai [a, b] paBHa onpeaeseHHOMY HHTerpaay oT ee IUIOTHOCTH Bepo-
ATHOCTH B npejenax ot a Ao b (cm. puc. 2.2), T. e.

b
Pla< X <b)=[eo(x)dx. (2.9)
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3. ®yHKUMA pacnpeseseHHs HeNPephIBHOW ciryyaitHoi Beanyussbl (oM.
puc. 2.3) MoxkeT 6bITL BeIpakeHa yepe3 IJIOTHOCTE BEPOATHOCTH no ¢op-
Myne:

F(x)= T o(x) dx. (2.10)

QLA PO

Puc.2.2 Puc. 2.3

4. HecobcTBeHHBIH MHTErpan B 6ECKOHEYHLIX npejenax OT MIOTHOCTH
BEPOATHOCTH HENPEPLIBHOM CIY4YaiHON BEIHYMHEI PABEH eANHUIE:

Tm(x)dx:l. (2.11)

[eomeTpHUECKH CBOMCTBA 1 M 4 IJIOTHOCTH BEPOATHOCTH O3HAYAIOT,
4TO ee rpaduK — Kpusas pacnpedeneHus — JAexH UM He Huxce ocu abeyuce,
u noaxas naowads duaypel, 02PAHUYEHHOU Kpueoll pacnpedeneHus U ocbio
abeuuice, pasra edunue.

Jlns HenpepuIBHOMN CyMailHON BeTMUMHBI X MaTeMaTHYECKOe OXHaHHe
M(X) n aucnepensa D(X) onpezgenastores no popmynam:

a=M(X)= [ xo(x)dx (2.12)
(ecam uHTErpan abcoNOTHO CXOAMTCA);

D(X)=T(x—a)ch(x)dx, (2.13)

o

D(X)= [ x?@(x)dx-a®
(ecniu npHBEAEHHBIC HHTEPAJIbL CXOAATCA).
Hapazy ¢ OTMEeYEeHHBIMH BhIIIE YHCIOBHIMM XapaKTePHCTHKaMH s
ONMUCAHUA CAYYaHHONH BETHYMHBI MCTIONB3YETCA MOHATHE KBAHTWIEH W npo-
LEHTHBIX TOYEK.
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Keanmuiem ypoeus ¢ (Win -K8aHMueM) HA3bIBACMCA MAKOe 3HAYE-
HUE X, CAYHAUHOU BENUMUHDL, NPU KOMOPOM dyHKuUA ee pacnpedeneHua npu-
HUMAEM 3HAYCHUE, PABHOE ¢, T. €.

Flx) =P(X <x) =g. (2.14)

100q%-it mouKoit HA3LIBACTCA KEAHMILIL Xy .
> IIpumep 2.8. [10 ganusiM npuMepa 2.6 HalTH KBAHTUIB X, 4 H 30%-Hy10
TOYKY CAV9aHHOH neaHyuHn X,

5 TEY 7 Xo3 .
Pewenue. Io onpegenenuio (2.16) Flxg4), T e. = i 0.3, OTKyAa KBAHTHIIb
Xy 4= 0,6. 30%-Haa Touka cayIaiHOd BeanYnHE X, WK KBAHTWIB Xy 54 = X5 4,

Xo7 -
HaXOAWTCA AHATOTHYHO M3 YpaBHEHHA 2 =0,7, o1kyAa xo > = 1,4. P

Cpead 4MCA0BRIX XapPAaKTePHCTHK CAyMaHHON BEJTHYHHBI BHIACAAIOT
HAYAABHBIE V;, H UeHmpansHsie (L, momenmst k-20 nopsdxa, onpejese-
Mbl€ 151 AMCKPETHHIX M HENMPEPHIBHBIX CTYYaiHBIX BENWYHH 110 GopMyaaM:

. pom
\!E — z_\'fp!; V}\. - I xl{p(-\-}d-r:
i=1 ——

o

Mg = i(x; ~a@)kps Wy = | (r-afolx)dx.

i=] b=

2.3. HexoTopble pacnpepeneHuns Cy4auHbiX BENUYMH

PaccmoTpum Hauboee YacTo HCTOTB3YEMAIC B 3KOHOMETPHKE paclipeje-
JIEHHH CAVUAHHBIX BETHIHH,

1. Juckpemunaa cayuaiinas seauduna X umeem OUHOMUAABHBIL 3AKOH
pacnpedeneHus, ecau oHa npuxrumaem 3uavwenus 0, 1, 2, ..., m, ..., n ¢ eepo-
AMHOCMAMU

P(X =m)=Cltphg*™, (2.15)
rae
O<p<l,gq=1l-pm=90,1,..,n

BruHOMHANBHBEIN 3aK0H pacnpezencHus npeacrasageT coboil 3akoH
pacnpejeneHua 4yucaa X = m HacTVILICHUH coOBITHA A B i1 HE3aBMCHMBIX
HCIBITAHUAX, B K&XKA0OM U3 KOTOPBIX OHO MOMKET ITPOM30HTH ¢ 0AHOH U TOH
K€ BEPOATHOCTHIO P.

®opmyna (2.15) HazwiBaetes gopmynoit Bepuyanis

Yuenonnie xapaktepuctuku: M(X) = np, D(X) = npq.

m
B yacTHOoCTH, 1A vacmocmu cobeimust W =~ B 1 He3aBUCHMBIX MCITBITA-
n
HuAX (rae X = m umeer GUHOMUAIBHBIN 3aKOH pPacnpe/eieHna ¢ napame-
TPOM p) YHCIOBLIE XaPaKTEPHCTHKH!
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M(W) = p, (W) =54,

2. Jluckpemuan cayuaiinaa eeauvuna X umeem 3aKon pacnpedenenus
Iyaccona, ecau ona npunumaem 3navenus 0, 1, 2, ..., m, ... (feckoneunoe,
HO CHEMHOE MHOMCECTNB0 INAYEHUIL) C BEPOATHOCTAMM

;\med\.

A (2.16)
m!

P(X=m)=

rmem=20,1,2,....

Yucnopele xapakTepucTHKu: M(X) = A, D(X) = A.

3. Henpepwigras cayuaiinas eeauduna X umeem paeHoOMepHbill 3AKOH
pacnpedenenus xa ompeske [a, b], ecau ee nromuocms seposmuocmu
NOCMOAHHA HA 3MOM OMPE3Ke U PABHA HYAK0 BHE €20, T. €.

1
——npuasxs<b;
¢(x)={b-a T
Onpu x<a, x>b.
a+b -
Hucnosble XapakTepueTHkn: M(X) = —5 D(X)= L 3 : )2.
4. Henpepbignaa cayvalinas eeauduna X umeem noxasamenvuuiii (axc-
NOHEHYUAABHBIIL) 3AKOH pacnpedeneHus ¢ napamMempom i, ecail ee naom-
HOCMb BEPOATITHOCIU LUMeem 6U0:

(2.17)

he ™™ npu x 20;

= 2.18
0 npu x<0. ( :

o(x)
1 1
YucnoBble xapakTepucTHki: M(X) =T DUO:;T:'

5. Henpepeigrnaa cayuatinan seauvuna X umeem HOpMansHblil 3aKox pac-
npedenenua (3axon I'aycca) ¢ napamempamu @ u 62, ecau ee NAOMHOCMb
aepostmHocmu umeem 6ud:

1 _(;__.;)2
QN(X)=Q2—RB 20 (219)

KpHBy10 HOPMaJIbLHOTO 3aKOHA pacnpeAeeH sl Ha3biBAIOT HOPMANLHOIL
WIH 2ayccosoil xpueoll (puc. 2.4).

Pn(x) 4
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YUCIOBBIE XAPAKTEPHCTHKH:
M(X) = a, D(X) = o2.

[lpy H3MEHEeHWH TOJIBKO NapaMeTpa a HOpMaJbHasA KpuBas repeMena-
eTcs BAoAb ock Ox, NpH H3AMEHEHHH TOILKO NapameTpa o2 mexsercs gopma
HOPMaZIbHOH KPHBOH.

HopmanbHbif 3aKOH pacnpeaenenns ¢ napamerpamua = 0,02 = 1, T. e,
N(O; 1), HaspiBaeTCs cCMaHAAPMHLIM WIH HOPMUPOBAHHBIM.

DQYHKUMA pacnpeeseHns Cay4anHoi BeJHuHHb X, pacipeseseHHON
N0 HOPMAJbHOMY 3aKOHY, Bhipaxaercs uyepe3 ¢ynxuuio Jannaca ®(x)

no ¢opmyne:
F (x}-1+1¢~("—“1} (2.20)
" 2 21 o '

x 2
rae ®(x)= Ej'e 2dt — Pynxkyua (unmeepan sepoamuocmeil) Jlanaaca,
0

paBHas IIOHIAAN NOA CTAHAAPTHON HOPMATLHOI KpuBo# N(0; 1) Ha oTpeske
[-x, x].

Caolicmea cay4aiiHOH BeNMYMHBI, PACTIPEJACNEHHOH N0 HOPMaJbHOMY
3aKOHY:

1) BepoATHOCTD NonajaHua cayuaiHoON BeanunHbl X, pacnpeieseHHoH
110 HOpMaJIbHOMY 3aKOHY, B uHTepBai [x,, x,], paBna

P(x, X < 22) = {0(E) - 0(1)], (2.21)

X, —a X,—a
ety =——, ty ==2—,
o I}
2) BepoATHOCTB TOTO, YTO OTKJOHEHHE CAy4yaiiHON Beau4yHHBI X, pac-
npejeeHHOH 110 HOPMAaJbHOMY 3aKOHY, OT MAaTeMaTH4YeCKoro OXHAAHUs

@ He NPEeBBICHT BeanyuHy A > 0 (no abconioTHOH BeanYHHe), paBHa

P(|X-a| < 4) = (), (2.22)
A
rpet=—.
(4]

M3 BTOpPOro CBOMCTBA BLITEKAET, B YACTHOCTH, IPABWIO TPEX CHI'M:

Ecaum cryvaitHan BelH4HHA X MMeeT HOpMaZbHEIH 3aKOH pacripeAesieHus
¢ nmapameTpamu a ¥ 62, T. e. N(a; 02), mo npaxmuuecku 00crmoeepHo, 4mo
ee 3HaveHUA 3aKouensl 8 unmepaane (a — 30, a + 30).

6. Henpepuienas cayuatinan eeauyuna X umeem ao2apudmuvecku Hop-
ManbHoe (COKPALeHHO — N0ZHOPMANbHOE pacnpedeneHue), eciu ee ao2a-
pudm noduuHeH HOPMATLHOMY 3AKOHY.

7. Pacnpedenenuem y? (xu-keadpam) c k cmenenamu c60b00bi Ha3bea-
emcs pacnpedeneHue CyMmbl KBAOPAMOS K HE3NBUCUMBIY CYHALIHBIX BenU-
YlUH, PACTIPEOENEHHBIX N0 CMAHOAPMHOMY HOPMANABHOMY 3AKOHY, T. €.
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k
x2=3 2¢, (2.23)
i=1

rae Z, (i = 1, 2, ..., k) nmeer HOpManbHOe pacnpesenenue N(0; 1).

Ilpu k > 30 pacnpesenernue cay4yalHONR BEIHYHMHB Z:W—\Jzk—l
6/IM3KO K CTAHAAPTHOMY HOPMaJIbHOMY 3aKOHY, T, €. N(0; 1).

8. Pacnpedeneruem Cmuiodenma (unu t-pacnpedenenuem) Hassled-
emcs pacnpedenenue cCAyHaiHol AU UHbI

Z

f= . (2.24)
1 52
;k

rae Z — clydadHas BeJIMYHHA, pacnpejefieHHas 1o ¢TaHAapTHOMY HOp-
MajibHOMY 3aKOHY, T. €. N(0; 1); x? — He 3aBHCHManA oT Z ciyqaiHas sean-
YHHA, UMelollas y2-pacnpeaeneHue ¢ k cTeneHAMH cBO6O/bI.

Ipu k — + = t-pacnpesesnerne npubamxaerca K HopmaabHomy. Ipak-
THYECKH yxe npH k > 30 MOXHO CUMTaThb [-pacnpeseneHue npubianxentno
HOPMAJIbHBIM.

9. Pacnpedenenuem Puiwwepa — Cuedexopa (unu F-pacnpedeneruem)
HA3bIBaeMcs pacnpedeneniie caAyHaiiHol BeAUYUHBL

1,
F= ~1—1——~— (2.25)
k xz(k2)
2
rae yx2(k,) v x*(k,) — cayuaitHble BEIWYHHBI, HMEIOIKE X2 pacnpeaeicHne
COOTBETCTBEHHO C k, 1 k, creneHamu cBobOAbI.

2.4, MHoromepHbie cnyyaiHble BeNUYnHbl. YCNOBHbIE 3aKOHDI
pacnpepnenexus

Ynopadouennstii abop X = (X;, X, ..., X,,) CAy4QilHbLX BeAUNUK HA3BIBA-
emea MHOZOMepHOU (n-MepHOTl) cayyaiinoil seaudunoll (uau cucmemoil
CAYHATHBIX BEAUHUH, N-MEPHBIM 8EKINOPOM).

Hanpuwmep, noroga B JaHHOM MECTE B OIIPEAEIEHHOE BPEMA CYTOK MOXKET
GbITE OXapaKTePH30OBAHA MHOrOMEPHOI ciyyaiiHoM BeaunHon X = (X, X,
vy X), TRIE X ~— TEMNIEpATYPA, X, — BIAKHOCTH, X; — AaBneHue, X; — CKO-
POCTb BETpa M T. 1.

dyvukyueil pacnpedenenus n-mepHoli caywatinoil seauvunst (X,, X,,
..y X,) HazwmBaeTca pyukuma Flx,, x,, ..., X,), BHpaXaouas BePOATHOCTb
COBMECTHOIO BRIMONHEHHA N HepaBeHCTB X, < x|, X) < x,, ..., X, <X, T. €.

F(X3, X35 o0y X) = P(Xy < X1, X3 < X3, 000y X, < X,). (2.26)
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B asymepHOM caydae! jis caydaidHoi ennunHsl (X, Y) ¢yHkuua pac-
npeaeneHus F(x, y) onpeaeauTcs paBeHCTBOM:

Fix,y) =PX<x,Y<y). (2.27)

Caoticmsa ¢yHKUMHK pacnpeaenenus F(x, y), aHaJlorHyiHble CBOHCTBAM
OHOMEPHOH CIy4aHHOH BETHYHHBL:

1)0=Flx,y) = 1;

2)npu x; > x; F(xy, ¥) = F(x,, y); npuy, >y, F(x,y;) = F(x, y,);

3)F(x, =) = F(-=, y) = F(-», -») = 0;

4)F(x, +=) = F,(x), F(+=,y) = F,(y), rae F,(x) u F,(y) — dyHkuun
pacnpeaeseHus cay4aiHbIX BEIHIHH X U Y,

5)F(-w, —=) = 1.

ITromuocmso eposmHocmu (RAOMHOCMbI0 pacnpedeneHus wiu
COBMECMHOI NAOMHOCMBIO) HENPEPLIBHOT ABYMEPHOL CAYHATIHOL BENUMUHBI
(X, Y) nassigaemca 8mopas cMeWAaHHas wacmHas npou3sodHan ee ynkuLu
pacnpedenerus, T. e.

d*F(x,y)

dxady

Ceolicmea TUIOTHOCTH BEPOATHOCTH ABYMEPHON CAY4YallHON BEJIMYHHBEI
¢(x, y) aHAIOTHYHBI CBOHCTBAM MJIOTHOCTH BEPOATHOCTH OAHOMEPHOI Ca1y-
4YaiiHOW BEJIHYMHBI:

Dolx,y) = 0;

2) PI(X,Y) € D)= [[olx, y)dxdy;

D

olx,y)= = F"xy(x,y). (2.28)

3)F(x,y)= [ | olx,y)dxdy;

oy b0

4) | [ olx,y)dxdy=1.

YenosHbim 3axonom pacnpedeneHust 00HOL 13 0OHOMEPHbIX COCMABASLIO-
wux dsymeproll cayuaiinoil seaununst (X, Y) Hasbieaemcs ee 3aKon pacnpe-
OeneHUs, BLIHUCAEHHBII NPU YCA08UL, ¥MO OpY2aA COCMABAAIWAR NPUHANQA
onpedenexnoe 3Havenue (WU nonara 6 Kakoi-mo uwmepsan).

YeaoBHEI€ IIOTHOCTH BEPOATHOCTH @, (x) 1 ¢, (v) ABYyMEPHO#H CaydaiHOM
BeanyunHel (X, Y) onpeaeasiorea no popmynam:

WUx.Y) o (=252 (2.29)
0,2(y) @, (x)

9,(x)=

! B panbHeilmeM A8 NPOCTOTE HAIOKEHHE BEAEM B OCHOBHOM VIS ABYMEPHON (n = 2)
cAyMaiiHOW BeNVYMHBL, MPU 3TOM MPaKTHYECKH BCE MOHATHA M YTBEPHAEHHA MOTYT OHTE
neépeHeceHsl Ha cryyailn > 2.
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‘%fx)::MiﬂPx(yh :‘p%.

J o(x, y)dx [ o(x,y)dy

Yeroshsie naoTHocTA @, (x) 1 @,(y) o6aazaioT BeeMH cBOlCTBaMH «be3-
YCIOBHOMH» IUIOTHOCTH, PACCMOTPEHHOMN B § 2.2,

YHCAOBBIE XapaKTePHCTHKH YCJAOBHBIX pacnpele/eHHd: yCIOBHbIE
MatemaTHyeckue oxuaanua M (Y) u M (X) u ycrosubie aucnepcuu D, (Y)
n D,(X). OTH XapaKTepHCTHKH HaXOAATCA 10 06bYHBIM GopMyaM MaTe-
MaTHYECKOTO OKHAAHHMA M AHCNIEPCHH, B KOTOPBIX BMECTO BEPOATHOCTEH
COOBITHH WIH TUIOTHOCTEH BEPOATHOCTH HCTIONB3YIOTCHA VCIIOBHBIE BEPOAT-
HOCTH HIH YCAOBHBI€ IVIOTHOCTH BEPOATHOCTH.

Yenoswoe mamemamuueckoe owudanue cayualinoil seauvunst Y npu
X =x, 1. e. M (Y), ecmsb dynxyusa om x, HaswiBaeman dynxuueil pezpeccuu
HAH pocTo pezpeccueil Y no X; ananoruuio M, (X) HasbiBaeTcs yHKyuer
pezpeccuu um npocTo pezpeccuedi X no Y. I'paduks 3THx GyHKUMI HA3bI-
BAIOTCA COOTBETCTEEHHO JUHUAMU pezpeccuu (MM kpussimu pezpeccuu) Y
noXuXnoY.

Caolicmaa ycI0BHOI'O MaTeMaTHIECKOro OXHAAHNA:

1. Ecan Z = g(X), rae g — HekoTopas HecayvanHasa GyHkums or X, 1o

M,(M,(Y) = My(Y).

B uactHOCTH,
MM (Y) = M(Y).
2.Eom Z = g(X), 10
M, (ZY) = ZM(Y).
3. Ecam cayyaiHble BEAHYMHBL X H Y HE3aBHCHMBI, TO
M, (Y) = M(Y).

1A He3aBHCHMBIX CIYVHAHHLIX BEJIHYHH

0(x,¥) = 0,(x) - 0,(¥) wan ¢, (x) = ¢,(x) n @, (¥) = 0,(¥),

rae ¢,(x), 9,(y) — MIOTHOCTH COOTBETCTBYIOLMX OAHOMEPHLIX pacnpeie-
AeHnil cayuainbIx BeauH X u Y; ¢,(x), ¢,(y) — nI0THOCTH MX YCJIOBHBIX
pacnpeaeneHdid X no Y u Y no X.

3asucumocms Mexncdy 08YMA CAYHAUHBIMU GEAUYUHAMU HA3bIBAEMCA
8EPOAMHOCMHKOU (cmoxacmuyeckoll Win CMamucmu4eckoil), ecau Kax-
domy 3naueruro 0dHoll u3 Hux coomeemcmayem onpedenennoe (ycaoanoe)
pacnpedenenue Opyzoil.

Hanpumep, 3aBUCHMOCTb MEXY YPOKAHHOCTBIO M KOJIMYECTBOM BHE-
CeHHBIX YAOOPEHHI — BEPOATHOCTHAA.
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Kosapuauueit (uiu xoppeasuyuonnsim momenmom) Cov(X, Y) cayuai-
HBLX genuvud X 1t Y Hasstedemcea MameMamuieckoe oMcudanue fIPﬂE.L?HiTaBHNﬂ
OMKAOHEH UL FMUX BEAUYUH OM CBOUX MAMEMAMUHECKUX 0XMUAHUTL, T. €.

Cov(X, Y) = M[(X-a)(Y—a,)], (2.30)

rae a, = M(X), @, = M(Y).

(/l1g KoBapHalMM cyvaiiHeIX BeJIHYHH X W Y Henons3yloTes Takke obo-
3HaueHna K, 0,,.)

KoBapuauusa ABYX CAYYAHHBIX BEAWUMH XapPaKTCPHIYET KaK CMENeHb
3QBUCUMOCTIU CAVYAHHBLIX BEJIMYMH, TAK H UX paccesHile BOKPYT TOUKHM (a,.
a,). KopapHanusa — BeTHYHHA PA3MEPHan, UTO 3aTPY/HAET ee UCIIOJIL30Ba-
HHUE /151 OLIEHKHM CTENEHH 3aBHCHMOCTH CAYYaHHbIX BEIMYHH. ITHX HeJo-
CTATKOB JHIIICH KOB(.I)(])H LHHEHT KOPPCAALMA.

Koagduuuenmom xoppeasauuu 0yx cay4aliHbim SeAUHUH HA3bIBALTIICA
OMHOWEHUE UX KOBAPUAUUL K NPOU3EELOCHUN) CPeOHUX KBAOPAMUUECKUX
OMKTOHEHUIL IMUX SEAULUN:

_ Cov(X,Y)
0,6,

W3z onpegenenns caeayer, uTo KodGpGHIHeHT KoppesisiHe — BelHYHHa
DeapaamepHas — XapaKTepU3yeT TeCHOTY THHEHHON 3aBHCHMOCTH MEKAY
CIy4aiHBEIMH BETHIHHAMH.

Caolicmsd KOBAPHALIMH JABYX CTYYaiHBIX BEIHYHH!

1)Cov(X, Y) = 0, ecsin X 1 Y He3aBHCHMBI;

2)Cov(X,Y) = M(X,Y) -a,a,;

3) [Cov(X, V)| = 0,0, .

Caoiicmea koabdHIHERTa KOPPEITIMM:

D-1=p=1;

2)p = 0, ecnu caydariHble BeAUYHHE X 1 Y HE3aBHCHMEI;

3)ecaun |p| = 1, To Mexay cayHaiiHeiMK BeayrHamMu X 1 Y cyiecrsyeT
JViHelHan (b)TiKU,HOHﬂ.’]bHﬂH 3AdBHMCHMOCTh.

M3 Heagaucumocmu 08YX CAYUATIHBLX GENUUUH CAEOVEM UX HEKOPPEAUPO-
BAHHOCMB, T. €. paReHCcTBO p = 0. OZHAKO HEKOPPEAUPOBAHHOCTh JABYX CITy-
YalHBIX BEIHYWH €11le He 03Ha4YaeT HX He3aBHCHMOCTE.

(2.31)

2.5. [IBymepHbiii (n-MepHbii) HOpManbHbIW 3aK0H pacnpepeneHus

Cayuaiinaa geauvuna (cayualinwilt gexmop) (X, Y) nassigaemces pacnpede-
JAEHHOT N0 0@YMEPHOMY HOPMAABHOMY 3AKOHY, €CIU €€ COBMECTHAS TLIOM-
HOCTE UMeem 8Uo:

q\_\-(.r.y]=—1.__-e Lix, ¥) . (2.32)
2n0,0,1-p2
e ' ‘
2 2
xX- = y—a -a,
Lix, )= —— [T “'] B R A ] (2.33)
2(1-p2)IL o, @ 3 o,
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Yucaossie xapaktepucetuin: M(X) = a, M(Y) = a,, D(X)=0%, D(Y)=0?,
px.v i p‘

[lpu 3TOM OAHOMEPHbIE CIYYaHHEIC BETHYHHEL X U Y pacnpeaenersl Hop-
MaJILHO € MapaMeTpaMi CcooTBeTCTBeHHO (a,,03%), (a,,07).

YeaoBHble 3aKOHbI pacnipeaesenua X o Y u Y no X — taxke HoOpMalib-
HbI€ C HUCIOBBIMH XapaKTePHCTHKAMH:

M, (X)=a, +p2X(y-a,), (2.34)
Sy
D, (X)=02(1-p?); (2.35)
(43
M. (Y)=a,+ |;);3—"—(,\r—aj.r ) (2.36)
D, (Y)=62(1-p2). (2.37)

N3 dopmyn (2.34), (2.36) caeayert, 4To aunuu pezpeccuu M (X)
u M, (Y) HopMmarsHo pacnpedesenHbix CAYNAlHbLX 8eAUNUK NPedcmastiom
coboll npaMble AUKUU, T. €. HopmansHble pezpeccuu Y no X u X no Y ece2da
AUHETIHBI.

JAs HOPMANBEHO PACNPedeNeHHbEX CAYUAUHBIX BENUYUH MEPMUHBE «HEKOP-
PEAUPOBAHHOCTE» U «HE3ABUCUMOCME» PABHOCUNBHBL.

[TonaTne asymepHoro (n = 2) HOPMaabHOro 3akoHa obobmaertca ann
moboro HaTypaabHOrO n.

Hopmansrbiil 3akox pacnpedeneHus N-mMepHOll CAYNQUHOI 8eaUNUHbL
(n-meprozo cayuaiivozo eexmopa) X = (X,, X, ..., X,) xapakrepusyercs
napaMeTpaMu, 3a/aBaeMbIMH BEKTOPOM CpeaHHX a = (a,, a,, ..., a,)’
H KOBapHaLMOHHO#H MaTpuueit L, =(0;),.,, rae o; =M [(X; - a,-)(}{J - aJ)].

KoBapHallMoOHHAas MaTpHlla ¥ e¢ ONpeAeauTe] b, HasbiBaeMbli 0606-
weHHoil ducnepcuett n-MepHOL CAYHATIHOL BeNLUYUHbL, ABAAIOTCA aHAN0raMH1
AUCTIEPCHM OAHOMEPHOM CIy4aitHOH BEHYHHBI M XapaKTEPHU3YIOT CTENeHb
cayvaitHoro pasbpoca OTAeNbHO NO KaXA0K COCTaBAAIOMEH M B LEIOM
N0 N-MEePHOMH BEJIHYHHE.

2.6. 3aKoH GONbLIKMX YKCEN W NpefieNbHble Teopembl

oA 3akorHom GoablLLx wucen B IHPOKOM CMEBICIE MOHUMAaeTcs obuguil
NPUHYUN, CO2AACHO KOmopomy, 110 GopMYIHPOBKe akageMuka A. H. Koamo-
ropoBa, cosoKynHoe delicmaue 6oabl020 wucaa cayuaiinsix daxmopos npu-
godum (npu HEKOMOPsLIM 8ecbMa 0BUUX YCR08UAX) K pe3yabmamy, nowmu
He 3asucsuemy om cayuas. JIpyruMu ¢ioBaMu, npu 60/1b10M YHCIe Cayyaii-
HbIX BETHYHH MX CPEIHMH pe3ysibTaT NnepecTaer GuITh CAy4aiHbIM H MOXKET
6uTe npeackas’aH ¢ 60/bLIOH CTENEHbIO ONPeAeIEHHOCTH.

Teopema Yebuuuena. Ecau ducnepcull N HEIABUCUMBLY CAYHATHBLX Bel-
uum Xy, X5, ..., X, o2panuvenst 00HOL & Mot #e NOCMOSAHKOIL, Mo npu Heo-
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SPAHUHEHHOM YBeAUYeHUU Hucaa n cpedm apugfwemuqecxan mﬂﬂﬁﬂbw
genltyuH cxodumesa no gepoamuocmul x cpedwell apudmemureckoil ux mame-

Mamuueckux oxudanuil a,, a, ..., a,, T. €.
; X14Xo+...+X, ay+a,+..+a .
hmp| 1~ -3 a_-1"3 "!se =1, (2.38)
n—pee | n n |
Lo n n
2Xi o PN
) SRS ) .

n M—p= n

Teopema BepHy/H. Yacmocmb cobbimia 8 n NOBMOPHBLIX HE3ABUCUMBIX
UCTILIMAHUAX, 8 KaX¥0oM U3 KOMOPbIX OHO MOX¥cem npouaoiimi ¢ 00Koll u moii
HE BEPOAMHOCTILIO [, NPU HEOZPAHUHEHHOM YBEAUYEHUU Hucha n cxooumcea
no BEPOAMHOCIL K 8EPOAMHOCTMU P IMO20 cobbimus 6 0MOeNLHOM UcnbIMa-
HUU, T. €.

m
==
n

lim P[ < s)-—- L (2.39)

m P
——p.
n M=o

CornacHo Teopeme JIANYHOBAZ, el HE3ABLCUMDBIC CYUALIHbIE BEAUYLHbI
X, X5 ...y XN uMeom KOHEUHbIE MAMEMAMUYECKUE OXMCUOTHUS U ducnepcull,
No CB0EMY 3HAMEHUI HU OOHA U3 IMUX CAYHAUHBIX 8EAUMUH PE3KO He blde-

Jemca cpeau OCMAIbHLLX, MO Npu N — % 3aKOH pacnpeameuuﬂ LY CYMMBL

n
Y X, HeozparuuerHo npubrumcaemecs X HOpPMATLHOMY.
i=1
B qacTHOCTH, ecu Xy, Xy, ..., X, 00unaxoso pacnpedenest, T0 3aKOH pac-

n
npeseneHus MX cyMMbl Y X, IPH n — % HEOTPAHWYEHHO NPUOAKACTCH
K HOPMaJILHOMY. =

2.7. ToyeyHble U MHTEpPBanbHbIe OLEHKH NapameTpoB

Ouenkoii 6, napamempa O Ha3bBIBAKM BCAKYIO PYHKYUIO PEIYABMAMOS
Habrodenuil Had cayvaiinoll seauyunoll X (MHAYe — cmamucmuky), ¢ nomo-
walo kKomopotl cydam o 3Hauenusx napamempa 6.

B omiMume OT napameTpa, ero oleHka 0, — eanyuHa cryyaiHan. «Hau-

ayuwast oyenka» 0, doaxcHa obaadams HAUMEHLUIUM PACCEAHUEM OMHOCU-

! MoapobHee 0 NOHATHH «CXOAMMOCTb [0 BEPOATHOCTH», 0DD3HAHAEMON CHMBOIOM P,
M., Hanpumep, [19].

2 [Ipupeaennas HOPMYTHPOBKA He ABAAETCA TOYHON M AAET ML NOHATHE O TeopeMe
JlanyHosa.
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ae

MEALHO OUeHUBaeMo20 napamempa 0, HanpUMep, HanMEHbIIEH BEAHYHHOH
MaTeMaTHIEeCKOTO 0){(}{,-12“-{1'{5! KBaApaTa OTKJOHEHHA ONEHKH OT OlleHnBae-
Moro napamerpa M(8, —6)%

Ouenxa B, napamempa 6 HA3BEACMCA HECMEUEHHOTL, eCaL ee Mamema-
Mmiueckoe oXcUdaHUE PABHO OUEHUBAEMOMY napamempy, T. e. M(0,)=6.

B npoTuBHOM cyvuae oleHKa Ha3kiBaeTeH CMeUuleHHOL.

Ecau 3TO PaBeHCTBO HE BHIIOAHAETCA, TO ouenxa 0,, noayiennas
1o pa3HbiM BebOpKaM, OyaeT B cpeaneM aubHo 3aBLIIaTh 3HaYenue 0 (ecan

M(6,) >8, ambo saHmxars ero (ecm M(0,)<0). Takum o0pasom, Tpebosa-
HHE HECMENIEHHOCTH TapauTHPYET OTCYTCTBHE CHCTEMAaTHYECKUX OnbOoK
NPH OLEHHBAHHH,

Ouenka én napamempa 0 Hasbieaemcs COCMOAMEALHOIL, ecal OHaA yD08-
Jdemasopaem 3aKOHY boabux qucen, T, €. cxodumes no S8EPOAMABOCITIN K OU€-
HUBAEMOMY NapaMempy:

lim P(|8, -8|<¢e)=1, (2.40)

N—poe

WA

P

T )

T—poms

B cayuae ucIionb3oBaHHs COCTOATENLHEIX OIIEHOK ONpPaBAbIBAeTCHA VBEIH-
deHHe 00beMa BHIOOPKH, TAK KaK NIPH ITOM CTAHOBATCH MalOBEPOSTHEIMH
JHAYMTEIbHBEIE OUIHOKH NPH OLEHUBAHUH. 1103TOMY NMPAKTHUECKUH CMbIC/
HMEIOT TOJBKO COCTOSTENbHBIE OLEHKH.

Hecmeugennas ouenka 6, napamempa 6 Hazuisaemes adidexmueHoil, ecau
OHA UMEETN HAUMEHBULYH) QUCTEPCUIO CPedll BCEX BOIMOMHBLY HECMEULEHHBIX
oyenok napamempa 0, BbMUCTEHHBX N0 8bI60PKAM 00HO20 U MO20 We 06%-
ema .

Tak Kak 418 HecMelleHHoi onernkn M(0, —0)? ects ee aucnepens 0’5“,

10 3QPEKTHBHOCTE ABTACTCA PellAOWUM CAOUCMBOM, ONPEAEIAIONHM
Ka4yeCTBO OLEHKH.

JUisi HAXO®ICHHA OLEHOK NapaMeTpoB (XapaKTepHCTHE) TeHepaibHOR
COBOKYNHOCTH HCTIONB3VETCH P/l METOJ0B.

CornacHo MeToAy MOMEHTOB Ofpe/leIeHHOE KOIHIeCTBO BhIBOPOUHEIX
MOMEHTOB (HauaJ bHBIX V, WIN [eHTPAJBHBIX Wy, WK TEX W APYTHX) npHpas-
HUBAETCA K COOTBETCTBYIOLIMM TEOPETHYECKUM MOMEHTAM PACIpPeaeIeHNUA
Vi WIH W, CAVHaHHOH BeanHHHb X.

OCHOBHEIM METOLOM TIONYHCHHA ONCHOK NapaMeTPOR TeHepaTbHOH
COBOKYITHOCTH 110 JJAHHBIM BeIDOPKU ABIAETCA METOA MaKCHMAalbhHOrO
npaBAonogo6us.

OcHOBY MeTOAA COCTaRIsieT PyHKUUa npagdonodobus, sppanaruas
RAOMHOCTTb BEPOSIMHOCIU (BEPOATIHOCME) COBMECMHO20 NOABIAEHUSA PE3YIIb-
mamoa 86i00PKU X1, Xo, wavy Xyt

Lxy, Xgy ees X3 0) = 0xy, 0) - 0{x5, 8) - ... - @x;, 0) - ... - 0(x,,, 0),
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L%y, %, X1 0) = [ 0(;, 8). (2.41)
i=1

COracHO METoAY MaKCHMAaJIbHOIO NPaBAonoAotua B Ka4eCTBe OLEHKH
HEM3BECTHOrO TlapameTpa 0 NPUMHUMAETCHA Takoe 3Hadenme 0,, KoTopoe
maxcumuaupyem GyHkimio L. EcTecTBeHHOCTh NoA0OHOI0 NoAXoAa K onpe-
ACNEHHID CTATHCTHYECKHX OII€HOK BRITEKAET M3 CMbICaa cl:yuxunn npas-
aononobus, KoTopas npu KaxaoM GUKCMPOBAHHOM 3HAY€HMH NapaMerTpa
ABAAETCA MEPO# NPaBIoNoAo6HOCTH nonyyenns Habaoaenuii. U onenka 6,
TAKOBA, YTO UMEIOLIHeCs Y Hac HabmoaeHus apaaioTes Hauboaee npasao-
nog00HBIMH.

JIOCTOMHCTBOM ME€TOAa MakCHMaJbHOTO MpaBAoOnoAodus ABAAETCH
TO, UTO NMOAYHAEMbBIE UM OUEHKU COCMOAMENLHBLL, aCUMNIMOMUYECKU (npu.
n — ®) 3PPexmusnsl U uMerm acuMnmomuuecku (npu n — %) HOPMAIL-
Hoe pacnpedeneHue.

TycTs Ui OLUEHKH NNapaMeTpoB paciipejeeHns CIyHalHHoNn BeJIHYHUHBI
X orobpana cayuaitHas BbIGOpKa, COCTOAIMAA M3 3HAUYEHUH X, X, ..., X,.

n
le'ni
Haitaenn BLIGOPOYHBIE XapaKTepUCTHKH: X == — — pribopounas cpea-
n
n
Z(xl "f)zni
wan; s =5  _ priopounasn aucnepcus (re n, — 49acTOTHI 3HaYe-
n

. m
HHAX); W= L BuibopouHas aosa (rae m aneMeHTOB BuiBOPKH U3 n obaa-

K0T ZaHHBIM TIPH3HAKOM),

Torza X U w — HecMeujeHHble, cocmosamenbHbie W addexmuansie (115 HOp-
MaJIbHO pacnpeiesieHHOH reHepasbHON COBOKYMHOCTH) OI€HKH COOTBET-
CTBEHHO MAMEMAMUYECKO20 OHUOAHUA T W BEPOSIMHOCTU P, A 52 — CMelen-
HAA, HO cOCMoAMeabHas ouenka ducnepcuu o2, Henpasaennas estbopounan

i(x:' -X)’n

R n =
ducnepcun §2=——s= i=1
n-1 n-1

oyenxa ducnepcuul 62,

Hapagy ¢ moueunbMu OLlEHKAMH NapaMeTpos (B BUAE OAHOTO YHciaa)
PaccMaTpHBAIOT HHTEPBAJIbHbBIE OLUEHKH.

HumepeaabHoil oueHkoil napamempa 0 HA3bIBAEMCA HUCA0B0TI UHMED-
san (85 ,8%)), komopuiil ¢ 3adanHOLl 6ePOAMHOCTNBIO Y HAKPLIBAEM HeU3Gec-
HO€ JHaYeHUEe napaMempa 0.

Taxoii uureppan (6),6\”) HasnpaeTca JOBEPHTENBHBIM, a BEPOAT-
HOCTB ¥ — JOBEPHTEIBHO BEPOATHOCTBIO WIH HAZCKHOCTHIO OLCHKH.

BeaMYMHA 0BEPHTENLHOrO HHTEPBAla CYUIECTBEHHO 3aBUCHT OT 06D
ema BLGOPKM 1 (YMEHBIIAETCA C POCTOM N) M OT 3HAYEHNS AOBEPHUTENbHOI
BEPOATHOCTH ¥ (yBeMIHMBAETCS ¢ NPHOAMIKEHHEM Y K eAMHHILE).

— HECMEWEHHAR U cocmoAmenbHas
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[puBeaeM NpUMEPBI NOCTPOEHHA A0BEPHTENbHBIX HHTEPBATOB (cM. [19]).
[lyeTs: X, Xy, ..., X, — NOBTOPHAA BLIGOPKa M3 HOPMANLHO pacnpedenen-
HOli reHepaibHOH COBOKYTTHOCTH;,
X — BHIOOpOYHAA CpeAHAs;
X — reHepajbHas CpeaHas;
YHOE CpPeAHee KBaAPaTHYeCKOe OTKIOHEHHE;

—— — Cpe/iHee KBaIpaTHUECKOe OTKIOHeHHe BhbopouHoil cpea-
Heil (cpeaHnAs KBagpaTHuecKas omnbka BeIGOPKH).

YYUTLIBAA, 4TO CTATHCTHKA %& = f—;f—" Jn-1 nmeer t-pacnpeneneHue
CreiosenTa ¢ n — 1 creneHsMu cfmﬁo.am, dosepumenbHblll UHMepaan o
2enepanbHoll cpedell Xy Ha YPOBHE 3HAYMMOCTH ¢ OnpeAensieTc no gop-
Myze:

= s = s
(X-h-a.n—: 7:1_=1J“1-u.u—17;_-1]- (2.42)

ns?
YunreiBasn, 4TO CTaTHCTHKA o HMeET y2-pacnpeaenesue ¢ n — 1 cremne-

HAMH CBODOAH, dogepumentubiil UHMepsan Ona zenepanbHoll ducnepcuu o?
Ha YPOBHE 3HAYHMOCTH (f ONpeAeseTcsa no gopmyne:

2 2
[—2'3———21&&} (2.43)
Xas2,n1 Xl-a/2,n-1
> [Ipumep 2.9, [Lis anaan3a NPOH3BOAHTENLHOCTH TPYAa X COTPYAHHKOB
orpacau otobpana cayvaiisas subopka w3 n = 23 dupm. [lonaras pacnpesene-
HHe X HOPMaTbHBIM, TOCTPOUTD Ha YpoBHe 3HayumocTH a = 0,05 goBepuTenpibie
HHTEpBaNLl VI X, M 02, eCIH HX OleHKH no Bubopke ¥ =200 1 s = 65 (you. ex.).
Pewenue. INo dopmyne (2.42) npM t;_g0s. 231 = Logs. 22 = 2,07 (cm, Taba. 11
npunoxesuil) nonyuum X, €(164,0; 236,0), a no bopmyne (2.43) npu
WB 05,2 23-1 = X8 025, 22 = 36,8, XF 0,05/2. 23-1 = X8 0975, 22 = 11,0 (em. Taba. 11 mpusio-
#eHuit) — o? € (2640; 8834), wm o € (51,4; 94,0), 1.e. Ha ypOBHE 3HAYHMOCTH
« = 0,05 (¢ nagexknocTsio 1 -« = 0,95) cpegnan NPOHIBOAHTENLHOCTE TPYAA
COTPYAHUKOB HPM OTPaC/Iy 3aK104eHa B npeaenax ot 164 a0 236 (yca. ea.),
a ce cTaHAapTHoe oTKAoHeHHe o1 51,4 a0 94,0 (yea. ea.).

2.8. MpoBepka (TecTUPOBaHME) CTAaTUCTUYECKMX rUnoTe3

Cmamucmuueckoil 2unome3soil nasvieaemcs noboe npednoromenue
0 8ude AU napamempe HeU3BECMHOZ0 3AKOHA PACTIPedeneHUA.

[lposepsemyio runortedy 0ObIYHO Ha3BIBAIOT Hynesoll u obo3Havaior H,.
Hapsay ¢ Hyneso# runoreso H, paccCMaTpHBalOT albTEPHATHBHYIO, WK
KOHKYPHPYIOULYIO, rHnoTe3y H, ABAAIOUIYIOCH JOrHYeCKMM OTPHILaHneM H,,.
Hynesast ¥ anbTepHATHBHAA M'MIIOTE3bl NPEJACTABAAIOT cODOH ABE BO3MOK-
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HOCTH BLIOOpA, OCYIECTBAAEMOro B 3aja4ax NPOBEPKH CTaTUCTHYECKHX
runores,

CyTk nposepku (mecmupogaHua) cmamucmuy4eckoll 2unome3dsl 3aKii0-
Yaerca B TOM, YTO HCNOAL3YeTCs CNeudanbHO cocTaBleHHas BhbopouHas
XapaKTepHCTHKA (CTaTHCTHKA) é,, (xy, X3, .uvy X,,), IOAYUEHHAsA 10 BoIOOpKE
X, X5, ..., X, TO4HOE WM NPUOIIKEHHOE pacTipejeNeHne KOTOPOi H3BECTHO,
3arem no 3romy BLIGOPOYHOMY pacnpefeseHnio onpelensiercs KpHTHye-
CKOe 3HaueHue B, — TaKoe, 4To eciu rumnoTe3a H, BepHa, T0 BEPOATHOCTb
P(8, >8,,) mana; Tak 4TO B COOTBETCTBHH C NPHHUMIIOM NPAKTHYECKOH
VBEPEHHOCTH B YCIOBHAX AaHHOTO HCCIEA0BAHUA cOOBITHE B, >0, MOXHO
(€ HEKOTOPHIM PHCKOM) CYMTATh NMPAKTHYECKH HEBOIMOXKHBLIM. [ToaTtomy,
€cn B JaHHOM KOHKPETHOM CTy4ae oOHapyXuBaeTcs oTKIoHeHue 8, >0,
To runoTesa H, oTBepraercsi, B To BpeMs KaK nosmieHue sHayenus 0, < 0.
CYHUTAETCA COBMECTHMEIM C runore3od H,, KoTopas Toraa npuHHUMaeTcs
(Tounee, He oTBepraerca). Ilpaswno, no komopomy zunomesa H, omeepaa-
emecs Wil NPUHLMAEMcs, HA3bIBAeMCA CIMAMUCMUYECKILM Kpumepuem HiH
CMAmMuUCMuUYecKuM Mecmom.

Taxum 06pasoM, MHOXECTBO BO3MOKHBIX 3HAYEHMH CTaTUCTUKH KPHTE-
pua (KpHTHYECKOH CTATUCTHKH) 6, pasbuBaeTca Ha /IBa HelepeceKaloumxes
NOAMHOXECTBA: kpumuyeckyr obaacms (obracms 0mKAOHEHUA 2unome3sst)
W u ofinacmb donycmumbix 3naveruil (o6racms npuHAMUA 2UNOME3bi) w.
Ecam daxTryeckn Habnogaemoe 3HaueHne CTAaTHCTHKH KpUTepHs 8, nona-
AaeT B KpuTHYecKyio obnacts W, To runoresy H, orsepraior. [1IpH 3ToM BO3-
MOXHbI HEThIPe Cayvas:

I 'inoresa H, lNpusuMaeTca Orsepraerca
BepHa lpaBHABHO® peleHMHe Owmbka 1-ro pona
Hepepua Oumbka 2-ro poaa [Npasuabroe pelenne

Beposmuocms o donycmums owubky 1-20 poda, T. €. omaepzHymb 2Uno-
me3y H, koz0a ona sepna, Ha3biéaemcst YpoOSHeM 3HAYUMOCIIU KPUMEPUR.

BeposATHOCTb 1OMYCTUTL OWMOKY 2-r0 poja, T. €. NPHHATH rHnoTesy H,,
KOI/la OHa HeBepHa, obbIYHO 0603Ha4aoT fi.

Beposmnocme (1 - ) He donycmums owubky 2-z20 poda, T. €. OTBEPrHYTb
runoresy H,, Koraa oHa HeBepHa, HasuBaeTcs mMownocmeio (Win dymx-
uueil MOWHOCMU) Kpumepus.,

BeposaTHocTH ommbok 1-ro 1 2-ro poaa (o u f) ogHo3HA4HO onpeaens-
10TCH BeIBOpOoM KpuTHYecKo# obacTH. QueBHAHO, )KenaTeabHO CenaThb
KaK YroAHO MaiasIMH o ¥ . OaHaxko 3T0 NpOTHBOpeYnBbie TPeOOBaHMA:
npu GUKCHPOBAHHOM 0ObeMe BHIGOPKM MOJKHO C1€1aTh KaK YrOAHO MaJoi
JIMILD OJIHY M3 BEJIHYHH — (¢ WIH [}, 4TO CONPAXEHO ¢ Hen3hexRHBIM YBesH-
yeHueM Apyroit. Juws npu yseauwenuu obsema avibopku 803IMONHO 00HO-
BpeMeHHOe YMeHblleHue aeposmrocmeidl o v 3.

Kpumuueckyio obracms W caedyem gsibupams maxk, umobut 6eposm-
HOCTMB nonadaxuAn 8 Hee cmamucmuxu Kpumepua 0, 6bl1a MUHUMANBHOL
U pasHoil o, ecu 8epHa Hyaeeaa aunomeda Hy, u MaxcuMansHoil 8 npomugo-
NONONCHOM CAYHAE:
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P, €W /Hy)=a,
P(B, e W / H,)=max. (2.44)

Jpyrumu croBamu, kpumuyeckas obaacms doaxcna 6sims maxotl, ymobul
npu 3a0aHHOM YPOBHE 3HAYUMOCTU MowHocmb kpumepua 1 - P 6bLia mak-
cumansHotll. 3aa4a NOCTPOEHHUA TAKOW KPpUTHYeCKol ofinactu (wim, kak
FOBOPAT, NOCTPOeHHA Hanbo/1ee MOIHOrO KPUTEPHSA) V1A NPOCTHIX THIIOTE3
peniaeTca ¢ NoMollbio TeopeMbl Hefimana — Iupcona, nanaraemoit B 6onee
NOJTHBIX KypCax MaTEMaTHYECKOH CTaTHCTHKH.

B 3aBMCHMOCTH OT BMJAA KOHKypHpyleH runoressl H, soibupaior
NpasocmMopoOrHOK, NEeBOCTMOPOHHIOK) HIAH dsycmopaumom Kpumuy4eckKyw
obaacms. I'paHULIBl KPUTHYECKOH 061aCTH NPH 3a1laHHOM YPOBHE 3HA4YM-
MOCTH a ONpeAeNATCA COOTBETCTBEHHO H3 COOTHOWEHWH:

* 1A NPaBOCTOPOHHEH KpHTHYeCKO#H obaacTu

P8, >b,,)=0; (2.45)
* U1l 1eBOCTOPOHHEN KPUTHYECKO# ob1acTH

P8, <8,)=0; (2.46)
* JUIA ABYCTOPOHHEN KPHTHYECKOi# obaacTu

P, <0,5,)=P(B, >0,,,)= % (2.47)

CneayeT OTMETUTD, YTO B Koimbmepuux IKOHOMETPHYECKHX NaKeTax
06LIMHO He HaXOAATCA IPaHHUIEI KpUTHYECKON obaactu 6, ,, Heobxoanmule
AIA CPaBHEHHA X ¢ aKTHYEeCKH HabMoAAEMBIMH 3HAYCHUAMMU BBIGOPOYHbIX
XapaKTePHUCTHK B,.5, M NTPHHATHA pellleHHs O CIPABEIMBOCTH THIOTE3b
H,. A paccyHTBEIBAlOTCA TOYHBLIE 3HAYEHHA YPOBHA 3HAYMMOCTH (p-valio),
HCXOAA U3 cooTHOWEHUA P(0, >0,.5,) = p. ECIH BEPOATHOCTL P O4€HBb Mana,
T0 runIoTe3y H, OTBEprawT, B NPOTHBHOM ciayuae H, NPUHHMAIOT.

IMpuryun nposepxu (mecmupoéanua) cmamucmuueckoll 2unomess
He daem no2uHeckozo 0oKa3ameasbemaa ee 8epHocmu uau negeprocmu. [Npw-
HATHE THNOoTe3bl H, cielyeT paclleHHBaTh HE KaK pa3 M HaBCeraa ycra-
HOBNEHHBIHN, aBCONOTHO BEPHBIN coaepxalmMica B Heil gakT, a 1Mmb Kak
AOCTaTO4YHO NMpasBAonoaobHoe, He TPOTUBOPEYAIEe ONKTY YTBEPKACHHE.

B tabu. 2.1 npeAcTaBaeHbl YaCTO BCTPEYAIOIMNECH KPHTEPHH MPOBEPKH
IMIOTE3 O YACJIOBBIX XaPaKTEPHUCTHKAX HOPMAJIBHO PacnpeAe/eHHON reHe-
paibHOH COBOKYMHOCTH.

Tabnuya 2.1
Hyaesan | CraTHcTHKA KpHTepua | AabrepHarws- | Kpurepuil oTKjIoHeHHSA
THIIOTE3a Has runoTesa THTIOTE3bl
Xp=a=a, = X-a, . a=a, >aq |t| > 124,11
s;‘Jn—l a=a, <g
u=a,*au lr|>rl-un‘i
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OxonvaHue mabn. 2.1

Hynepas | Crarucruka kpurepus = Aasrepuatus- | Kpurepuii oTKI0HEeHHsA
runoTesa Has runoresa rHOOTE3bl
0’ =0 ¥t = ns? o*=of >0} X2 >%3
ot 0% =of <of P> xf—a; n-1
2 =
P=alen x* > %32 n1» W60
xz(x;q.az;n 1
%=V |,. X-y {J"ra>37u t] > t1.24, 51
2w o2 X<V
J"—_’s’ '32—’1[ 1 +i] TeeT 1t] >ty ns
npEm=2\m m Xo # Yo )
o =0} _my(np-1)s3 o} >o} F<Bam-im-
n;{ﬂ| —1)3; ai {ui F<F1_¢. -1 ng-1
of %0} F<F _a/2; my-1; ny-1, 60
F}sz;m-!;ﬂ;-l

> lpumep 2.10. Ha 0OCHOBAHWH CAENAHHOrO NPOrHosa cpeAHsan aebu-
TOPCKaA 33/10/KEHHOCTD OAHOTHITHBIX NPEANPHATHH PErHoHa A0/MKHa cocTa-
BHTH 0, = 120 zeH. ea. Buifopounas nposepka 10 npeAnpHATHH Aana CpeaHIOw
3afomkeHHocTs X = 135 aen. ea., a ¢TanAapTHOE OTKJIOHEHHE 33J0/DKeHHOCTH
5 = 20 pen. ea. Ha yporte 3naunmocty 0,05 BBIACHHTS, MOKHO JIH NPHHATS J1aH-
HEIH [TPOrHO3.

Pewenue. lNposepseman runoresa Hy: X, = a, =120. B kayecrse ansTépHaTHB-
Hoil BospMeM runoTesy H,: X, =a, =135.

CTaTHCTHKA KpHTEPHA B cooTBercTenH ¢ Taba. 2.1 pasHa

_ ¥-a, _ 135-120

= = =
s/n-1 20/J10-1

KpHTHyeckoe 3HaueHne CTaTHCTHKM £y 5.0 05 101 = Lo o = 1,83. Tax kax |t]| >
> 59,0 (2,25 > 1,83), To runoresa H, oTBepraerca, T.e. Ha 5%-HOM ypOBHe 3Ha-
YHMOCTH CAeaHHBII MPOrHO3 JoNKeH ObiTb OTBEPIHYT.

» Ipumep 2.11. Ha gpyx crauxax o6pabatnpaorcea getann. Otobpanu gse
npobei: U3 AeTaneil, caelaHHbIX Ha NePBOM cTaKke, n, = 15 WT., ¥ Ha BTOPOM
cTaHkKe — n, = 18 1. [10 AaHHEM 3THX BEIGOPOK pacciuTaHbl BHBGOPOYHRE AHC-
nepcun s? =8,5 (ana nepporo ctanka) H s2 =6,3 (114 sroporo cranka). [ona-
Tag, 4T0 pa3Mepsl feTaneil NOAYHHAIOTCA HOPMaIbHOMY 3aKOHY pacnpeaeneHus,
Ha YPOBHE 3HAYUMOCTH ¢t = 0,05 BEIACHHTE, MOXKHO JIH CYHTATB, YTO CTAHKH obna-
AawT paa.'mlmoii TOYHOCTHIO.

Pewenue. Umeem nyaenyto runoresy Hy: 0% = o3, T. €. ancnepeun pasmepa geta-
neii, o6pabarTsiBaeMbIX Ha KaXK10M CTanke, pasHbl. BosbMeM B KagecTne KOHKYPH-
pyomei runoresy Hy: 0% >0 (aucnepcus Gonbiue A nepporo cranka). Crati-
cTHKa Kpurepua (cm. Taba. 2.1):

15(18-1)8,5
e 5510 3T,
14(15-1)6,3

2,25




Mo Taba. IV npraoxkeHnil KxpuTHYeckoe 3Havenue F < F gs.1417 = 2,33. Tak Kak
F < Fj 05.14:17 TO runoresa H; He oTBEpraeTcs, T. €. MMEIOIIHECA JaHHbie He N03B0-
AT CYHTATH, YTO cTaHKH 061a4a10T pasAHYHON TOMHOCTLIO.

2.9, MoHATHE 0 ANCNEPCHOHHOM aHanu3e

Aucnepcuorublil AHAAU3 — CTATHCTHYECKHI METOA OUEHKH BAMAHHA
Pa3aTMYHLIX GAKTOPOB HA PE3YALTAT IKCIIEPUMEHTA.
OdnohaxkmopHan ducnepCUOHHAR MOOEAb UMEET BH/L:

(2.48)

rA€ X; — 3HA4YeHHe UCCIelyeMOH NePeMEHHON, NONYYeHHON Ha i-M YPOBHE
dakropa (i = 1, 2, ..., m) ¢ j-M NOPAAKOBEIM HOMepoM (j = 1, 2, ..., n); F, —
apdex, 06yCI0BACHHEI BANAHKEM i-10 yPOBHA PaKTOPa; £; — CIydaiHas
KOMIOHEHTa, WIH BO3MYUIEHHE, BRI3BAHHOC BIUSHUEM HEKOHTPOIHPYEMbIX
(axTopos, T. e. Bapuauuen nepeMeHHOH BHYTPH OTAEILHOTO YPOBHA.

lloa ypoanem hakmopa NOHUMAETCA HEKOTOPAA €ro Mepa WiH COCTOA-
HHe. BauaHKe ypoBHER pakTopa MOXKeET ObITh Kak PUKCUPOBAHHBIM, WIH
cucmemamuueckum (Mozens 1), Tak ¥ cayuailisim (Moaens I1).

xg=p+F +eg

OcHOBHBIE NPEANIOCHUIKH AHCIIEPCHOHHOIO aHa/Iu3a:
1. Mamemamuueckoe oxcudante 80IMYULHUR €; PABHO HYIO O M0ObIX
T e

M(ey) = 0. (2.49)

2. BoaMyujeHus €; B3AUMHO HE3ABUCUMbL.
3. Aucnepcus soamywjerus €; (WIN nepemeHHoll x;) nocmosnHa ons
mobbix 1, j, T. e.

D(E,J) =02, (2.50)

4. Boamywenue €; (MM NEPEMEHHARA X;;) UMEEM HOPMANbHbILL 3aKOH pac-
npedenerus N(0; 62).

PaccmoTpuM 3azayy. Mimeerca m napTuil uagenuid. M3 kaxaoi napruu
0TO6PaHO COOTBETCTBEHHO Ny, Ny, ..., N, H3ACTHH (VIS NPOCTOTHI NOJIAraeM,
4TO Ny = Ny = ... = N, = N). 3HaYeHHs NOKa3aTeJA KauecTsa ITUX U3/1e i
NpeACTABUM B BHE MaTpHIlbl HabMoAeHHA X = (x5 mRei=1,2,....,m;j =
=] 2 ..0

Heobx0aMMO NPOBEPHTH CYIECTBEHHOCTh BAMAHHA NAapTHH WU3AEaHA
Ha UX KAYecTBo.

Ecim noaarath, YTO 3J€MEHTH CTPOK MaTpHIbI HabAOAEHHH — 3TO
YH(JIEHHBIE 3HA4YeHHA (peaansauuu) caydalHbiX seanuun X, X,, ..., X,
BRIPAKAIOMMX KAYeCTBO H3ZeANI M HMEIOIIMX HOPMAJILHLIN 3aKOH pacmpe-
AENeHHUA C MATEMaTHYECKUMH OXHIaHHAMY COOTBETCTBEHHO U, Ay, ..., d,,
H OAMHAKOBLIMM JHCTIEPCHAMH 02, TO JlaHHAA 3a/1a4a CBOJUTCA K NPOBEpPKe
HyneBo# runote3wn Hy: a, = a, = ... = 4, OCYLIECTBIAEMOH B AUCTIEPCH-
OHHOM aHaJiu3e,
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O6o3Ha4YUM VCPEAHEHHE TI0 KaKOMY-THO0 MHAEKCY 3Be304KOH BMECTO
HHAEKCa, TOTAa CPe/IHUH NoKasaTellb Ka4yecTBa M3AeAHH i-H napTHH, WK
2pynnosas cpedusia X, Jna i-ro yposns daxropa, u obwas cpedHsn X.. —
NPUMYT BHA:

n
L X
N (2.51)
n
Y3y I
OO ) o S (2.52)
mn m

B OCHOBE AMCIIEPCHOHHOTO aHAIN3a JIGKHUT passioxkeHnue obuleii Bapua-
UMW OTKJOHEHHH HabMI0AeHHH OT CpeaHen Ha COCTaRAAIOIHNC,

Q=0Q, +Q, (2.53)

m n

rae Q=Y ¥ (x; —X..)* — obwasn, wiu nonnas, CyMMa KBaapaToB OTKJIOHE-
i=1j=1

HMit HabnoAeHHi OT cpeaHeit;

m n m
Q=3 Y (X —Xu)? =nY (X;s —X.u)? — CYyMMa KBa/JPATOB OTKJOHEHHH
i=1 j=1 i=1
IPYNNOBLIX CPEAHUX OT obuei cpeaHei, uan mexcepynnoean (paxkmopras)
CYMMa KBaAPaTOB OTKIOHEHHH;

m n
Q=Y 3 (x; -X)? — cymma KBaApaTOB OTKJIOHEHHWH HabmwoaeHHH
=1 j=1
OT IPYNINOBLIX CPEAHUX, HAH Hympu2pynnosas (ocmamoyHas) cyMMa KBa-
ApPaToB OTKJIOHEHHI.

B AMCTIEPCHOHHOM AHAIM3€ AHAIM3UPYIOTCA HE CAMM CYMMBI KBaJpaToB
OTIUIDHEHHH, a TakK Ha3hlBaeMbie CPEBHUB xeadpamu, ABAAKUIHECA HECMe-
IEHHBIMH OLCHKAMH COOTBETCTBYIOUIMX AUCTIEPCHI, KOTOPBIE NONYHaIOTCA
JAEeNeHUEeM CYMM KBaJIpaToB OTKJOHEHWH Ha COOTBETCTRYIONEE YHCIO CTe-
nexei ceoboabl.

Yucno crenedeit csoboasl onpeaenserca Kak obmee uncao Habmoge-
HHHA MHHYC YH(/I0 CBA3BIBAIOIIMX WX ypaBHeHHH. [loaToMy, HanpuMep, ana
CpelHero KBajpara sf, ABIAIOUIETOCA HECMEUIEHHOH OLEeHKOH MEXTpynno-
BOH AMCNEpPCHM, YHCIO cTenieHei cBoboanl k; = m - 1, Tak Kak npu ero
pacyeTe MCNoAb3ylTCA m FPYNNOBLIX CPEAHHX, CBA3AHHBIX MeXAy coboM
OIHUM ypaBHeHHeM (2.52).

CxeMy AMCTIEPCHOHHOIO aHaIH3a NpeACTaBUM B Brae Tabamnubl (Tab. 2.2).

B caysae 0aHOGAKTOPHOrO KOMIUIEK A KaK U1 MojeH | ¢ GUKCHpORaH-
HBIMH YPOBHAMHM dakTopa (npu HyaeBoi runorese Hy: F, = F.(i = 1, 2, ...,
m) TaKk 1 moaenu Il co caydaitubiMu yporHAMHU (ipu Hy: 6% =0) cpednue
xsadpamst s¢ M 53, RENAIOMCA HECMEWEHHBIMU U HE3ABUCUMBIMU OUEHKAMU
00Holl u moil xe ducnepcuu o?(cM. nocreanow rpady taba. 2.2).
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m-1
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MaTeMaTHIeCKOe OKH/AHNE CPeJHero KBapara

2 ()]
i
3= 2

o m

n

M(sf)=

nai + o’ (modeas 11)

E(i‘} - EY 4 6? (modean 1),
=1

Tabnuya 2.2

M(s3) = 0"




CnejoBarebHO, TPOBEPKa HYJIE€BOH runoressnl H, cBenach K npopepke
CYLIECTBEHHOCTH PA3IHIHA HECMEIEHHBIX BEIGOPOYHBIX OLEHOK 57 U 53 ANC-
nepeHu 62, pacCMOTPEHHOH BhILE.

I'unoresa H, orsepraerca, ecin GakTHYECKH BBIYMCIEHHOE 3Ha4e-

2
HHE CTATHCTHKH F=5§ Gosbie KpUTHYECKOro F, 4 . 4, ONpeAeNeHHOro
5

Ha YPOBHE 3Ha4YHMOCTH f TIPH YHCAAX cTeneHei coboart k; = m -1, k, =
mn — m, ¥ NpHHUMaeTcs, e F = Fy 4.

P ITpumep 2.12. UMeoTes 4eThipe NapTHH CHIPLA VA TEKCTHIBHOH NPOMBILL-
AeHHoCTH. M3 kagoi napTun otobpano no naTte 06pasuos M NpoBeAeHs HCNbl-
TaHWA Ha oNpe/eeHne BeIHYHHB PA3PBIBHON HArpy3ky. PeaynsTaThl HCIBITAHMIA
npuseaers v Taba. 2.3,

Tabnuua 2.3
Homep napruu PaspeipHas Harpyska (Kr/cum?)
1 200 140 170 145 165
2 190 150 210 150 150
3 230 190 200 190 200
4 150 170 150 170 180

Heobxoaumo Ha yposte 3Ha4uMOcTH i = 0,05 BHIACHHTS, CYILIECTBEHHO M BAM-
AHHE PAANHYHBIX NaPTHil CHIPbA HA BETHYHHY PasphiBHOH Harpy3KH.

Pewenue. Umeem m = 4, n = 5. Haligem cpearne 3Ha4eHUA pa3puBHOM
Harpy3Ku Ana Kaxaon naptau no dopmyne (11.4): x,. =(200+140+...+165) /5=
= 164 (kr/cm?) u aHanorniHo X, =170, ¥5. =202 1 x;. =164 (xr/cm?).

PesyabTaThi pacyera Apyrux XapakTepHCTHK npeacramiensl B tabn. 2.4,

Tabnuya 2.4 |
KoMmnoHeHnTsl Cymmbi kBa- | Yuciao crenenedi | Cpeanme ksa-
AMCTIEPCHH ApAaToB eB060BI ApaTsi
Mexrpynnosas 4980 3 1660,0
BayTpurpynnosas 7270 16 454,4
Obman 12 250 19
st _ 1660
PaxTudeckn HabnAaeMoe 3HAYeHHE CTaTHCTHRHN F = 3 = m =3,65. Tak

Kak F > Fj s 5. 15,16 (eM. TaBa. IV npuaoxennii), TO Hylepas runoresa oTsepraercs,
T. €. Ha ypoBHe sHaunmocTH ¢ = 0,05 (¢ HagexHocTsio 0,95) pasnuune mexay
NapTHAMH CEPbA OKA3LIBAET CYUECTBEHHOE BIMAHHE HA BEAWYHHY PaspuBHOR
HarpysKku.

Ha 0cHOBE AMCNEePCHOHHOTO aHAMN3a IPOBOAMTCA OLUEHKA KauyecTsa aKo-
HOMETPHUYECKHX (B 4aCTHOCTH, PErpecCHOHHBIX) Mojened (cM. ganee).
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Ynpaxuenua
2.13. [lan paa pacripeaenenuna CIyuainoi senuunne X
x, 0 1 2 3
pi 0,06 0,29 0,44 0,21

Heofxoaumo: a) HaliTH MaremaTHveckoe oxuaanue M(X), ancnepeuto D(X)
M cpeAHee KBaZpaTH4eckoe (CTaHAapTHOe) OTKJIOHCHHE OT Cay4alHOH BeJHYMHbI

X; 6) onpeaennts dynkumio pacnpeaesenus F(x) u nocTponTts ee rpaduk.
2.14. /lana pyHKuMA pacnpejeeHna CIy4aiiHoi BeTHYHHbl X:

Onpux<l,
0,3npul<xs2,
0,7npu2<x<3,
1npux>3.

F(x)=

Haiitu: a) paa pacnpeaesenus; 6) MaremaTnyeckoe oxuaanue M(X) aucnepeuio
D(X); B) NOCTPONTL MHOTOVI'OJILHUK pacnpeaenenus u rpaduk F(x).
2.15. Cayvaithan peandnHa X, cocpeaotToderHan Ha uutepsane [-1; 3], 3anana
1 1
dynxuneit pacnpesenenns F(x)= ikt

HaiiTi BepOATHOCTB NONajaluA cAy4aiHoi Beanynnbl X B maTepsan [0; 2].
2.16. Caryuaitnan Bewynna X 3aaana Gynkumeit pacnpesesenms

Onpux<0,
F(x)={x*upu0<x<1,
Tnpnx>1.

HalTi: a) naoTHOCTE BEPOoATHOCTH @(x); 6) MatemaTHyeckoe oxuaanue M(X)
1 aucneperio D(X); B) BepoaTHocTH P(X = 0,5), P(X < 0,5), P(0,5 < X < 1);
1) nocTpouTk rpaduky @(x) 1 F(x) U 0Ka3aTh Ha HUX MATEMATHYECKOE OXHIAHHE
M(X) 1 BepoATHOCTH, HallieHHBIE B 1. B); A1) KBAHTWIb X, ; H 20%-Hy10 TOUKY pac-

npeaenerun X.
2.17. Jlana ¢pyuxuna

Onpu x <0,

o {Cxe" npH x 20,

Ilpn kakom 3HavYenHH napamerpa C 3Ta GYHKUMA ABAAETCA IUVIOTHOCTBIO pac-
npeaeneHHA HEKOTOPOH cayMaiiHoi Beanannm? Haifti maTemaTHyecKoe oXxuianune
H AHCTIEPCHIO CIYYaiiHOH BeTWYHHBL X.

2.18. /lanel ABe ciryuaiinble BeAMUHHBL X 1 Y. Beanunna X pacnpeaenena no Suno-
MHAIBHOMY 3aKOHY ¢ napametpamu n = 19, p = 0,1; Beanunsa Y pacnpejeneHa
no 3axony [lyaccona c napamerpom A = 2.

MocTpoUTD PAABI pacnpejeneHns CIy4aiHbiX Beanunn X u Y. Halttu M(X), D(X);
M(Y), D(Y); P(X < 2), P(Y > 1).

2.19. /lanu aBe cryyaknble Beandnnbl X 1 Y, Beanunna X pacnpejenena no pasHo-
MEPHOMY 3aKOHY Ha oTpeske [0; 1]; Beanunna Y pacnpe/iesieHa no NoKasaTeabHOMY

3aKOHY C apaMeTpoM A = ;—0 OnpeesnTh INOTHOCTH BEPOATHOCTH M GYHKUMH pac-

npejeneHuA caydaitibix peaudud X 1 Y. Haittu P(X = 0,05), P(Y < 100).
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2.20. CayuaitHas BeauyuHa X pacnpejesieHa 110 HOPMaJbHOMY 3aKOHY € Tlapa-
meTpamu a = 15, o? = 0,04.

Hanucath BHpakeHHA MIOTHOCTH M QYHKILMM pacnpeaeneHun cayyainon
pernunHsl X. Haitn seposmiocts P(X < 15,3), P(X = 15,4), P(149 = X = 15,3).
P(X - 15) < 0,3; KBaHTHAb X, ¢, 30%-Hy10 TOUKY pacnpesesenus X. C nomomeo
MpaBIA TPEX CHI'M ONPEAESNTE IPaHMILbl 1A IHAUCHHA cayqaiHoi peandnHbl X.

2.21. Pacxoa cHipbA Ha eAMHULY NPOAYKIMH COCTABIUL

“ MO CTapoi TEXHONOTHH \ N0 HOBOW TEXHONOTHW
% 1303 | 307 | 308 |Beero! y | 303 | 304 | 306 | 308 |Bcero
n 1 4 4 9 n 2 6 4 1 13

Monaras, 4TO PacxoAbl CHIPLA MO Ka#/10i TEXHONOIHH HMEIOT HOPMAIbHEIE Pac-
npefeaeHnA ¢ OAHHAKOBHMH JHCTIEPCHAMM, HA YPOBHE 3HAUUMOCTH 0,05 BBIACHNTE:
a) AaeT JTH HOBast TEXHOJ0MHA IKOHOMHIO B CPEAHEM PACXO/e Chipbs; 6) CYIiecTBeHHE
JH PAIIHYMA MeXAy AMCIEPCHAMH PACXOAa CHIPbA HA €INHMLY TIPOAYKUMH [PK
MCIONL30BAHHM CTAPOH ¥ HOBOH TEXHOAOTHH.

2.22. B TeueHMe MeCTH €T MCNOAb30BAJHCE NATL PA3NHYHBIX TEXHONOTHH
No BbIPAIHBAHMIO CETBCKOXO3AHCTBEHHOH KYABTYPHL. /laHHbIe 10 3KCNEPUMEHTY
(8 1/ra) npusejexsl 8 Tabauue:

Homep nabaio- Texuonorus (paxrop A)

A ) A A, Ay Ay As
1 1,2 0,6 09 1,7 1,0

2 1,1 1,1 0,6 1,4 1.4

3 1,0 0,8 0.8 1.3 1,1

4 1,3 0,7 1,0 1,5 0,9

5 1,1 0,7 1,0 1,2 1,2
Hroro 57 3.9 43 7.1 6.6

Heobxoanmo ka yposre snauumocty o = 0,05 YCTAHOBUTD RIMAHME PAZIHYHBIX
TeXHOJNOTHIA Ha YPOIKAHHOCTD KVALTYDHI,




lhasa3
MAPHbIN PETPECCUOHHBIN AHANU3

B npakTHke 3KOHOMMYECKHX HCCAeAOBAHMIA HMEIIHeCs AaHHbIe
HE BCErAa MOXHO CUMTaTh BRIGOPKOI 13 MHOMOMEPHOH HOPMAaNLHOM COBO-
KYIHOCTH, KOIla OAHA M3 PacCMaTpUBaeMBIX NEPEMEHHBIX HE ABACTCA CI1y-
4aliHOM MTH KOTZ1a IMHMSA PErpeccuu ABHO He npaMas 1 T. 1, B aTux cayuanx
HUBTAIOTCA ONpeAeNUTh KPUBYIO (IOBEPXHOCTS), KOTOpas AaeT Hauayvlee
(B cMBICTE MeTOAa HAMMEHBbUINX KBaApaTor) npubAMKEeHHEe K HCXOAHEIM
AaHHBIM. COOTBETCTBYIOLIME METOAH NPHOAHAKEHHA NOAYMUAN Ha3BaHHe
pe2peccuonHno20 anamiza.

MeToAbl M MOZENH PerpeccHONHONO anaIu3a 3aHMMAIOT LEHTPAAbHOE
MECTO B MATEMAaTHYECKOM anrapare 3KOHOMETPHKH,

3adavamu pezpeccuonnozo ananusa ABNAOMCAK yemanosaenue Gopmol
3A6UCUMOCTIU MeXCDY NePEMEHHBIMU, OUEHKQ dynryuu pezpeccun, oyenxa
HEUIBECMHBLLX IHAUEHUTL (NPO2HO3 3HAUCHUIL) 3a8UCUMOT NEPEMEHHOLL.

3.1. OyHKuMoHaNbHaA, CTaTHCTHYECKAS U Koppenaynoxnas
3aBUCUMOCTH

B ecrecTBenHbIX Haykax yacTo pPelb MaeT 0 PyHKUUOHANbHOT 3a8ucy-
Mocmu {(CBA3N), KOTAA KaxAOMY 3HAYE€HUIO O/IHOH NePEeMEHHOMN COOTBET-
CTBYET BIIONHE OnpedenenHoe 3navenue dpyaoii (Hanpumep, ckopocTs cBO-
GoaHoro naseHus B BaKyyMe B 3aBUCHMOCTH OT BPEMEHM W T. 11.).

B 5KOHOMMKe B 60IBIIMHCTBE CTyqaes MEKIY NEePEMEHHBIMH BETHYHHAMHM
CYWECTBYIOT 3aBHCHMOCTH, KOT/IAa K&K/IOMY 3HAYEHHIO OAHON NeEPEMeHHON
COOTBETCTBYET HE KaKOE-TO ONPEAENEHHOE, @ MHOKECMBO0 BO3MOKHBIX 3Haye-
HH Apyroil nepementoit. Muaye FOBOPA, KaXA0MY 3HAYEHHIO OAHOM nepe-
MEHHOH COOTBETCTBYET ONpeeNeHHOe (ycrosHOe) pacnipesenenne Apyrom
nepeMeHHON. Takan 3aBncHMOCTE nosyumta naspanue cmamucmuveckoil
(i emoxacmuweckoii, 8€POAMHOCMHOIL) (0 Hel ynoMuHanoCh B § 2.4),

BosnukHOBEHME noHATHA CTaTHCTHYECKOH CBA3M oBycaaBaupaeTcs tem,
9T0 3aBHCHMAs NepemMeHHan NOABEPKEHa BIMSHMIO PAJa HEKOHTPONHpYe-
MBIX WY HEYYTEHHEIX pakTOpOB, a Takke TeM, yTo H3MepeHHue 3HaAYeHH
NEPEMEHHBIX HEM30EKHO CONPOBONAAETCR HEKOTOPBIMU CAYYAlHBIMK
omubrami. [IPUMEPOM CTATHCTHYECKON CBAZM ABNAETCH 3aBUCHMOCTS ypo-
KAHHOCTH OT KOJMYECTBA BHECEHHBIX yao6peruit, nponsBoaAuTEeNbHOCTH
TPYAA Ha NPEANPUATHH OT €r0 IHEPrOBOOPYKEHHOCTH M T. 11,
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B cuny HEOAHO3HAYHOCTH CTATHCTHYECKOH 3aBHCHMOCTH MEXAy Y
u X A1a Wiceaeaosarens, B 4aCTHOCTH, MPEACTABAACT HHTEpeC YCpeoHeHHas
no X ¢xemMa 3aBMCHMOCTH, T €, MKOHDMQPHOCTB B M3MEHEHHH )FCJIOBHOTO
MaTeMaTHuecKoro oxuaanua M,(Y) i M(Y / X = x) (MaTeMaTHiecxoro
OMHMAAHMA CAyHaiHON nepeMeHHOH Y, BHUUCIEHHOIO B NPEANO/IOKEHHH,
yTO NepemMenHasn X npunsiia 3Hauenue X) B 3aBUCHMOCTH OT X.

EcM 3aBMCHMOCTD MEXKAY ABYMA NePCMEHHBIMK TaKOBa, YTO KAHMIOMY
3HaueHuw 0OHOU nepemeHHOU coomeemcmeyem onpedeneHHoe YCA0BHOE
smamemamuuecxkoe oxcudanue (cpednee IHAUEH ue) dpyzoil, TO maxas cmamu-
CruYecKas 3asUcuMocms Ha3bleaemcs KOPPEAAUUOHHOIL.

Mnave, KOPPeNAUUOHHOII 3a6UCUMOCTBIO MencOy O6YMA NEPEeMeHHbIMU
Haabieaemest GYHKUUOHAABHAR 3ABUCUMOCMD Mencdy IHAUEHUSMU 00HOU
U3 HILX U YCAOBHLIM MAMEMAMUUECKUM oxcudanuem opyeoit.

KoppeasiMoHHas 3aBHCHMOCTD MOXET fBITE NPEACTARIEHA B BHAE

Mx(Y) = o(x) (3.1)

My(X) = y(¥),

rae o(x) # const, y(y) # const.

B perpeccHOHHOM aHasIH3e paccMaTpUBaIOTCH 0OHOCTNOPOHHAS 3ABLCU-
Mmocms cayuaiinol nepemenHoit Y om odnoil {unu HeckonbKux) wecayuai-
noii wesasucumoil nepemennoii X. Taxas 3apHCUMOCTD MOXKET BO3HHKHYTB,
HanpuMep, B CAyd4ae, KOTAA npu KaK/A0M duKcnpoBaHHOM 3HaYeHMN X
COOTBETCTRYIOULME 3HAYEHUA Y NOABEPKEHR caygaitsomy pasbpocy 3a cier
AeHCTBHA PALA HEKOHTPOAHPYEMBIX daxTopos. Takas 3aBHCHMOCTD ¥
ot X (MHOrZA ee Ha3LIBaKT pezpeccuoHHoll) MOKET 6BITh TAKKE NPEACTaB-
JeHa B BHAE MOACIBHOTO ypaBHEHHA Perpeccky Y no X (3.1). Mpu aTOM
3aBUCHMYIO NepPeMEHHYI0 Y HA3BIBaloOT TaKKe dynkyuel omrKauka, 06%-
cHAeMoil, 8bxodHoll, pesynsmupyrouiel, aHd02eHHOIL nepeMeHHOLL, pe3yib-
MamusHbIM NPUHAKOM, 3 HE3aBUCUMYIO nepemMeHHyo X — obsacuaroweil,
axodwoll, npedcxassisarousedl, npeduxkmopHoil, IK302eHHOU nepemexHotl, Hax-
mMopoM, pezpeccopoM, PaKmopHbLM NPUIHAKOM.

Ypasuenue (3.1) Ha3bIBAETCH MOOENBHBIM YPASHEHUEM pezpeccuu (nan
NPOCTO ypasHeHueM pezpeccuut), a dynkuusa @(x) — Mmodeavioll @yrxyuel
pezpeccuu (Man npocTo GyHKyuei peepeccuu), a ee rpadux — ModenbHoll
AuHueit peepeccuu (Win NpocTo JuHuell pezpeccuu).

JU18 TOMHOT'O OfUCAHUA YPABHEHUA DErPECcCHH HeoOXOAMMO 3HATH YCIIOB-
HBIA 3aKOH pacipeencHmsd 3aBMCHMO# NepeMeHHO# Y npH yCIOBHH, HTO
nepemeHHas X NpUMeT 3HAYEHHE X, T. €. X = x. B CTATHCTHYECKON NPaKTHKE
TaKyio HHPOPMAIHIO NOAYYHTE, KAK NPaBIIIO, HC y1aeTcs, TaK KaK OOBIMHO
HcceloBaTeb pacnojaraeT AHilb peibGopKoit nap 3nauennii (x;, y;) orpa-
HUYEHHOro 06beMa 7. B 3TOM CIydae peyb MOXKET WATH 06 oyenxe (npubau-
MEHHOM BbIPAXERUL, annpoxcumayuu) no seibopke dyHKUMH perpeccun.
Takoil OLEHKOM! ARARETCH @bIGOPOHHAR AUHUA (xpusas) pezpeccuut:

1 Kak mul yBrauM Aaisioe, Hau yuIel OUeHKOH SRIAETCA THHA cpeduexsadpamusieckoll
perpeccHu.
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Y=(x,by,by, ...bp), (3.2)

e ¥ — ycrosnas (2pynnoeas) cpednas nepemeHuoit Y npu dpukcuposan-
'HOM 3HaYeHUH nepeMeHHoR X = x, by, by, ..., b, — napamerps KpHBOi.
YpasHenue (3.2) Ha3bIBaETCA BbIG0POUHBIM YPABHEHUEM Pe2peccull.

[lpy npaBuAbHO ONpeAeseHHONH anlpoOKCHMUpPYUeEd GYHKIHK
9(x,by, b, »-sDp) € yBEIMUEHNEM O0GBbema BuGOPKH (n — =) oHa GyaeT cxo-
ARTHCA N0 BEPOATHOCTH K GYHKIIHK perpeccuy @(x).

3.2. JluneitHaa napHan perpeccus

PaccMOTPHM B KaYecTBe NpUMepa 3aBHCHMOCTb MEXK/Y CMeHHOMH A00u1-
yeil yra Ha oanoro paGoyero Y(1) u MomHocTsi0 iacta X(M) no caeay-
omuM (YCIOBHBIM) AaHHBIM, XapaKTePH3YIOUIUM Npolece A06LYH yris
Bn = 10 maxrax.

Ta6nuya 3.1
i | 1 2 3 s [ s [ e[| 7] 8] 9] 10
x | 8 | 11 | 12 | 9| 8| 8| 9| 9o 8 | 12
w | 5| 10| 10| 7|56 6] 5|6 8

H306pasum nosyyeHHyI0 3aBUCHMOCTE rpadpHueckH TOUKaMH KOOPAH-
HaTHOM 11ockocTH (puc. 3.1). Takoe u306pakeHHe CTATHCTHYECKOH 3aBH-
CHMOCTH Ha3bIBAETCS NOJEM KOPPEAAYULL.

VA
12}

y = -2,75 + 1,016x

0 2 46 810121416 x
Puc. 3.1

Mo pacnosokeHHio IMINHPHYECKHX TOYEK MOKHO MpeAnoiaraTb HaaH-
qHe AUHEHOl KOPPEeAAIlHOHHOM! (PerpeccCHOHHON) 3aBUCHMOCTH MEXAY
nepeMeHHbIMH X 1 Y.

[loaTomy ypaBHeHHe perpeccuu (3.2) Gyaem HCKaTh B BHAE TUHEHHOTO
YPaBHEHHA

y=by+bx. (3.3)

OTBaeYeMCs Ha BpeMs OT PacCMaTPUBAEMOro NpUMepPa M Haizem ¢op-
MY/l PACYeTa HEM3BECTHBIX TaPAMETPOB YPABHEH WA IMHEHHOMN perpeccui.

55



Cornacho MeToAy HAUMEHbIINX KBAJIPAaTOB HelUIBECMHble NAPaAMempbi
b, u b, sstbuparomes maxum obpazom, umobsl cymma keadpamos omxAoHe-
HUl IMNUPUYECKUX 3HAUEHUT! Y; OM 3HAYEHUTL V;, HATDEHHbIX NO YPABHEHUIO
peepeccuu (3.3), 6sa MuHUMANLHOLL:

n n
§=3 (i -y = (b +byx; - y;)* - min. (3.4)
i=1 =1
Cnezyer OTMETUTb, 4TO I OLEHKH napaMeTpos b, u b, BO3MOXHEI
M Apyrue noaxoAsl. Tak, HANPHUMED, COINACHO MemMOodY HAUMEHbUUX MOOY-

nell cneayeT MUHHMH3HPOBATE CyMMY abCOMIOTHBIX BETHYUH OTKJIOHEHHHA

n
Y |¥;—¥;|. OnHako METOA HAaMMEHBITMX KBAAPATOB CYNIECTBEHHO NpOLie
Irx}m NPOBEAeHUN BHIYHCINTENLHONH NPOUEAYPHl M AAeT, KaK Mbl YBH/IMM
Aasiee, XOPOUIHe Mo CTATHCTHYECKUM CBOHCTBAM OUEHKH. ITHM ¥ 00BACHA-
€TCA ero UIHPOKOE NPUMEHEHHE B CTATHCTHYECKOM aHAM3e,

Ha ocHoBaHMH HeOOXOAHMMOro YCJIOBHA 3KCTPeMyMa QYHKIHH ABYX
nepemeHHsIXx S = S(by, b;) (3.4) npupaBHHBaeM K HYNIO €e YaCTHLIE TIPO-

H3BOJHBIE, T. €,

das e
£=2E(b0+blxi—yi)‘0;
%=2g(%+b1xi "yi)xi 203

OTKY/a nocie npeodpasoBaHUH NOMYYHM CHCTEMY HOPMANbHBIX YPaBHEHUH
ANA oTpeAeneHns NapaMeTpoB AMHEHHOH perpeccun:

by + by Zxa - }:}’i;
B =1 i i=1 ) (3-53
by X X +b1§x,-2 =lefy,--
=1 = i=
Teneps, pasaeaus obe yactv ypasHeHHH (3.5) Ha n, MOMYYUM CHCTEMY
HOPMaJIbHLIX YPABHEHMI B BUJE:

+hx=Yy,;
bne % ——y — (3.6)
byX +byx? = xy,
I7le COOTBETCTBYIOUIME CPEAHNE OnpeaeasioTed no Gopmynam:
PIEY
Pl (3.7)
n
_):.Yi
yuti, 3.8)
n
a
o ZX.-,Y.-
xy =% — (3.9)




n
_ X

=il (3.10)
[oacrasnss 3Havyenue
by=y-bXx (3.11)
H3 NIePBOTO YpaBHEHHA CHCTeMb (3.6) B ypaBHerue perpeccu (3.3), nonyynm
y=y-bX+bx,
HIH
¥-y=b(x-x). (3.12)

- Koadpduument b, HasuBaeTcs guibopounbim xoadduytenmom pezpeccuu
(wm npocto KoadPuuuermom pezpeccuil) Y no X.

- Koagppuuuenm pezpeccuu Y no X noxassieaem, Ha ckoasko edunuy 8 cped-
HEM UIMEHACMCA NepemMernan Y npu yeeauuenuu nepemeroit X Ha ooy edu-
Huyy.

Pewan cucremy (3.6), Haiaem

b, ___ﬁ—f? zCév{X.Y)

3 3.13
4 (3.13)
e 52 — anibopournan ducnepcusn nepemenHoll X:
n
o 3. xt
2=x2-¥= ~——~‘=‘n —(X)?, (3.14)
Cov(X,Y) — ebifopounbiii KOPPeASUUOHHBIL MOMEHM WAW 8bibopounas
KD8ApUAYUA: .
in)’:‘
Cov(X,Y)=Xy-Xy="b —-¥y. (3.15)
n

OrMeTHM, YTO M3 NONIYYEHHOIO YpaBHeHHs perpeccuu (3.12) creayer, uto

AHHHA PErpeccHy MPOXOAUT Yepe3 ToYKy (X,Y), T. e. ¥ = by + b X.
» Mpumep 3.1. [No ganstm Tabn. 3.1 HaiTn ypasuenne perpeccun ¥ no X.
Pewenue. BolMHCIHM Bee He0GX0AHMBIE CYMMBI:

10
T x,=8+11+12+9+8+8+9+9+8+12=94;

10
FTx2=82+112+122+92+82 +82+92 +92 + 82 +122 = 908;

10
Y ¥ =5+10+104+7+5+6+6+5+6+B=68;

=]

10
Y xy, =85+41110+12:10+9-7+8:5+8.-6+9-6+9-5+8-6 +12-8 = 664.

i=1
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3arem no gopmynam (3.7)—(3.15) Haxoaum BeIBOPOUHBIE XAPAKTEPHCTHKH
W napaMeTpbl YPaBHEHHI perpeccus:

X=94/10=9,4 (m);

¥=68/10=6,8 (1);

s2=908/10-9,4% =2,44;

Cov(X,Y)=664/10-9,4.6,8=2,48;

b, =2,48/2,44=1,016.

HWrax, ypasHenue perpeccuu Y no X:

y-6,8=1,016(x-9,4); wan y =2,75+1,016x.

M3 nonyuensoro ypasHe:na perpeccus (em. puc. 3.1) caeayer, uto npu yBesu-
YeHHH MOIIHOCTH TiacTa X Ha 1 m fobkra yra Ha ogHoro paboyero Y ypeanunsa-
eTca B cpeaneM Ha 1,016 T (B yon. ea.) (orMeTiM, uro cBoboanblii wien b JaHHOM
YPAaBHEHWH PETPECCHE HE MMEET PealbHOro cMeicaa). B

3amMevaHnHe. 3HAYEHHUA NMEPEMEHHBLIX X; H ¥; MOTYT OhITh M3MeEpeHh
B OMKAOHEHUSX OT CPEIHUX 3HAYEHHUH, T. €. KaK X, = X; — X, ¥/ =y, — ¥. Hauano
KOOPAHHAT NPH 3TOM NEePeMEeCTHTCA B TOYKY (X,Y), a IMHHEH perpeccHu
Gyaer Ta xe npAMas Ha IVIOCKOCTH, YTO M JUIH NCXOAHBIX AAHHBIX X; U ¥,
Creposatensho, x” =0, y" =0 u ypasnenue pezpeccuu (3.12) 8 omxnoHeHusx
NPUMET BUA

¥ =bix'
a ¢popmyna (3.13) Toro xe koapuunenrta perpeccun b, ynpocrurea:
n
- XY
b, =%= e (3.16)
X zxtz

ubo

3.3. Koap$puumenT Koppenauuu

[lepeiaem K oueHke mecHomb KOPPEIAIIHOHHOH 3aBHCHMOCTH. Paccmo-
TpuM Hanbosiee BaAXHLIH /IS NPAKTHKH U TEOPHU CiIyyal quneliHoll 3a8u-
cumocmu Buaa (3.12).

Ha nepsuiii B384, NOAXOAAWNM HM3MEPHUTEJEM TECHOTH CBA3M Y
or X aensgeTca koadduuuenT perpeccuu by, nbo, Kak yxe OO 0OTMEYEHO,
OH NOKa3LIBALT, HAa CKOMLKO AMHUIL B Cpe/IHeM H3MeHsAeTcs Y, korja X yse-
JIMYMBaeTCA Ha oany eauHuly. OAHaKo b, 3aBHCHT OT €AHHHI, U3MEPEHUA
nepeMeHHbX. HanpuMep, B NoAy4eHHOI paHee 3aBUCHMOCTH OH YBEJH-
yuTea B 100 pas, eciM MOWHOCTE iacTa X BHIPa3HTh HE B METpPax, 4 B CaH-
TUMETpax.
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OueBHHO, YTO JUIA «HCTIpaBAeHus» b, KaK NOKa3aTels TECHOTH CBA3M
HYKHaA Taxkasa CTaHAapTHadA CMCTeéMa €AHHHMI H3MEPEHHHA, B KOTOpOﬁ J1aH-
HBIE 110 Pa3/IMYHBIM XapPaKTePUCTHKAM OKa3aiuch Obl CPaBHHMBI MEXAY
co60it. CTaTHCTHKA 3HACT TAKyl0 CHCTEMY EAMHUIL. DTa CHCTEMA HCTIONb3YET
B Ka4ecTBe €AHHHMIILI M3IMEPEHHA NepeMeHHON ee cpedree keadpamuueckoe
OMKNOHEHLE §.

lpeacrasum ypaBHenue (3.12) B 3KBUBAJICHTHOM BUJE:

y-y b s, X-X
% T
B aTo# cucreme BesIMYMHA
s
r=b—= (3.17)
sv

NOKA3BIBAET, HA CKOALKO BEUNULH S, UIMEHUMCR 8 cpedHem Y, ko2da X yeeau-
YUMCA HA O0HO §,.

Benuyuna r seasemca nokazamenem mecHoNbl UHEIIHOT CBA3U U HA3bI-
gaemca euibopouHbimM Koadduruenmom Koppersyuu (WM IpocTo Koad-
Puyuenmonm xkoppersyuu).

yih y“

"y

0 y O
Puc. 3.2

JlBe KOppeNALHOHHLIC 3aBUCHMOCTH TIEPEMEHHOI Y oT X npuseaeHs!
Ha puc. 3.2. O4eBHAHO, YTO B CIyYae a 3aBUCHMOCTb MEKAY Nnepemex-
HBIMM MeHee TecHada ¥ K03GPHUHEHT KOPPEIALMH A0/DKEH OLITL MEHbIIIE,
yeM B c1yuae §, TaK KaK TOMKW KOPPeJIsIJMOHHOrO NOJA a Jaibille OTCTOAT
OT IMHHY PETPECCHH, YEM TOYKH Noa# 6,

Ecmr > 0 (b, > 0), To KOppeNALHOHHAA CBA3b MEXKAY NepeMeHHbBIMH
HasbiBaeTca npamol, ecan r < 0 (b, < 0), — obpamnoil. Ilpn npaMoi
(o6paTHOi) CBA3N YBEJIMYEHME OJHON U3 NNepeMEeHHBIX BEJAET K YBEJTHYEHHIO
(ymeHbIIEHMIO) YCIOBHOH (rpynnoBoi) cpeaneit Apyroi.

Yuureipas (3.13), dopmyny 14 r npeACTABHM B BHAE:

ratlatl o SRS (3.18)
5,5, Sx8y

OrMeTuM Apyrue Moanbukaimu GopMyasl r, nosydeHHbe W3 GopMyasl
(3.18) ¢ nomowmbio dopmya (3.7)—(3.10), (3.13)—(3.15):
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3 (x-D)y-)
r=1l : (3.19)
ﬂ..‘i,[s_Y
nixl'yi _[ixa ][i)’:’ ]
r= i=1 i=] i=1 . (3-20)

rt-(8x ) i3]

Jlist mpakTHYecKuX pacuetos Haubonee yaobHa dopmyna (3.20), Tak kak
10 He# r HAXOAWTCA HETIOCPEACTBEHHO U3 JaHHBIX HabMIOAeHHWI U Ha 3Have-
HHHU ' HE CKaXYTCHA OKPYIVIEHHA AaHHBIX, CBA3aHHBIE C PacieTOM CPeAHMX
W OTKJIOHEHHH OT HHX.

BrifopouHbiil KoadpHUHEHT KOppensuuu r (1pu A0CTaTOuHO Gombiom
obbeme BLIBOPKH 1) Tak ke, KaK 1 KOapGUITMEHT KOppeasuH ABYX CJIyHai-
HbIX Bean4HH (§ 2.5), obnagaeT caeayommMu ceolicmsaami.,

1. Koagppuyuenm xoppeasyuu npunumaem 3naverus na ompesxe [-1; 1],
re.-1=r=<1l.

Yewm Gamke |r| Kk eauHuUIle, TEM TECHEE CBA3b.

2. [lpu r = =1 KOPPEAAYUOHHAA CBA3L NPEOCMABASEM AUHELIHYIO PYHKUUO-
HAAbHYI0 3asucumocms. Ipu smom ece HabawdaeMbie 3HAYEHUA pacnoaaza-
fomca Ha npsamotl aunuu (puc. 3.3).

yil ylk

r=-1
0 r 0 -
a * 6 x

Puc. 3.3

3. IMpu r = 0 Aunelinaa KOpPeNAYUOHHARA CB8A3L omcymemayem. ITpu amom
JMUHUA pezpeccuu napananensHa ocu Ox (puc. 3.4).

YA .

| r=0 : ¥ 5’ =y

y t

0 P x
Puc. 3.4
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CresryeT OTMETHTB, YTO Mbl BE€JIH BRIOOPOYHLII KO3ddHLIHEeHT Koppeas-
MM I HCXOAA M3 OLEHKH BIM30CTH TOYEK KOPPENAIHOHHOTO NOs K NPAMOi
perpeccun Y no X. OaHaKo r ABNAETCA HENOCPEACTBEHHO OlIEHKOW reHe-
pansHOro KoapduuueHTa koppeasuuu p mexay X u Y auwe B cayvae asy-
MEPHOTO HOPMAJIBHOIO 3aKOHA PacTIPe/Ie/ICHUA CIyHaHHbIX BETHYHH X U Y.
B apyrux cayvasx (koraa pacnpeaeneHus X ¥ Y OTKIOHAKOTCA OT HOpMaib-
HOI'0, O/IHA U3 UCCIEAYEMBIX BEIMYHH, HAaNIpUMep X, He ARISETCA CaydanHon
HT.1.) BeIGOPOUHBIH KOIGOHUIMEHT KOPPEALMH He CIeAYeT PacCMaTPHBATD
KaK CTPOrYI0 Mepy B3aUMOCBA3H NNEPEMEHHLIX.

» [pumep 3.2. Tlo ganHbiM Taba. 3.1 BHYUCTHTL KoahHIHEHT KOppenauun

MeXAY NepeMeHHbIMU X 1 Y.

10 10 10
Pewenue. B npumepe 3.1 Guuan BEgHCaeHN 3 x, =94; 3 x7 =008; ¥ y, =68;

=] =] =]

10
¥ x.y, = 664. Bruncanm cymmy
i=1

10

Y y?=52+102+102+72+52 + 62 + 62 + 52 + 6% + 82 = 496,

=]

Mo dopmyne (3.20)

- 10-664 -94-68 .
J10-908 - 642 10 496 - 682

T. €. CBA3b MEXAY NEPEMEHHbIMH JOCTATOYHO TECHaA. P

0,866,

3.4. OcHOBHbBIE NONOXEHUA PerpeccuOHHOro aHanu3a.
OueHka napameTpoB NapHOW perpeccHOHHON Mogenu.
Teopema laycca — MapkoBa

Kak ormeyeHo B §3.2, paccMarpuBaeMas B perpecCHOHHOM aHaiuae
3aBMCMMOCTD Y OT X MOXeT ObITh NpeAcTaB/IeHa B BHAE MOAEALHOIO ypas-
HeHms perpeccuy (3.1).

B cuay BO3AeHCTBMA HEYYTEHHBIX CydalHbix PAaKTOPOB M NMPHYHH
oTAeNbHEIE HAOMIOAEHHA NepeMeHHOH Y OyayT B 6oablied WM MeHblueH
Mepe OTKJIOHATLCA OT QYHKUMM perpeccuu @(X). B atom cayuae ypaene-
HUE B3aUMOCBR3U 08YX NePeMEHHBIX (NAPHAA Pe2PECCUOHHAR MOJENb) MOKET
fbiTb NpEACTABIEHO B BHAE:

Y=0¢X) +5¢,

rae £ — cayuaiinan nepemennas (cayuatinsill wiex), XapakTepHaylomas
OTKIOHEHHE OT GYHKIHH perpeccun. JTy nepeMeHHy 6yaeM Ha3biBaTh
soamywaiouieli Win npocTo soamyuieruem (mbo owubkoil)!. Takum obpa-
30M, 8 pe2peccUOHHOll MOOEU 3aBUCUMAR NepemeHHan Y ecmb Hexomopas
dynxyus @(X) ¢ mounocmsio Ao CAYHAIIHO20 803MYUEHUA E.

! B auTepatype NepeMeHHyIo 5 Ha3blBAIOT TAKKE OCMAMONHOU WIH OCMAaMKOM.
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PaccMOTPHM AUHEUHBI Pe2PeccUOHHBIN AHAU3, [U1A KOTOPoTO (PYHKIUH
o(X) aunelina OTHOCHTEILHO OUCHHBAEMBIX APAMETPOB;

M. (V) = By + Byx. (3.21)

[peAnosoKHUM, UTO ANA OLEHKH NapaMeTpPoB JWHEHHOH QYHKUHM
perpeceny (3.21) Baata Bufopka, cogepxaulaa n Nap 3HaYCHUH TIePEMeH-
HEIX (X3, ¥;), rae i =1, 2, ..., n. B 0TOM cayuae JuHeiiHaa napHas pezpeccuot-
HAH MOOeab UIMEET BUJL

Y= By + Bix; + ;. (3.22)

OTMETUM OCHOBHBIE NPEONOCLLTKI PEIPECCHOHHOTIO AHAIH3A.

1. B modenu (3.22) soamywenue’ € (MW 3aBUCHManA niepeMeHHan y;)
€Cmb BENUMUHA CAYUAUHAA, A 0OBACHAIOWAA NEPEMEHHAS X; — BEAUNUHA
HeCayuarnas.

2. Mamemamuueckoe oxucuOAHUE BOIMYWEHUS €; PABHO HYIO:

M(e) =0 (3.23)

{1 MaTeMaTHYECKOe OXKHAAHNE 3aBHCHMODI NePeMEHHOH V; paBHO JIMHEel-
HoM dpyuxumn perpeccnn: M(y,) = By + Byx,).

3. Jlucnepcus soamywenus €; (MJIM 3aBUCHMON NepEMEHHO#H y,) nocmo-
sHHa daa swboeo i

D(g) = o2 (3.24)

(i D(y,) = 02) — yeaoBHe 2oMockedacmuuHOCit WK PA8HOUIMEHY B0

cmu BO3MYINEHWA (3aBUCHMMOI nepeMeHHoM)).
4. Boasyuienus €; v €; (A1 NEPEMEHHbIE ¥; U Y;) He KOppeauposanst™:

M(eg) = 0 (i = ). (3.25)

5. BoamyuieHue €; (MM 3aBMCHMOI NEepeMEHHOH ¥,) ecmb HOPMAILHO
pacnpedeeHHan CayHallnas 6eauYUHd.

B aTom cay4ae moAens (3.22) Ha3uIBAETCA KAQCCUYECKOU HOPMAnbHOU
numeltnoll pezpeccuontoll modeavio (Classical Normal Linear Regression
model).

g nosyqdeHus YPaBHEHHS PErPeccHn A0CTaTOYHO NPeAnochulor 1-—4,
TpeboBaHHe BHINMOTHEHHA NPEATIOCHUIKH 5 (T. €. PACCMOTPEHHE «HOPMATb-
Hotl pezpeccii») HEOBXOAMMO UTA OTIEHKH MOYHOCTIU VPABHEHHA PErPECCHH
H ero napaMeTpos,

I Bo seex npeanocruikax i = 1, 2, ..., 1.

2 Tlpu aTOM mpeanonaraeTcs, ITo cpeay suanenui x, (i = 1,2, ..., 1) He Bee oAMHAKOBHIE,
TaK 9TO MMeeT cMEIc dopuyna (3.13) nn koadupunmenTa perpeccim.

3 Tpefioranue Hexopperuporansocta Covie, £) = 0 ¢ yuetom (2.30) 1 (3.23) npusoaut
K yenosrio (3.25): Cov(e,, £) = M[(e, - 0)(e, - 0)) = M(e£)=0. [IpH BHNOAHCHUM MIPeANo-
CELIKH 5 3T0 TpefoBanHe PaBHOCHILHO HEIARHCHMOCTH IePEMEHHRIX €, ¥ € (¥, 1 ¥,).
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Ouesnikoit mozenn (3.22) no BeboOpKe SBAAETCA YPABHEHHE PErpeccuH
y=by+bx (3.3). MNapameTpnl 3Toro ypasHenus b, u b, onpenensiorcs
Ha OCHOBE METO/[a HAMMEHbIIMX KBajgpaToB. O6 MX HAXOKAEHHH NNoAPOGHO
oM. § 3.2

BozaeHcTBHE HEYUTEHHBIX cydaiHbiX pakTopoB M ownbok Habawoae-
HUil B Moaenn (3.22) onpegensieTcs ¢ [IOMOILBIO QuUCnepcul 803MyweHul
(owubox) nau ocmamounoll ducnepcuu o2, HecMeleHHOH OLEHKOM 3TOH
AUCTIepeHM ABaseTes entbopourasn ocmamounan ducnepcus’.

Z{j’i‘)’@)z zfiz
Gl (3.26)

rae y, — zpynnosas cpedHAs, HallleHHAs 110 YPaBHEHHIO PErpeccHH;

& = ¥~ ¥; — 8bI60POUHAA OUEHKA BOIMYWEHUA? €; WIH OCMAMOK pezpeccull.

HanomuuM, 4T0O B MaTeMaTHYeCKOH CTATUCTHKE 1A NONYYEHHSA HecMe-
IMEHHON OLEHKHM AHCNEPCHH CAY4alHON BEJHYHUHBI COOTBETCTBYIOLYIO
C)'MMy KBaJpaTos OTKJOHEHHH OT cpenueﬁ ACAAT HE HAa YHCIO uaﬁnme-
HHH n, a Ha wucao cmeneneil ceobodu (degress of freedom) n — m, pasHoe
PasHOCTH MEXK/Y YMCIOM He3aBHCHMLIX HabMIOACHMI CAyHalHON| Besin-
YHHBI N M YHCIOM CBA3EH, OrPAHUYMBAIOUIMX CBODOAY MX H3MEHEHMUH, T. €.
YUCIO M YPaBHEHWH, CBA3BIBAIONHMX 3TH Habmogenus. [loaToMy B 3HaMeHa-
Tene BeipaxeHms (3.26) cTrouT ynuceao creneded csoboabl n — 2, TaK Kak jBe
crenesy cBoBOABI TEPAIOTCA NPH ONPEAENEHNH ABYX NTAPAMETPOB NPAMON
H3 CHCTEMBI HOPMa/bHBIX YPaBHEHHHA (3.5).

Bo3HuKaeT BONPOC: ARAIOTCA JIH OUEHKH by, by, s2 napamMeTpoB «Hauayy-
WHMK»? OTBET Ha 3TOT BOMNPOC ZAET CISAYIOIAA TeopeMa.

Teopema laycca — MapkoBa. Ecau pezpeccuonnas modeas (3.22) ydos-
aemaopsem npednocelakam 1—4 (c. 62), mo oyenxu b, (3.11), by (3.13)
UMEIOM HAUMEHBIULYI0 OUCNEPCUI 8 KAACCE BCEX UHEIIHBIX HECMELEHHBLY OLe-
Hok (Best Linear Unbiased Estimator, win BLUE)3.

Takum obpasom, oueHkH b, 1 b, B onpeseIeHHOM CMBICIE ABNAIOTCA HaH-
Gonee apexmueHbiMu NMHEHHBIMH OLEHKaMK napameTpos 3, u 3.

Jo cux nop Mbl HCTIOAB30BANM OLEHKH NapaMeTpoB, MoJy4eHHbIe MeTo-
AOM HAUMEHBIIIMX KBA/IPATOB. PACCMOTPHM €l1le OAHWH BaXKHBINA METOA Noay-
Y€HHA OLIEHOK, WHPOKO MCNONb3YeMblH B 3KOHOMETPHKE, — METO/I MaKCH-
MaJIbHOTO NPaBAONoOAO6HA.

MeToa MakCHMAJILHOIO NpasBAonoAoOua. /Ui ero npuMeHenus 10-
#eH GbITh M3BECTEH BH/l 3aKOHA pacnpeaeieHusa BEPOATHOCTEH MMEIOLUXCA
BHIBOPOUHBIX JAHHBIX.

[Nonaras BLINONHEHHE TPEANOCHUIKA 5 (C. 62) PerpeccCHOHHOr0 aHan3a,
T. €. HOPMAIBHYK KJIACCHMECKYI0 PErpecCHOHHYI0 Moaeas (3.22), Gyaem

! popmyna (3.26) npu p = 1 amiAeTca YacTHRIM cayuaesm dopmynsl (4.21), AokazaHHON
Hitke B § 4.4,

2 ¢, HAIKBAKOT TAKKE HEBAINOLL.

3 Noxazarenscrso Teopemu [ayveca—Mapkosa B obuem Buae npuseaeHo s § 4.4



pPaccMaTPUBATL 3HAYEHHUA ¥; KAK HE3aBHCHMBIE HOPMAJIbHO pacnpeseneH-
Hble CJydaiiHble BEIHYMHBI C MaTEMaTHYECKHUM oxuaanuem M(y,) = B, +
+ fyx;, ABagIomMAMca QYHKIIHEH OT X; M NOCTOAHHOM Aucnepcreit o2,

Crie10BaTeNbHO, MIOTHOCTE HOPMAJIbHO pacnpeaeeHHON Cy4yailHoH
BEJIHYHMHBL Y,

] Oibobx?
WO

Pynkuus npasdonodobus, BHPANKAIAA NIOMHOCME BEPOSMHOCTIU
COBMECITIHOZ0 NOABAEHUR Pe3yAbmamos ési6opk, HMEeT BHA

i{."l'sﬁ e

1'1_ o .
L(ylxu"'vym nsB{]-BI:U )= 20%

Mo

Coznacno memody MaxcumanbHozo npaedonodobus é Kauecmee OUEHOK
napamempos P, B, u 62 npurumaromes maxue 3navenus By, By n 62, komo-
pbie makcumuaupyrom gyHxyuio npasdonodobus L.

O4eBHAHO, YTO NPH 3aJAHHBLIX 3HAYEHHUAX Xy, X, ..., X, OOBACHAIOMEH
nepeMeHHOi X M NOCTOAHHON Aucnepcuu o2 GyHkuus npasaonozobus L
AOCTHTAET MAKCHMYMa, KOT/Ia IOKa3aTeb CTeneHy npy e 6y4eT MUHHMab-
HBIM MO aBCOMIOTHON BEUYMHHE, T. €. IIPH YCIOBHM MHHUMYMA QYHKIMH

f_'):ltyf-ﬁo-alx{-3'~'.

4TO COBNAZAET ¢ ycaosreM (3.4) HaxoxaeHHs OLeHOK [y 1 i, MeTogoM Hau-
MEHbBIUNX KBaZpaToB. CreaosaresnbHo, oyenku b, (3.11) n b, (3.13) napa-
Mempoe Bos ﬁl coanadaiom ¢ oyeHKamu Memoda MaKcUMAIbHO20 Npasdono-
do6us o 1 ;. N

JUiA HaXOXKAEeHMA OLUEHKHN 0¢ MaKCHMaJabHOro npapionoaobus napame-
TPa 62, MaKCHMH3HpYIomeH GyHKINIO L, KauecTBEHHBIX coobpakeHnit yike
HEAOCTATONHO, ¥ HeoBXoAuMO NpuberHyTs K MeToaaM Auddeperumnans-

. L
HOro UCYHCAeHUA. [IpHpaBHAB YaCTHYIO NPOH3BOAHYIO é;ﬁ=0 (cooTBeT-
CTBYKIIHE BRIKJAJAKH NpeAtaraem npoBecTH YUTATENO CAMOCTOATENBHO),
TIOY4HM
n

ef
02——Z(y, by - byx; )2=-'fl-— (3.27)

rae napameTpsi f3; v f; 3amerensl ux ouerkamu by v b,. CpaBHHBas ¢ noay-
YEeHHOW paHee HeCMEUIeHHON oneHKoi s2 (3.26), BHAMM, YTO OUEHKa G
(3.27) meToAa MakKCHMAaNbHOIO npapaonoaobus napaMeTpa o? ABIAETCA
CMEWEeHHOU.
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B COOTBETCTBHH €O CBOMCTBAMM OIEHOK MAKCUMAaJbLHOrO NpaBAoONo-
aobus oyenxu (b, b,) u 02 (@ 3HAYMT, ¥ 52) ABAAIOTCH COCMOAMENLHBIMU
oyerkamu. MOKHO NOKa3aTh, UTO NPU BLINOAHEHUN NPEONOCLLAKU 5 0 HOP-
ManbHOM 3aKoHe pacnpedenenus soamyuenun €, (i = 1, ..., n) amu oyenku
RBAKIOMCA HE3ABUCUMBIMU.

3.5. UnTepBanbHas oueHKa GyHKUMK perpeccum u ee napameTpoB

JAoBepHUTENbHBIA HHTEPBaa Aa8 QYHKIUHH perpeccHH. [loctpoum
dogepumenvHblil Unmepsan On[ GyHKYUU pezpeccull, T. €. ANA YCIOBHOIO
MareMaTH4YecKoro oxkuganua M (Y), KoTopuil ¢ 3a/laHHOH HAAEKHOCTBIO
(a0BepUTENBHOM BEPOATHOCTLIO) ¥ = 1 — (1 HAKPBIBAET HEHIBECTHOE 3Ha-
yenne M, (Y).

Haiizem aucnepenio rpynnoBoit CpeAHen y, npeacTapisiomei Buibopoy-
Hyio ouenky M, (Y). C aToii uennio ypasHeuue perpeccum (3.12) npeacra-
BHM B BHJE!

y=y+b(x-x). (3.28)

Ha puc. 3.5 nunng perpeccnu (3.28) nsobpaxena rpaduiecku. /s npo-
H3BOJIBHOTO Hab/1101aeMOT0 3HAYEHUA ¥; BhIACAEHDBI €0 COCTABAIOLNE:
cpeanas y, npupamenne b, (x - Xx), obpasyioue pacyeTHoe 3HaueHue y,,
H OCTATOK €;.

A -
y (.xpy;} e
.Yl.‘ = bo + b'j.r _:
bl(x, - f)
i
¥ ¥
X, -Xx r
0 1 F x, X
Puc. 3.5

Jucnepcus rpynnoBoi cpe/iHei paBHa CyMMe ANCTIePCHil JIBYX He3asucu-
Mblx! craraemsix Beipaxenus (3.28):

a:é =a§ +cr§1 (x~X)3. (3.29)

(3aeck yuTeHO, 4TO (X — X) — Hecay4aHHas BeJHYMHA, IIPH BbIHECEHHH
KOTOpO# 32 3HAK MCIepcHH ee HeoOX0AMMO BO3BECTH B KBA/parT.)

! JlokasareancTBo 31010 $aKTa 31ech He NPHBOANTCA.
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Jucnepcua BIOOPOYHOH CpeaHen ¥

n n n
ci=g2|E _|=&___=_ o =— (3.30)
¥ n n? n® n? n

AUisi HaXOXKAEHHS AUCTIEPCHH OF NPEACTABUM KOIPOHUHEHT PErpeccHu
(3.16) B BuaE

2xiyl L=~y

A S : (3.31)
2xz Y(q-XP
i=1 i=1

Toraa
n
Y (x;-X)c?

o2 =izl

h (.—é(xf -XP ] i i(x,- —%)2 '

ol

(3.32)

HaiaeM olleHKYy AMCTIEPCHH TPYNNOBHIX cpeAHUX (3.29), yyuThIBaA
(3.30) u (3.32) u 3amenss o2 ee OIEHKOH §2:

s2=s? 1, G=%2 |

=g (3.33)
2. (x;-XP
i=1
OCHOBLIBasICh Ha NpeAnochIKax 1—>5 perpeccHoHHOro aHaan3aa (§ 3.4),
Sy
CreiogenTa ¢ k = n — 2 cmeneuwsamu c80600bi, H NOCTPONTL JOBEPHTENbHBIH
HMHTEPBAJ 1A YCIOBHOIO MaTeMaTH4Yeckoro oxuaanua M, (Y):

MOXHO MOKa3aTek, 4TO cmamucmuxa t = HMeeT [-pacnpejeneHue

y“l-a;k'S_QSMx(Y)Sj""rl—a:k‘sju (3.34)

rae s; =J§ — CTaHAapTHasA owKrbKa rpynnoBoi cpeaHen y.

W3 popmya (3.33) u (3.34) cneayer, yTo BeMuHHaA (A1MHA) AOBEpPH-
TEJIbHOrO HHTEPBaJia 3aBMCHT OT 3HAYeHHs 0OBACHAIOLIECH NepeMeHHOH X
MpH X =X OHAa MMHHMAaJIBLHA, & 110 Mepe YJAJICH!A X OT X B&JIMYMHA JOBEPH-
TEJILHOTO WHTEpPBaia yReanuusaerces (puc. 3.6). Takum obpaszom, npozios
3HaveHui (onpejeneHne HeMIBECTHBIX 3HAYEHHI) 3aBUCHMON NepeMeHHON
Y no ypaBHEHHIO pPerpeccHy OnpaplaH, eciy 3HauveHue x obbAcHsaouwedl
nepeMeHHoR X He BhIXOAWT 3a /IMana3oH €e 3HaveHHi no suibopke (npu-
yeM TeM Honee TOYHBIH, yeM Gumke x K X). JIpyruMH CI0BaMH, IKCMPanoas-
Uts Kpusoil pezpeccull, m. e. ee UCNoAbL308akHUe 8He npedenos 06caed08aHHOZ0
duana3sona 3naueruil obvacHAOWell nepemenHoll (Aaxe ecan oHA OonpapjaHa




ANA paCCMaTPHBAEMOH NEPeMEHHON UCXO/S M3 CMBIC/A PelaeMoi 3a4a4u)
MOXEM NpuUsecMU K 3HAYUMEALHBIM NOZPEULHOCTAM.

yﬂ' JlloBepuTenbHule
rPaHuIB
A yq .
Flesenea iS00,
JlosepHrenbHble
rpaHMLbl ANs
M, (Y)
0 ¥ x
Puc. 3.6

JlopepuTenbHBIH HHTEPBAJI /UIS HHAHBHAYA/ILHLIX 3HAYEHHH 3aBH-
CHMO¥ NepeMeHHOM. [focTpoennas AosepurenbHas obaacts A M (Y)
(cM. puc. 3.6) onpesensieT MeCTONONOKEHHE MOAENbHON IHHUM PErpeccHu
(T. €. YC/IOBHOrO MaTeMaTHYeCKOro OKHAAHHA), HO HE OTACJALHLIX BO3MOK-
HbIX 3HAYEHHI 3aBUCHMO# NEPEMEHHOMN, KOTOPHIE OTKJIOHAIOTCS OT CPeAHEH.
Moaromy NnpH onpeaeneHuH 008epUMenbHO20 UHMEPSEANa N UHOUBUIYANL-
HbLX 3HAYeHULl V§ 3aBUCUMOLl nepeMenHOLl HEODXOAMMO YUHUTHIBATD €llle OAMH
HCTOYHHK BapHaLHH — paccesHue BoKpye JUHUU pezpeccull, T. €. B OUEHKY
CYMMaPHOH AHCIEPCHH syg CIEAYET BKIIOYNTDL Benuuuny s2. B pesynbrare
OLEHKA AMCTIEPCHM HHAMBUAYANbHLIX 3HAYEHW ¥, PH X = X, PaBHa

—¥)2
s%q:s?- 1+1+M

- (3.35)
n .

2 (x;~-X)

i=1
a COOTBETCTBYIOIHH JI0BEPHTENBLHBLIA HHTEPBAA ATA NPOrHO30B HHANBHIY-
aNbHBIX 3HAYeHHit y; OyaeT onpeaensToes no Gpopmyse:

jo_zl—n:n—z's,\?n SYs<Yo i oa;n-2" 5y, (3.36)

JoBepuTeNbHbBIH HMHTEPBAJ ANA NMAapaMeTpPoOB PerpeccHOHHOM
MoAenn. Hapaay ¢ MHTEPBaJbHBIM OllEHMBAHHEM PYHKUHH Perpeccuu
MHOTAA NpeACTaBAAET HHTEPEC NOCTPOEHHE AOBEPHTENbHLIX HHTEPBANOB
Al NAPaMEeTPOB PErpecCHOHHON MOJeNH, B YACTHOCTH ANA NapaMeTpoB
PerpecCHOHHOM MOJeIH, B YaCTHOCTH AnA f3; 1 02,

MOXKHO OKa3aTh, YTO IIPH BRINOJHEHUH NpeanocbUiku 5 (¢, 62) perpec-
by - B,

Oy,

CHOHHOI'O aHalu3a CTaTHCTHKA [ = HMEET cmﬂaap'rﬁuii HOpMaJlb-
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HbI 3aKOH paclpe/le/IeHNd, a eCIH B BelpakeHuH (3.32) wia nglaaMEHm‘b
o? ee OIEHKOH §2, TO CTATHCTHKA

r=fb-‘:—ﬁ]' IS (x, — %2 (3.37)
. =1

nMeeT t-pacnpeaenenne CtoiofeHTa ¢ k = n - 2 crenensmm csoboan. TTos-
ToMy (cM. § 2.7) unmepsanvHas oyenka napamempa [5; Ha ypoBHe 3HAYHMO-
CTH (£ HMEeT BHA:

S S

by —t1-c; n2 - <B; <b g n2—"
;)Z(X.-—.f)"" ,/):(x; -X)?
i1 i=1

[IpH MOCTPOEHUH JOBEPHTEIBHOIO HHTEPBAJIA LA lapaMeTpa 62 Hexo-

(3.38)

ns
AAT M3 TOTO, YTO CTATHCTHKA —- MMeeT y-paciipejenenye ¢ k = n -2 cme-
o

nexamit ceobodut. [103TOMY URMEPBATLHAR OUCHKA WIS G2 HA YPOBHE 3HAYH-
MOCTH f UMeeT BUAa (M. (2.43)):
2 2
ns ns
< 0-2 < ———— (3.39)
2 2
Xcuz:n-z XI /2; n-2

(AoBepUTENBHBIN HHTEPBA] BRIOMpaeTcst TakuM 06pasoM. YTOOkI

; y o
P(x%< x:z-wz; n-2)=POC>Ae /0.0 2)= E)-

P TIpumep 3.3. [1o gauntm Taba. 3.1: 1) OLEeHHTE CMEHHYIO CPEAHIO J0BEMY
¥IAA Ha OJHOroO paﬁﬁ‘iEI‘O AUIA HIAXT ¢ MOUHOCTHHY TLAaCTa 8 M;

2) naiTh 95%-HEe J0BePHTEIbHEIE HETEPEAIL AT HHANBHAYATLHOTO ¥ Cpe/l-
HETO 3HAYCHMI CMeHHOIT J06brM yraa Ha 1 paBovero Ui TaKHX Ke 1IaxT;

3) HaiiTi ¢ HAAEKHOCTEIO 0,95 HHTePBAIbHEE OLEHKH KoodHiienTa perpec-
cuH [} ¥ aucnepeHn o2,

Pewenue, Ypanuenune perpeccun Y no X 6uno noaydeno s npemepe 3.1:
¥=-2,75+1,016x, T. e. NpH YBeIWYeHHH MOWHOCTH acta X #a 1 M aobbya yras
Ha ogEoro pabouero Y yennanpaeTcs 6 cpednesm Ha 1,016 T (B yeu. ea.).

1. Ouenum yeroproe maremarnueckoe oxunlanne M, . (Y). Bubopounoi
ouenxoit M, _.(Y) ApaseTca rpynnopan cpefnsas v, g, KOTOPYIO Hailaem no ypas-
HEHHE) PerpeccHu:

Yes=-2,7541.016-8=5,38 (1),
JLna nocTpoeHus JoBepHTeNbHOTO HHTepBana ana M, _4(Y) HeobxoanMo axath
JIICTIEPCHIO eTo OIIEHKH, T. €. Sgr_u. Coctapnm Bcniomoratensnyio Taéauny (taba.

3.2) ¢ yderom TOr0, IT0 ¥ = 9,4 (M), a 3HaUeHUA ONPeALINIOTCS O NOTYIEHHOMY
YPAaHHEHHIO PETPECCHM.

Tenepb nveenM 1o (3.26): 5% = 1833-92 =1,049, no (3.32):
2 =1,049) L+ @24 |5 100
Yrud 10 24.4

ns, =40,189=0,435().




Ta6nuya 3.2

x| g8 |nf12(9|8|8|9|9|8|12]| =

(x; - ¥)? 1,96(2,56 (6,76 /0,16 | 1,96 | 1,96 | 0,16 | 0,16 | 1,96 | 6,76 | 24,40

¥i=-2,75+1,016x;|5.38 | 8,43 9,44 6,39|5,38| 5,38 6,39 6,39 |5,38 | 9,44 —

e=(ji-y)? |014/248/031(037(0,14|0,39 0,15 /1,94(0,39|2,08| 8,39

Mo Taba. Il npuaokenuil b, g5 5 = 2,31. Teneps no (3.34) uckomslii Josepu-
TEAbHEIA HHTEpBan

538-2,31-0,435 s M,.4(Y) = 5,38 + 2,31 - 0,435,

HAK

438 = M, 5(Y) < 6,38 (7).

Hrak, cpeasas cmerHas Ao0biva YA Ha ofHoro paboyero Aus WaxT ¢ Mow:
HOCTBIO MAacTa 8 M ¢ HaaexHOCThIo 0,95 HaxoanTes B npeaeaax or 4,38 20 6,38 1.

2. H1o6b! NOCTPONTD JOBEPHTEALHBI HHTEPBA TA HHAMBIAYAIBHOIC 3HAYe-
HHA Y g, HAMAEM ANCTIEPCHIO €10 OleHKH No (3.35):

(8 9,4)
..1 3
049[ 4.4 J 1,238
o= JE,ZSB =1,113 (7).

Jlanee ucKOMBIit AOBEPHTENbLHBIH HHTEPBAA noayanM no (3.36):
5,38-2,311,113< Y-8 £538+2,31-1,113,
wm28lsy; ,<7.95.

Takum 06pazom, HHAWBH/IYANbHAR CMeHHaa Ao6bMa yra Ha oaHoro pabouero
AJA WAXT ¢ MOIHOCTBIO N1acTa B M ¢ HadeHocTsio 0,95 HaX0AWTCA B npejenax
or2,81 207,95T.

3. Haipgem 95%-Hulil A0BEPUTENLHEI HHTEPBAA AN NapaMeTpa [3;.

o popmyne (3.38)

1,049
244"

Jl 049
1,016-2,31"= <h,£1,016+2,31
T-24-4 B, +2,

win 0,537 < f§, = 1,495, 1. e. ¢ HasexHOCTEIO 0,95 NpH H3MEHEHHH MOILHOCTH
miacta X Ha 1 M cyTouHas BupaboTka Y OyaeT n3MeHATLCA HA BENHYHHY, 3aK1I0-
4eHHVIo B WHTeppane ot 0,537 a0 1,495 (1).

Haitaem 95%-Hbiii A0BepHTENBHBII MHTEPBAN ANA NapaMeTpa 02,

Yaursisas, 4to a = 1-0,95 = 0,05, Hainem no rabanue [l npuroxennit

X272 n-2 =X8.025. 6 =17,53;
x?-ﬂ/l‘ 2= 15.975_ 8= 2,18.

Mo dopmyae (3.39)
101,049 _ , 101,049
17,53 2,18

w0598 =0 <481u0,773 s o< 2,19




Taknm o6pazoM, ¢ HagexHocTblo 0,95 Aucnepcus BOIMYIMEHHHA 3aKmio-
yeHa B npeaenax ot 0,598 a0 4,81, a ux cranaaprHoe oTkaoHeHHe — ot 0,773
A0 2,19 (7). »

3.6. OueHka 3HaYMMOCTH ypaBHeHUA perpeccun. Koappuument
AeTepMUHaLUK

[lpoBepuTh 3HAYHMOCTD YPABHEHHA PErpeccHH — 3HAUMUT YCmaHo-
aums, coomeemcemayem Au MameMamuieckan Modﬁﬂb, anipamarnuan 3asu-
CUMOCTE MeXOY NEPEMEHHBIMU, IKCNEPUMEHMANLHBIM OAHHbLIM U docma-
MOUHO AU BKAKOUEHHBIX 8 YPABHEHUE 06BACHAOUWLX nepemMennbix (00Holl uau
HECKOALKUX) 0N ONUCAHUA 3ABUCUMOLL NepeMerHOIl.

[TpoBepKa 3HaYHMOCTH YPABHEHUA PErpeccHy NpoM3BOAUTCA HA OCHOBE
JAHUCTIEPCHOHHOIO aHa/1Msa.

B MaTeMaTH4YeCKOH CTaTHCTHKE AMCNEPCHOHHHIA aAHAIM3 PACCMOTPEH
KaK CaMOCTOATENbHEIH HHCTPYMEHT (MeToa) CTaTUCTUYECKOIo aHa/In3a.
3Aech *e OH NPUMEHAETCS KaK BCIIOMOraTe/ibHOe CPeACTBO JUIA H3yUYeHHs
Ka4ecTsa PerpecCHoOHHON MOJAEH.

CornacHo OCHOBHOI Hjee AMCIEePCHOHHOro aHanusa (cM. § 2.9)

n n
2i=-yP=3i-N0i-y)FP=
=1

i=1

M=

G =P+ S =3P +25 G- D=5, (3.40)
i=]

=1

il
-

Q= QR + Qﬂ (3.41)

rae Q — obwan cymMma KBAaApaTOB OTKJIOHEHMH 3aBUCHMOH NepeMeHHo
OT cpeaHei, a Qg 1 Q, — COOTBETCTBEHHO CYMMa KBaApaToB, 00YCI0OB/IEH-
Haf perpeccue, ¥ OCTATOYHAA CYMMa KBa/IpaToOB, XapaKTePH3yIollas BIH-
siHHUE HeYYTeHHBIX GaKTopoB!.

Y6eaumcs B TOM, 4To nponyuenHoe B (3.41) TpeThe caaraemoe

Q= 25!1_"{55 - ¥)(y; - y;) paBHo Hymo. Yuntsisas (3.28), (3.11), umeem:

=1
jl’“yzbltxl _f);
.Y:'_j’: =Yi =by = by x; =y;-(?-b1f)-b1x=(y; 'y)"bl(xi -X).

! B nepesoanoit auteparype Q, Qy, Q. o6o3nauaoTes coorsercrsento TSS (total sum
of squares), RSS (regression sum of squares) n ESS (error sum of squares).
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Teneps!
i=1 =1

Qs=2i'i(5'=~Y)f.v.~5f.)=2b1i(x.~i‘)(y.—F)—bei(x.-—f)2=0

(¢ yuerom cootHomenus (3.31)).
Cxema AHCNIePCHOHHOTO aHa/IM3a HMEET BHJL, NpecTarieH bl B Taba. 3.3.

Tabnuya 3.3
KomnoHeHTsl Cymma Yucno crenernen Cpeanne
AMCTIEPCHIA KBajpaToB cBoboARI KBaaparhbl
Perpeccua no m-1
o Qr=2 (¥ ~-¥P =2
1=1 m-1
OcratouHan n . n-m (
Q=X (yi-%)F ’2=ﬁ
i=1
Ob6uasn n . n-1
Q= 2()‘4 - y)z
=}

Cpeanue kBaaparsi s§ u s% (cM. Taba. 3.3) npeacrasasiT coboit Hecme-
HIEHHBIE OIEHKH AMCIEPCUH 3aBUCHMON NepeMeHHOoH, 0ByIoBIeHHBIX
COOTBETCTBEHHO PerpeccHi Win obbACHAIOWEN NepeMeHHol X 1 BoaaeH-
CTBHEM HEYYTEHHBIX CTy4aliHbIX GaKTOPOB M OMWHMBOK; M — YHCAO OLEHH-
BAEMBIX TAPAMETPOB YPABHEHHA PErpecCcHH; N — YUI0 HabIoAeHHA.

3ameuanme. [Tpu pacyere obme cymMMbl KBaApaToB Q MoAE3HO HMETh

B BHAY, 4TO .
[

Q=Y y?--=—~ (3.42)
i=1 n

n n
(®opmyna (3.42) caeayet u3 pasnoxenus Q=Y (y,-yP =Y y?-
n i=1 i=1
=-2yY y; +ny? c yuetom (3.8).)
=1
[Ipy OTCYTCTBHMM JNHHEHHOH 3aBHCHMOCTH MEXKAY 3aBHCHMOH
nobbacHAoUMME(€eit) nepeMeHHbIMH CTyHaiHEIEe BETHUIHHBI S = Qg /(m—1)
us? =Q, / (n—m) nmeror y2-pacnpejie/ieHle COOTBETCTBEHHO Cm —1un—m
cTeneHsMy cBoDOABI, 8 UX OTHOIEeHHe — F-pacnpejeneHne ¢ TEMH Xe cTe-
nenaMu cBobGoanl (cm. § 2.3). [MoaTOMY ypaBHEHHE PerpeccHM 3HaAYUMO
Ha ypoBHE «, ecin dakTHYecKH HabmoaaeMoe 3HaYeHHe CTATUCTHKH

F=—%:E;:T))=%>th;h, (3.43)

n
! M3 noaydensoro cootHowenns osesuano, wro Y (v, - ¥,)=0. Boobme rosops, 1o

i=]
PABEHCTBO, @ C HUM B KOHEYHOM cHeTe | paaiokenue (3.41), BLNOJIHAETCA TOALKO [IPH HAU-
yul (806001020 WAEHA B PErpecCHOHHON MOAENH.
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rae Fy. y, . k,— TabanuHoe anavenne F-kpurtepns Puwepa — CHeaexopa,
onpejeneHHoe Ha YPOBHE 3HAYUMOCTH e npu k, = m—1u k, = n - m cre-
nexax ceoboasl.

VYHTHIBas CMBICJI BEJIHYHHE 5§ M 52, MOXKHO CKa3aTb, 4T 3HaueHue F noka-
avlgaem, 8 Kaxkoil Mepe pezpeccus AyHule OUeHUBaem HavweHue 3a8ucumMol
nepeMeHHOL NO CPABHEHUIO C ee cpedHetl.

B cayuae 1MHENHOH NapHOH perpeccuu m = 2, H YPaBHEHHE PErpeccHi
3HAYMMO Ha YPOBHE (1, €CJIH

Qr(n-2)
B Ll P (3.44)
Q? 1 n-2

CresyeT OTMETHTB, YTO 3HAYMMOCTL YPaBHEHHMs NapHOH NMHEHHOH
perpeccun MOXKeT ObITh NPOBEACHA M APYTHMM CNocobOM, eCIu OLEHUTD
aHauumocms Koadduyuenma pezpeccuu by, KOTOpbIH, KaKk oTMEYeHO B § 3.4,
nmeer t-pacnpesenenme CrbiogenTa ¢ k = n - 2 creneHsmu cro60/bL.

YpaBHeHHEe NapHOH JWHENHON! perpeccui Wi KoahpUIHEHT perpeccHH
b, anauynmul Ha yposHe « (MHave — runoresa H, o paseHcTse napamerTpa
B, wymo, 1. e. Hy:ff; = 0, oreepraertcs), ecan $paktyeckn Habaronaemoe
3Ha4yeHwe ctaTucTuKHY (3.37)

g=2 s‘o 'i(x,— ~X) (3.45)
=1

6onbure kpuTHYECKOro (Mo abcomoTHOH Bennynue), T. €. [t| >t . ., .
MoXHO MoKa3saTe, YTO IS napHoil MmHeHHoH moaean ofa cnocoba npo-
BEPKH 3HAYUMOCTH C HCTIOABL30BAHUEM F- H [-KPUTEPHEB PaBHOCWILHEL, HBO
3TH KPUTEPHH CBA3AHEI COOTHOWEHWEM F = 2,
B paae npuxaaaHbIX 3a1a4 TpelyeTcs OLEeHHTD JHavuMocms Kodddunu-
enma koppeasyuu r (§ 3.3). Ilpn 3TOM HCXOAAT M3 TOTO, YTO NPH OTCYTCTBHH

. rvn-2
KOPPEJAIHOHHON CBA3H CTATHCTHKA t=71—=2 HMeeT [-pacnpeaenesune
g

F

CTBIOAEHTA C N — 2 CTENeHAMH CBOBOBI.

KoadduumenT koppensitum r 3Ha4uM Ha yposHe o (MHavye — Irunoresa
H, 0 paBeHCTBE reHepasbHOrO KO3QGHUHEHTa KOpPeaslHi P HYII0, T. €.
H,:p = 0, orBepraercs), eciu

-2
L e . (3.46)

rae ty . ,.o — TabnuuHoe 3Hauenue t-kpurepua CThioAeHTa, ONpPeAeNeHHoe
Ha YPOBHE 3HAYMMOCTH L IPH YHCJIE cTeneHei ceoboasl n — 2.
Jlerko nokasarsb, YTO NOJAYy4aeMbie 3HAYE€HHUA [-KpUTEepPUs LA NPOBEPKH
runiores [} = 0 no (3.45) u p = 0 no (3.46) oAMHAKOBHI,
P llpumep 3.4. [lo pgaunum Taba. 3.1 oueHuTsh Ha yposse o = 0,05 anauu-
MOCTB YPaBHeHHA perpeccs Y no X.
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10
Peweniue. 1-1t cnocof. Brimie, B npumepax 3.1, 3.2 6su1n Halizens: Y y, =68,
=1

10
3 yi =496,

=]

BIMHCAHM HeoDX0ANMEIE CYMME KBaapaTos no hopmynam (3.40), (3.42):

1w\
Q=3 —?P=§y3—@—=4%—6ﬁ233 6;
ol a7t 10 1
{1 10
Q, = S(¥ - 77 =Y ¢?=8,39 (cM. Tabn. 3.2);
=1 =]

Qx=Q-Q,=33,6-839=252l1
ITo dopmyne (3.43)

po25.2100-2) ., o,
8,39

o Tabnuue F-pacnpejenenus (rada. IV npunowennii) Fy gs. 1. g = 4,20. Tak kax
F>F, 5. 1. 5 TO YPABHEHHE PETPECCHH 3HAYHMO,
10
2t enocob. Yuntuisan, yto by = 1,016, ¥ (x, - ) = 24,40, 5% = 1,049 (cM. npw-

1=

mep 3.3, Ta6n. 3.2), no popuyae (3.45)

1,016
=—= V24,40 = 4,907,
4 ;El.U49 A=,

1o TaBnuuam t-pacnpenenenus (Taba, Il npunosesnin) £, o5, s = 2,31. Tak kax
1> 1 55, 5. TO KOGDPUIHEHT perpeccy by, a 3HAYHT, U YpaBHeHHe NapHoi AMHeH-
HOW perpeccun Y no X sHaunmnl. b

Oanoit n3 naubonee IGdexmuaHbIX OUCHOK AOEKBAMHOCTU Pe2peccti-
OHHOTl Modeau, Mepoll Kauecmaa ypasHenua pezpeccutt (MM, Kaxk roBOpAT,
MEpOil KauecTBa NOATOHKH PErpeccHOHHON MO/AEIN K HablIo4eHHBIM 3HAa-
YeHWAM Y,), XapaKmepucmukol npozHOCMu4eckoll cuabl QHAAU3UPYEMOl
pezpeccuontoll Modeau asagemca KodgpGUIHEHT JeTepMHHAIMH, Onpeac-
aemelil no popmysie

R? =%=1—&. (3.47)
Q Q
Beauyuwna R? noxaasisaem, kakas uacms (donst) éapuayuu 3asucumol
nepemenroll ofivenoanena sapuayuet! obsacHAOWell nepementoll.
Takkak 0= Q< Q, 00 < R2 =<1,
Hem Oaunce R? x edunuine, mem aydilie pe2pecciist annpoxcuMUpyem IMnu-
puveckue 0arHble, TEM TecHee HabmoJAeHUA NPHMBIKAIOT K THHUK perpec-

! Tor e pesyantar Moker Suh nonvaen no gopmyne (3.46), yunruisas, uto r = 0,866
0,8661/10-2 4.90

[on. npvep 3.2): t =
" J1-0,8667
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cuu. Ecau R? = 1, mo amnupuveckue mouxu (x, y) 1exam Ha Auxuu pezpec-
cuu (cm. puc. 3.3) u mewdy nepemernbimu Y U X cywecmsyem aunetnas
dynkyuonanshas 3asucumocms. Ecau R? = 0, mo eapuayus 3asucumoil
nepeMexHoll noHOCMbK 06YC081eHA B030elcMBUEM HEYUMEHHBIX 8 MOOeaU
NePeMeHHbIX, U AUHUA pezpeccuu napaaneaska ocu abeyuce (cM. puc. 3.4).

3ameTum, 4T0 KO3hPHUHEeHT R? UMEeT CMBIC pacCMaTPHBaTh TOALKO
NPy Haauvuu c8o600H020 Y1eHa B YPAaBHEHHH PErpeccHy, Tak Kak Jvllb
B 3TOM C/Iy4ae, KaK yKe OTMeuanoCh, BepHO paseHcTBo (3.41), a caeaona-
TeNbHO, U (3.47).

Ecnu n3BecTeH KoadhPpHUIHEHT feTepMHHALNK R2, TO KpUTEPHIl 3HAUUMO-
cTh (3.43) ypaBHEHHs perpeccuH wiau camoro koadgduunenTa getepMuna-
LMK MOXKET OBITH 3alHCAH B BHAE

R2(n-m)
_m > th‘, ky: ey (348)

B cayuae naproil AureiiHoll pezpeccioHHot modeau koadduyuenm demep-
MuHayuu pasen keadpamy xoadduyuenma Koppeaayuu, 1. €. R? = r?,

JelcTuTensHO, yunThiBas (3.12), (3.17),

Rz=&=g(’v'_?}2=.=):nb%(x'_f)2_b¥§i(x'_ﬂ2/n=b¥5¥= bis, 2:,-2
Q i £ 2 '

(v, =y» i(y.-—w }":(y.—y)?/n
i=1 =1

» [Tpumep 3.5. [To agauuum Tabn. 3.1 HaliTh koadduUHeHT feTepMHAHALHH
H MOACHHTE €10 CMBICT.
Pewenue. B npumepe 3.4 610 nonyuero Qi = 25,21, Q = 33,6.

1
-

IMo dopmyne (3.47) R? = E =336 =0,750. (KoadduumeHT geTepMHHALHH

MOXHO ObUIO BEIMHCIHTD M HHAYE, €C/IH YHECTb, 9TO B npiMepe 3.2 Gbu1 BHYHCIEH
koadduumeHT Koppeaaunn r = 0,866. Toraa R? = r? = 0,866 = 0,750.)

3710 03HaYaeT, YTo BapHalMA 3aBHCHMO nepemenHoi Y — cMeHHoH aobbMu
yras Ha oaHoro paboyero — Ha 75,0% oGbACHAETCH H3MEHTHBOCTRIO OBBACHAIO-
mei nepeMerHol X — MOIHOCTLIO IL1acTa. b

3.7. TeomeTpuyeckan MHTepnpeTauma perpeccuu u Ko3dpuumenta
AeTepMUHaLMHU

PaccMOTPHM reOMETPHHECKYIO HHTepIpeTanunio perpeccun. Ipeanono-
AKHUM, YTO Mbl UMeeM n = 3 HabNIoAeHHA: y,, ¥,, ¥3 — 3aBHCUMOH nepe-
MeHHOH Y M X, X,, x5! — obGbAcHAOUEH nepemeHHoit X. Pacemarpusan
TpeXMepHoe MPOCTPAHCTBO C OCAMH KOOPAMHAT 1, 2, 3, MOXHO NOCTPO-
UTh BeKTOpH Y = (¥, ¥2. Y1), X = (xy, x5, x3), a Taoke sexrop S = (1;1;1)
(puc. 3.7). Toraa 3HaueHua ¥, ¥, V3, NOAYHAEMbIE 110 VPABHEHUIO PErPeCCHH

! MNonaraem, 9TO PaBeHCTBO X; = X; = X; HE BHIIQIHAETCA.
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¥ =by + byx, MOXHO paccMaTPHBaThL KaK KOMIOHEHTH BEKTOPA Y npejacTan-
nsioiero cofoil auHelHyo komMGuHaMio BekTopoB S u X, 1.e. Y =bh,S+ b X.

HeobX0AMMO HaiTH TaKHE 3HaUeHna OUeHOK by 1 b, NpH KOTOPBIX BEK-
10p Y Hanayymum obpazom annpoxkcumupyer (3amenser) sektop Y, T. e.
BEKTOp OCTaTKoB € = (e, €,, €3), e g, = y;—y; (i = 1, 2, 3) Gyaer umers
MUHUMARLHYI0 ATHHY. OUeBHAHO, pelenneM 3a1auu 6yaer Takoii Bektop Y,
AN KOTOPOr'O BEKTOP € NepPNeHANKYIAPEeH IUIOCKOCTH 71, o0pa3yeMoil Bek-
Topamu X 1 S (puc. 3.7), a 3Ha4YHUT, NEPHEHAUKYAAPEH H CAMHUM BEKTOpaM
XnS reel Xne LS YcroBHeM neprneHAnKyIAPHOCTH Napbl BEKTOPOB
ARIAETCA PABEHCTBO HVIK MX CKAJIAPHOro npouseeaenus (13.27):

(e,S) = 0w ie,-l:i(bo+b.xi-y,-)=0;
i=1

=1
n n
(e, X) = Omnn 3 ex; =Y (by +byx; -y, )x; =0,
=1 i=]
(rae n = 3), T. €. MBI IOJIYMHUM Te XK€ YCIOBUA, M3 KOTOPbIX HAXOAATCA «HaK-
Ayqmme» oueHkH by, by (em. (3.13), (3.11)) MeTONa HAUMEHBITTHX KBAAPATOB.

Puc. 3.7

Bextop OP ecTh OpTOroHajibHad NMPOEKIUA BeKTopa Y Ha BekTOp S.
U3 BexToprO# asire6pbl H3BECTHO, YTO UIHHA TAKOTO BEKTOPA PaBHa OTHO-
WEHHIO CKAJIAPHOTO MPOU3BE/IEHHA BEKTOPOB Y U § K /JUTHHE BeKTOpa S, T. €.

3
2
_(Y,8) _yi-l+y-14y3:1l 5™ =¥
T % V3=y|5|,
e ¥ — cpeaHee 3HaueHHe NepeMeHHoH Y.
CreposartensHo, BekTOp OP = ¥S.
Bextop Y ecTb OpTOroHa/nbHas NPOEKIHA BEKTOpa Y Ha MIOCKOCTh 7.
[lo M3BECTHOM B CTEPEOMETPHM TEOPEME O TPEX NEepNneHAMKYAspax mpo-
exuua BekTopa Y Ha BekTop S coBnagaer ¢ OP. CieA0BaTeNbHO, IPAMOY-
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rosbHbii TpeyroabHHK PMN 06pa3yioT BEKTOPEI PM=Y-¥S, PN=Y-J¥S,
NM =Y~V =e (cMm. puc. 3.7). Tlo Teopeme fingaropa |PM|? = |PN|2 +
+ |NM|2, rae BepTHKalbHEIMK YEPTAMH OTMEUCHEI JUIMHEL BEKTOPOB. JTO
PABEHCTBO COOTBETCTRYET PAINOKEHUIO (3.41) obueit cyMmbl Q KBAAPaTOB
OTK/IOHEHMIl 3aBHCHMOi NepeMeHHoMH Y oT cpeAHeil Y Ha CyMMy KBaApaToB
Qp, 0ByCIOBAEHHYIO perpeccieil, H OCTaTOUHYI0 CYMMY KBagparos Q,, T. €.
Q = Qg + Q.. Noaromy KodQGHUNEHT AETEPMHHALIHH R2, onpeaensembiii
no (3.47), npaMeT BHA:

R2 = |PN|2 / |PM|? = cos?9,

rie @ — yroa Mexy Bextopamu PN u PM.

FeoMeTpHYECKas MHTEpNpeTauuns perpeccui, npoBeAeHHaA HAMH NPH
n = 3 HaGMIOAEHNSX, B IPHHUMIE COXPAHACTCA ¥ IpH 1t = 3, 0AHAKO NPH
3TOM OHa TEPAET CBOIO HATHAHOCTE.

3.8. KoadGuuuenT pauroBoit koppenaumum (nupmena

Jlo CHX 1OP MBI AHAJIH3UPOBAIH 3aBUCHMOCTD MEXAY ABYMSA Koauue-
CcMBEeHHbLIMU NepeMeHHbBIMH. BmumecTe ¢ TEM B npaxml(e IKOHOMETPHCTA HHO-
rja BCTpEYaloTes Cyyau, Koraa HeoOX0AWMO YCTAHOBUTDL TECHOTY CBA3H
MEXAY 0pAUHANBHBIMU {nopsidkosbimi) NEepeMEHHBIMH (HanpuMep, Kade-
CTBO KWIMILHBIX YCIOBHIA, TeCTOBLIE Gaurbl, IK3aMEHALHOHHBIE OLLEHKH
u T. 1.). B aToM ciyuae oObeKTh aHaIH3a YIIOPAAOYHBAIOT HIH parMCUpyiom
110 CTEIICHH BbIPAKEHHOCTH H3MEPAEMbIX nepeMeHHbIX, [TpH 3TOM KakAOMY
06BeKTY ITPUCBANBAETCA onpejeseHHbIH HOMED, Ha3bIBAEMBI paH20M.
Hanpumep, 06beKTy ¢ HAHMEHBITHM NPOABNEHWEM (3HavueHueM) rpu3HaKa
NpHCBaMBAETCA PanT 1, caeayioniemy 3a HAM — pasr 2 u T. 4. Ecm 06
eKTbl PaHXUPOBaHb 1O 1BYM NPH3HAKaM, TO UMeeTes BO3MOKHOCTD OlLe-
HUTb TECHOTY CBA3W MEXAY NepeMEeHHBIMH, OCHOBBIBAACH HAa paHrax, T. €.
TECHOTY paK2080il KOppeAayu.

Koadpuuyuenm panzoeoit koppersyuu CnupmeHa HaxoanTcs no pop-

myAae

n
63 (57
p=1-tt—, (3.49)
n’-n
rAe 7; M §; — PaHrH [-To obbexTa no nepeMenHEM X ¥ Y; n — 4ACA0 nap
HabmoaeHHN.
Ecan paur# Bcex o6beKTOB PABHE (r;=s,i=12,..,n), T0p= 1,
1. €. IpH MOAHOI NPAMO# ¢BA3n p = 1. TIpu noHOo#M 06paTHOH CBA3M, KOTAd
paHr# 0GBEKTOB 110 IBYM NepeMEHHBIM PACTIOIOKEHEI B o6paTHOM NOPAAKE,
MOKHO MOKa3aTh, 4To p = —1. Bo Bcex OCTabHBIX CIydasX lp) < L
[pu paHAKHPOBaHHHM MHOI/IA CTATKHBAKITCA CO CAYHAAMM, KOTAA HeBO3-
MOKHO HAHTH CyLleCTBEHHBIE PAadIMiHusi MEXAY ofbeKTaMH 110 BEIHIHHE
NPOABJEHUA PACCMATPHBAEMOTO NPH3HAKA: 0GBEKTH, KaK NOBOPAT, OKa3bl-
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BATCA c8A3AHNBIMU. CBA3AHHBIM OOBEKTAM NPHIMCLIBAIOT OAMHAKOBbLIE
CpeAHMEe PaHTH, Takue, 4ToObl CyMMa BCEX PAHIOB OCTaBajach TAKOH ke,
KaK ¥ MPH OTCYTCTBHH CBA3AHHBIX PaHroB. Hanpumep, ecam yetoipe 06b-
€KTa OKa3anCh paBHO3HAYHBIMM B OTHOWIEHHHW PACCMATPHBAEMOro npu-
3HAKa ¥ HEBO3MOXKHO ONPE/AENTNUTh, KAKHE M3 YeThipex paHros (4, 5, 6, 7)
NPHITHCATL 3TUM 0OBEKTAaM, TO Kak/1I0My OOBEKTY NPHUITHCBIBAETCH CPeAHHI
panr, pasHbli (4 + 5 + 6 + 7) /4 = 5,5. B Moauduraumuax popmyasi (3.49)
'HA CBA3AHHBIE PAHTH BBOAATCA MONPABKH,

IIp npoBepke 3HAYMMOCTH P HCXOAAT U3 TOTO, YTO B (JIyYae crupasej-
JIMBOCTH HYJI€BOM rMnoTeasl 06 OTCYTCTBHH KOPPEAAIHOHHOMN CBA3H MEKAY
nepeMeHHbIMK pu n > 10 cTaTHCTHKA

_pyn-2
./1-p2

umeer t-pacnpesenenne CreiofenTa ¢ (n — 2) crenensmu csoboasl. [loatomy
P 3HAYHM HA YPOBHE (1, €CIH || > t; ., o, TAC by . o o — TAOAMYHOE 3HAYE-
Hue t-kpuTepua CTbIOAEHTA, ONpeeNeHHoe Ha YPOBHE 3HAYHMOCTH O PH
'i!l_!UIe crenexeit ceoboast (n - 2).

» Ipumep 3.6. INo pesyasratam Tecriposanus 10 CTYAeHTOB 1O ABYM AMHC-
munaniam A u B Ha ocHose HaGpanHbix 621108 NOAYYEHB! CIEAYIOLUHE PAHTH
(rabn. 3.4). Buyncaute koadhpuuneHT paHropoil koppenauun CiiupMeHa u npo-
BEPHTB €I'0 3HAYHMOCTB Ha yposse o = 0,05.

Pewenue. Pa3nocTH paHTOB H HX KBAAPaThl MOMECTHM B NOCAEAHNUX ABYX CTPO-
Kax Tafin. 3.4.

(3.50)

Tabnuua 3.4
PeayauTaThl TECTHPOBAHMNSA CTYAEHTOB Beero
14 | 2.4 3-0 | 44 | 5-H | 6-H | 7-0 | 8-f | 9-i | 10-
2 5 1 725|725 |75 | 75 3 10 55
2,5 6 4 1 25 8 | 95|95 5 9.5 55
-5 | -05| -2 1 0 5 |05 2 2| -21]05 —
{(r-5)2|025| 4 1 0 | 25 /025 4 | 4 4 |025| 39
639
Mo gopmyne (3.49)p=1- =0,763
dopmyne (3.49) p T
Jina npoBepKH 3HAYUMOCTH p 1o popmyae (3.50) BeuHCANM
£=0,763 0002 _ 3,34
1-0,7632

# HaiaeM no a6, 1] npuaokeHHH (e s = 2,31, Tak Kak t > lg g5, 5, TO KOIPPH-
UHEHT PAHI'OBON KOPPEIALMH O 3HAUHM Ha 5%-HoMm yposHe. CBA3L MEXAY OlleH-
KaMi AHCUKIUIHH JOCTATOYHO TECHAA. P

Pauroseiit K03pPULUMEHT KOPPENALMH P MOXKET ObITb MCNONbL30OBAH
AR OUEHKH TECHOTHI CBA3H MEXAY OOBIYHBIMHM KOAHYECTBEHHBIMH nepe-
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MEHHBIMH. JIOCTOMHCTBO P 34€Ch 3aKJIIOYMAETCH B TOM, YTO HaXOXJAeHHE
atoro koadpduuuenTa He TpebyeT HOPMAIBLHOTO PacnpeseNeHns nepemMeH-
HBIX, THHEHHOMH CBA3M Mexay HUMH. OAHAKO HEOOXOAMMO YUMTHIBATE, UTO
NpH NEPEXOAE OT NEePBOHAYANLHBIX 3HAYEHUI NEPEMEHHBIX K HX paHram
NPOHCXORNT OnpeaenerHan notepa nuopManuy, Yem TecHee CBA3b, HeM
MEHbIIE KOPPENAIMOHHAA 3aBHCHMOCTD MEX/Y NEPeMEHHBIMH OTIHYaeTcs
OT TMHEHHOH, Tem Ouxe KoaddHLMeHT Koppeasuun CiMpMeHa p K Koad-
bULMeHTY NapHOW KOPPEIALHH T.

YnpaxHexun

3.7. Umeloren creayionie Aannsle o6 yposHe Mexanusanuu pabor X (%) u npo-
M3BOAMTENLHOCTH TpYAa Y (1/9) i1 14 0AHOTHIHBIX NPEAIPUATHI:

x; | 32 130 (36|40 |41 (47 |56 |54 |60 | 55|61 | 67|69 |76
Yi| 20 |24 |28 |30 (31 |33 |34 |37 |38 |40 |41 | 43|45 | 48

Heobxoaumo: a) OUeHHTH TECHOTY M HANIPaBAEHUE CBA3H MeXAY NepeMeHHBIMU
¢ MoMoU1bIO kKoadduIMeHTa Koppeaaluy; 6) HaHTH ypasHeHHe perpeccun Y ro X,

3.8. llpy neereaoBaHMH KOPPEALMOHHON 3aBHCHMOCTH MeXJy LieHoi Ha HedTs X
W MHIEKCOM HedyTAHBIX KOMNaHHH ¥ noayyess cieayionme Jannple: X = 16,2 (aeH. en.),
X=4000 (ycn. ea.), s? = 4, 5% =500, Cov(X,Y) = 40.

HeoBXxoanMo: @) cOCTaBUTL ypasHenue perpeccun Y 1o X; 6) ucnonsays ypasne-
HHE PErpeccuy, HAaTH cpe/IHee 3HaYeHHe HHAEKCa NpH LeHe Ha HedTb 16,5 aeH. ea.

3.9. o sannbiv npumepa 3.7: a) HalTH ypasHeHue perpeccun Y no X; 6) Hakitu
koadpuumenT JerepMHUHALHK R? M NOACHHTD €10 CMBICI; B) NPOBEPHTH 3HAYHMMOCTh
YPaBHEHMA perpeccuu Ha 5%-HoM ypoBHe Nno F-KpHTepHio; I') OUCHHTh CPEAHION
NPOH3BOAHTENBHOCTE TPY/IA HA NPEANPHUATHAX C YPOBHEM MeXaHuaaluu pabor 60%
H MOCTPOMTD V1A Hee 95%-Hblii JoBepUTeIbHBIH HHTePBa; aHAOMHYHbIH JJ0BepH-
TeTbHEH HHTEPBAA HAHTH 1A HHAHBWIYAIBHBIX 3HAYEHUH NPOU3BOAHTENIBHOCTH
TPYAA HaA TeX ke NPeANPHATHAX.

3.10. o pganHbM 30 HedTHHMX KOMNAHHHA TOIYYEHO C1eyIolee YpaBHEHHe
perpeccun Mexay ollenkoit Y (aeH. ea.) n daxTiyeckoil croumocteio X (aen. ea.)
aTHX KoMnauui: y, = 0,8750x + 295, Haiitu: 95%-Hule A0BepHTEIbHBIE HHTEPBAIH
JUISL CPEJHETO M HHAMBHAYATLHOrO 3HAYEHHH OleHKH npeanpuaTiit, dakrnueckan
CTOMMOCTB KOTOPBIX cOcTaBHaa 1300 aeH. ea., ecin Ko3pPHUHEHT KOPPeIAUHH
Me®y nepemeHHLIMU paBeH 0,76, a cpejiHee KBajJpaTHYecKOe OTKJIOHEeHHe nepe-
MeHHON X panHo 270 aeu. ea.

3.11. Ilpn npueme Ha paboTy cemH KaHAWAaTaM GBLIO TPEIOKEHO JBa TecTa.
PesyarTaThl TecTHpoBaHMA NpHBeAeHbl B Tabiuie:

Tect PesyarraTthi TECTHPOBaHHA KaHAuAaToB (B Gawiax)
1-# 2-i 3-i 4-i 5-i 6-i 7-#
1 31 82 25 26 53 30 29
2 21 55 8 27 32 42 26 |

BEMUCIUTE KODPUILHEHT PAHTOBOIH KOppeasalHK CITUPMEHA MEX 1Y PE3yILTaTaMu
TECTHPOBAHHA N0 /IBYM TECTaM W Ha yposhe o = 0,05 oLeHHTb ero 3HaYUMOCTb.




[nasa 4
MHOXECTBEHHbIN PETPECCUOHHDbIA AHANU3

4.1. Knaccnyeckan HopManbHas NUHeRHan MoJeNnb MHOXKeCTBEHHOM
perpeccuu

IKOHOMHYECKHE ABJIEHHA, KaK TIPABWIO, ONPEACNAOTCH BONLIIMM YHCAOM
OJHOBPEMEHHO M COBOKYITHO AeHCTBYIOIMX GakTOPOB. B CBA3M ¢ 3THM HYacTo
BO3HHMKAeT 3a/ja4a MCCIel0BAHNA 3aBUCHMOCTH O/IHOH 3aBHCHMOM NEPEMeH-
HO#H Y OT HeCKOIBKHX OOBACHMIOWMX NepeMeHHsIX X;, X, ..., X,. 3T1a 3asaya
PelwaeTCs C NOMOULI0 MHOWECMBEHHO20 Pe2PecCUOHHO20 AHAU3A.

O6osHaumm i-e HabaoAeHHEe 3aBUCUMON TIePEMEHHON y,;, @ 06BACHSAI0-
WIHX NEPEMEHHBIX — X1, X;2, ..., X5 TOIAA MOAEND MHOKECTBEHHON JIHHEH-
HO# pErpeccHu MOXHO NPEACTaBUTL B BHAE:

Yi=Bo+ By +Baxp + ... + B,_Jl’gp + & (4.1)

mei=1,2, .. n;¢ yIOBI€TBOPAET NPHBEACHHBIM Bbillle MPEANOCHLIKAM
(3.23)—(3.25).

Mozens (4.1), B KOTOPOil 3aBUCHMAA NEPeMEHHas y;, BO3MYILeHHA £
# 0GBACHAIOLHE IEPEMEHHBIE X;1, X3, ..., X, VIOBAETBOPAIOT NPHBEACHHBIM
suite (§ 3.4) npeanoceuikam 1—5 perpeccHOHHOrO aHAAH3a H, KPOME Toro,
NPEANOCHUIKE 6 O HEBBIPOK/IEHHOCTH MATPHIILI (HE3aBUCHUMOCTH CcToNBII0R)
3Haqenni OOBACHAIONINX NepeMeHHbIX!, Ha3KBAETCHA KAAcCUecKoll Hop-
MansHOU uHellnoll modenslo muoxecmaennoil pezpeccuu (Classic Normal
Linear Multiple Regression model).

BraOYEeHHE B PErpeCcCHOHHYIO MOAEAb HOBLIX OOBACHAWMMX nepe-
MEHHBIX YCIOXKHAET noiydaemeie GoOpMyIBl U BHIYHCAEHHA, DTO NPHBOAHT
K 11e1€c006PasHOCTH MCMOAb30BAHUA MATPHYHBIX 0603HaYeHuit. MaTpuy-
HOE ONHMCAHKE PErpeccHy obervaeT Kak TEOPeTHHECKHE KOHLENIMH aHa-
K33, TaK ¥ HeobOXOAUMBIE PacyeTHLIE NPONeAYDHL.

Beesem obosnauenusn: Y = (y, ¥, ... ¥,) — mMampuya-cmonbey, wim sex-
mop, 3HAuEeHUTl 3asucumoll nepemerHoTl paimepa n?;

1 Xy X2 w0 X
X': l x21 xz! wee xzp
1 Xn1 Xa2 i xnp

! Cwm. panbiue, c. 82.
2 3uaxom «'» 0603IHAYAETCH ONEPALMA TPAHCTIOHHPOBAHME MAaTpHIL
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— Mampuya 3Ha4¥eHuil 0OBACHAIOWLX NEPEMERHBIX, UAL MAMPUYA NAAHA
pasmepa nx(p + 1) (obpauaem BHMMaHHE HA TO, YTO B MaTpuuy X aonon-
HHTEIBHO BBEJEeH CToa0el, BCe 21€MEHTH KOTOPOTro paBHH 1, T. €. YCIOBHO
nojaraercs, 4To B MozenH (4.1) ceoboanniii wien P, ymMHOKaeTca Ha PUK-

THUBHYIO NEPEMEHHYIO X, IPHHUMAOULYIO 3HaYeHne 1 A Beex ik x,y =
=1(i=12..n)

B = (B, By ... BP)’ — mampuya-cmoabey, UAU 6eKMOpP, NAPAMEMPOS Pa3-
mepa (p + 1); € = (€; & ... €,)" — mampuuya-cmonbey, Ut 8eKMop, 80aMy-
wenull (crywatinsex owubox, ocmamxoa) pasmMepa n.

Toraa B Mampuuwoll hopme mozens (4.1) npumeT Bua:

Y=XB +e¢. (4.2)
OueHKOH 3TOH MOJENH NO BLIBOPKE ABNAETCA YpaBHEHHE
Y=Xb+e, (4.29

raeb = (by b, ... b)), e = (e, ey ... &,)".

4.2. OueHKa NapameTpoB KNacCHYECKO# perpeccuoHHoi Moaenu
METO0M HaUMEHbLUNX KBaJpaToB

J1a olleHKH BEKTOPA HEW3BECTHBIX NapaMeTpos 3 NpUMeHuM Memod
HaumeHrblwux xeadpamos. Tak Kak NpPOH3BEAEHHE TPAHCIOHHPOBAHHOH

MaTpHIH ¢’ Ha caMy MaTpHILY e
&
el ., . n
ee=(e;;...6,)| ° |=ef+ef+..+e2 =Y ¢,
e i=1
eﬂ
TO YCAOBHE MUHUMH3ALMK OCTATOYHOW CYMMB KBaJpaTOB 3alHIIETCH
B BHAE:

S= )RLU"I, -yiP= }Ee? =e’e=(Y - Xb) (Y — Xb) — min. (4.3)
i=1 i=]

V4UTEIBASA, YTO NPH TPAHCNIOHMPOBAHMY NPOM3BESEHUA MATPHIL NONY-
HaeTCH NPOM3BEAEHHE TPAHCTIOHMPOBAHHEIX MATPHLL, B3ATHIX B 06paTHOM
nopsaxe, T. €. (Xb)' = b’X, nocne packpeITHa cKOBOK NOAYIUM:

S=YY-bXY-YXb+ b’XXb.

Ilpouseesenne Y'Xb ects marpuua pasmepa (1 x n)[n x (p + 1)] x
X [(p+ 1) x 1] = (1 x 1), T.e. BeIHYHHA CKaNAPHAA, CJI€A0BATEIbHO, OHO
HE MEHAETCA NPH TPAHCIIOHMPOBaHuK, T. e. Y'Xb = (Y'Xb)" = b'X'Y. [Toatomy
VCIOBHE MMHMMHM3ALHH (4.3) npUMeT BHA:

S=YY-2b'X'Y + b’X'’Xb — min. (4.4)
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Ha ocHOBaHHH HEOOXOAMMOIO YCAOBHA IKCTPEMYMA PYHKIIMH HECKO/Ib-
kux nepeMeHHsix S(by, by, ..., b,), npeacrapaaomeii (4.3), neobxoaumo
NPHPABHATL HYJNK0 YaCTHBIE NNPOH3BOAHBIE 10 3TUM MEPEMEHHBIM HIN
B MATPMYHO# GOpME — BEKTOP YaCTHBIX NPOU3BOAHBIX

as_[asas as
ob | aby ob, " ab, |

JU1s BeKTOpa YaCTHHIX MPOM3BOAHBIX A0Ka3aHbl caeayioume Gopmysini!
(§ 13.10):

Bas . B
-a—E{b c)=¢, &b(b Ab) = 2Ab,

rae b v ¢ — BeKTOp-cTOAOIB; A — CHMMETPHYECKasas MaTpHlla, B KOTOPOH
AEMEHTBL, PACTIONOKEHHBIE CUMMETPUYHO OTHOCHTENBHO ITTABHOH IMaro-
HanM, paBHHL. [ToaTomy, nonaras ¢ = XY, a matpuuy A = XX (oHa apiaeTcs
CHMMETPUYECKOH — M. (4.6)), Halaem

-g—iz-ZX'Y’+2X’Xb=0,

OTKY/a NOJYYaeM CHCTEMY HODMAJIbHbIX YPaBHEHHI B MaTpHUYHO# dopme
AIS onpeAeeHus BeKTopa b:

XXb = XY. (4.5)

Haitaem MaTpHisl, BXoAdIIHE B 3T0 ypaBHeHne2. Matpuia X'X npeacras-
JSET MATPHILY CYMM NEPBBIX CTeneHeH, KBagpaToB U NONapHbIX NPoH3Beje-
Huit n HabmoaeHn i OO BACHAIOUIMX NEPEMEHHEIX:

1 1 Fr 1 1 X311 e x“,
X11 X211 v Xy 1 X321 e X3
XX= ! Pl=
o evs  ahy.  mee e e hea W
Xip X2p o Xgp A1 Xagi . Xg
n 2Xi e LXp

= lei Exazl Lo lelxxp ) (4.6)

TXp XXaXp - LXp
! CnpasegmuBocts NpuBeaerHbIX GOPMY MPOWLTIOCTPHPYEM HA NPHMEpe.

Nycte b=[::). c=[:]. A=[§ z] Taax KaK b'c=(b1m}[i]=3bl+4bz ua b'Ab =

.(b,&z)[z 3](:;]:2&3+6b|b1+5b§. 10 g(b'c :5'}(3!!1 +4b;)=(:]=r " -a-s(b’Abb

35
om0 o 3o

n
2 3peck noa 3HaKoM L NoApasyMeBaeTca ):
i=1
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Marpuia XY ecTh BEKTOpP NpoH3BeAeHHA n HabmoleHHHA 0O BACHAIOMMNX
¥ 3aBHCHMOM NEPEMEHHBIX:

1 I .. 1 )(xn i
x X T X

xy =1 21 n || Yz _ 2 YiXq ) (4.7)
xlp x2p e xl‘lp ¥n Eylep

B "acTHOM Cilyyae M3 pacCMaTPHMBAE€MOro MaTPHYHOTO ypaBHeHus (4.5)
¢ ydeToMm (4.6) u (4.7) ana oaHoN oOBACHAKIIEH nepeMeHHOH (p = 1)
HETPYAHO NOJAYYUTH YK€ PACCMOTPEHHYIO Bhlll€ CHCTEMY HOPpMaJbHbIX
yvpaeHeHu# (3.5). JlelicTBHTENbHO, B 3TOM CJlydae MaTpPHYHOE ypaBHEHHe
(4.5) npuHMMaeT BUA:

(5 s )a (S}

OTKYZAA HENOCPEACTBEHHO CIeAYeT CHCTEMAa HOPMAaJIbHEIX ypaBHeHuH (3.5).

Jins pelleHws MaTPMYHOro ypasHeHus (4.5) OTHOCHTENBHO BEKTOpPa
oneHoK napameTpoB b HeobxoauMo BBECTH elle oAHY npednocbliky 6 (cM.
€. 62) U1 MHOKECTBEHHOI'O PErpecCHOHHOT0 aHannsa: mampuya X'X sens-
emcs HeocobeHHOIL, T. €. ee ONPeAENTEb He paBeH Hynio. Cle10BaTe/bHO,
paHr Matpuusl X'X paBeH ee nopaaky, T. e. r(X’X) = p + 1. U3 matpuuHo#
anrebpsl uapecTHO (cM. § 13.4), uto r(X'X) = r(X), 3naumt, r(X) =p + 1,
T. €. paHr MaTpuilsl iaHa X paBeH 9ucay ee ctoabuos. 3TO No3BonseT
chOpMYIMPOBaTE NPeONOCHLIKY 6 MHOKECTBEHHOIO PerpecCHoHHOro aHa-
JIN3a B CeJyIONeM BH/e:

6. Bexmopbt 3nauenull 06BACHAIOWUX NePeMeHHbIX, UAu cmoabysl
mampuubi naawa X, 0oaxcHbi 6bimb AUHEHO HEIABUCUMBIMU, M. €. PAH2
mampuuyst X — maxcumanshsill (r(X) = p + 1).

Kpome Toro, nosjaraloT, 4To Yucao uMertmxed xabawoderutl (3HaveHni)
Kamooll u3 06BACHAIWUX U 3ABUCUMOTI NEPEMEHHBIX NPesOCX0dUm panz
mampuyst X, T. €. n > r(X) wmn > p + 1, n6o B npOTUBHOM C/1y4ae B IPHH-
LIMI1€ HEBO3MOXKHO NOJYYEHHE CKONbKO-HUOYAb HAAEKHBIX CTATUCTHYECKHX
BBIBOJIOB.

Huxe, B § 4.3, paccMaTprBaeTCs KOBapHAIlHOHHAA MaTpHIla BEKTOPa
BOSMYIIEHUH Y, SABAAIOMIAACH MHOTOMEPHBIM aHAIONOM JUCTIEPCHH OHOM
nepeMeHHoil. [Toaromy B HOBHIX TepMuHax! npuseseHHbie paHee (c. 62, 79
H 34€Chb) NPednocsiiku 018 MHOMECTMBEHHO20 Pe2PeCcCUOHHO20 AHAU3A MOTYT
6BITH 3anMCcaHbl CeAyomuM obpasom?;

1. B mogenu (4.2) € — cayuaituuit Bextop, X — HecayyaHHas (ferepmu-
HHPOBaHHAA) MaTpHULA.

! B orydae ogioil ofeacHaomedt nepemMenHoil otnataer HeoGXoAMMOCTh B 3aITHCH 1104
CHMBOJIOM X BTOPOTO MHAEKCE, YKA3BIBAIOIEr0 HOMEP NepeMeHHOI.

2 [Ip# nepBOM YTEHHH ITOT MATepHai MOXKeT BbiTh onymien. E, — eAMHHYHan MaTpHua
n-ro nopajaxa; 0, — Hy1€BOH BEKTOP pa3Mepa n.
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2.M(g) = 0,.

3,4. % =M(ee’)=0E,.

5. € — HOPMaJBHO pacnpeieeHHbIN UIyYailHbil BeKTop, T. . € ~ N, (0;
o%E,).

6.r(X) =p+1<n.

Kak yxxe ormeueno B § 4.1, Mmozens (4.2), yAORIETBOPSAIONIAs IPUBEAEH-
HBIM MPEANOChUIKAM 1—6, HA3BIBAETCA KAACCUNECKOU HOPMANBHOL AUHell-
HOUl MOOENbIO MHONECMBEHKOL Pezpeccll; eCH e CPeAH NPHBEACHHBIX
He BHINIOJIHAETCA JIMIIb NPEANIOCHIIKA 5 0 HOPMAJBHOM 3aKOHe pacnpejene-
HHA BEKTOpa BO3MYUICHHI €, TO Mogeab (4.2) HasbIBaeTCa NPOCTO Kaaccu-
HecKoll AUHETIHOL MOOENbIO MHONECMBEHHOIL pezpeccull.

PemenyreM ypasHenua (4.5) arpnsercs BeKTop

b= (XX)-'XY, (4.8)

rae (X°X)-! — mampuua, obpamras mampuue koadduyuenmos cucmemsl
(4.5), X'Y — mampuya-cmoabey, wiv saexmop, ee c80600HbIX WIEHO8.

Teopema l'aycca — MapkoBa, paccMOTpeHHas Bhllle A48 NapHOH
PErpeccCHOHHOM MOAENH, OKa3biBAETCA BEPHOH U B 00LIEM BHAE U1l MOAEIH
(4.2) MHOXKECTBEHHOI perpeccum:

Ipu ebinoHeHUU TIPEATIOCHUIOK! MHONCECTNBEHHO20 PE2PECCUORHO20 AHA-
au3a oyerka memoda HauMenbuiux xsadpamos b = (X'X)'X'Y sensemca
naubonee appexmueroi, m. e. obaadaem Haumenslell ducnepcuell 8 Kaacce
AUHelHbIX HecMeuweHHblx oyenox (Best Linear Unbiased Estimator, win
BLUE)2.

3uas BexTop b, BHOOpOUHOE ypaBHEHHE MHOKECTBEHHOH perpeccuu
NpeACTaBUM B BHAE:

y=Xob, (4.9)

rae ¥ — rpynnopas (YCA0BHas) CPeAHAA NEPEMEHHOM Y NpH 3a1aHHOM BEK-
Tope 3Ha4eHH OOBACHAIOICH NepeMeHHOH

Xﬁ =(1 X0 X20 ...XP‘)).

»Ipumep 4.1. Umewren creayomme gannbie? (yeaosHbe) o cMeHHOI
Ao6uie yraa Ha oaHoro pabouero Y(r), momuoct naacra X, (M) U yposHe
mexanusauuu pabor X,(%), xapakTepuayiouue npouece Jo6p4un yras
B 10 waxrax.

1 He Bxaouas npeanockixy 5 — TpeGopaHHe HOPMATEHOCTH 3AKOHA PACTpefetesus
BEKTOPa BOIMYIICHHH E, KOTOpaa B TeopeMe laycca — Mapkosa He TpefyeTca.

2 JlokasaTensCTBO TEOPEME TIpHBEAEHO B § 4.4.

3 B aToM npHMepe HCNOABL3OBaHEI AaHHble npuMepa 3.1 ¢ goGaBieHHeM peayaLTaToB
nabmosenuit Haa HOBOH OGBACHAIOMEH nepeMeHHOM X,, TIPH 3TOM CTAPYIO lepeMeHHYI0
X w3 npumepa 3.1 oGoapayiaem Teneps X,.
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Tabnuua 4.1

i Xip | Xi2 Yi i i1 Xia Y
1 8 5 5 6 8 8 6
2 11 8 10 7 9 6 6
3 12 8 10 8 9 4 5
4 9 5 9 8 5 6
5 8 7 10 12 7 8

[Npeanonaras, 4o Mexty nepeMennsMH Y, X, 1 X, cymecrsyer 1uneiiHas Kop-
pPeNALMOHHAA 3aBHCHMOCTD, HAHTH ee aHantuTHYecKoe Bulpakenne (ypasHeHune
perpeccun Y no X; u X;).

Pewenue. OboaHaunm

5 185

10 1118
Y: 'x=

8 1127

(HanoMHHaAeM, 4TO B MATPHLY I1aHa X BBOAHTCA AONONHHTENbHBIH cToaben uncen,
COCTOALIMI M3 eANHMILL).
Jns vaoBeTea BHURCAeHHH COCTaBAAEeM BCIOMOTaTeAbHYIO0 Tabauuy.

Tabnuya 4.2
U x| X | % | xf | xB | ¥ | X% | Y& | Y&a | Vi |ef=(yi-y)?
1 8 | 5|5 |64 | 25| 25 40 40 | 25 | 513 0,016
2 |11 8 |10|121| 64 |100| 88 | 110 | 80 |879 1,464
3 /128 | 10|144| 64 | 100 | 96 | 120 | 80 | 9,64 1,127
4 191578 | 25| 49 45 63 | 35 | 598 1,038
5| 8|7 |5 |64 | 49| 25| 56 | 40 | 35 | 586 0,741
6 | 8|8 )| 6| 64| 64| 36 64 48 | 48 | 6,23 0,052
719 6|6 |8 | 36| 3 | 54 | 54| 36 |635 0,121
B|9 | 4|5 |8 |16]| 25| 3 | 45| 20 |561 0,377
9 | 8| 5|6 |64 | 25| 36| 40 | 48 | 30 | 513 0,762
10 (12| 7 | 8 | 144 49 | 64 | 84 | 96 | 56 | 9,28 1,631
T |94 63|68 908|417 | 496 | 603 | 664 | 445 | — 6,239
Teneps
1 3 = 1 : 181 : 10 94 63
XX=(8 11 .. 12 =94 908 603
5 8 .. 7 1 127 63 603 417

(cm. cymmsl B HTOroBO# cTpOKe Tabua. 4.2);
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(G PO 10| 68
XY=/8 11 .. 12 = 664 .
S 8 .. 7 a 445

Matpuuy A-! = (X'X)-! onpeaeanm no dopuyne A1 = ﬁﬁ. Tae |[A[— onpe-

AeAHTeNb MATPHLE X'X; A — MaTphua, nprcoeanHertan k matpune X'X. Moayuum
; 15027 -1209 -522
Al=—o| -1209 201 -108
L =522 -108 244
(pexomenayem yntavenio ybeanreca B amom CAMOCTOATENBHO).
Teneps B coorBercTHIN € (4.8) yMHOKAA 3Ty MaTpHILy Ha BeKTOp

68
XY =664 |,
445
-13230) (-3,5393
noayyusm b= 3738 3192 |=| 0.8539 |. C yueTom (4.9) YpaBHeHHe MHOWe-

1372 0,3670

CTBEHHOM Perpeccy uMeeT BuA: ¥ = -3,54 + 0, 854x; +0,367.x,. OHo nokashisaer,
970 NPH YBENHYEHHH TONBKO MOIHOCTH N1acTa X, (NpH HeM3aMeHHO# X)) Halm
Acbwua yras na oanoro pabouero Y yeernuupaercs s cpeaHem Ha 0,854 1, a npw
YBEHYEHMH TOABKO YPOBHA MeXann3aunu pabor X, (npu Henamennoii X)) —
Bcpeanem Ha 0,367 1.

JlobaBaenue B perpeccHoHHYI0 Moaens HOBOI obbAcHAIOmel nepemenHoit
X; nsmennno koadpuueHT perpeccuu b, (Y no X, ¢ 1,016 ans napuoii perpeccin
(cm. npumep 3.1) a0 0.854 — ans MEOKeCTBeHHO! perpeccuu. B arom Hukakoro
MPOTHEOPEYMA HET, TAK KaK BO BTOPOM c/1ydae Koaduument perpeccus noaBoiseT
OUEHHTL NPHPOCT 3aBHCHMOI NepeMeHHOM Y Npn naMeHenny Ha eAHHHLY o6b-
AcHAOWE) nepeMennoli X| B YHCTOM BIAE, HE3aBHCHMO OT X,. B caywae naphoii
perpecciu b, yunTusaer soaseiicrene Ha Y He TobKO nepeMesHon X, HO 1 Koc-
BEHHO KOPPEALHOHHO CBA3AHHOI ¢ Heil nepeMerHOi RN 2

Ha npakTuke yacto 6uiBaeT Heobxoaumo CPaBHEHHE BIMAHUA Ha 3aBM-
CHMYIO E€PEMEHHYI0 PasNHYHbIX OOBACHAIOWNX NePeMEHHBIX, Koraa
MOCACAHHE BLIPAKAIOTCH PA3HHIMK EAMHHIIAMH H3MEPEHNA, B 3TOM cayyae
HCIOMB3YIOT cMandapmu3oeantbie Koadduyuenmst pezpeccuu b} n xoadpu-
Yuenmst aracmuunocmu E, (j = 1, 2, ..., p):

r sxj
Y

B, =b; L. 4.11)
¥

Cmandapmusosannsiilt xoadduyuenm pezpeccuu b] noxasweaem,
Hd CKOABKO BEUHUH S, UIMEHUMCA 6 CPeOHEM 3ABUCUMAS nepemernasn Y npu
Yeeauuenuu moavko j-ii 0bsacHa0wel nepesmennoil va Sx,s @ KOIPPHuyu-
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enm anacmuyunocmu E; — Ha ckoavko npoyenmos (om cpeduell) uameHumes
a cpednem Y npu y8eauneHuu monbko X na 1%.
P [Ipumep 4.2. [lo zaHHBIM npuMepa 4.1 CPaBHHTL pa3jebHOe BAHAHHE
Ha CMeHHYI0 200Ky yra AByX GaKTOPOB — MOLIHOCTH I1/1aCTa W YPOBHA MeXa-
Hu3auuu pabor.
Pewerue. 1% CpaBHeHNA BIHAHUA KOKA0H 13 00BLACHAIOWMX NepeMeHHBIX
no ¢opmyne (4.10) BHYHCAHM CTAaHAAPTH3OBAHHEBIE KO3GDHIHEHTE PerpeccH:

1,56 1,42
1 =0,8539-——=0,728; b; =0,3670-———=0,285,
bi 1,83 B 1,83

a no dopmyae (4.11) — koaddHIIHEHTE 3NACTHYHOCTH!

E, =0,8539. %:7 =1,180; E; =0,3670 :: =0,340.

"

(3aech MBI ONYCTHIH PACHET HEOBXOAMMBIX XAPAKTEPHCTIK IEPEMEHHBIX:
X, =94; X,=6,3; y=6,8; 5, =1,56; 5,, =1,42; 5, = 1,83.)

Takum obpa3om, yBeJIHIEHHE MOMHOCTH IU1IACTA H YPOBHA MeXaHH3alMH pabor
TOABKO Ha OAHO S, HWIN HA OAHO S, YRETHYHBAET B CPEAHEM CMEHHYIO 206Ky
yraa Ha oaHoro pabovero coorpercraenno na 0,728s, wau Ha 0,285s,, a ypeaunye-
HHE ITHX [lepeMeHHbIX Ha 1% (OT CBOMX cpeaARMX 3HaYeHMil) NPUBOANT B CpeaAHeM
K pocTy A06nYM YI/IA COOTBETCTBEHHO Ha 1,18% u 0,34%. Hitak, no o6onm nokasa-

TENAM Ha CMeHHYIO A06bIMY Y Goibiee BIHAHKE OKA3LBaeT GaKTop «MOIHOCTE
IAacTa» 1o cpaBHEHMIO ¢ GAKTOPOM «ypPOREHb MEXaHH3aLNH pabor=. P

[peoGpasyem BEKTOP OLEeHOK (4.8) ¢ yuetom (4.2):
b= (XXX XB + £) = (XX)UXXP + (XX)-Xe = EB + (XX)1XE,
HIH
b =P+ (XX)XE, (4.12)

T. €, oyexku napamempos (4.8), naiiaenrsie no seibopke, 6ydym codepxucams
cayuatinsie owubxu.
Tak xkak MaTEMAaTHYECKOE OXKHAAHHE OlIEHKH b paBHO OUEHHBAEMOMY

napamertpy f3, . e.
M(b) = M[P + (XX)'X’e] = M(B) + (XX)"'X’M(¢) = B,

ubo B cuay (3.23) M(e) = 0, To, 09eBHAHO, YTO Bekmop b ecmb Hecmeuyen-
Has ouenxa napamempa fi.
4.3. KoBapuauuoHHas maTpuua 1 ee BbiGopoyHan olueHKa

Bapuauum oueHOK napamerpos GyAyT B KOHEYHOM CHYETe ONpeAensiTh
TOYHOCTb YPaBHEHHA MHOXECTBEHHOH perpeccuu. JUis MX M3MEpeHMA
B MHOTOMEPHOM PErpecCHOHHOM aHalu3e pacCMaTpHBaKT TaAK Ha3biBae-
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MYI0 KOBAPUAYUOHHYIO MAMPULLY 8eKMOPA OUEHOK NAPAMEMPOE Y, , ABNA-
WUYIOCH MAMPUYHBM GHAN020M ducnepcul 00HOL NepeMeHHol:

Opo Opp «- Opp

Cw 11 - Oyp
2= .

GPD gp] e GPP

A€ 31eMEeHTH — Kosapuayul (MM KOppeasiyUOHHbIM MOMEHITBI) OLEHOK
napameTpos f3, u B, . Kopapuaina AByX NEPEMEHHBIX ONPEAEAAECTCA KaK
MaTeMaTHYeCKoe OXUAaHHe MPON3BeAeHNUA OTKIOHEHUH 3TUX NepeMeHHbIX
0T MX MaTeMaTHYeCKHX okuaanuit (cM. § 2.4). [Toatomy

6, = MI(b, - M(b)) (b, - M(b))]. (4.13)

KoBapuauua XapakTepH3yeT KaK CTeN€Hb PaccedaHHs 3HAYeHHH ABYX
nepeMeHHbLIX OTHOCHTENLHO MX MaTeMaTHYeCKHX OXWAaHuH, Tak ¥ B3au-
MOCBSI3b 3THX TIePEMEHHLIX.

B cuity TOro, 4TO OLeHKH b,. NoJy4eHHbIe MeTOJ0M HAaUMEeHbILHX KBajpa-
TOB, ABIAKTCA HECMEUIEHHBIMH OLIEHKaMH NapaMeTpos B}-, T. €. BRIpaKeHune
(4.13) npumer Bua:

o; = MI(b;- B)(b; - B)].

PaccMaTpHBas KOBaPHAUMOHHYIO MATPULY Y ., IETKO 3aMEeTHTh, HTO
Ha ee IJIaBHOM AMArOHa/JM HAXOAATCA AMCIEPCHH OLEHOK NapaMeTpos

perpecuu, nbo
0= MI(b; ~B;)(b; ~B;)1=M(b,~B,)* = 0. (4.14)

B cokpauieHHOM Blle KOBapHALIMOHHAA MATPUIA BEKTOPA OLCHOK napa-
MeTpoB Y, MMeeT BHA:

X5 =MI(b-B)(b-PY]
(B arom serko y6eanThes, nepemHoxus BekTopsl (b - ) u (b - f)).
Vyurnisan (4.12), npeobpasyem 310 BulpaxkeHHe:
¥5=M{[(XX) X €] [(XK) X'el } = MI(XX) " X"ee’X(X'X) '] =
=(XX) 1 X'M(ee")X(X'X) !, (4.15)

160 anemMeHThI MaTPpHIlbl X — HecTyyaiiHble BeIMYUHDI.
Marpuua M(ee”) npeacrasnser coboi KOBapHAMOHHYIO MAMPULY BeK-
mopa soamyugenuil

M(ef) M(ge,) ... Mlee,)
S, = Mee)= M(eze,) M(e3) ... M(eze,) ,
M(g,e,) M(eqey) ... M(ed)

87



B KOTOPO# BCE 3/IEMEHTEI, He JIeXAlMe Ha IaBHOM IMaroHalu, pasHel HYJI0
B CHJIY NIPEATIOCHUIKH 4 0 HEKOPPETHPOBAHHOCTH BO3MYIUEHHH €; U E; MEKAY
cobon (em. (3.25)), a Bce 3JeMEHTEI, JIOKAUIHE HA VIABHOH AHMarOHAaIW,
B CHIY NPEANOCchUIOK 2 U 3 perpeccHoHHOro aHaausa (em. (3.23) u (3.24))
PaBHEI OAHOH M TOM JKe AUCNIEPCHH 02

M(e?)=M(g; - 0)? = D(e?) =02
[Moaromy maTpMua
M(ee”) = o2E,,

riie E, — eAMHHYHAA MaTpHLa n-ro nopsaaka. CreaosaTesbHo, B cuty (4.15)
KOBapHalMOHHAA MaTpHiia BCKTOpa OLEHOK napamMeTpoB:

2 5=[(XX)' X (0?E ) IX(X'X) ! = o2(X'X) W (XE, X)(XX),

3 s =02(XX). (4.16)

Hrak, ¢ nomowsio obpamuoil mampuyst (X'X)-! onpedensemcs ne moavko
cam sexmop b ouerokx napamempos (4.8), Ho u ducnepcuu u KO8ApUAYUU €20

KOMNOHEH M.

4.4, lokasarenbcTBo Teopembl [aycca — Mapkosa. Ouenka
ANCNEPCUN BOIMYLUECHUH

Teneps Mbl HMECM BO3MOKHOCTH NPHBECTH JOKA3aTeNbCTBO TEOPEMbI
l'aycca — MapkoBa, chopMyIHPOBaHHOIM B § 4.2,

Briwe (§ 4.2) Mbl yie NOKasanM, 4T0 OLEHKA MEeToJa HAUMEHBIIHX KBa-
apatoB b = (X'X) 'X'Y ecTb HecmeuleHHAA OLEHKA JUIA BEKTOPA NapaMeTpos
f, T. e. M(b) = B. Jliobyio Apyryio oueHky b, BekTopa [} 6e3 orpaHHYeHuA
OBOIIHOCTH MOXKHO NPEACTaBHTh B BH/E

b, = [(XX)'X" + ClY,

rae C — HeKoTopaa maTpuua pasmepa (p + 1) x n.
Tax Kak paccMaTpHBaeMble B TEOPEMe OlL€HKH OTHOCATCA K KJaccy
HeCMelleHHbIX OLleHOK, To u M(b,) = B win M(b,) = M[(XX) X" + C]Y = .
YuuTheIBasl, YTO MATpPHIla B KBaJApaTHBIX cKoBKax — HecaydaiiHas,
a B CHIIY IPEANOCUIKK 2 PErpecCHOHHOro aHanusa M(g) = 0, noayuum

M(b,) = [(XX)IX" + CIM(Y) = [(XX)-'X" + CIXB =
= [(XX) XX + CX]p = (E + COP = B,

OTKvAa caeayert, uto CX = 0,




Hanee

by~ B = [(XX)IX + CIY =B = [(XX)1X + CIXB + €) - =
= [(XX)-IX'X + CXIB = (E + CX)B = B,

oTKy/a cneayet, uto CX = 0,

Teneps ¢ noMowbio NpeobpasoBanmil, AHANOIHYHLIX NIPOBEAECHHBIM NPH
nonyyenuu gopmyn (4.15), (4.16), Halizem, 4TO KOBapHaUMOHHAS MATPHLA
BEKTOPa OlEHOK b,, T. e.

2 5 =MI(b, —P) (b —BY 1=02(XX) "' +0%CC’,

WK, yauTheiBas (4.16),

Zb] =Zb+02CC'.

JlnaroHanbHbie 31eMeHTH MaTpuuel CC” HeoTpUuaTenbHbl!, H60 OHM
paBHBl CYMMaM KBa/JpPaTOB 3/1€MEHTOB COOTBETCTBYIOIMX CTPOK 3TOH
MaTpHLBl. A TaK KaK AHaroHalbHbl€ 3J1EMEHThI MaTPHI] Zh MY, €cTh
AMCTIEPCHH KOMIIOHEHT BEKTOPOB OUEHOK b,; u b, To ancnepcus of,, 2 of,
(i=1,2,..,p+ 1). 310 03HA4aLT, YTO OUEHKU KoIPPuyuermos pezpeccull,
HalldenHbLX MemOJOM HAUMeHbWUX Keadpamos, obradalom HauMeHbUIel
ducnepcuetl, yTo ¥ TpebOBANOCH AOKA3ATD.

HWrak, MBl J0Ka3ajau, 4TO OlleHKa b MeToaa HaMMEHBIWIMX KBAAPaTOB
ABIAETCHA «Hawayvylle» JHHEHHOH oneHKoil napamerpa [I. INepeiiaem
TeNeph K OEHKE ellie OHOro NapaMeTpa — AHCHEePCHN BO3MYIIIEHHH 07,

PaccMOTPHM BEKTOP OCTATKOB €, PaBHBLIH B COOTBETCTBHH € (4.27) ¢ =
=Y~ Xb.

B cuay (4.2) 1 (4.8)

e=XB+¢e)-X[XX)'X(XB +¢)] =
=XP + e -X(X'X) ' (XX)P-XXX)'X€e = XB + € -XEP - X(X'X) X,

WIH
e =¢-X(XX)"'Xe

(ywn, wro npoussesenue (X'X) 1(X'X) = E, 1. e. paBHO eAMHHYHON MaTpHLE
E,., (p + 1)-ro nopaaka).

Haitnem TpaHCNOHMPOBAHHBIH BEKTOP OCTATKOB ¢'. Tak Kak npu TpaHc-
noHupoBaHuu Matpuua (X'X)-! He Menserca, T. e.

[(XX)]" = [(XX)]1 = (XX,

I Marpuua CC* 1aK %e, Kak M KOBAPHALMOHHEIE MATPHIIb! Y, ML, ABIAETCR Keompu-
yameasHo onpedenennofl (cm. § 13.8). B 2TOM cMBIC/AE MOKHO 3anMcaTh, 4TO MaTpHiua
3, 2Y,. 7 e pexTop oueHox b = (X'X)-'XY, noayueHHBI METOAOM HAHMEHBIIHX KBAAPATOB,
o!ﬁa..aaer MEHBbIIHM PacceHBaHMEM OTHOCHTEILIO NapaMeTpa f 1o cpaBHeHMIo ¢ MobkM Apy-
THM BEKTOPOM HECMEIeHHRIX OEeHOK.
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e = [e-X(XX)'Xe] = ¢ - e’ X(XX)'X".
Tenepb

M(e'e) = M[(¢' - £’ X(X'X)-X") (e - X(X'X)-'X'e) = M(ee) - M[e'’X(X'X)'X'e] -
- M[£X(X'X)X'e)] + M[eX(XX) (X X)(X'X) ' XE].

Tak Kak nociegHue /1Ba CJ1araeMeiX B3aWMHO YHHYTOXKAKOTCA, TO
M(e'e) = M(e'e) - M[e’X(X'X)-'X"e]. (4.17)
NepBoe cnaraemoe BeipaxeHus (4.17)
M(£‘£)=M(Eef)=ZM(e?)=Zcz=n02, (4.18)
=1 i=] i=1
1o B CHIY NPEANOChUIOK 2, 3 PErpecCHOHHOIO aHan3a
M(e?)=M(g, - 0)*> =D(g;)=0°.
Marpuua B = X(X'X)-1X" cummerpuyeckan (§ 13.8), rak kak
B’ = [X(X’X)' ' X] =X(XX)X',r.e.B'=B.

n
[loatomy £'Be npeacTaBasieT KBaapaTHyeckyio popmy 3 bye€;; ee mare-
MaTHYEeCKOe OXHAAHHE ij=1

n n

M(e’Be)=M 3 (byee;)= Y byM(ee;).

i.j=1 i,j=1

[TOCAEAHIO CYyMMY MOKHO pa3fuTh Ha ABE COCTARIAIONINE CYMMBI e

MEHTOB Ha MIaBHOH AHATOHAMH MaTpHLbI B ¥ BHe ee:

M(e’Be) =Y bM(e2)+ ¥ byM(eg)).
i=1 1,)=1 (1=])

Bropoe craraemoe paBHO HY/K0 B CHIY NPEANOCLUIKH 4 PErpecCHOHHO0
aHanu3a, T. e. M(gg;). CyMMa AMaroHaIbHbIX 21€MEHTOB MaTpHubl B obpa-
syeT e maTpuisl tr(B) (§ 13.8). Toayunm

M(¢’Be) =3 b,0? = 623 b, = 0r(B). (4.19)
i=1 i=1
3ameHHB MaTpULly B ee BelpaXeHueM, NoIyuHM
M(e’Be) =02 tr[ X(X'X) ' X']= o2 tr[ (X X) (X X)]=0tr(E}, ) = o?(p+1),

TaK KaK c7ej] MaTpHIlbl He MEeHAeTCA NP ee TPAHCIIOHUPOBaHHM (oM.
§ 13.14), 1. e. tr(AC) = tr(CA), a caea eauHUyHOH MaTpusl (T. €. cymma
€€ AMaroHaabHBIX JIEMEHTOB) PaBeH NMOPAJIKY 3TOH MaTpHILLL.




Teneps no dpopmyne (4.17), yuureisas (4.18) u (4.19), nonyumum:
M(e'e) =no?-oi(p+ 1) = (n-p-1)o?,

T. €.

M(e'e)=M[ie§]=(n—p—l)62. (4.20)
i=]

PasercTBo (4.20) o3HayaeT, YTO HECMELEeHHas OlleHKa s? napamerpa 0?2
WIH BEIGOPOYHAS OCTATOYHAS AMCNIEpCHs s2 onpezeaseTca no gpopmyne:

n
2
’ P
2. ct =

_n—p—lzn—p—l'

(4.21)

MNonyuenHana popmyna serko obbacHMMa. B 3HaMeHaTene Boipaxe-
HuA (4.21) crour n— (p + 1), a He n — 2, KaK 370 O6b110 BHIE B (3.26). 1O
CBA3aHO ¢ TeM, uTo Teneps (p + 1) creneneit cpoboan (a He ABe) Teps-
0TCA MPYU ONPeACNeHHH HEH3BECTHBIX NapaMeTPOB, YHCIO KOTOPLIX BMECTE
€0 cBOGOAHBIM WieHoM pasHo (p + 1).

MOXHO NOKas3aTh, YTO PacCMOTPEHHBIE B 3TOM naparpade ouUeHKH
b u 52 napameTpoB P U 02 nNpu 8LINOAHEHUU NPEGNOCLUIKU 5 pezpeccUOHH020
QHAAU3A O HOPMANLHOM pacnpedenenuu aekmopa soamywenuil € (€ ~ N,(0;
o’E,)) Aaeafomes Hedasucumbimu, JU1A 3T0ro B JaHHOM Cy4dae IoCTaTO49HO
yBeauTLCS B HEKOPPEJTHPOBAHHOCTH OLEHOK b 1 52,

4.5. Onpepenexne fOBepPUTENbHbBIX HHTEPBANOB ANA KO3GPUUNEHTOB
U QYHKLMK perpeccumn

lepeiizem Teneps K OLEHKe 3HAYHMOCTH KOIOHIMEHTOB perpeccun b,
H NIOCTPOEHHIO JOBEPHTENLHOI'O HHTEPBAA /1A NapaMeTpoB PerpeccHoH-
Ho#t mozenn B, = 1, 2, ..., p).

B ciy (4.14), (4.16) ¥ HANOKEHHOTO BhILIE OUEHKA S{ ANCIEPCHN O
koadumenTa perpeccuu b, onpeseaures no popmyre: ’

ng = 2[(XX]_I]H|
e s — HecMellleHHaA OUeHKa napamerTpa o2;
[(X'X)~']; — AnaroHaIbHbIH JJEMEHT MaTPHI[BI (X'X)-1.

CpeaHee KBaJpaTHyeckoe oTKIOHeHHe (cTanaapTHan omubka) koaddu-
UMEHTa PEerpeccuu b; IpUMeT BHA:

Sp, = s,f[(X'X)" Ts (4.22)

3HaunmocTb ko3pduunenTa perpeccun b; MOKHO NPOBEPUTH, ECIH
yuects, uto cratucruka (b;—B;)/ s, umeer t-pacnpesenenne CrbiojeHTa

ck=n-p-1crenessamu ceoboarl. INoatomy b; 3HaUNMO OTINYaeTCA
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oT Hyns (MHave — runotesa H, o paBencTse napamerpa f; Hymo, T. e. Hy:
h.
B; = 0, oTBepraeTca) Ha yPOBHE 3HAYMMOCTH L, ECIH Itl= I—‘—I > ba:n-p-1»
Sb
J
TAE ) . npy — TaONMUHOE 3HAYEHHE (-KpHUTEPHA CTHIOACHTA, ONpe/eNeH-
HO€ Ha YPOBHE 3Ha4MMOCTH (X IPH Ynce creneneit ceoboas k =n-p - 1.
B obutei nocraHoske runoresa H, o papeHcTBe napamertpa 3, 3aaaH-
Homy umcny By, 7. . Hy: B; = 5, otBepraercs, ecan

b —B.

b;

|t]|=

INoaToMy AOBEpHTEIbHBIA MHTEPBA 1A napaMeTpa [} ecTh
bj L S n—p-lsbj SB_} s bj +1a, n-p- l""bJ. . (423')

Hapsaay ¢ MHTepBaJLHEIM OLUEHUBAHHEM KOIDPHUIHEHTOB perpeccuu
1o (4.23") BecbMa BaXHBIM VISl OLEHKH TOYHOCTH ONpe/Ae/eHHs 3aBHCH-
MOW nepeMeHHo# (Nporxosa) ABAAETCA NOCTPOEHHE AOBEPHTENbHOTO
UHTEpBaja /IS GYHKIHH PErpeccHH Wiy UIsl YCIOBHOIO MareMarHye-
CKOro OXKH/IaHWA 3aBHCHMON nepemennoit M, (Y), naiizenHoro B npeano-
JOKEHNH, 4TO obBACHAIMME nepemenHbie X, Xy, ..., X, npuHsan sHave-
HHA, 3a4aBaeMbie BEKTOPoM X =(1X3g Xg0 ... Xpo). Bblllle Tako# HHTEpBaAN
HOAYY€eH IS ypaBHEHNs NapHoi perpeccun (cM. (3.34) u (3.33)). O606-
[ast COOTBETCTBYIOUIHE BLIDAKEHHSA Ha CIydail MHOXKECTBEHHOH PerpeccHH,
MOKHO NIONYMUTD AOBEPHTENbHBINH nuTEpBan Ans M (Y):

j’—fl_a;ij,$M(Y)Sj+[1_u:k5j, (4.24)
re ¥ — rpynnoBas CPEAHs, ONpeAeaseMan N0 YPaBHEHHIO PErPECCHHM,

55 =85 X5(XX)1 Xo (4.25)

— ee cranaapTHas oubxa.

Ipu o6o6mennn dopmyn (3.36) u (3.35) aHanoruuHbLIA JOBEPHTE/Ib-
HbIH WHTEpBaJI V1A HHAUBHIYAIbHBIX 3HAYEHHH 3aBHCHMOH NepeMeH-
HOH Y, NpUMET BH/L

j'[] —l)-a; n-p-153, SYos j’D 1w np-154y (4.26)

rae

85, = Sy1+ Xo(XX) 1 Xo. (4.27)

JlopepuTenbHbIH HHTEPBAJ VI NapamMeTpa o B MHOKECTBEHHOH
perpeccHu CTPOMTCA AHAJNOTMYHO NAapHOW Moaenn no gopmyne (3.39)
€ COOTBETCTBYIOIINM H3MEHEHHEM YHC/Ia cTerneHeH cBoboabl KpHTepHs 12

2 2
L

e —_— (4.28)
14!!2; n-p-1 XF—-QKZ n-p-1




P [Ipumep 4.3. [lo gasHuM npuMepa 4.1 OUEHHTL CMEHHYI0 Jo6bI9y yras
Ha oaHOoro paﬁoqero JUIA WAXT ¢ MOIHOCTEIO N1acTa8 M u YPOBHEM MEXaHH3a1NH
pabot 6%; HaiiTi 95%-Hble JOBEPHTEAbHBIE HHTEPBa/hl 1A HHAWBHAYANbHOTO
W CpeIHero 3HAYeHUN cMeHHOI 106bN yraa Ha 1 paboyero A1 TAKHX ke [axT.
fpoBepHTS 3HAYUMOCTD KO3DHIIHMEHTOB PErpeccHi H MOCTPOHTH A8 HUX 95%-
Hble JOBEPHTEIBHEIE HHTEPBALL. HailTit HHTePBATBHYIO OlEHKY A AUCTIEPCHH 02,
Pewenue. B npumepe 4.1 ypanHeHHe perpeccHu NOJYy4eHo B BUje

¥ =-3,54+0,854 x, +0,367x,.

[o yeaosuio Haao otlennts M, (Y), rae X{ = (18 6). BaGopounoii ouerkoit M, (Y)
ABIAETCA FPYNNOBas CPEAHAA, KOTOPYIO HAalAeM 1o YPABHEHHIO PETPECcCHH:

¥=-3,54+0,854-8+0,367 6=5,49 (1).

s nocrpoenus AoBepuTenbHOro uHTeppana A M, (Y) Heobxoaumo 3HaTh
AMCIEPCHIO €70 OueHKM — si. [l ee Buvncaenna oGpaTmca K Taba. 4.2 (Tounee
K e ABYM NOCAeHUM CToAGUAM, NTPH COCTABACHHH KOTOPLIX YUTEHO, YTO rpynno-
Bhie CPeIHHE ONPEALIAIOTCA N0 NMOJYIEHHOMY YPABHEHHIO PErPECcCHH).

13.32291 =0,904 u s =,/0,904 =0,951 (7).

OnpeaeaseM CTaHAAPTHYIO OIWMOKY TPYTINOBOI cpeaneit ¥ no dopumyse (4.25).

Teneps no (4.21): s% =

Buauane Haiigem
1 15027 -1209 -522)(1
Xo(XX)y'X,=(1 8 G)ﬁ -1209 201 -108|8|=
-522 -108 244 )| 6

1

1
1
=——(2223 -249 78)| 8 |=——(699)=0,1870.
3738{ )5 3 (699)

Tenepb s, = 0,951J0.]870 =0,411 (7).
Mo Ta6a. Il npuwioxkensit upn yneie crenexsel ceoboas k = 10-2 - 1 = 7 Haxo-
AMM L g > = 2,36. [To (4.24) popepurenbrblit wHTepsan ana M, (Y) pagen

5,49-236-0411 < M (Y) = 549 + 2,36- 0,411,

4,52 < M(Y) < 6,46 (7).

Hrak, ¢ HagexnocTeio 0,95 cpeanss cMeHHan Jo6w4a yraa Ha ogHoro pabo-
4er0 A/IA WAXT ¢ MOLIHOCTBIO 114CTa 8 M i YPOBHEM MexXaHusanun pabor 6% Haxo-
AuTCA B npeaenax ot 4,52 20 6,46 T.

CpaBHHBaA HOBbIH JOBEPHTENbHLIA HHTEPBaAA ANs GYHKUHM perpeccHu M, (Y),
NOAYYEHHBI € yI€TOM ABYX OO BACHAIOUINX NIEPeMEHHRIX, € aHAOTHYHBIM HHTep-
BA/IOM € yueTOM OAHOM oBBAcHAKMeH nepemerHoi (cm. npumep 3.3), MOXKHO
3AMETHTDL YMEHLIUEHNE €70 BENTHYHHAL JTO CBA3AHO O TEM, HTO BKAKYEHHE
B MoAeNb HOBO ofBACHAIOMEHR NEPEMEHHOH NO3BOAAET HECKOALKO NOBLICHTE
TONHOCTE MOAE/NH 32 CHET YBENHYEHNS BIAHMOCBA3H 3aBHCHMON H ofbacHAmEeH
nepeMeHHBIX (CM. HUXeE).
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Hanaem goBepHTeabHBIA HHTEPBAA 418 HHAHBHAYRILHOIO 3HAYEHHA ¥, NPH
X;=0186):

no (4.27):s;, =0,951J1+0, 1870 = 1,036 (1)

H 1o (4.26): 5,49-2,36-1,036 < y; <5,49+2,36-1,036,

T.2.3,05< y5 £7,93 (7).

Wrax, ¢ HagexHocTeo 0,95 HHAMBHAYaNLHOE 3HAYEHHE CMEHHOH J0GkIYH YIAR
B WAXTAaX C MOUIHOCTLH) naacTa 8B M # ypopHeM MexaHHsauuu pabor 6% HaxoauTen
B npeaenax or 3,05 g0 7,93 (1).

Iposepum anauuMocTs Koadduuuentos perpecciu b, u b,. B npumepe 4.1
nonyuensl b; = 0,854 u b, = 0,367. CranaapTHas olMGKa Sy B COOTBETCTBHH

¢ (4.22) pasra
’ 1
sh —0,951 ﬁZO] -0.221.
0,854
Tak KaKt = 0.221 =3,81>1ty 45 7 =2,36, TO KO3dppHuHenT b, 3HauuM. AHanO-

’ 1 0,367
FHYHO m% =0,951 ﬁz“ =0.243H[ = bﬁ = ].51{30_95: 7 =2,36.

T. e. koabduuuent b, Heanaunm Ha 5%-HoM yposHe.

JloBepUTeabHBIH HHTEPBA HMEET CMBICA MOCTPOHTD TOABKO JUIA 3HAYHMOT0
Koa(upulHeHTa perpeccun b, :

no (4.23%): 0,854 - 2,36 - 0,221 =< B, < 0,854 + 2,36 - 0,221, uau 0,332 <
< B, = 1,376.

Hrak, ¢ naaexuoctsio 0,95 3a cuer naMenenus Ha 1 M MolHocTw niacta X,
(npn HemameHHOM X,) cMeHHaA Jo6kiya yIa Ha oaHoro pabovero Y Byaer name-
HATBLCA B npeaenax or 0,332 a0 1,376 (7).

Haitaem 95%-Ami JoBepHTeNBHBIR HHTEPBAN JUIR NapaMeTpa o2, YYuThIBaK,
gro ¢ = 1 - 0,95 = 0,05, naiizem no tabauue Il npunokennwiin-p-1=n-2-
-1 = n -3 crenenax csoboasl

Xﬁuz; n-p-1= Xﬁ.uzs; 7=16,01;
xf~ar'2; n-p-1= xﬁms: 7 =1,69.

10-0,904502510-0,904

. w0565 S o s 0.751
16,01 160 o BARAG/SLS

Mo dpopmyne (4.28)

=0 = 2313.
Taknm obpasom, ¢ nagexuocteio 0,95 jucnepcua BOIMYIUEHHH 3aKTI0-
yeHa B npegeaax or 0,565 a0 5,349, a uX cTaH)apPTHOE OTKAOHEeHHe — oT 0,751

202,313 (1). »

dopManbHO NepeMeHHbe, HMEWUHe HedHaYUMble KOdhPHIIHEHTH
perpeccy, MOryT GHITh HCKIIOMEHB! M3 PaCCMOTPEHHA. B IKOHOMMYECKHX
HCCIEA0BAHMAX HCKIIOYEHHIO NEPEMEHHBIX U3 PErpPeccHM A0MKEeH nmpeale-
CTBOBATb TUlATENBHBIH KayecmeeHHbill aHanuns. [103ToMy MOXKeT OKa3aTbea
nenecoobpasHEIM BCE e OCTaBUTh B PErpPeCCHOHHON MOJAeNH OAHY WIH
HECKOJIBKO OGBbACHAIONIMX TEPEMEHHbIX, HE OKA3bIBAIOLIHX CYIIECTBEHHOr0
(3HaYMMOro) BAMAHUS HA 3aBUCUMYIO NIEPEMEHHYIO.
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4.6. OueHKa 3HaYMMOCTH MHOXECTBEHHOM perpeccui. Ko3aphuumenTs
AeTepmMuHaumu R2 u R2

Kak u B cayyae napHo# perpeccHoHHOH mozaenu (cm § 3.6), B moaenu
MHOKECTBEHHOM perpeccun ofmas Bapuaums Q — CymMMa KBaJApaTos
OTKJIOHEHMH 3aBHCHUMO# NnepeMeHHoH oT cpeaHei (3.41) moxer ObIThL pas-
J0XeHa Ha JB€ COCTABIAKIIHE:

Q= +Q,

rae Qg, Q. — COOTBETCTBEHHO CyMMa KBA/PaToB OTKIOHEHMH, 00yCAOR/IEH-
Haf perpeccuei, 1 OCTaTo4YHas CyMMa KBaJpaToB, XapaKTepHU3YIOLLas BIIK-
AHHE HEYYTEHHBIX HaKTOPOB.

MNoayuum Goaee yaobuuie, yem (3.40), popmyns! s cyMM KBaapaTtos Q,
Qy 1 Q,, He Tpebyiollie BHIYHCIEHHs 3HA4YeHHH ¥;, 06YCIOB/IeHHbIX Perpec-
cHet, M OCTATKOB ¢,

B coorsercTsHy ¢ (3.40), (3.42)

n 2
. . [Eri]
Q=Z(y.—?12=2y?—~'—=‘—n——=i’1’—ny2 (4.29)
i=1 i=1
N
(@60 ¥ y? =y3 + Y3+t Y2 =(31 Yo ya)| 2 |2 YY)
i=1 os
¥n
C yuetoMm (4.4) umeem
Q¢=i(y.—)7,)2=Y'Y—2b‘X'Y+b’X'Xb=Y’Y—b'X'Y (4.30)

=1

(ubo B ity (4.5) b'X'Xb = b'X'Y).
Hakonet,

Qr=Q-Q.=YY-ny?-(YY-bXY)=bXY -ny. (4.31)

YpasHeHHe MHOXECTBEHHOH Perpeccuu 3Ha4MMo (MHave — rumoresa
H, 0 paBeHCTBE HYJIH NapaMeTpoB perpeccHoHHoM moaenu, 1. e. Hy: B, =
=, = ... = B, = 0, orsepraercs), ecnu (yuuTsiBas (3.43) npum = p + 1)

(n-p-1)
Fz%.f*ﬂm o

ek, , ., — TabanyHoe 3Havyenue F-kputepus ®Pumepa — CHezexopa,
aQ v Q, onpeaenniorea no popmyaam (4.31) u (4.30).

B § 3.6 61 BREAEH KO3P Punuenm demepmunayuu R? xak odHa u3 Hau-
fonee adpexmuenbix OUeHOK adeKBaAMHOCMU PezpeccUoHKOll Modenu, Mepa

(4.32)
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Ka4ecmea YPasHeHUs: Pezpecciiii, XapaKkmepucmuKkd €20 npo2ZHOCIU4ecKoll
CLLBL.

Koadduument aerepmuHauun (Mau MHomecmeenublil koadduuyuenm
demepmunayuu) R? onpeaenserca 1o popmyae (3.47) win ¢ yuerom (4.31),
(4.29):

2-.Qe _bXY'-ny?
Q YY-ny? '
OrmeTyMm eute oaHy dopmyry a1 kKoadpduumuenTa AeTepMHHALIHN:

2 o1 Qe _q_ (Y= XBY (Y Xb)
Q (Y-YY(Y-vY)'

R (4.33)

(4.33")

o T L (4.33")

*

raee = Y-Xb, Y=(V,¥,...,¥), ¥y =(Y = ¥)— n-MepHbi€ BEKTOPbI;

e‘e:ieﬁ =i(¥t -yl

i=1 i=1

n
yy= El(y.- i 7l
=

Hanomuum, 4To R? XapakTepuayeT 0010 8apuayull 3asUciUMoll nepemen-
notl, obycroenennoll pezpeccuell UIU UIMEHHUBOCMBIO 06BACHAIOWUX nepe-
MeHHblx; ueM Gauxme R? k edunuye, mem ayuiue pezpeccus onucbieaent 3asu-
cumocms MexcOy OOBACHAIOUUMU Ut 3ABUCUMOLL NEPEMEHHBIMIL.

BmecTe ¢ TeM MCIONIB30BaHKE TONBKO OAHOro KoadduuueHTa AeTepmu-
Hauuu R? s seibopa HAMAYYILEro ypasHEHHA PErPecCHH MOXKET OKa3aThCa
HEJO0CTATOYHBIM, Ha npakTHKe BCTPEYaloTCd CIyvaH, KOrja IUIoXo onpeje-
JIEHHAA MOJIENb PErpecCHH MOXKET AaTh CPABHHMTENbHO BHICOKHH Koad¢u-
uMeHT R2,

Hepocrarkom koadduumenTa gerepMuHanum R? ABlIseTcA 10, 4TO OH,
BOOOIE rOBOPA, YBEATWYHBACTCA NPH A00aBIEHHH HOBBIX OOBACHAIOUINX
NepeMeHHBIX, XOTH 3TO H He 00A3aTe/IbHO O3HAYAeT YAYYLIeHHe KaveCcTsa
PErpecCHOHHON MOZENH. B 3TOM CMBIC/IE NPEANOYTHTEIbHEE HCIIOIL30BaTL
ckoppexmuposannbiil (adanmuposannsiil, nonpasaenubiit (adjusted)) xoad-

duuenm demepmurayuu R?, onpesensemsiit o popmyne
n-1

RZ=1- (1-R2), (4.34)
n-p-1
WIH ¢ yueTom (4.33")
A (n=1)e’e
T T el L 4.34
(n-p-1yYy 4]




M3 (4.34) creayer, uTo 4em Oo/ble YHCI0 OOBACHAIONIMX TEPEMEHHBIX
p, Tem menbute R? no cpasHenuio ¢ R2. B ommumne ot R? CKOPpEeKTHPO-

BaHHLI Ko3hdUIMEHT R? MOXKET YMEHBIIATLCA NPH BBEACHHH B MOAETb
HOBBIX OOBACHAOIIHX NMEPEMEHHBIX, HE OKA3bIBAKOILMX CYUIECTBEHHOTO
BIHAHHMA Ha 3aBUCHMYIO NepeMeHHy10. OQHAKo AaXe yBeluieHHe CKOPPeK-
THpoBanHOro Ko3bdULMeHTa AeTepMUHALIMK R? NpH BBEACHHH B MOAE/b
HOBOI 0OBACHAOLIEH NepeMeHHOi He Bcerja o3Havaer, 4To ee Koaddu-
IHEHT PerpeccHH 3HaYHM (3TO MPOUCXOAHT, KaK MOXKHO NOKa3aTh, TOABKO
B CIyuae, eCIM COOTBETCTRYIONIEE 3HaYeHHE (-CTaTUCTHKH Bobile eAHHMNLbI
(no abcontoTHOIM Beuunne), T. . [t| > 1. [IpyrumMu CI0BaMH, yBeJIHYCHHE
R? eme e 03HAYAET YAYUIIEHHA Ka4eCcTBa perpeccHOHHON MOJETH.

Ecam naBecten koagpduunenT aerepmuHaumu RZ, To KpUTEpHI 3HAYHMO-
cmH (4.32) ypaBHEHWA perpeccin MoXeT ObITb 3aITHCaH B BHAE:

R*(n-p-1)
F=m> ; ky kg

mek, =p, k, =n-p-1, ubo B ypaBHeHHH MHOKECTBEHHON perpeccuu
BMECTE €O CBODOAHEIM WIEHOM OLEHHBAaeTCi m = p + 1 mapaMeTpoB.

P IIpumep 4.4, o fankmM npuMepa 4.1 onpeaesnTs MHOKECTBEHHBIN Koad-
buunenT geTepMHHALKHN M TPOBEPHTHL 3HAYHMOCTD NOAYHEHHOIO YPABHEHHA
perpeccun Y no X, u X, na yposse « = 0,05.

Pewenue. BelMucauy nponaseaeHnsa BekTopos (cm. npumep 4.1):

68
XY =(-3,54 0,854 0,367) 664 |=
445
=-3,54-68+0,854-664 +0,367-445 = 489,65

(4.35)

10
HYY=Y y =496 (cm. nroroeyio ctpoxy 1aba. 4.2). M3 Tabn. 4.2 naxoanm

1=l
10 .
TakkeY y, =68, orkyna y=3 v, /n=68/10=6,8 (7).
=] =]

Teneps no (4.33) MuokecTBeHHbIA KOADDHUHERT AeTepPMHHALH

_ 489,65-106,8?
496-10.6,82

KoadduunenT gerepmunanun R? = 0,811 cBHACTENBCTBYET O TOM, YTO BapHa-
UHA HeoeAyeMoii 3aBHCHMOI nepemenHoH Y — cmenHOH 200K YIVIA Ha O4HOTO
pabouero Ha 81,1% 0GBACHAETCA H3IMEHYHBOCTBIO BIIIOYEHHBIX B MOjenb 06bsic-
HAWLMX lepeMeHHbIX — MOLHOCTH Niacta X, M YpoBHA MexaHuaauuu pabor X,.

[poaenas aHANOrHYHBIE PAcYeThl N0 AaHHEM npuMepa 3.1 a1s ogHoMH o6bac-
HAOMe# nepeMennoil X, MoxHO 6bu10 noayunts R = 0,751 (3ameTun, 410 B C1y-
qae 0gHO#l obbACHALLIEH nepeMeHHOH KoapHLHeHT AeTepMUHALMK R'? paBen
KBajpaTty napHoro koadduiesnTta koppeasunu r?), Cpasnnsan snasenns R? u R
; MOXHO CKa3aTe, 910 JobanteHue BTopoil obbAcHAowel nepemenHoil X, He3Ha-
YHTENBHO YBETHYHIO BeAHYHHY KO3DPHIMEHTa JeTEPMHUHALNH, ONPEEIAIOmEro

. KayecTso MoAenn. M 3TO NOHATHO, TEK KaK Bellle, B npuMepe 4.3, Mul ybeamwmncs
B HeaHayMMOCTH KoaduunenTa perpeccun b, npyu nepemennon X,.

R? =0,811.
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Mo ¢popmyne (4.34) BHMHCINM CKOPPEKTHPOBAHHLIH KOIDOUIIHEHT AeTepMH-
HATHMN:

npup=1 R2=1 --:-(1 -0,751)=0,720;

npup =2 R?=1 —;u -0,811)=0,757.

BHAMM, 4TO XOTA CKOPPEKTHPORAHHEIA KoaddUNenT AeTEPMIUHALNN 1 YBE-
AMYWIACA NPH JoBarneHuH OBBACHAIONIEH NepeMeH oM X,, HO 3TO elle He TOBOPHT
0 3HayuMocTH koadduurenTa (3Havenne t-craTHCTHKH, pagHoe 1,51 (cm. § 4.4),
x0T ¥ Bossie 1, HO HEAOCTATOYHO /UIA COOTBETCTBYIOIIErO BEIBOAA Ha NpHeMe-
MOM YPOBHE 3HAYHMOCTH).

3uan R?=0,811, npoBepHM 3HATHMOCTL YPaBHeHHa perpeccin. PakTudeckoe
3nayenue kpurepud no (4.35):

0,811{10-2-1)
F=a-osmz 0
Gonbine TabAHIHOrO Fj o5 2. 7 = 4,74, ONPEAENEHHOIO HA YPOBHE 3HAYHMOCTH
a=005npuk, = 2nk, = 10-2-1 = 7 crenensnx ceoboast (em. Taba. IV npuio-
AeHuit), T. €. ypaBHEHHE perpeccHi 3HaYMMO, CIeJOBATENLHO, HCCAeYeMan 3a8H-
cumas nepemerHan Y 10CTATOYHO XOPOWIO ONHCHBAETCH BKAYEHHBIMH B perpec-
CHOHHYIO MOAE/Ib nepeMeHHbIMH X, u X,. P

YnpaxHexua

4.5. Umerores cieylolye Jannble 0 BoipaboTKe IHTLA Ha 0AHOTrO paboranwero

X, (1), 6pake autea X, (%) u cebecronmoctn 1 1 anTea Y (py6.) no 25 nureidHEM
1eXaM 3aBOJOB:

Xy X5 | W i Xy | X5 | ¥ i X | X | Vi

146 | 42 | 239 | 10 | 253 | 09 | 198 | 19 | 170 | 93 | 282

135 | 67 | 254 | 11 | 560 | 1,3 | 170 | 20 | 331 | 3.3 | 196

21,5 | 55| 262 | 12 | 40,2 [ 1,8 | 173 | 21 | 30,1 | 3,5 | 186

17,4 77 | 251 | 13 | 40,6 | 33 | 197 | 22 | 652 | 1,0 | 176

448 | 1,2 | 158 | 14 | 758 | 34 | 172 | 23 | 22,6 | 52 | 238

11,9 | 22 | 101 | 15 | 276 | 1,1 | 201 | 24 | 334 | 23 | 204

20,1 84 | 259 | 16 | 884 | 0,1 | 130 | 25 | 19,7 | 2,7 | 205

28,1 14 | 186 | 17 | 16,6 | 41 | 251

O | | N |oh bW N -

223 | 42 | 204 | 18 | 334 | 23 | 195

HeofxoauMo: a) HAHTH MHOKECTBEHHBH Koa(pUUHENT AeTepMHUHALIHN M 110AC-

HUTL ero cMmeici; 6) HailTH ypasHeHUe MHOXKeCTBeHHOH perpecchu Y no X, u X,
OUEHHTH 3HAYUMOCTE 3TOTO YPABHEHHSA H ero koaddHineHTOB Ha yposse o = 0,05;
B) CPABHUTH PajleibHOE WIHAHHE HA 3aBHCHMYIO NepeMeHHYI0 Kaxa0i u3 obwsic-
HAOIMX TlepeMeHHbIX, HCTIONb3YA CTaHAapTH3OBaHHbBIE KOXpOHUIIMeHTE! perpeccHu
# K03hPHUHENTR! HMACTHYHOCTH; T') HAHTH 95%-Hhle J0BEPHTENbHBIE HHTEPBaTH
AnA K03 PHUIMEHTOB PErPECCHH, @ TAKKE VIS CPeHEro H HHAMBHAYATBLHHIX 3Ha-
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YeHHit ceBECTOMMOCTH 1 T IMTHA B LieXax, B KOTOPLIX BeIpaboTKa IMThA HA OHOTO
pafioraiowero coctapaser 40 T, a 6pak auTha — 5%.

4,6, meloTca cieyiolme JaHHbIE 0 NOA0BBIX CTABKAX MECAYHbIX JOXOA0B 110 TPeM
AKUMAM 33 IIeCTHMEeCAYHBIA Nepuoa:

Axums Aoxoasl no mecsiam, %
A 54 53 49 4.9 54 6,0
B 6,3 6,2 6.1 58 57 57
C 9,2 9,2 9,1 92,0 8,7 8,6

Ects ocHOBaHMA MPeAToNaraTh, 4To A0XoAs! Y 1o akimu C 3aBHCAT OT A0X0A0B X,
uX; no akumam A i B. Heobxoaumo: a) cocTaBHTh ypaBHeHHe perpeccun Y no X, nX,;
6) HaitTy MHOXeCTBeHHBIH K0apdHLMEHT AeTepMUHALIMK RZ 4 NOACHUTD €TI0 CMBIC];
B) NPOBEPHTH 3HAYHMOCTS NOJAYHEHHOI0 YPaBHeHHA perpeccii Ha yposHe i = 0,05;
r) oueHMTh CPeAHHI A0X0A Mo akuHH C, ecId J0Xoabl 110 akuuaAM A ¥ B coctaBuin
COOTBETCTBEHHO 5,5 M 6,0%.



fnaBa 5
HEKOTOPbLIE BOMPOCHI MPAKTUYECKOIO
WCNONb30BAHWUA PETPECCUOHHDIX MOAENEW

B npeablaymux raasax 6u1a H3ydeHa Kaaccudeckasl IMHeHHas Moaesb
perpeccHH, NpHBeldeHa OLEHKAa NapaMeTpoB MOAETH H npoBepKa CTaTHCTH-
YECKMX rHNoTe3 0 perpeccun. OIHAKO Mbl HE KACaJMCh HEKOTOPRIX npobiem,
CBA3aHHBIX C NPAKTHYECKHM HCMNOJL3OBAHHEM MOAETH MHOKEeCTEeHHOMN
perpeccuu. K MX Uy OTHOCATCA: MYABTHKO/IHHEAPHOCTE, €€ TIPHYHHBL
H MeToAbl YCTPAHEHHA; HCIIOJAL30BAHHE d)HKTHBHbIX NNepeMEHHBIX 1TPH
BKJIIOYEHHH B PEIPECCHOHHYIO MOJE/Ib Ka4eCTBeHHBIX OOBACHAOIMX nepe-
MEHHBIX, JIHHeapH3alUMsa MOAETH, BONPOCH YaACTHOM KOppeaaunuH Mexay
nepeMeHHBIMH. M3ydenuio yKasaHHbIX npobaeM NoceAlleHa JaHHas I71asa.

5.1. MynbTUKONNHHEAPHOCTD

1100 MYAbMUKOANUHEAPHOCMBIO NOHUMAEMCA BbICOKAA B3AUMHAA KOP-
PEAUPOBAHHOCM® OBBACHAWUX nepemennblx. MyIbTHKONNHHEAPHOCTD
MOXET NPOABAATHCA B GYHKIHOHANBHON (ABHOH) M CTOXaCTHYCCKOH (CKPHI-
T0i#) dopmax.

[pu dynkyuoransHoll opme MyIETHKOIHHEAPHOCTH N0 KpaitHeH Mepe
O/1Ha M3 MAPHBIX CBA3EH Mex Ay ODBACHAKNIIHUMY ITePEMEHHBIMH ABIAETCH
AuHeHHOH QYHKUMOHAABHOH 3aBHCHMOCTBIO. B 3TOM cayyae maTpuua
X'X ocobeHHas, TaK Kak COACPKHUT JHHEHHO 3aBUCHMBIE BEKTOPLI-CTOAOLbH
M ee onpeAeNuTeNb PaBeH HyII0, T. €. HapyllaeTcAa NpeAnockuika 6 perpec-
CHOHHOrO aHaAW3a, ITO NPHBOANT K HEBO3MOKHOCTH PelIeHHS COOTBET-
CTBYIOLIEH CHCTEMBI HOPMa/JIbHbIX YPABHEHWH W MOAYYEHHA OLEHOK napa-
METPOB pPerpecCHOHHON MOJEIH.

OHAKO B 3KOHOMHWYECKHUX HUCCAEJOBAHUAX MYJIBTUKOLIHHEAPHOCTh
yaule NPoABJIACTCH B CIMOXACmMuyeckoll gopme, Korja Mexay XoTa Oul AByMA
OOBACHAIUIMMH NEPEMEHHBIMH CYNIECTBYET TECHAA KOPPEeAALMOHHAaA
cBA3b. MaTpuua X'X B aTOM C/lyyae fABAAeTcs HeocoOeHHOM, HO ee ompee-
JIATENb OYEHD MaJl.

B T0 %€ BPeMs BEKTOP OUEHOK b 1 ero KopapHalHOHHaA MaTpuua ),
B COOTBETCTBHH ¢ popmynaMi (4.8) u (4.16) nponopiuuoHasbHsl o6par-
Ho#t MaTpuue (X'X)-!, a 3Ha4UMT, MX 1eMEeHThHI 0OPATHO NPONOPIUHOHAIBHE
pernuune onpeaenurtens |X'X|. B pesyabrate noAy4daoTcsa 3HaYUTETbHBE
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CpejHUe KBaJpaTHYeCKHEe OTKJIOHeHHUA (cTaHAapTHble omMbkH) Koaddu-
uHeHToB perpeccuw by, by, ..., b, ¥ oneHKa NX 3HAYMMOCTH TIO (-KPHTEPHIO
HE UMEET CMBIC/IA, XOTA B 11eIOM PErpecCHOHHAs MOAETb MOKET OKa3aThCA
3HAYMMOM NO F-KPUTEPHIO.

OueHKH CTAHOBATCA OY€Hb YYBCTBHTENLHLIMM K HE3HAYHWTEILHOMY
H3MEHEHHIO pesyabraTos Habmoaenuit  obveMa BubOpkH. YpaBHeHUs
PErpeccHM B 3TOM C/Iy4ae, Kak NpaBuIo, HE HMEIOT PeasbHOro CMBICAA,
TaK KaK HEKOTOpbie M3 ero KoahGHIIHEHTOB MOTYT HMETh HETPaBHIbLHEIE
€ TOYKH 3PEHHS SIKOHOMHYECKOH TeOPHM 3HAKH M HeonpasAaHHo Goabme
3HAYEHHA.

TO4HBIX KONIHYECTBEHHLIX KPUTEPHED AIA ONpeJeIeHHA HaTUYus WK
OTCYTCTBHA MYJILTHKOJIMHEAPHOCTH He cyllecTsyeT. Tem He MeHee uMe-
IOTCH HEKOTOPBIE 38pucmuyeckue nodxodst 1o ee BhisiBIEHHIO.

OauH M3 TAKUX NOAXOJOB 3aKJAIOYACTCA B AHAMU3E KOPPEAAULUOHHOL
mampuybt Mexcdy 06BACHAOWUMU nepemennbimu Xy, Xy, ..., X, 1 BLISIRJICHHMH
nap NnepeMEeHHBIX, MMEIoUMX BhicokHe KoadduimenTn koppenauun. Ecau
TakHe NnepeMeHHbIe CYIECTBYIOT, TO NOBOPAT O MYJILTHKO/UIMHEAPHOCTH
MEXLY HUMH.

[None3HO TaKKe HAXOANTL MHOXECMBEHHbIE KO3PPuULUeHMbL OemepMuHa-
Yuu MEXY OAHOH M3 ODBACHAKIIMX NEPeMEeHHBIX H HEKOTOPO# rpynnoi
H3 HHX. Haimume BLICOKOrO MHOKECTBEHHOTO KodhdHuuHeHnTa AeTepMuHa-
wan (06br4HO Gosbute 0,6) CBUACTEABCTBYET O MVIBTHKO/UTMHEAPHOCTH.

Jlpyroil noaxoa coCcTOMT B MccaegoBaHuu matpuusl X'X. Ecau onpede-
aumens mampuyst X'X qubo ee Munumanvroe cobemeennoe 3Havexue A,
fausku x Hywo (Hanpumep, OAHOIO NOPAAKA ¢ HAKATUIMBAOUIMMHUCA OG-
KaM# BEIMHUCAEHHIR), MO 3mo 2080pUM 0 HAAUMUU MYSEMUKOAAUHEAPHOCTIIL.
0 TOM %€ MOXEeT CBMAETE/IbCTBOBATh M 3HAYHTEABHOE OTKIOHEHHE MaKCH-
MAIBHOIO COBCTBEHHOTO 3HAYEHMA A, MATPHILI X'X OT €€ MHHHMAJIBHOIO
06CTBEHHOTO IHAYCHUA A, .

JUIs yCTPaHEeHUNA WAN YMEHBIIEHHA MYJbTHKOJIMHEAPHOCTH HMCHOAB-
ayerca psad memodos. CaMbld NpocToi M3 HUX (HO Jla/IEKO He BCErja BO3-
MOXHBIH) COCTOMT B TOM, YTO U3 08YX 00BACHRIOUIUX NEPEMEHHBIX, UMEH)-
wux svicokuil koapduyuenm xoppenayuu (6onbine 0,8), 0dHy nepemenHyro
uoxmoyaiom u3 paccmomperus. [Ipy 3TOM, KaKy NepeMeHHYI0 OCTABHTb,
a KaKyio YAaAMTb M3 aHalu3a, PelialT B NepByio o4epe/ib Ha OCHOBaAHMH
IKOHOMHMYECKUX coobpaxeHni. ECIM ¢ 3KOHOMHYECKOH TOYKH 3peHus
HH OAHOM M3 NMEPEMEHHBIX HENb3A OTAaTh NPEANOUTEHHE, TO OCTARIAIT
Ty M3 IByX NIEPEMEHHBIX, KOTOpas uMmeeT Goabiimil kKoapdpuuueHT Koppens-
1HH ¢ 3aBHCHMOH NepeMeHHOI.

JApyroil MeTo/l YCTPAHEHHA MJIH YMEHbUICHHA MYJbTHKOLIUHEaPHO-
CTH 3aKNIOUAEMCA 8 NEPexode Om HECMEUEHHBIX OUEHOK, OTIPEeNeHHBIX
N0 METOAY HAUMEHBITHUX KBaJPaTOB, K CMeWeHHbM oyeHkam, obaadaiw-
WUM, OAHAKO, MEHBLUIUM PACCERAHUEM OMHOCUTIENBHO OUEHUBAEMO20 NAPAMeE-
mpa, T. €. MEHbUITHM MAaTEMaTH4YECKHM OXHIaHHEM KBajpaTa OTKJIOHEHHA
ouenxu b; or napamerpa f; win M(b; - )2,
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Ouenku, onpeaensemMele BeKTOpoM (4.8), 061a7ai0T B COOTBETCTBHH
¢ Teopemoit 'aycca — MapKoBa MHHUMAJbHBIMH AMCNEPCHSAMH B KJacce
BCEX IMHEHHBIX HECMEUECHHBIX OLEHOK, HO IPH HAJIMYHK MYIBTHKOJUTHHEap-
HOCTH 3TH AUCTIEPCUH MOTYT OKa3aThCA CIUIKoM GonbinuMu, u obpatienmne
K COOTBETCTBYIOUMM CMEUEHHBIM OUEHKAM MOXKET NMOBLICHTh TOYHOCTH Olie-
HHBaHWA NapaMeTpos perpeccHd. Ha puc. 5.1 nokasan cayda#, Korjaa cMe-
weHHan oterka B, BuibopoYHOe pacnpeaeseHHe KOTOPOH 3a4aeTcs mioT-
HOCTBIO @(B;), «wiyHle» HeCMEIEeHHOH OLeHKH b;, paciipeaenenne KOTopoii
NpeACTaBAseT IOTHOCTEL @(b)).

e 4
o(b) o
G
i ..W..“-%%gk
0 B-4 B MB) B+aA «x
Puc. 5.1

JleHcTBUTENBHO, TIYCTh MAKCMMAJIbHO AONYCTUMBINA 110 BEJIHYHHE J0Be-
PHTEAbHBII MHTEPBAJ VISl OLIEHHBAEMOro NnapaMeTpa ﬂ,- ects (B, -4, B; + 4).
Toraa AoBepHTENIbHAA BEPOATHOCTD, WIH HAAEKHOCTL OLEHKH, onpejesse-
Mas IIoWAAbI0 110/1 KPHBOMW pacnpe/ie/ieHHs Ha UHTepBae (BJ -4, 5; + A),
KaK HeTPyAHO BWAETh Ha puc. 5.1, byser B gaHHOM cayyae Ooabie s
oueHkH B; no cpaBHennio ¢ b, (Ha puc. 5.1 3TH NIOMAAH 3aMITPUXOBAHLI).
CoOTBETCTBEHHO CPEAHHN KBAAPAT OTKJIOHEHHMA OLIEHKH OT OIIEHMBAE€MOT0
napameTpa 6yaeT MeHbIle VIS CMEILIeHHOHN OLIeHKH, T. €.

M(B; ~B;)? < M(b, B,

[TpH MCnoAL3OBaHUK «pudxc-pezpeccuu» (MaM «2pebuesoll pezpeccuu»)
BMECTO HECMEIIEHHRIX OLEHOK (4.8) paccMaTpUBalOT CMELEHHEIE OLEHKH,
3a/laBaeMble BEKTOPOM Bt =(X'X +1E,,,)' X'Y, rae T — HEKOTOpOe NOA0KH-
TebHOE YHC/I0, Ha3biBaEMOe «rpebHeM» W «xpe6ToM», E, , | — eAuHH Y Has
matpuua (p + 1)-ro nopsaxa. Jobasnenue T K AMaroHaJbHLIM d€MEHTAM
MaTpuubl X'X deiaem oyeHxu napamempos MoOenu CMeWeHHbIMU, HO Npu
Imom yeeauvusaemcs onpedmumeub Mampuyst CHCTEMB HOPMaJdbHBIX
ypasHenuii (4.5) — mecto (X'X) o Gyzaet pasen |X'X + 1E,,,|.

Taikum 06pa3oM, CTAHOBHTCS BO3MOKHBIM HCKIIOYEHHE MYIbTHKOUTHHE-
ApHOCTH B CIyyae, Korjaa onpeaeautens |X'X| 6au3ok K Hymo.

JUia ycTpaHeHus MyJIbTHKO/UIMHEAPHOCTH MOXKET ObITh HCTONB30BAH
nepexod om ucxodwbix o6ssicHAOWUX nepemennbix X,, X,, ..., X,, cBA3aH-
HBIX MeK/AY coB0H A0CTATOMHO TECHOW KOPPEJALHOHHOW 3aBMCHMOCTBIO,
K HOBbIM NepeMeHHbIM, PEACTABIAIOMMM JHHeHHbBIE KOMOMHALIMN HCXOA-
HbIX. [IpH 3TOM HOBBIE NEPEeMEHHBIE JO/UKHBI OBITE CIaboKOppe/HPOBaH-
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HeIME 160 BoOOIe HEKOPPeIHPOBaHHBIMH,. B KayecTse TaKMX nepeMeH-
HbiX BepyT, HANpPUMEp, TAK HA3BIBAEMbIE 2AABHLIE KOMNOHEHMbL 8eKMOPA
UCXOOHBIX OOBACHAIOUWUX NEPEMEHHBILY, H3YHaeMble B KOMIIOHEHTHOM aHa-
AH3€, ¥ PACCMATPHBAIOT PErPECCHIO Ha IMIABHEIX KOMIOHEHTAX, B KOTOPOil
nocieAHME BHICTYNAIOT B KayecTse 0600MeHHBIX 06 BACHAIONMHNX NepeMeH-
HBIX, MOANEKANNX B JaZbHeHIIEeM COAePXKaTeJBHON (3KOHOMHYECKOMH)
HHTEPNpPEeTALMH,

OpTOroHanbHOCTE IIaBHBIX KOMIIOHEHT NPEAOTBPALLAET NPOABIEHHE
abpexTa MyJIBTHKOIHHeApHOCTH. Kpome Toro, npumeHAeMblii MeToa
NO3BOJAET OFPAHUYHTLCA MAJIBIM YMCJIOM [IaBHBIX KOMIIOHEHT IIPH CPaB-
HHTEAbHO OOMBLIOM KOJIMYECTBE MCXOAHBIX OOBACHAIOMMX NePEMECHHBIX.

5.2. 0T60p Hanbonee cyuiecTBEHHbIX 06 DACHAIOWNX NepemMeHHbIX
B PerpeccuoHHOM moaenu

Eite 0AHHM M3 BO3MOXHBIX METOJAOB YCTPAHEHHWA WM YMEHbUIEHHA
MYIBTHKOJIMHEAPHOCTH ABJAETCA UCNOAb30BAHUE NOWA208bIX Npouedyp
ombopa naubonee ungopmamuensix nepemennbx. Hanpumep, Ha nepsom
mare paccMaTpuBaeTca Axilb oaHa obbacHAWan nepeMenHan, UMeonan
¢ 3aBHCHMOM nepemeHHol Y Hanboabimni koadduimenT geTepMHHALINH,
Ha BTOpOM ware BKJIKYAETCA B PerpeccHio Hopas oObACHAKWIANA nepe-
MEHHAA, KOTOpas BMeCTE ¢ nepBoHauaabHO oTo6panHoi obpasyer napy
00BACHAIOMIMX NePeMeHHbIX, UMeloulylo ¢ Y Haubonee BHICOKMI (CKOp-
peKTHPOBaHHBIN) KOo2pIHUMEHT AeTepMHHaUKUHK. Ha TpeTbem ware BBoO-
JATCA B PErpeccuio emle ogHa oObACHAIONAA NepeMeHHasn, KoTopas BMecTe
¢ AByMsl IEPBOHAYAJIbHO OTOOpaHHBIMH 0OpasyeT TPOHKY 06BACHAIOMMX
nepeMeHHLIX, HMEWY ¢ Y HaubonbuK (CKOPPEeKTHPOBAaHHLIH) KO3g-
bHUMeHT AeTepMHHALMM, U T. A.

[poueaypa BBeAeHHs HOBHIX NEPeMEHHEIX NMPOAOC/IKAETCA A0 TeX nop,
noxa HyseT yBeWYNBaTLCA COOTBETCTBYIONMI (CKOPPEKTUPOBAHHELH) KO3d-
duipent seTepMunauyy R? (6osee TOYHO — MUHUMANLHOE 3HaueHue R2, ).

P [Ipumep 5.1. [No aannsiv n = 20 ceabckoxo3aicTBeHHBIX pailonos oba-

CTH HCCAEAYETCH 3aBHCHMOCTD NepeMeHHOoH Y — ypomaiHOCTH 3epHOBRIX Ky/ib-

Typ (B u/ra) oT paja nepeMeHHuX — PaKTOPOB CEIbCKOXO3ANCTBEHHOTO NPOU3-

BOACTBA:

X, — uncno TpakTopos (npuseaenHoi MowHocTH Ha 100 ra);

X, — uncno sepHoybopotiHbIX KombaiiHos Ha 100 ra;

X, — 4uncao opyauii nosepxHoctnoit o6paborki nouss Ha 100 ra;

X, — KoauyecTso yaobpeHui, pacxogyeMslx Ha 1 ra (1/ra);

x5 — KOJHYECTBO XUMHYECKHX CPeACTB 3alunThl pBETEHHﬁ. pacxoayeMux
Ha 1 ra (u/ra).

Hexopueie pannsie! npuseaens 8 ta6n. 5.1.

! [pumep 3aumcTBOBaH 13 [2]. Tam e na c. 632 NpuBeAeHH NOTHOCTEIO HCXOAHLIE
JaHHBlE.
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TaGnuya 5.1

i (Homep pationa) ¥i X5 X X Xia Xis
1 9,70 1,59 0,26 2,05 0,32 0,14
2 8,40 0,34 0,28 0,46 0,59 0,66
19 13,10 | 0,08 0,25 0,03 0,73 0,20
20 8,70 1,36 0,26 0,17 0,99 0,42

B cryqae obHapyieHHA MYIETHKOLTHHEAPHOCTH HPHHATE MEPH 10 ee yCTPaHe-
HAK (YMeHEBIIEHNO), HCNOMAB3YA MOIIATOBYIC TIPATIEAYRY orfopa Haunbonee HRGOP-
MaTHEHEIX MepeMeHHELX,

Peutertize. o dopnryne (4.8) raiijleM BEKTOP OLUEHOK IaPAMETPOB DPerpeCCHOH-
HOM MomenH b = (3,515; -0,006; 15,542; 60,110; 4,475; -2,932)", T4K ¥TO B COOT-
BeTcTBEH ¢ (4.9) BrIGopouHoe YpABHEHHE MHEMKECTBEHHOHN perpeccy umeeT B

¥=3,515-0,006X,+15,542X,+0,110X;+4,475X, - 2,932X,
(541 (0600 (2159 (085 (1,54 (3,09
B cxobrax YKA3aHB CRCAHHE KBAZPATHYUSCKHE OTKADHEHHA [CT&H,[I,&IPTHHE
OMHGKH) %, ko3 bHIIMeNTOB perpeccun by, BuuncerHbe N0 Gopuyne (4.22).
CpaBHHBAS 3HAYEHHA t-CTATHCTHEH (10 afCOMOTHON BEAWYUHE) KAKAOTO Koad-

b
duumenra perpeccun B no dopuyne t, =S—J (i=0,1,2,3,4,5), et =065
Y

t, =-0.01; 5, =0,72;1, =0,13;1,, = 2,91, by = —0,95 ¢ KPUTHYLCKHUM 3HAYLHUEM
tye5. 14 = 2,14, onpeaenennsin o Tab. [l IPHAOKEHHIT Ha YPOBHE 3HAYUMOCTH
o = 0,05 npy udcre crenenei ceoboabi k= n-p-1 = 20-5-1 = 14, Mb1 BUTHM,
UTO 3HAMHUMBIM OKa3a/Ic TOABKO KoahdHIMenT perpeccuy b, npu nepeme HHOH
X, — KOMHYeCTBO yA0OpERuil, pacxoAyeMeIX Ha FeKTap 3eMIH,

BerpcreHHeni mo (4.33) MEokecTBeHHEN koabdHEUenT geTepMHHALAY YPo-
HAHHOCTH 3EPHOBHIX KYABTYP Y IO COBOKYITHOCTH IATH GaKTopoB (X; — X¢) cenp-
CKOXO3AMCTBRHHOrO IPOH3BOACTBA OKAZANCHA PABHEIM R2 19545 =0,517, T. €. 51,7%
BAPHALH 32BHCHMON IepeMeHHO 06hACHACTCA BRIIOYSHAEMH B MOZENE NATEID
OOBACHAMHMH IepeMeHHE MK, TaK KaK BEMHcTeHHoe Ho (4.35) daxTuyeckoe
sHauenue F = 3,00 Gonswe TabandHoro Fy 4. 5 14 = 2,96, 10 ypaBHeHHe perpec-
CHU 3HAYUMO 1o F-kpHTepyio Ha ypoeue a = 0,05.

[o doparyne {3.20) Guina paccyHTaHa MATPHUA HapHEIX Ko3dHIHEHTOR KOp-
PeNALHA;

ITepeMeHHBIE Y X X, X,y X Xs
Y 1,00 0,43 0,37 0,40 0,58* 0,33
X 0.43 1,00 0,85 0,98" 0,11 0,34
X, 0,37 0,85" 1,00 0,88" 0,03 0,46
X3 0,40 0,98" 0,88 1,00 0,03 0,28
X, 0,58" 0,11 0,03 0,03 1,00 0,57
Xs 0,33 0,34 0,46" 0,28 0,57 1,00
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3nakom " orMedeHbl Ko3GPHUHEHTH KOPpPeaslUun, 3HAYHMBIE 0 [-KPHTEPHIO
(3.46) na 5%-HoM ypoBHe.

AHATH3UPYA MATPHLY NAapHLIX KOaDPHUHEHTOR KOPPENAIHH, MOKHO OTME-
THTh TECHY IO KOPPEIALHOHHYIO CBA3h MEXKAY nepeMeHHbuIMu X, H X, (ry, = 0,85),
X,uX; (rj; = 0,98), X; u X (ry; = 0,88), uro, 04€BUAHO, CBHAETEALCTBYET O MY/Ib-
THKO/VIHHEAPHOCTH OOBACHAIONIHX NepeMeHHbIX.

Jins yeTpaneHHa MyJIBTHKO/UTHHEaPHOCTH PHMEHHM NMPOLeAyPY nouazoao2o
ombopa naubonee HHHOPMATHBHEIX NePeMEHHBIX.

1-11 waz. V3 oOBACHAINMX NepeMeHHBX X, — Xs BHAEAAETCA NepeMeHHan
X,, MMmeiowasn ¢ 3asucuMoil nepementoi Y nanbonpwnii koapduument gerep-
sunauan RZ ; (paensiii 18 napoit Mogenn ksaaparty koagduunenra koppens-
MM Rf. ;). Ouesuano, 310 nepementan X, Tax kax koadupiunenT geTepMHHALIY
Ri =r?,=0,58% =0,336 — maxcuMansHulil. C y4eTOM NONPABKH Ha HECMEINEH-
HOCTB N0 opmyae (4.34) ckoppekTHPOBAHHEH KOA(GPHUHEHT AeTepMUHALUK

R, =1 -%(1*0.336)=0.299.

2-i1 waz. Cpeau BCEBO3MOXHEIX Nap 00bACHAIONMX nepemerHbix X, X, j = 1, 2,
3, 5, suibupaerca napa (X, X;), HMeowan ¢ 3apucuMoi nepemenHoit Y nanbonee
eicokui koadduumenT gerepmunaunn RY ;= R7 5 = 0,483 u ¢ yyeTom nonpasky
no (4.34) RZ ;, =1~ }—;’(1 ~0,483)=0,422.

3-it waz. Cpean BCEBOIMOKHBIX TPOEK OGBACHAIOWMX nepemeHHbIX (X, Xy, X)),
j=1,2,5, nanbonee nndopmaTHBHOIl oKaszanace Tpoiika (X,, X5, X5), umeiomasn
MaKCHManbHbIH KoopuumenT aeTepmuHaumy R? 4 = RZ ;5 =0,513 u cooTet-
CTBEHHO CKOPpeKTHpOBanHLIi KoabpuunenT R ;4 = 0,422,

Tak Kak ckoppexTHpoBanHbi Ko3)PUUHEHT JeTepMUHaLMK Ha 3-M ware
HEé YBEJIHYHJICA, TO B per’peccuouuoﬁ MOJEAH AOCTATOYMHO OPAHHYMHTHCA JHIIL
ABYMA OTOBPaHHBIMH PaHee OOBACHAIOUMMH NepeMeHHbIMM X, n X5,

PaccuuTanHoe no popmynam (4.8), (4.9) ypapHeH#e perpeccu 1o 3THM nepe-
MEHHBIM NMPHMET BHA:

¥= 7,29 +3,48X,+3,48X,.
(066) (013) (1,07)

Herpyano yOeaHTLCA B TOM, 9TO Teneph BCe KOadPHIINEHTH perpeccuy 3Ha-

YHMBI, TAK KaK KaX(10€ M3 3HAYEHHH -CTaTHCTHKN
huw ;:—zz =110 1y, = 3“:2 =26,8; 1, = ?:T“g =325

Bonbie COOTBETCTBYIOLIErD TABANYHOrO 3HAYEHMA L) gs. > = 2,11,

3amewanue. Tak kak 3Hauvenna KoapdHIUHEHTOB KOPPEIALMH BECbMa BBICOKHE
(6onbime 0,8): ry, = 0,85, r,, = 0,98, r,, = 0,88, TO, O4EBHAHO, H3 COOTBETCTBYIO-
IHX TPeX nepeMeHHLIX X, X,, X, ABe nepemeHHble MOAKHO ObL10 Cpasy HCKIIOMHTh
3 perpeccu i 63 NpoBeIeHNA NowaroBoro oT6opa, HO KAKHe HMEHHO NepeMeH-
HBlE HCKTIOUHTE — C/1€I0BAN0 PEIlaTh, HCXOAA U3 Ka¥eCTBeHHEIX coolpamkennii,
OCHOBAHHBIX HA 3HAHHH NpeAMeTHON ofnacTy (B AaHHOM CIY4ae BAHAHHA Ha YPoO-
HaHOCTE PAKTOPOB CENbCKOX03AHCTBEHHOTD NPOH3BO/ICTEA). B

Kpome paccMOTPEeHHOMH BbIllE NMOUATOBOM NPOUEAYPHI NPUCOeOUHEHUA
OBBACHAIONIMX TTEPEMEHHBIX HCIIONB3YIOTCH TAKAKE NOWATOBbIE TIPOLEAYPH
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npucoedUHeHUA — yOaneHUA W Npoleaypa yoaneHus oOBACHAIOIMX nepe-
MEHHBIX, HTOXKEeHHEBIe, HanpuMep, B [2]. Cheayer OTMETHTB, YTO KakKas
6bl owarosas npouesypa HH HCNOAb30BaNACh, OHA HE rAPaHTHPYeT onpe-
NIeI€HHA ONTHMANBHOTO (B CMBIC/IE NOJYYEHHA MAKCHMaabHOro Koagdu-

uMeHTa AerepMuHauuu R?) Habopa o6bacHAKOWMX nepeMerHbIX. OaHako
B GONBIIMHCTBE CIyYaeB MOJyYaeMble ¢ MOMOIIbIO NOINArOBLIX Npoleayp
Habophl MEPEMEHHBIX OKA3bIBAKOTCA ONTHMANBHBIMH WK O/TH3KUMH K ONTH-
MaJIbHBIM.

5.3. JlIuHelHbIe perpeccMoHHbIe MOeNH ¢ NepeMeHHOH CTPYKTYPOH.,
OUKTHBHbIE NepemMeHHble

Jlo cux nop Mbl PacCMaTPUBAIH PErPeCCHOHHYIO MO/IENb, B KOTOPOH
B KauecTBe OO BACHAIONMX NepeMEHHLIX (perpeccopos) BEICTYTIANH KOIHe-
CTBEHHEIE NepeMeHHble (MPOH3BOAUTENBHOCTD TPYAA, ce6ecTOMMOCTD Npo-
AYKIMH, 10XOA U T. 11.). OAHAKO HA NIPAKTHKE JOCTATOYHO YaCTO BO3HUKEET
HeoOXOAMMOCTh HCCIEAOBAHNA BIMAHUA KA4YeCTBEHHbIX NPH3HAKOB, HMe-
IOLMX /IBa MAW HECKOJbKO ypoBHe# (rpagaumit). K 4Mcay Takux npusHa-
KOB MOMHO OTHECTH: TIoN (MYKCKOM, JeHCkHit), obpazopanue (HavaabHoe,
cpeaHee, Beiciee), GakTop CE30HHOCTH (3MMa, BECHA, 1€TO, OCEHb) U T. 11,

KauyecTBeHHble NPH3HAKH MOTYT CYUIECTBEHHO BAMATH Ha CTPYKTYDPY
JIMHEHHBIX CBA3EH MEXKAY NEPEMEHHBIMH H [IPHBO/AMTDL K CKaYK00OpasHoMy
H3MEHEeHHMIO MapaMeTpPOB PerpecCHOHHON MOJEIH. B 3ToM caydae roBopst
006 uccredosanuu pezpeccuoHHbx Modenell ¢ nepemeHHoll CmpyKmypoil Wik
NoCMpoeHul pezpeccloHHbIX Modeneli No HeOOHOPOOHBIM JAHHBIM.

Hanpumep, Ham HaJ0 M3y4YHTh 3aBUCMMOCThL pasMepa 3apaboTHOM
maaTel Y paboTHUKOB He TOJBKO OT KOAMHECTBEHHBIX daxkTopos X, X,, ...,
X, HO H OT Ka4eCTBEHHOro npu3naka Z, (Hanpumep, ¢pakropa «noa pabot-
HHKa»).

B npHHIHIE MOXHO OBLIO NOJYYHUTD OUEHKH PErpecCHOHHON MOAEIH

Yi=Bo+ By + ... +Bpxip+ei,i= 1,...,n (5.1)

Ul KaK0T0 YPOBHA KaueCTBEHHOro Nnpu3Haka (T. €. BLiDOPOYHOE ypaBHe-
HHE PerpeccuH OTAEIbHO 1A PaBOTHUKOB-MYKYUH H OTAEABHO — [UIA JKeH-
LIMH), @ 3aTeM H3y4aTh PasJu4us Mexay HUMH (cM. § 5.4).

Ho ecTb U Apyrol noaxoa, No3sojAIIHI OLLEHHBATE BAUAHHE 3Ha4e-
HUH KONMYECTBEHHBIX EPEMEHHBIX H YPOBHEH Ka4eCTBCHHBIX NPH3HAKOB
C NOMOMLBIO 00HOZ0 YPABHEHHUA PErpeccMu. ITOT NMOAXO/A CBA3AH C BBeje-
HHEM TaK Ha3bIBAeMbIX PUKMUBHLLX (MUHEKEHHBIX) nepemeHHbIX!, WIN MaHe-
keroe (dummy variables).

B KauecTBe GUKTUBHBIX NEPEMEHHBIX OOBIYHO HCNIOAB3YIOTCH OUxomo-
muueckue (Gunapuvie, Gyneabl) nepeMeHHbe, KOTOPLIe IPHHHMAKT BCETO

1 B oTeuecTBeHHOM TMTEPATYPE HCTIONB3YETCH TAIOKE TEPMHI CMPYKMYPHBLE NEPEMEHHbE.
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aBa 3HaueHHA: «O» MaK «1» (HanpuMep. 3HA¥YEHHe TAKOH NepeMeHHoH 7,
o gakropy «noj=: Z; = 0 U8 pabOTHHKOB-KeHIMH 1 Z, = 1 — 115 MY*-
9HH).

B a1OM cayuae niepBoHavasbHan perpeccuoHHan moaeas (5.1) sapabor-
HOM MIaTH MBMEHMTCA M IPHMET BHA:

Yi=Bo+ By + ... +BXp + 04z +8,1=1,...,n, (5.2)

I 1, ecau i-i pabOTHUK MYXCKOTO 1Tos1a,

o = 10, eWIH i-i pabOTHHK KEHCKOTO 1oJa,

Takum 06pasoM, NPHHUMAA MoJeab (5.2), Mbl CYMTAEM, YTO CPEAHSA
3apaboTHan MAATa ¥ MYKYMH Ha oy * 1 = o, BHIlIE, YeM Y XKCHUINH, TIPH
HEM3MEHHBIX 3HAYEHHUAX JAPYTHX 1aPaMeTPOB MOJEIN. A IIPOBEPHASA IHIIO-
Tesy Hy: ¢; = 0, MBI MOKEM YCTAHOBHTD CVIIIECTBEHHOCTE BAMAHUA paKTopa
«qion» Ha paamep sapaboTHol maatel paboTHmKa.

CreayeT OTMETHTE, YTO B NPHHIHIE KaUYCCTBCHHOE Pa3IHYME MOKHO
GopManH30BaTL ¢ NOMOLLBIO N1060I nepeMenHoi, NpHHUMalomeii ABa
PasHEIX 3HAYEHMA, He obA3aTeNbHO «0» HAM «1», OZHAKO B IKOHOMETPH-
YECKOH NMPAKTHKE MOYTH BCCIAA HCTIONB3YIOTCH (HUKTHBHBIC NEPEMEHHBIC
mna «0—1I», TaK KaK NpH 9TOM MHTEPNPETAIMA MOJYIEHHBIX PE3VIbTaTOB
BHIAANT Hanbosee npocto, Tak, ecin Obl B Moaenu (5.2) B KavecTe GUK-
THBHOI BRIDPAIH NepeMeHHylo Z,, NPHHAMAIONIYIO 3HaYeHns 2, = 4 (uin
pabOTHHKOB-MYKYHH) M 2, = 1 (JUIA ®eHIMH), To KoadpPHIHEHT perpec-
CHH (1, TIPH 3TOH nepeMeHHOoH pasHaaca Oul 1 / (4 - 1), T, e. oaHO# TpeTH
CpeAHero H3aMeHeHua 3apaboTHOH NIATHl ¥ MYKYHH.

Ecau paccMaTpuBaeMblil KaUeCTBOHHEIH NPH3HAK HMEET HeCKOAbKO (k)
ypoBHe#t (rpaganuii). To B IPHUHLHIIE MOXKHO 6BLIO BBECTH B PETPECCHOH-
HYI0 MOZIE/Ib JIMCKPETHYK) EPEMEeHHYI0, TPHHIMAKIILYIO TAKOEe Ke KOJIHJe-
CTBO 3Ha4YeHWH (HanpHMep, NPH HCCAEJO0BAHMM 3aBHCUMOCTH 3apaboTHOM
mwiaTe! Y o1 yporns obpaszosanua Z MOXKHO pacematrpupate k = 3 3Haue-
HUA: 2;; = | NPH HANWYHHK HavaJbHOro obpasoBanus, 2;, = 2 — CpPeAHero
Hz; = 3 1Py HaAMYHK BeCIero obpazosanus). OAHAKO OBKIYHO Tak
He NOCTYNAOT U3-3a TPY/IHOCTH COAEPHKATEIBHOH HHTEPIPETAIlHH COOTBET-
eryrommx KoadduineHTos perpeccus, a Beoaar (k — 1) GuHapHbIX nepe-
MEHHBIX.

B paccMaTpHBaeMOM NpHMepe A4 yueTa GaxkTopa 06pasoBaHus MOKHO
010 B pErpeccHoHHYI0 Moaens (5.2) BBectM k — 1 = 3 - 1 = 2 6GuHapHbIe
nepeMeHHbie Z,) U Z,,:

Yi=PBo+ Bixyp + oo+ BoXip + 32y + 02 + UppZipp + €, (5.3)

1. ecin i-i1 pabOTHHK MMEET BhiCIee obpazoBaHue,
0, BO BCEX OCTAABHBIX CAVYaAX;

[1 , €M i-i paboTHHK MMeeT cpeaHee obpazoBaHue,
10, BO BCEX OCTIbHBIX CTy4asX.
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Tpertbeit GuHapHO#N nepeMeHHOMN X4, OMEBHAHO, He TpebyerTca: ecau
i-i paboTHMK UMeeT HavyaabHOe obpasoBanme, 310 OyaeT OTPaXEHO napoi
3HaveHu# 2,5, = 0, 2,5, = 0.

Bosiee TOro, BBOAUTEL TPEThIO OHHAPHYIO NepeMeHHyo Z,; (Co 3Ha4YeHH-
AMH 2,13 = 1, 8CH i-H pabOTHUK UMeeT HavaibHoe 00pa3oBaHHe; 2,5, = 0 —
B OCTaAbHBIX CAy4afaX) Helb3A, TaK KaK MPH 3ToM A1 awboro i-ro pabot-
HHKA Zj5, + Zy + Zjp3 = 1, T. €. IPH CYMMHPOBAHHH 3/IEMEHTOB CTONGLOB
obumel MaTpHITE IU1aHa, COOTBETCTBYIONMX GUKTHBHBIM MEPEMEHHBIM Z,,,
249, Z43, MBI IONYYWIH OBl cTONGEI, COCTOANMMIH U3 OHUX eAMHHMIL. A TaK Kak
B MaTpHIle MIaHa Takol ctonben U3 eAMHHL yKe ectb (HanoMEuM (§ 4.1),
4TO 3TO Nepshiii croabell, COOTBETCTBYIOUHI CBOGOAHOMY 4iEHY VpaBHe-
HHA PerpeccHu), TO 3T0 03Ha4Yan0 Obl JMHEHHYIO 3aBUCUMOCTD 3HAYEHHH
(cronbnos) obuel MaTpuubl naava X, 1. e. Hapymniao 6u NPeANnoCsUIKY
6 perpeccHoHHOro aHasmnsa. Takum ofpa3om, Mbl OKasanuch Obl B yci0-
BUAX MYJIBTHKOIMHEapHOCTH B dyvHKuMoHanbHON dopme (§ 5.1) u kak
C/ICACTBHE — HEBO3MOXHOCTH NMOJAYYEHUA OLEHOK METOJOM HAaHMEHBIIHX
KBaJIpaToB.

Takasa CUTyalMus, KOI/Ia CYMMa 3HAYeHUl HeCKONbKHX MEPEeMEHHBIX,
BKJIIOYEHHBIX B PErpeccHio, PaBHa NOCTOAHHOMY UHCHy (eAMHMIE), Noay-
uynna HasBauue «dummy trap» WM «10ByWKH», YTo6H nabexarth Takux
JIOBYIIEK, YHCAO BBOAUMBIX GHHAPHBIX NEPEMEHHEIX A0KHO ObITh Ha ean-
HHIY MEHbIE YAC/IA YPOBHEH {rpajanmiit) KaueCTBEHHOIO IPU3HAKa.

Cneayer OTMETHTH HE COBCEM YAAa4YHBIH NepeBOA HAa PYCCKMH A3bIK
TepMuHa «dummy variables» kKak «puKTHBHAsA nepemenHas». Bo-nepshix,
B MOJENH PEerpecCHOHHOIO AHAIM3a MBI Y3Ke nMeeM GUKTHBHYIO NnepeMeH-
Hyi0 X npu koadunuenre I, Bceraa paBHyio eaHuIe. Bo-BTOPLIX, H 3T0
r1aBHOE — BCE NpPolleAyphl PerpeccHORHOrO aHaau3a (oueHka napame-
TPOB PerpecCHOHHON MOJAENH, IPOBEPKa 3HAYNMOCTH ee KoadduumenTos
M T. 1) NPOBOJATCA NPH BKIKOYEHHH GUKTHBHBIX NEPEMEHHBIX TAK K€, KaK
M «OOBIYHBIX», KOAHYECTBEHHBIX OOBACHAOIMX NepeMeHHbIX, «DHKTHB-
HOCTb» e [IePeMEHHBIX Z, COCTOUT TOJIBKO B TOM, YTO OHH KOJHYECTBEH-
HbIM 00pa3oM ONMHCHIBAKOT KAYECTBEHHbIH NPU3HAK.

PaccmaTpuBaemele Bullle perpeccMoHHble mogenu (5.2) u (5.3) orpa-
AW BIHAHHUE KAYeCTBEHHOTO NMPH3HAKA (PUKTHBHBIX NMepeMeHHbIX)
TOJIBKO Ha 3HAYEHHUHA NEPEMEHHOH Y, T. e. Ha c8000dNbIl wieH YpaBHEHHUA
perpeccun. B Bonee CI0XHBIX MOAEAAX MOKET ObITh OTPaXKeHa TaKKe 3aBu-
CHMOCTb (PHKTHBHBIX NNEPEMEHHBIX Ha CAMU nApaMempbt NPH NEPEMEHHBIX
perpeccMoOHHONH Moaean. Hanpumep, npyu HaJMYMK B MOAETH OOBACHAK-
HIMX NEePEMEHHBIX — KOAUYecTBeHHON X, U QUKTHBHLIX Z,,, Z5, 291, 2,
M3 KOTOPRIX Z,,, Z,, BJIHUAIOT TOJBKO Ha 3HaYeHune koadduuuenta npu X,,
a Zy,, Z,, — TOABKO HA BEJIHYUHY CBODOAHOro WieHa ypaBHCHHA, TaKas
perpeccHOHHasn MOJEAb MPHMET BHA:

Yi= By + Bixy + Bra(Znixi) + Bra(ziax) +
+ (12!2{-21 4 “222,22 4 EI-,f = 1, ey ; & (5.4)
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Moaenn Tuna (5.4) UCnONB3VIOTCA, HANIPUMEP, NTPH HCCIEAOBAHHM 3aBH-
cHMOCTH 0Obema noTpebneHns Y HeKOTOPOro NPOAYKTa OT A0X0Aa NoTpedu-
e X, KOT/1a OAHH KaYeCcTBeHHBIE NPU3HaKy (Hanpumep, GaKkTop Ce30HHO-
CTH) BIMAIOT MWL HA KOJAHYecTso norpebasemoro npoaykra (cBoboaHBII
WieH YPaBHEHUA perpeccuu), a apyrue (Hanpumep, ypoBeHb AOXOAHOCTH
AOMallHero Xo3ficTea) — Ha napameTp 3, npu X, HHTEepNpeTHPYeMbIiH Kak
«CKJIOHHOCTB K notpebaenuior,

» Tpumep 5.2. HeobX0AHMO HCCIEA0BATE 3aBUCHMOCTE MEK/Y pesyibTaTaMu
NHCHMEHHKX BCTYNHTEABHBIX H KYPCOBBIX (nal lcypce) IK3AMEHOB Mo MaTeEMATHKE,
n(lJ'l}"IEHH CAeAyolHe JaHHbIe 0 YHOIE PelleHHbLIX 33434 Ha BCTYNIHTebHBIX 3K3a-
menax X (3aganne — 10 3aga4) 1 KypcoBbiX 3xk3amMeHax Y (3aszanme — 7 3aaa4)

12 cTyzeHTOB, A TaKKe pacnpeeseHHe ITHX CTYACHTOR 1o GaKTopy «noss»:

N? cTy- Yucao Moa eTy- | N¥ cTy- HYucao Moa ety-
JAeHTa  pelleHHBIX | JIeHTa @ JIeHTa | PelIeHHBIX = JIeHTa
Jajga1 3aaat

i Xi Yi i X Yi

1 10 6 MYK. 7 6 3 HEH.

2 6 4 HeH 8 7 4 MYH.

3 8 4 MY, 9 9 7 MYHK.

4 8 5 HEH. 10 6 3 HEH

5 6 - HEH. 11 5 2 MY,

6 7 7 MY, 12 7 3 WEH

[MoCcTPONTL AMHEHHYIO PErpecCHORHYI0 Moaeas Y no X ¢ ucnons3oBasnem pux-
THEHOI nepeMerHo# 110 dakTopy «noi». MOXKHO 1N C4HTATh, ITA MOAENb OAHA
M Ta e A1A loHowWeH u Aesymex?

Pewenue. BHavane paccanTaem ypapHeHHe napHoif perpeccus Y no X, Henoas-
3ya dopmynnt (3.7)—(3.15):

y=-1,437+0,815x. (5.5)

To popmyne (3.47) koadduunent aerepmunaunn R? , =0,530, 1. e. 53,0%
BapHaunM 3asucHMoit nepemerHon Y obycnosneno perpeccueii. YpasHenue
perpeccii 3HaYNMO No F-KPHTEPHIO, TaK Kak B COOTBETCTBHH ¢ (3.48) F = 9,46 >
> Fops.1.10 = 496

OaHaKo noayieHHOe YPaBHEeHHe He YYUTHBAET RIHAHHA Ka4eCTBEHHOIO NpH-
3Haka — QakTopa «nojis.

Jin ee yueTa BBEJEM B PErpeccHOHHYI0 Moaens GpukTusHyio (GuHapHyio) nepe-

1, ecam -t CTYAEHT MYKCKOTO N0Aa;
MEHHYIO Z, , rae s, = X
0, ecau (-l CTYAEHT MEHCKOT0 nona.

IMonaras, 4To GaxkTOp «NOA» MOKET CKA3aThCA TONBKO HA YHCIE PelleHHBIX
3aaay (ceoBognoM 4ieHe) perpecchy, nMeem Mogens! tuna (5.2):

¥ =-1,165+0,743x+0,466x,. (5.6)
(2,410) (0,053) (0,405)

! 3aech u aanee B ckobkax noa kosdPHUMEHTAMH PerpeccHH yKa3biBalOTCH HX CpeaHHe
KBaApaTHHECKHE (CTAHAAPTHLIE) OTKIOHEHHA.
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Takum o6pasom, NONy4iUIH perpecCHOHHYIO Mojenb
Y=Xp+¢ (5.7)
¢ obueit marpuued nana’

WEREEEEREEE

X=|10 6 B8 B8 &6 7 67 9 6 5 7].

1 01001011010

Mo dpopmyae (4.8) Haigem BeKTOP OLEHOK NapaMeTPOB PerpeccHH
b = (-1,165; 0,743; 0,466)".

Tak uTo B cooTBeTcTBHM ¢ (4.9) BHIGOPOUHOE ypaBHEHHE MHOKECTBEHHON
perpeccuit MPUMeT BHAL:

¥=-1,165+0,743x+0,466z,. (5.8)
(2,410) (0053) (D,405)

Koadduument getepmunannn R} ., = 0,549,
YpapHeHHe perpecciu aHaunmo no F-Kkputepuio Ha 5%-HoM YPOBHE, Tak Kak
B COOTBETCTBHH ¢ (4.35)

F =548 > Fg_g_r,:;: p = 4,26.

M3 (5.8) creayer, 4To NpH TOM e YHUIE PELIEHHBIX 34184 HA BCTYTTHTENbHBIX
ax3aMenax X, Ha KyPCOBLIX 3K3aMeHaX IOHOLUIH PelaloT B cpearem Ha 0,466 = 0,5
3aaaun Gonbine. Ha puc. 5.2 nokasansl TMHUH perpeccun Y no X A joHowed (npu
z, = 1,T.e y=-1,165+0,743x + 0,466 1 mau ¥ =-0,699 +0,743x) 1 119 AeByLex
(npuz, =0, 1.e. ¥y =-1,165+0,743x).

OTH ypaBHEHHA OTAHYAIOTCH TONBKO CBOBOIHBIM WIEHOM, A COOTBETCTBYIOIIHE
NHHUH PETPECCHH napamienbisl (cM. puc. 5.2). [Noay4sernHoe ypapHeHHe MHOXe-
cTBeHHO# perpeccunt (5.8) no-npexueMy sHagyumo no F-kpurtepiio. OHako kooad-
dunmenT perpeccus o, npH GUKTHBHOI NepeMeHHoN! Z, HESHAYHM N0 [-KPHTEPHIO
(mbot = %}gg— =1,1501t < tyg5. 4 = 2,26), BOIMOKNO, H3-32 HEAOCTATOYHOIO 00B-
ema Bu6opkH 60O B cuay Toro, 9To runoresa Hy: o, = 0 BepHa).

Y

Puc. 5.2

1 Ofimas MaTpuua i1aHa X BRIIOYAET BCE IHAYEHMA NIEPEMEHHBIX, B TOM YHCIE JHAYeHMA
(PHKTHBHBLIX EPEMEHHBIX Z.

110




B 310M TaioKe NeTKo yOeanTheA, e BuMHCTHTE 10 dopmyne (4.34) ckoppek-
THPOBAHHBIH KOIPDHUHMEHT AETEPMUHALMM, KOTOPLIH YMEHBUILICA OT 3HAYCHHA
R} , =0,483 ana naproit Mogenu (5.5) a0 suavenns RY , = 0,449 i MHOKeCTBEH-
Ho#t Mojenn (5.6). CregoBaTenbHO, N0 HMEIOWMMCA JaHHBEIM BIHAHKe dakTopa
«[OVI» OKA3ANOCH HECYIECTBEHHbIM, M ¥ HaC eCTh OCHOBAHMA CYMTATh, YTO perpec-
CHOHHaA MOAETb PE3YILTATOR KYPCOBBIX 3K3AMEHOB 110 MATEMATHKE B 3aBMCHMO-
CTH OT BCTYNHTEILHBIX O4HA ¥ Ta &e 404 IHowWeH 1 AeBylek. P

3ameuanne. Ecii 6bl B perpeccCHOHHON MOAEIH MBI XOTEIH YIECTb APY-
rie GakTophl ¢ 66abIIMM, HeM /1Ba, YHCIOM k, rpajaiHii, To, KaKk OTMEYEHO
phime, cieaoBano Obl BBecTH B Mogenb (k; - 1) OMHADHBIX NEPEMEHHBIX.
Hanpumep, ecau 6bu10 661 HEODXOAMMO M3YMHUTL BAUAHHE HA Pe3yAbTaThl
KypcoBoro 3k3aMena axropa Z, — «THn y4eGHOro 3aBejeHHA», OKOHYEH-
Horo cryseHToM (wwkona, Texuukym, [1TY), To B perpecCHOHHYH MOAeIb
(5.6) crenosano eect k; — 1 = 3~ 1 = 2 GuHapHbie nepeMerHbie Z,, 1 Z,:

Yi= By + Bixg + gz + g2 + U2 + € (5.9

1, €M CTYAICHT OKOHYW IIKOAY,

= 3a: ={0 B OCTA/IbHBIX CJIY4YanX;

0 B OCTAILHBIX CTYy4YanX.

Ho npu sTOM, KOHEUHO, C1€A0BAJIO YBEAWYHTL 06beM BLIGOPKH n, Tak
KaK HaZIe)XXHOCTh CTATHCTHYECKMX BHIBOJIOB CYIECTBEHHO 3aBUCHT OT OTHO-
wennA oobema BHIOOPKM N K 00UIeMY YHCY BCEX TapaMETPOB PerpeccHoH-
HO# Mogesn: wem Goabue seaununa omuowenusa n / (p + 1), mem moynee
C0OMEeMCMAYOWLE OYEHKU, MeM HAOeNHEe CIamUCMUuUecKue 8nl800bl.

{I, €C/TH CTYAEHT OKOHYHJI TEXHHKYM,
22 =

5.4. Kpurepun I. Yoy

B npakTHKe 3KOHOMETPHCTAa HEPEAKH CAy4aH, KOIZa MMEIOTCH ABe
BuOOpKM nap 3HaYeHuit 3aBUCMMON U 0OBACHAIOLIMX NepeMeHHbIX (X, ¥,).
Hanpumep, oaHa BRIGOPKA Nap 3HaYeHUi nepeMeHHEIX o6seMoM n, nony-
YeHa NPH OAHMX YCIOBHAX, a Apyras, 00beMOM n,, — MPH HECKOABLKO U3Me-
HEHHLIX yC10BHAX. HeobX0AMMO BHIACHHTD, 1€HCTBUTENRHO JH JBe BRIBopkn
QIHOPOJHE! B PErPECCHOHHOM CMbicae? JIDYrUMH CI0BAMH, MOKHO JIK 00%-
edurums /iBe BblOOPKY B OIHY M PACCMATPHBATE €IMHYIO MO/IE/Ih PEIPECCHH
YnoX?

[pn aocTaTo4dHLIX 06beMax BLIGOPOK MOXKHO ObLIO, HanlpuMep, NoCTPo-
HTb WHTEPBAJIbHBIE OLIEHKH NAPAMETPOB PEerpeccHy Mo KaxAoH U3 BHOOPOK
H B CIyyae NepeceyeHns COOTBETCTBYIOMMX JOBEPHTENbHBIX HHTEPBAJIOB
¢efaTh BLIBOA O €IHHON MOJesIH perpeccut. BO3MOXKHBL M ApYTHe MOAXO/R.

B cayuae, ecnin obbeM xoTA Obl 0AHON M3 BEHIOOPOK HE3HAYMTENEH,
70 BO3MOMHOCTH TAaKOro (M aHAaNOTrHYHBLIX) NMOAXOAOB PE3KO CYKAIOTCA
13-32 HEBO3MOXKHOCTH MOCTPOEHHSA CKONBKO-HMOY/b HAZIEKHBIX OLEHOK.
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B kpumepuu (mecme) I'. 4oy 5T TPYAHOCTH B CYLIECTBEHHOH CTENeHH
npeoaoneBaioTed. [10 Kax10i BHGOPKE CTPOATCS ABE IMHEHHbIE PerpeccH-
OHHBIE MOAENH:

yi=Bo+ fﬁ}xﬁ +e/,i=1,..,n;
j=1

yi=Bo+ fﬂ;’-d-e:’, i=ny+1,..,m +n,
j=1
[posepsemas HysieBas runoresa umeet s — Hy: B = p”; D(¢’) =
= D(e") = o2, rae i’ = B” — BexkTOpH! NapaMeTPOB ABYX Mozaenei; &, £ —
HX CIydaiHble BO3IMYIIEHHA.

Ecam HyneBas runote3a H, BepHa, TO 1BE PErPECCHOHHBIE MOAETH MOMKHO
06BEAMHUTE B OAHY OObeMa n = n, + ny:

P
Yi=Bo +J,‘£lﬂjx,,- +if i = 1,2, .,

Coraacho kpurep#io I'. Hoy nynesas runoresa H, oTsepraeTcsa Ha yposHe
3Ha4YHMOCTH (L, eC/IH CTaTHCTHKA

()T:leﬁf‘ie.?* ¥ ef](n—Zp—Zl

o . :3 :ﬂl > Fu; p+l; n-2p-2» (510)
[Ze?+)2 8?](p+1)
i=1 =n

n n
rae ) e, ief, Y e? — OCTaToOYHbIE CyMMBI KBaPaTOB COOTBETCTBEHHO VIS
i=] =1 =y
obbeAMHEHHON, NepBoit U BTOPoi BEIGOPOK; n = n; + n,.
P [pumep 5.3. [No Aanubis npuMepa 5.2, uenoasaya kpurepri I, Hoy, Busc-
HHTb, MOXKHO J1H CYMTATh OHOM W To# ke THHeHHYI0 perpeccrio Y no X Ans 0Ho-
e u Jesyiex.
Pewenue. o n, = 6 napam Habmogennit (x;; y,) ana onowei — (10; 6), (8; 4),
(7:7), (7; 4), (9; 7), (5; 2) (1-5 Bubopka) ¥ 1o n, = 6 napam HabnoAeHHA ANA
deaywex — (6; 4), (8; 5), (6; 4), (6; 3), (6; 3), (7; 3) (2-1 subopka) paccuuTaem
YPABHEHRA PErpeccHi:

¥ =-1,000+0,783x (415 1-i BeIGOPKK);
¥=-0,048+0,571x (a1a 2-it BeIGOpKH).

IMo Bcem n = n, + ny; = 12 napam HaBuIOAeHKE paccynTaem ypaBHeHHe perpec-
cum s ofrbeauHeHoN BuBopKy (eM. npumep 5.2):

¥=-1,437 +0,815x.

Tax Kkax serancienHoe 1o (5.10) snauenne F = 0,21 < F ., g = 4,46, TO mima-
HHe GaKTOpa «110/1» HECYLIECTBEHHO, H B KAYECTBE OLEHKH PErpecCHOHHON MOZIenH
Y 1o X MOXHO paccMaTPUBaTh YpaBsHeHHUe PETPECCHH, NTOAYIeHHOE N0 00beAUHeH-
Ho# BeIbOpDKE. P
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Kpumepuil I. Yoy MoxeT OHTh HCIOAB3OBAH NPU MOCTPOCHHUM PErPeCcCH-
OHHBIX MOAEIEN NPH BO3IEHCTBUH KAYECMEEHHbIX IPH3HAKOB, KOIAA UMe-
€TCH BO3MOKHOCTD Pa3/IeleHHsA COBOKYTTHOCTH HabaioAeHui no cTeneHu
BO3AEHCTBHA 3TOro GakTopa Ha OTAENbHbBIE FPYNNLI ¥ TpebyeTcs ycTaHo-
BHTB BO3MOMKHOCTb MCIIONL30BAHHA €AMHON MOAEIH perpeccuH.

OueHuBaHHe PErpeccHy ¢ UCNOAB3OBAHUEM GUKMUBHBIX NEPEMEHHBIX
Goree MHPOPMATHBHO B TOM OTHOWEHHH, YTO NO3BOAAET UCTIOABL3OBATH
-KpHTEPUH JUIA OLEHKH CYLIECTBEHHOCTH BAHAHHA KaXA0# GUKTHBHOM
NepeMeHHOH Ha 3aBUCUMYIO NIePEeMEHHYIO.

5.5. Henuueitble mogenu perpeccun

Jo CHX MOP Mbl PACCMaTPHBANH JUHEUHbIE pezpeccuoHHbie MOOeaU,
B KOTOPBIX MEPEMEHHBIE MMEAN NEPBYIO CTeneHs (Moaenu, auneilnbie
N0 nepeMeHHbIM), a apaMeTphl BRICTYNANN B BHAE KOIDPHUIHEHTOB NpH
3THX NepeMeHHbIX (Moaeny, aunelinbie no napamempam). OAHAKO COOT-
HOIWEHHE MEX/AY COIMATBHO-IKOHOMHYECKMMH ARIEHHAMH W NTPOLECcCaMM
JANIEKO HE BCErJa MOXKHO BhIPA3UTh JHHEHHBIMY QYHKUMAMH, TaK Kak Npu
3TOM MOT'YT BO3HMKATh HEONIPABAAHHO Doablune omubKH,

Tax, HalNPUMED, HEAUHEIHBIMU OKA3BIBAKOTCA Npou3sodcmeeHHbie fyHk-
yuu (3aBHCHMMOCTH MEXKAY OGBEMOM NMPOM3BEAEHHON NPOAYKIMH M OCHOB-
HEMH paKTOpamMH NPOM3BOACTBA — TPYAOM, KalUTanOM M T. I1.), dlyHKkyuu
mpoca (3aBHCHMOCTD MEX/LY CIIPOCOM HA TOBAPH! WIH YCAYTH M MX LeHaAMH
WIH Z0XOA0M) M Ap.

Jns OLLEHKH NAapaMeTPOR HETHHEHHBIX MOACNEN HCTIONB3YIOTCA ABa NOA-
X048.

[lepBrIil TTOAXOA OCHOBAH HA AUHeaApu3ayuu MOAENH WM 3aKJII0¥aeTcs
B TOM, YTO C TOMOILBIO NOAXOAALLHX Npeobpa3oBaHMil MCXOAHBIX TTEPEMEH-
HBIX HCCIEAYEMYIO 3aBHCHMOCTD NPEJACTABIAIOT B BHAE JAUHEUH020 COOTHO-
WeHHA MeXAY npeobpazoeanHbiMu NIePEeMEHHBIMMH,

Bropoii noaxoa 06sIMHO NPHMEHAETCA B wiyvae, Koraa nogobpaTts cooT-
BETCTBYIOLIEE JMHeapu3yiolee npeobpazosaHne He yaaerca. B atom cry-
Y2€ NPHMEHAIOTCA METOZb! HEAUHEIHOT ONMUMU3AYUL HA OCHOBE MCXOAHBIX
nepeMEeHHBIX.

Jna auxeapuaayul MOAENN B PAMKAX NEPBOro NOAXOAA MOTIYT MCIIONb-
30BaThCA KAK MOJETH, He JTMHEHHBIE N0 MEPEMEHHBIM, TaK H He JIMHeHHbIe
10 napameTpam.

Ecnu Mosies HeJIHHEeHHa 110 NepeMeHHBIM, TO BBEAEHHeM HOBBIX nepe-
MEHHBLIX €€ MOXHO CBECTH K JIMHEHHOM MOJENH, /UIA OLEHKH NapaMeTpos
KOTOPOI MCTIONBL30BaTL OOBIMHBIH METO/L HAMMEHBIIMX KBAJPaTOB,

Tak, HanpuMep, eCin HaM HeoBXOAHMO OUEHHTb NapPaMeTPhl PerpeccH-
OHHOM MOAEJH

)’" :B[}+leﬁ +Bz\!‘x:'2 +E|', E L 1,. PP
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TO BBOAS HOBHIE NepeMeHHbIe Z, = X2, Z, =/ X, , NOAyMuM IMHEHHYI0 MoJe/b

Yi=Bo+ B2y + Bty + i =1, .00,

napamMeTpsl KOTOPOil HaXOAATCsl OORIYHBIM METOAOM HAaUMEHbIIUX KBaapa-
ToB 110 popmvie (4.8).

Caeyer, 0AHAKO, OTMETHTh M HEOCTATOK TAKOH 3aMEHbI NePeMEeHHBIX,
CBS3@HHBIN € TEM, YTO BEKTOP OIEHOK b noayyaeTcs He W3 YCIOBUSA MHHU-
MM3ALMKM CYMMBI KBE/PAaTOB OTKAOHEHHH AMA ucxoOHbIM TICPEMCHHBIX,
a M3 YCIOBUS MHHMMH3AINHN CYMMB KBAJPaTOR OTKJAOHEHMIH /1 npeobpa-
308aHHLIM NIEPEMEHHDBIX, YTO He OJHO H TO JKe. B ¢BA3M ¢ 3THM HeobX0aHMO
OnpeseNeHHoe VTOYHEHNE TOTYYeHHBIX OLEHOK.

bosee camkHoll npobaeMoil ABATETC] HeTHHEHHOCTE MOJIENN TIO nTapa-
METpaM, TaK KaK HENOCPEACTREHHOE NPHMEHEHWE MEeTOa HaHMEHbINX
KBA/JAPATOR JUIA MX ONEHMBAHHMA HEBO3MOXHO. K uncay Takux mozaenei
MOXHO OTHECTH, HATPHMED, MyAbmunaukamueryio (crmeneHHyo) Moaeas

Vi=BoxDafpe,i=1,..,n, (5.11)

IKCNOHEHYUAABHYIO MOJICJTB

yy=eborbixivbaxizg, =1 ... n, (5.12)

W Ap.

B paze cayuaen nyTeM NOAXOAANMNX Npeobpa3oBaHuil 9TH MOJIEANH yaa-
eTCs NPHBECTH K JAuHelHHoW dopme. Tak, mozean (5.11) u (5.12) moryr
ObITL LIPHBEAEHbB! K JUHEHHBIM JorapudMupoBanrem obenx yacte ypas-
HeHMH. Toraa, sanpuMep, moaens (5.11) npumeT BHI:

Iny; = Inf, + Plnx;, + Pxp +Ing,i=1,....n. (5.13)

K moaeau (5.13) yxe MOKHO TPUMEHATE OGLIUHBIC METOALL HCIE0RA-
HHA THHEHHON perpeccuu, HaloKeHHble B 1. 4. OaHaKo CIeayeT noauep-
KHYVTb, UTO KPHUTEPHH 3HAYHMOCTH M HHTEPBAJAbLHLIC OLEHKH IapaMeTpos,
NIPUMEHAEMBIE M HOPMATLHOLU NTMHEIHON perpeccHi, TpebyroT, 9Tok
HOPMAaTBHBIH 3aKOH pacnpeaeneHus B Mogeasax (5.11), (5.12) umen nora-
pudM BeKTOpa BosmyileHHH € (T. e. Ine = N, (0, o2E,)), a Bosce He €. J[py-
'MMH CAOBAMH. BEKTOP BO3MVIIEHHI € JO/KeH UMETh J0orapudMuieckn
HOPMAaJbHOE pacnpeaeseHne.

3aMeTHM TTOMYTHO, YTO K MOJETH

Y= ﬁnxﬂlxgﬂ +€;, 1 =1, cci 1, (5.14)

paccMaTpHBaeMOH B KayecTBe ajlkTePHATUBHOM MO OTHOMIEHHH) K MOJE/H
(5.11), M3IOKEHHBIE BBILIE METO/Abl HCCACAOBAHUSA JUHEHHON pErpeccuu
Ve HENPHUIOAHB, TAK Kak Moaeas (5.14) Henabas NpUBECTH K JHHEHHOMY
BHAY. B aToM cayvae Henoab3yioTCA crieiaibHble (HTepaTHBHEIC) npolie-
JAVPEH OIIEHUBAHHS apaMETPOB.
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B kauecTse npuMepa HCNoAb30BAHHA AMHeapU3NpyIoNIero npeobpasopa-
HHA PErPECCHM PACCMOTPHM npoussodcmaenkyro Pyrnxyur Kobba — yeraca

Y = AK"LB, (5.15)

e Y — ofbeM npouasoacTsa, K — 3aTpaThl KanuTana, L — 3aTpartsl Tpyaa.
Mokazarenn o U [§ ABAATCA Ko3dPuyuenmamu yacmuol anacmuy-
Hocmu' obbema 1IIPOH3BOACTEA ¥ COOTBETCTBEHHO MO 3aTPaTaMm KanuTaaa
K u tpyaa L. 1o 03Ha4aeT, YTO NPH YBEAWYEHHH OAHHX TOJbLKO 3aTpaT
: ana (Tpyaa) Ha 1% obbeM npouaBojAcTBa yBeauuuTes Ha % ([3%).
YyuThiBas BAMAHHE CIYHaHHBIX BOIMYIIEHMH, IPUCYIIMX KaXk/0MY KO-
qeckomy ABaernio, pynkumio Ko66a — Jyrnaca (5.15) MoxHO npea-
CTaBUTL B BHAE

Y = AK“LPe. (5.16)

Nony4eHHy10 MYJIbTHIVIHKaTHBHYIO (CTENEHHYI0) MOAEAb JIETKO CBECTH
K uHeitHoN nyTem aorapudmupoBanus obeux yacted ypasnenus (5.16).
Toraa s i-ro HaBMOAEHUA NONYHHM

Iny; = InA + alnk; + BInL; + Ing; i = 1, ..., n. (5.17)

Ecau B Mmogenn (5.16) a + B = 1 (T. e. Moaens TaKoBa, YTO NPH paciupe-
Hu# MaciiTaba NPOM3BOACTBA — YBEIHYEHUH 3aTpaT kanutana K v tpyaa L
‘B HEKOTOPOE YHUCJIO pa3 — 00beM NPOM3BOACTBA BO3PACTAET B TO XK€ YUCI0
pas) pynxumio Kobba — Jlyrraca npeAcTaBasioT B Buae

Y = AKL'-¢g

Y K\*

—=Al=| e. ¢
= [L)e (5.18)

Takum obpasom, noaydaeM 3aBHCHMOCTb NPOH3BOAMTENBHOCTH TPY/a
{ / L) OoT ero KanuTajJoBoOpyxeHHOCTH (K / L). /lia oueHkH napame-
poB MozenH (5.18) nyTem norapudmMHpoBaHna NPUBOAHM ee K Buay (a1
1-ro HaburofeHuA)

In(Y /L), =InA + adn(K /L), + Ing, i = 1, ..., n. (5.19)

Oynkuna Kobba — Jlyraaca ¢ y4eToM TEXHHYECKOro MPorpecca HMeeT BHAL
Y = AKeLPeite, (5.20)

1 Koadpuyuermonm wacmuoil aracmusnocmu E, (y) gynxumn y = fx,, x, ..., X,) OTHOCH-
eABHO Mepemertoi X, (i = 1, 2, ..., n) Ha3LIBaeTCA Npeien OTHOUEHHA OTHOCHTEILHOTO
CTHOTO NpUpPaeHA GYHKUMM K OTHOCHTEILHOMY NIPHPALIEHHIO 3TOR NepeMeHHon npH
A
—%:%]:%y;p HetpyaHo y6eanTbea B TOM, ST0 18 GYHK-
I

Kob6a — Myraca E(Y) = o, E,(Y) = B.

& -0,1eE (y)= lim
Ar,—0
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rae t — BpeMms; napaMeTp 6 — Temn npupocta ofbema NpousBoacTa 6aa-
roaapa TeXHH4eCKoMYy nporpeccy. Mogeas (5.20) NnpHBOAWTCA K IHHEHHOMY
BHY aHAJIOIMuHo Mojenu (5.16).
» TIpumep 5.4. o aanHbIM n = 50 npeAnpHATHII Nerkoil NPOMLILIIEHHOCTH
OLEHHTD NNPOH3BOACTREHHYIO pyHKUHI0 Ko6ba — Jlyraaca B suge (5.18).
Pewenue. Ot Hcxoanux 3Hauennii nepemenunx K /L u Y / L nepeiinem
K MX HATypanbHBIM JorapudMam 1, HCTOAB3YA METOA HaHMeHbIIHX KBaJAPaTOB,
PAcCYMTaeM OlleHKH NapameTpos moaean (5.19)1. Moayuum

In(Y/7L)= 0,43 + 0,25 In(K /L),
(032) (0,04)

Y 7 L=1,537(K / L)°5

(B ckobkax ykazaHbl CTAHAAPTHLIE OTKAOHEHUA KOD(DOHUIIHEHTOR PErpeccHu).
Koagduuuent perpeccnn, pasusii 0,25 (on ke KoapOHUMEHT DAaCTHYHOCTH
B MozesH (5.18)), roBOPHT 0 TOM, YTO TPH H3MEHEHHH KAMHTAJIOBOOPYKEHHOCTH
TPy/a Ha 1% NpoH3BOAMTENLHOCTD TPYAA Ha NPEANPHUATHAX OTPACTH YBEIHYHBa-
erca B cpeasem Ha 0,25%. C noMouibio [-KpHTepHA nerko yGeaAHTsCA B TOM, YTO
KO3(OHIMEHT perpeccHit, a 3Ha4YnT, H ypaBHEHHe NapHOi PEerpeccHH, 3HAYHMBL P

5.6. YacTHaa koppenauuma

Buime, B § 3.3, 419 OLUEHKH TECHOTHI CBA3H MEXKAY NepeMeHHbIMH Gbui
BBeieH BeIOOpPOUHKIH KoadpduuneHT auHelHOM koppeasauun. Ecau nepe-
MEHHBIE KOPPeIUpPYIOT APYT C APYrOM, TO Ha 3HaYeHHH Koadduunenra
KOPpeaAlHM YaCTHYHO CKa3biBaeTCs BAHAHUE APYTHX NEPEMEHHBIX. B CBA3H
C 3THM HacTO BO3HHKaeT HeoOXOAMMOCTL MCCIEA0BATh YACMHYIO KOppeas-
YU MeX/Y NePeMEHHBIMH IIPH HCKTIOHEHNH (INTMMHHHPOBAHMH) BIUAHUA
OAHON WK HECKONBKHMX NePeMEHHBIX.

Butbopourbim yacmueim koddduyuenmom xoppeasyuu (mim npo-
CTO HACMHLIM KOIPPUUUEHMOM KOPPEAAUUU) MeHIY NePeMEHHBIMU
X; u X; npu GUKCUPOBAHHBIX JHAHEHUAX OCMANbHLIX (p — 2) nepeMeHHbLX
HA3BIBAEMCS BHIPANCEHLE

1, 2 ™= ; (5.21)
;%‘%

e Gy M q; — anreGpanyeckne AONONHEHHA INEMEHTOB I M I'y MATPHILL

BHOOPOYHEIX K03 HLUHEHTOB KOoppeasunn

1 n Tip
G=|m 1 |
rp] sz 1

!} Mcxoanie AaHHble H COOTBETCTBYIOMIME PacyeThl (MOTHOCTLIO HAEHTHYHE NPHBEeH-
HHIM B 1. 2) 31ech He NPHBOAATCH.
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@ Iy ONPeAENAIOTCA 10 dopmynam (3.18)—(3.20). B wacTHOCTH, B Cayuae
pex nepeMmeHHEIX (n = 3) U3 (5.21) cieaver, yto

T Ty = Tl
o Ja-Ha-ri)

MoscHuM noayuyeHHyto dopmyay (5.22). IIpeAnonoxuM, 4TO HMEeTCH
BbuHan perpeccHonHan Moaens X; = B, + Box; + P, + € u Heobxoaumo
: b KOPPEJIALMIO MEXAY 3aBHCHMOH NepeMeHHON X; u 06 bACHAIOmEN
lepeMeHHON X; NPH MCKAKOYEHHH (NHMHHMPOBAHMM) BAHAHUA JpYroi
) miomei nepemenHoi X,. C 3T0H neasio HaiaeM ypaBHEHHs NapHOH

eccuu X; no X, (x; =by +byx;) u X; no X, (x; =by +byx;), a 3atem yaa-
M BAMAHHME NEPEMEHHON X;, B3AB OCTATKH €, =X, - X, M ¢, =X, -X;. Oue-
HAHO, 9TO KOIQOUIHEHT KOPPENAUHH MEXAY OCTATKAMH €, M e, Oyaer

dTh TECHOTY YaCTHOH KOPPeAIMH MEXAY NepeMeHHbIMU X, U X; npu
ICKIIYeHHH BIHAHUA nepeMeHHoHN X,. MoXHO nokasaTe, 4To HalaeHHbIH
1o opmyne (3.18) oburynbIi koIPPuyuenm xoppersyuu mexdy ocmam-
@MU e, M e, PaBeH HYaCTHOMY KO3hPUUMEHTY KOPPEeNsMH Iy, onpese-
JEHHOMY 1O @OpMYHQ (5.22).
HactHblll KOIQPUUHMEHT KOPPENALNH Fyjyp ., KAK M NapHBIA K03dHH-
HEHT 7, MOXKET NPHHHMATL 3HaYeHHA OT ~1 10 + 1. Kpome Toro, ry. ;.
! eHHbIW Ha OCHOBE BHIOOPKHM 06beMa n, HMEeT TaKoe Ke pacnpeje-
JeHKe, KaK 1 'y, BRIYHCIEHHBIA 10 n” = n - p + 2 nabmoaenuam. [loaromy
3HAYMMOCTb YaCTHOIO KOA(PPHIMEHTA KOPPEAALMH Ty, , OUEHHBAIOT TaK
%e, Kak ¥ 00b9HOrO Koadgpuumenta Koppeasuuu r (cm. § 3.6), Ho npu 3Tom
‘ponararorn’ = n-p + 2.

P Ilpumep 5.5. U1a HCCIe40BaHHA 3aBHCHMOCTH MEX/1y TTPOH3BOAHTENBHO-
cThio TpyAa (X,), Bospactom (X;) u npoM3BOACTBEHHBIM cTakeM (X;) Guina npo-
Hasesena Bubopka 13 100 pabouux 0AHON K TOH XKe CnelHalbHOCTH. Buyncen-
HHE NnapHbie I(D3¢¢HI.IHEHTH KOPPEeNALHH OKA3anHCh 3HAMHMBIMH H COCTABWIH:
rp = 0,20;ry; = 0,41; ry; = 0,82, BuunomTs vacTHele K03hGHIHEHTH KOppens-
UHH H OLIEHHUTb HX 3HAYHMOCTE Ha yposxe « = 0,05,

Pewenue. Mo gopmyae (5.22) yacTHsie KoapHUIHEHTH KOPPEAsSUHI

b . 020°-041.082 _
22" Ja-0,412(1-0,82)

(5.22)

0,26

H aHANOTHYHO T4, = 0,44 1,4, = 0,83,
OueHHM 3HAYHMOCTD &', 3. 3HAYEHHE CTATHCTHKY {-KpHTepus no (3.46) npu
n=n-p+2=100-3 + 2 = 99 (no abcomoTHo# BenHyHHE)

It]= [-0,26|y99-2 =2.65
;1 _[_0026}2

Boaswe TabAMYHOTO Iy gs. o7 = 1,99 (em. Tabx. 1] npuaoxkennit), creaosaTensHo,
sacTHBIH KO3QGHIMEHT KOPPENALMH I'y5 5 3HAYUM. AHAZOTHYHO YCTaHABIHBAETCH
3HEYMMOCTB APYIHX HacTHuX KoaddiunenTos Koppeasunn.

CpaBHHBas YacTHble KOIGOHUHEHTE KOPPENaLHH T'j.& € COOTBETCTBYIONHMH
napHeiMu KO3GDHIHEHTAMH, BHANM, YTO 33 CHET «OYHUIEHHA CBA3H» HANbONb-
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weMy HIMEHEHHIO NOBEPrea KodGOHIUHEHT KOPPENALIMH MEXY NPOH3BOAHTENb-
HOCTRIO TPyAa (X,) v BospacToM (X,) paBounx (M3MEHHIOCH HE TOILKO €10 3Ha-
HeHHE, HO M 3HaK: 1y = 0,20; ry, 5 = -0,26, npuyem oba 3tn koadduunenTa 3Ha-
4HMBI).

HTak, Mexay Npor3BoAMTEAbHOCTRIO TpyAa (X,) n BospacTom (X,) paBouunx
CYWIeCTBYeT NpsAMas KoppeaaluoHHad ceassb (ry, = 0,20). Ecau ke ycrpauuTs (1n-
MHHHPOBATh) BIHAHHE NEPEMEeHHOMN «IPOH3BOACTBEHHBIN CTaX» (X3), TO B YHCTOM
BH/IE IPOM3BOAHTENBHOCTL TPYAa (X,) HaxoauTces B oOpaTHON NO HanpaBIeHHIO
(v onaTe e crabofi no TecHore) cBA3M ¢ BospacTom pabounx (X,) (ry, 4 = -0,26).
310 BnoAHe o6BACHUMO, ECIM PACCMAaTPHBATh BO3PACT TOABKO KAK NOKa3aTels
paboToCNOCOBHOCTH OPraHaMa Ha ONPEAEIEHHOM ITale ero KH3HEAeATEIbHOCTH.
[MoaobueM 06pazoM MOTYT BHITE MHTEPIIPETHPOBAKK M APYTHE YacTHbIE Koadupu-
UHEHTHl KOppenauHu. »

YnpaxHeHus

5.6. MmeloTes creaylomume JaHHele 0 norpebieHHH HeKoToporo npoaykTa Y (ver.
€1.) B 3@aBHCMMOCTH OT YPOBHA ypGaHH3alUnu (101H rOPOACKOro HaceneHus) X,,
OTHOCHTEIBHOTO 06PA30BATENbHOrO YPOBHA X, H OTHOCHTENLHOTO 3apaboTka X, And
AeBATH reorpaduyeckux paioHos:

i(momep | x5 | X | X3 | ¥ |i(Homep | x; | Xp | X | ¥
paiona) paiiona)
1 42,2 | 11,2 | 31,9 | 167, 6 44,5 | 10,8 8,5 | 1746
2 48,6 | 106 | 13,2 | 1744 F 4 39,1 | 10,7 | 24,3 | 163,7
3 426 | 10,6 | 28,7 | 160,8 8 40,1 | 10,0 | 18,6 | 174,5
4 390 | 104 | 26,1 | 162,0 9 459 | 12,0 | 20,4 | 1857
5 347 | 93 | 30,1 | 1408

Cpeanue 3navenun x; = 41,85; x, =10,62; X; =24,42; y=167,07.

CTaHAapTHHE OTKAOHEHMA S, =4,176; 5,, =0,7463; 5,, =7,928; 5, = 12,645,

KoppeasuuoHHas MaTpHia:
X; % X Y
X 1 0,684 0,616 0,802
X, 0,684 1 -0,173 0,770
X, -0,616 -0,173 1 -0,629
¥ 0.802 0,770 -0,629 1

Henonssya nomarosyio npoueaypy orbopa Hanbonee HHPOPMaTHBHEIX 00BACHS-
IONIHX NIEPEMEHHBIX, ONPEAEIHTS NOAXOAALLYIO PErPECCHOHHYIO MOAETh, HCKITIOHHE
TIPH 3TOM MYABTHKO/UTHHEAPHOCTD. OleHHTE SHAYUMOCTE KOI(GPULIMEHTOB Perpeccii
noayYeHHOH MOJENH 110 (-KPHTEPHIO.

5.7. Umeworen creayromue faHnbie o sece Y (B dynrax) v Bospacte X (8 Heennx)
13 uHaeek, BuipalieHnbx 8 obnacmix A, B, C.

18



i X ¥ O6nacTe i X, ¥i Obaacre
TIPOMCXOKACHHA MPOHCXOMACHHSA

1 | 28 | 123 A 8 26 | 118 B

2 | 20 | 89 A 9 21 (10,5 C

3 | 32 | 151 A 10 | 27 | 142 C

4 | 22 | 104 A 11 29 | 154 C

S | 29 | 131 B 12 | 23 [ 131 c

6 | 27 | 12,4 B 13 | 25 | 138 C

7 | 28 | 132 B

EcTe ocHOBaHHMe nosaraTs, YTO Ha BeC MHEEK OKA3biBAeT BIAMAHHE HE TONLKO
HX BO3pacT, Ho ¥ obnacTk npoHcxoxaeHus. Heobxoanmo:

a) HaWTH YpaBHeHHe NapHoif perpeccHu Y no X u OLEeHHTb £ro 3Ha4HMOCTE;

6) BBeaa cooTBeTcTByOmMMEe PUKTHBHBIE NepeMeHHbIe, HalWTH obllee ypaBHe-
::‘Bmuecmeunoﬁ perpeccui Y 1o ceM 06BACHAKIIMM NepeMeHHBIM (BKI0Yan

BHBIE)

B) OUEHHMTb 3HAYMMOCTH OBIIEro YpaBHEHHA MHOKECTBEHHON perpeccuu
10 F-KPHTEPHIO M 3HAYHMOCTE 10 KoadpHIIMeHTOR 1o (-KpuTepHio Ha yposHe «« = (0,05;

r)  NPOCAEAHTH 33 MIMEHEHHEM CKOPPEKTHPOBaHHOro xoadduumenTa getep-
MHHALMY NPH NIEPEX0/e OT NAPHOH K MHOXECTBEHHON Perpeccun;

A) ouetinTh Ha yposre @ = 0,05 3HAYHMOCTE PasiHuMA Mexay cBOGOAHBIMH
WieHAMH YpaBHeHMi, MoTy4aeMbix H3 061ero ypasHeHHA MHOKECTBEHHO| perpeccHH
¥ ana kaw ao# obnacty.

5.8. Ipu nocTpoeHHH THHERHOH 3aBUCHMOCTH PACXOJOB HA Oy OT pac-
nosaraemMoro AoxoAa 1o Bebopke ana 10 KeHIHH NoNyveHs CleayiouHe CyMMb
KBAIPaTOB M NPOMU3BEeHHI Habmoaenuit:

10 10 10 10 10
Y x, =110, Y x?=1540, Y y, =60, ¥ x,y, =828, ¥ y? =448,

=1 i=1 =1 =1 i=]

AHANOTWIHBIE BHIMHCIEHHA CYMM 110 BHIGOPKEe M3 5 MY#UHH AaH:

5 5 5 10 10
3 x; =35, ¥ x? =325, 3 y, =15, 3 x,y; =140, ¥ y? =61
=1 =1 =1 =1 =]
To obuweit (obbeanHeHHOl) BUBOPKe OLEHeHa PerpeccHa ¢ UCnoab3oBaHHEM
$uKTHBHON nepemedHoit Z (Z = 1 ana mywaunn 1 Z = 0 418 Kenmnsl), Kotopas
HMEET BM:

¥=-0,06 + 0,438x + 0,46z + 0,072(zx).

Ha yporre sgaunmoct o = 0,05 npoBepuTs runortesy o ToM, 4ro GpyHKuHA
potpebienya OAHA M Ta e U MYKYHH M HKEHIIHH, eC/IH BBINOJHEHb! BCe Npeano-
CBUIKH KIaCCHMUeCKOH HOPMa/lbHOM JIHHEHHOI perpeccuH.

5.9, Peumts 3aga4y 5.8, ucnonw3ys kpurepuii I'. Hoy.

5.10. C uenbio HeC1e0BaHHA BIHAHNA GaKTOpoB X, — CPeHeMeCAYHOT0 KolHye-
£TBa NPOGHIAKTHYECKHX HANAJ0K aBTOMATHYeCKOH IMHHH 1 X, — CpeiHeMeCcHYHOro
HHCAa 0OPBIBOB HHTH HA NOKA3aTeNb Y — cpeHeMeCAYHYI0 XapaKTePUCTHKY Ka4yecTBa
TkaHH (B Hawrax) no AaHHEIM 37 NPeANpHATHI JerKoH NPOMBIILIEHHOCTH GhUTH
sudHCIeHsl napHsle KoagduumenTsl Koppeasuuu: r, = 0,105, r , = 0,024 ury, =
=0,996. OnpeeanTs YacTHEIE KOIPHHIMEHTE KOPPEIALMK 7',y M T\, | H OUEHNTS
X 3HATHMOCTH Ha 5%-HOM ypOBHeE. ’
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naBa 6
BPEMEHHBIE PAAAbI U MPOTHO3UPOBAHUE

[Tp1 paccMOTPEHHH KAACCHYECKOH MOIeH perpeccHy XapakTep 3Kcle-
PHMEHTANbHEIX AAHHBIX, KK TPABHAO, HE HMEET NPHHIUITHAIBHOIO 3Ha4e-
HuA. OAHAKO 3TO OKA3LIBACTCH HE TaK, €C/IH YCIOBHA KJACCHUYECKOH MoenH
HapyIlIeHsl,

MeToapl HCcaeI0BaHHUA MOAENEH, OCHOBAHHBIX Ha JaHHKIX NPOCTPaH-
CTBEHHLIX BHIGOPOK M BPEMEHHHIX PAAOB, BOOOLIE MOBOPA, CYIECTBEHHO
oTIHYAKTeA, OOBACHAETCA 3TO TEM, YTO B OTIHYHE OT IIPOCTPAHCTBEHHBIX
BHIBOPOK HAOAIOAEHWS BO BPEMEHHEBIX PAAaX, KaK NPaBUiIo, HeIb3s CUUTaTh
HE3aBHCHMBIMH,

B 3701 r1aBe Mbl OCTAHOBUMCA Ha HEKOTOPHLIX OOIIMX NOHATHAX M BONPO-
CaX, CBA3AHHBIX C BPEMEHHBIMH PAJAMH, HCIOABR30BAHHEM PErpecCHOHHBIX
Mojlesiell BpeMEHHEIX PAZOR ANA Nporsosupoeanud. [lpu anaause toy-
HOCTH 3THX MOACeit 1 ONPeJACTeHHN HHTEPBAThHEX OIHO0K NPOrHo3a
Ha HX OCHOBe, OyZeM 10Jarats, ¥T0 pacCMATPUBAEMbBIE B TIABE PErPECCH-
OHHBIE MO/IE/IH BPEMEHHBIX PAJIOB V/0BJIETBOPAIT YCIOBUAM KJ1ACCHUECKOH
MogeaH. Mojgean BpeMEHHBIX PAAOB, B KOTOPBIX HapylleHs! 3TH YCJA0BKS,
HyAvT paccMOTPEHE! B 1. 7, 8.

6.1. 06wue cBefeHNUA 0 BpeMeHHbIX pAflaX ¥ 3afiayax UX aHanusa

IMoa epemenHbim padom (OuHAMUYECKUM PAOOM, TN pAdom OuHa-
MUKU) B DKOHOMHKE NOAPA3yMEBAeTCA NOCIE0BaTebHOCTE HabaoaeHui
HEKOTOPOro npusHaka (cayvaiHo# BeAWuHHH) Y B nocjieAoBaTeNbHEE
MOMEHTH BpeMeHH. OTAenbHbIe HabaI0AeHHA HA3bIBAIOTCA YPOBHAMH PAjla,
KoTopuie OyaeM obo3Havate y, (t = 1, 2, ..., n), rae n — YUCIO YPOBHEH.

B taba. 6.1 npUBeAeHE AaHHBIE, OTPAKAKONIHE CIIPOC HA HEKOTOPHIH
TOBAP 33 BOCKMHIETHHIT mepuoj (Yei. e), T. €. BpeMEHHOIT paj cnpoca ¥,

Tabnuua6,!
ron.t | 1 2 3 | 4 5 | 6 7 8
'Cnpoc,y, | 213 | 171 | 201 | 309 | 317 | 362 | 351 | 361
P = i A i

B kauectBe npuMepa Ha puc. 6.1 BpemMerHO# paa y, udobpaxkeH rpadp-
YECKH.
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Yo L
(ycn. ea.) 400
300 +
200+
100
0 i i L ’ - i i i i
1 2 3 - 5 6 7 8 t
Puc. 6.1

B ofuem BHAe NPH HCCIEA0BAHHH IKOHOMHYECKOTO BPEMEHHOTO psija
¥, BBUENAIOTCA HECKONBKO COCTaBAAIOUNX:

Y=y +v+c+e(t=1,2,..n), (6.1)

rae i, — mpenod, NIABHO MEHAIOILAACH KOMIIOHEHTA, ONUCHIBAIOMAN THCTOE
BIHAHKE JONTOBPEMEHHBIX GAKTOPOB, T. €. UIHTENbHYIO («BEKOBYK») TEH-
ACHUMIO M3MEHEHMS NTPU3HAKa (HanpuMep, POCT HACENEeHUA, IKOHOMHYE-
CKOE PA3BHTHE, M3MEHEHHE CTPYKTYPHI noTpebieHus U T. n.);

V, — CE30HHAA KOMNOHeHMd, OTPAXAIOUAA NOBTOPAEMOCTb IKOHOMHYE-
CKHX NPOLIECCOB B TEYEHHE HE OYeHb UTMTENILHOro nepuoaa (roaa, wHoraa
MecAla, HeAeU M T. A, HanpuMep, 06beM MPOAAXK TOBAPOB WK NIePeBO30K
NACCaXXMPOB B Pas/IMYHBIE BpeMeHa roaa);

€, — YUKAUYECKask KOMNOHEHMA, OTPaKaroumasn NOBTOPAEMOCTb IKOHO-
MHYECKHX NTPOLIECCOB B TEYEHHE /UINTENbHBIX NEPHOAOB (HanpHMep, BIH-
AHHE BOTH SKOHOMHYECKOH aKTHBHOCTH KoHapaThesa, gemorpaduueckmx
“AM», [HKJA0B CONHEYHOH aKTUBHOCTH M T. I1.);

E, ~— CAYHQUHAA KOMNOHEHMA, OTPAXKAKILAs BIHAHKE He NOAAIOUMXCA
Y4ETY ¥ PErHCTPalMH CAyYaitHeIX GakTopoB.

Creayer oOpaTnTh BHUMAaHHE Ha TO, YTO B OTIMYHE OT €, NEPBLIE TPH
COCTABAAIOIIHE (KOMIIOHEHTBI) Uy, V,, €, ABAAIOTCA 3AKOHOMEPHLIML, HeCRy-
waliHbomu.

Baxcuetiwel xkraccuweckotl 3adayell npu Uccaedo8aARUL IKOHOMUNECKLY
BPEMEHHBLX PAOOE AGNACMCA BBARTEHLE U CMAMUCMUMECKAS OUEHKA OCHOB-
HOil MeHOSHULUL PA3BUMUS U3YHAEMO20 NPOUECCA U OMKAOHEHUT om Hee.

OTMETHM OCHOBHBIE 3Mansl AHANN3A BPEMEHHBIX PAAOB:

* rpadpuyecKoe NpeACTaBleHHE H ONUCAHHE MOBEAEHUS BPEMEHHOIO
pAaa;

* BbIAEEHHE W YAAJIEHHE 3aKOHOMEPHBIX (HeCAyYailHbiX) CoCTaBf-
OIHX BPEMEHHOIO psiaa (TpeH/1a, Ce30HHEIX M HUKIHYeCKUX COCTARIAI-
WHX);

* CraakuBaHue W GuapTpauua (yAaneHHe HU3KO- WIH BBICOKOYACTOT-
HBIX COCTABAAKIHKX BPEMEHHOTO paja);

* MCCICAOBAHKE CIy4alHON COCTaBIAIONIEH BPEMEHHOIO PAAA, NOCTPOe-
HH{E M IPOBEPKA AeKBATHOCTH MATEMATHYECKOIT MOACAM JUIA €€ ONHCaAHHA;
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* NPOrHO3HPOBAHHE PA3BUTHA U3YYaEMOro MPoLecca Ha OCHOBE UMER-
LETOCA BPEMEHHOTO PAJA;

* HCCIEA0BaHME B3AUMOCBA3ZN MEXIY PATHYHBIMH BPEMEHHBIMH PALAMH.

Cpeau Haubonee pacnpoCTpaHEHHLIX METOAOB AHAJIN3a BPEMEHHBIX
PAJOB BBIAEIUM KOPPEASYUOHHBIL 1 CNEKMPANbHbLLl QHANUS, MOOeNU a8mo-
pezpeccuu v ckoabasiugell cpedrell. O HEKOTOPHIX W3 HUX PeUk NMOHIET HHKE.

Ecau BhIBOPKA ¥y, Y2, +ovy ¥i ooy ¥y PACCMATPHBAGTCA KaK OHA M3 pea-
NM3auMi CAy4aiHON BEHYHHEL Y, BPEMEHHOMN PAA Y1, Yo, ooy Yis «+es ¥ PAC-
CMaTpUBAeTCsl KaK oHa U3 peaausayull (mpaexmopuil) ciy4aiHoro npo-
necca'! Y(t). BMecTe ¢ Tem ¢1eAyeT MMeTh B BUAY NPHHUMIHAIbHBIE OTAHYHA
BpeMeHHoro paaay, (t = 1, 2, ..., n) OT nowieA0BaTeNbHOCTH HabII0AeHHHA
Y15 Yos vens Ya, 00pasyomux cayyaisyio ubopky. Bo-nepshix, B OTAHYHE
OT VIEMEHTOB CIy4aiHOH BoIGOPKH WieHB BPEMEHHOTO PAjla, KaK Npasuio,
He ABJAAKTCA CTATUCTHYECKH HE3aBHCHMBIMH. BO-BTOPHX. YWiIE€HbI BPEMEH-
HOT'O pAAa He ARIAIOTCA OAHHAKOBO PacnpeAeNeHHBIMH.,

6.2. (raumoHapHbie BpemeHHble PAAbI H UX XapaKTePUCTUKK.
ABTOKOppeNnAUMOHHAA PYHKLUA

BakHOe 3HayeHHe B aHaJH3e BPEMEHHBIX PAJOB UMEIOT CmailLoHap-
Hbie BPEMEHHBIE PA/ABI, BEPOATHOCTHBIE CBOHCTBA KOTOPBIX HE H3MEHAOTCA
BO BpeMeHH. CTallHOHAapHbIE BPeMEHHbBIE PsABl NPUMEHAIOTCA, B YaCTHO-
CTH, NPH ONHCAHWH CIyYaHHBIX COCTABIAIOIINX AHATH3NPYEMBIX PA/IOB.

BpemeHHOi paa y, (t = 1, 2, ..., n) Ha3LIBAETCA CMPO20 CMAYUOHAPHBIM
(WK cmayuoxapHbiM 8 Y3KOM CMbICAE), ECIH COBMECTHOE pacrnpeieseHne
BeposiTHOCTeH n HaGMOAEHMH ¥y, Vs, ..., ¥, TAKOE Xe, KaK U n HabmoseHuH
YisoYosr «oos Ynse NP IOOBIX N, t KU T. JIDYTHMH CIOBAMH, CBOHCTBA CTPOTO
CTAUMOHAPHBIX? PALOB ¥, HE 3ABUCAT OT MOMEHTA [, T. €. 3aKOH pacnpejee-
HHA M €0 YHJIOBHIE XapaKTEPHCTUKM HE 3aBHCHT OT f.

CrepoBaTeabHO, MATEMATHYECKOE OWH/1aHHEe ay(t) = @, cpeaHee Kpajpa-
THYECKOE OTKIOHeHHe 0,(t) = 6 MOryT GuiTh OUeHEeHE N0 HabMoACHNAM
¥ (t=1,2,...,n) no dopmyram:

Y
¥ =5—; (6.2)
n
2(e=¥)

I Cryuaiinsinm npoyeccom (wm cayuaiinoll dynxyueii) Y(t) HecrydaitHoro aprymenra
¢ naspiBaeTca GYHKIBIA, KOTOpan IpH J060M IHAYEHHH [ SIRISETCA Cay4aifHOi BETHYHHOIL

2 Hapaay co CTPOro CTALHOHAPHEIMH BPEMEHHKIMH PAAAMH (B Y3KOM CMBIC/IE) B 3KOHO-
METPHKE PacCMaTPHBAIOTCH CMAYUOHAPHME PRAB (8 Wwupoxom cMbicae), B KOTOPHX Tpebosa.
HHUE HEMIMEHHOCTH IPH IH0LIX 1, [ M T PACTIPOCTPAHAESTCA WL HA YHCIOBLIE XapaKTepy-
CTHKH YKa3aHHOTO pacripeaeneHna.
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[TpocTeHIMM NPHMEPOM CMAYUOHAPHO20 BPEMEHNH020 PAdA, Y KOMOPo20
MAMEMAMUYECKOE OXMUOAHIUE PABHO HYIO, @ OWUOKU €, HEKOPPEAUPOBAHbIL,
sensemca «Beavtil wym». CAeJOBATENBHO, MOXKHO CKA3aTh, YTO B03MYUEHUA
(owubxu) €, 8 kraccuvecxkoil nunelinoll pezpeccuonnoil modenu obpazyrom
Beaniit wym, a B c1ydae UX HOPMAJbHOIO PacpeAeNeHUA — HOPMARbHbIL
(2ayccoscxuil) Geaniil wym.

CreneHb TECHOTHI CBA3H MEXAY N0CNe0BATEIbHOCTAMMK HabA0AeHHH
BPEMEHHOTO PAAA Y1, Y25 s Yn MY 150 Y2su vo0s Ynse (CﬂBHHYTN" OTHOCH-
TeAbHO APYT APYTa HAa T eAHHHIL, WIH, KaK TOBOPAT, C 1d20M T) MOKeET ObiThb
onpeaeneHa ¢ NoOMOILbK Ko3pOHIMEHTA KOPPENAUHH

s M[(_Vf—ﬂ)(,}'r.r*ﬂ}]___M[{)’; -0)(_)'“:-0)] (6 4)
¥ o, (o, (t+1) o? ; '

M{y) = M(y,.,) = a,0,(t) =o,(t + 1) = 0.

Tak xax ko3pduumeHT p(t) HIMEPSET KOPPETALNID MEKIY WieHaMK
QHOTO M TOr'O XK€ Psjia, €r0 HasbiBaoT Ko3PPuyueHmom asmoxoppenauulL,
a 3aBUCHMOCTS P(T) — aemoxoppensyuonnoll dyrxuuedl. B cuay crauMonap-
HOCTH BpeMeHHOro pajaay, (t = 1, 2, ..., n) asrokoppenauuontas GyHKius
p(t) 3aBMCHT TONBLKO OT Aara T, npuiem p(-t) = p(1), T. €. NPH U3YYeHHH
p(t) MOKHO OrPaHHYHTLCA PACCMOTPEHHEM TOABKO NMOJOKHTENbHBIX 3Ha-
YeHHH T.

CraTHCTHYECKOH oueHkoi p(t) asaserca anbopounstll koadduyuenm

gsmoxoppensyuu r(t), onpeaensemslii no popmyae koadgduumnenTta Koppe-
aauuy (3.20), B KOTOPOH X; = ¥, ¥; = ¥, @ N 3AMEHACTCA HA N — T0

n-t n-t n-t
f"‘T)Z.Y:Y:«r—ZY;):J'r.r
r(t)= r=1 - t=1  t=1 = (6.5}
n-t n-t n n-t
(ﬂ*f)z)‘?—[ZJ’r] {n_ﬂ'z .Y;z-z—[ZJ’r-z)
y =1

t=1 t=] t=l+t

Pyuxkumio r(1) Ha3bLIBaKOT 8b6100pOUHOLl aBMOKOPPeAIUUOHHOT PyHKyLell,
a ee rpaduk — Koppeaozpammotl.

[Ipn pacuete r(t) cireayeT NMOMHHMTb, YTO C YBEIHUYEHHEM T HHCIO N-T
nap HabMOACHUA Y,, ¥, , . YMEHBIIAETCA, NOITOMY JIar T A0/DKEH ObITh TAKUM,
9T00B YMCA0 N — T HBUIO AOCTATOYHBIM 151 onpeaenelnd r(t). O6u4HO opH-
EHTHPYIOTCA Ha COOTHOWIEHHE T < n/4.

Jis cmayuoxapHo20 BPEMEHHOTO PAAA ¢ YBEJIHYEHHEM Jlara T B3auMoc-
BA3b WIEHOB BPEMEHHOrO PAAA ¥, H Y, , ociabeBaeT ¥ aBTOKOPPEAALHOH-
Has pyHKuMA p(T) AomkHa yomBaTh (no abGconoTHON BeanynHe). B 1o xe
spems 1A ee Buibopounoro (aMnupuyeckoro) anansora r(t), ocofeHHo
npH HebOABIWOM YMCae nap HabmoAeHuH n-1, CBOMCTBO MOHOTOHHOTO
ybuiBaHus (1o abCOMOTHON BEIHYHMHE) NPH BO3PACTAHHUH T MOXKET Hapy-
WaTbCA.
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Hapazay ¢ aBTOKOPPENAUHOHHON QYHKIMEe IPH HCCIeA0BAHMM CTallMO-
HapHBIX BPEMEHHBIX PAJAOB PACCMATPHBAETCA YUACMHAA ASMOKOPPENIYULOH-
HAR PYHKUUR Py, (T), TAE Pyye (T) €CTB vaCTHBL KOIPPULLERM KOPPERALUL
MENCOY UACHAMU BPEMEHHO20 PROA Y, N Y, , ., T. €. KO3DOUIHEHT KOPPEAsIIHI
MEXAY V, U ¥, IPH YCTPAHEHHH (INMMHHHPOBAHHM) BIHUAHHA MPOMEXKY-
TOYHBIX (MEXAY Y, HY,,,) WICHOB.

CTaTHCTHYECKOH OLEHKOM P, (T) ABAACTCH bI60POUHAR HACMHAS ABMO-
Koppenrsyuorkan gymxkyus r.,..(t), rae r (1) — svibopouronstil wacm-
Hbtil koadduyuenm xoppensyuu, onpeaensemerii no popmyne (5.21) win
(5.22). Hanpumep, BEIGOPOYHEIH YaCTHBIH KO3GPHLHEHT aBTOKOPPEIALIHH
1-ro nopsazAka MeXAy WIeHaMH BPEMEHHOTO PAja ¥, H Y, , » IPH YCTPaHEHHH
BIMAHMA Y, , | MOKET ObITh BRMMCIEH 110 dopmyse (5.22):

J1-r2(1)y1-r2(1,2)
rae r(1), r(1, 2), r(2) — BuiBopounbie KOIGGHIHEHTH ABTOKOPPEALHM
Hmyl Hyl'+1’yl+1 Hy[+2)y( "yg+2; t= l, siny T
» [pumep 6.1, 1o ganHuM Taba. 6.1 418 BpeMeHHOro PAAA ¥, HAHTH cpeanee
3HaYEHHe, CPe/iHee KBAAPaTHUECKOE OTKIOHeHHE, KO(PUIIHeHTEl ABTOKOPPEeA-
unk (s naroe T = 1; 2) wyacTHLI KoaddHUKEeHT apToKoppeanty 1-ro nopaAka.
Pewenue. Cpeatee 3Ha4eHNe BPEMEHHOro pAsa Haxoans no gopmyne (6.2):
- _213+171+...+361
b 5o
8
Jlucnepcuio i cpejiHee KBaApaTHYECKOe OTKJIOHEHHE MOKHO BRIYHCIHTE
no popmyae (6.3), HO B AaHHOM C/Ty4Yae NPOILE HCTIOAB30BATH COOTHOIIEHHE

Feacr(2)=Tpay =

=296,88 (en.).

2= y? - 2 =92 478,38 - 296,887 = 4343,61;

5 =4/4343,61 = 65,31 (ea.),

rae

n

2
;:'_;Ey‘ _213'2*17124-...1-3612
r n B

Hailaem koadpduuneHnT aprokoppensyns r(1) spemenHoro pajaa (ana aara
1= 1), T. &. KO3PPHUHMEHT KOPPENAIIHHA MEALY NOCTEA0BATENBHOCTAMH CEMH Nap
Habmonennity, uy,., (t=1,2, ... 7):

Y, | 213 | 171 | 291 | 309 | 317 | 362 | 351
Yeor | 171 | 291 | 309 | 317 | 362 | 351 | 361

=92 478,38.

BuiyHcaseM HeoOX0AHMbIE CYMMBI:

7
¥ ¥, =213+171+...+351=2014;

7
¥ y2 =213 +1712 +...+ 3512 = 609 506;

=1
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-
Y Yioe =1714291+...+361=2162;

=]

Y y2. =1712 42912 +...+3612 = 694 458;
=]

ZJ’J’:-: =213171+171-291+...+351-361 =642 583,
t=1

Teneps no dopmyne (6.5) koadduuneHT asToKOppesUHI

7 -642583-2014 2162 0.725.

r(1)= =0,
V7609506 -20142 /7-694 458 - 21627

KoadpuumneHT asToKoppensuuu r(2) ana nara 1 = 2 MeXy YIeHaMH psaja
Yeuy..(t=12 .. 6) nomecry napam HabmoaeHHA BLIYHCAREM aHAIOTHYHO:
r(2) = 0,842.

Ans onpeaenennA YacTHoro koadepuumenTa koppeasuun 1-ro nopaakar,, . (2) =
= P MERY WICHAMM PAZA Y, H Y, o IPH HCKMIOYEHHH BAMAHNA Y, . BHAa4Yane Hai-
Aem (no aHaNOrH# ¢ npeALyyuM) koadduiumenT asTokoppemstun (1, 2) Mexay
YWIEHAMH PAAAY,., Y, ... T = (1, 2)=0,825, a 3atem euuncann r . (2) no dop-
myne (6.6):

0,842-0,725-0,825

=0,627. >
J1-0,725% 10,825

Nacr (2} =145 ) =

3HaHWe aBTOKOPPEAALHOHHBIX QYHKIHH r(T) ¥ r . (T) MOXKeT oKasaTs
CVIIECTBEHHYIO NOMOIIL NMpH l'[O,ElﬁOpE H HACHTH(bKKallHH MOAeNn aHanu-
IHPYEMOro BPEMEHHOTO psA/la H CTATHCTHYECKON OLEHKE €ro napaMeTpos
(cm. 06 aTOM aankbine),

6.3. AHanMTHYeCKoe BbipaBHUBAHKE (CTNaXMBaHKE) BPEMEHHOT0
pAAa (BbiAeNneHne Hecny4YaHoi KOMNOHEHTbI)

Kak yKe OTMEeUEeHO BhIllle, OJHOH H3 BaXKHEHIIMX 3a1a4 MCCICA0BAHUA
3KOHOMHYECKOT'O BPEMEHHOIO PAJa ABAAETCA BLIABAECHHE OCHOBHOU MeHdeH-
Yuu U3y4aeMoro npouecca, BHpPaKeHHOH HecaydalHOH cocTapasionien f(t)
(tpenaa 16O TPEHAA C NUKJIHMYECKON WK (M) Ce30HHOI KOMIIOHEHTOH).

Juis pemenus 3TOH 3a1aun BHavase Heobxoanmo BrIOpaTh BUA GyHKUMH
f(t). Hanbonee 9acTo HCNoAb3YIOTCA Caeayionine GyHKIum:

auneitHas — f(t) = b, + byt;

noaMHOMManAbHaa — f(t) = by + byt + byt? + ... + bt

3KCNOHEeHUHanbHaa — f(t)=eb b,

—
1+be<’

Tomnepna — log f(t) =a-bri,rae 0 <r < 1.

3710 BecbMa OTBETCTBEHHHIN 3Tan uceaeaosanus. [Tpu subope cooTseT-
cryroutedt Gynkumu f(t) Henoab3yoT coepkaTeNbHbiH aHaMH3 (KOTOpLIi
MOXET YCTAHOBHTb XapakTep AMHAMMKH TIPOILECCa), BU3yajibHble Habm0-

norucTnyeckas — f(t)=
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AeHuA (Ha OCHOBE rpadHYeckoro H300paKeHUuA BpeMeHHoro psajaa). Ipu
BEIBOPE MOTHHOMUANBHOH QYHKIIMHM MOXET OLITE TPHMEHEH METO/ 1oc/1e-
J0BATEJBHEIX PasHoCTeH (COCTOAMMH B BEIMHUCACHHN Pa3HoCTeH NepBoro
nopsaka A, =y, -y, ;, BTOporo nopsiaka Aj~) =A, —=A, ; U T. A.), # NOPAAOK
pasHocTei, IPH KOTOPOM OHH Oy/yT HPUMEPHO OJMHAKOBLIMH, IPHHHMA-
€TCA 3a CTeNeHb NMoJHHOMA.

M3 apyx GyHKuuil npeanoyTeHne obLINHO OTAAETCA TOMH, NPH KOTOPO#
MEeHLIIEe CYMMa KBa/[paTOB OTKJIOHEHHH GaKTHUECKHX JaHHBIX OT PACUETHRIX
Ha OCHOBE 3THX PyHKLMI. HO 3TOT NpUHIMN HEIb3A J0BOAMTE 10 abeypaa:
TAK, Ui J1000ro Pajia u3 1 TOUYeK MOXHO 1oaobpaTe moawHoM (1 — 1)-it cte-
eHH, TPOXOJANINIA Yepe3 BCe TOUKH, U COOTBETCTBEHHO ¢ MHHHMAIbHOH —
HYIEBOH — CYMMOM KBAApPaTOB OTKJIOHEHHI], HO B 3TOM CyYae, OUeBH/IHO,
HE CAEJYEeT IOBOPHUTL O BBIIEIEHHH OCHOBHON TCHACHUHMH, YYUTHIBAA CITy-
yaiHeIl XapakTep 3THX To4eK. [To3TOMY NpH NPOYMX PaBHBIX YCI0BHAX
NPEANOYTEHHE CIeAYeT 0TAaBaTL Hosiee MPOCTLIM GYHKIMAM,

U1 BLIABACHHA OCHOBHOM TEHACHIHH Yallleé BCETO MCTIONBL3YETCA METOA
HaWMEHBIIHX KBa/IpaToB, PACCMOTPEHHLIH B 171, 3. 3HaYEHHA BPEMEHHOI0
pAJia y, PaccMaTpUMBAlOTCH KaK 3aBHCHMAas NepeMeHHas, a Bpems { — Kak
oOBACHAIONAA:

¥, =ft) +¢, (6.7)

rae €, — BOSMVIUIEHHA, VAOBJICTBOPAKIHE OCHOBHBIM npeAnochllKaM
PerpeccHOHHOTO aHAIN3a, NPUBEICHHBIM B § 3.4, T. €. NpeaCTaRIfAoIHE
HE33EMCHMbBIE M OZMHAKOBO PACHPEACICHHBIC CayyaliHbie BEIHYNHE, pac-
npejeieHue KOTOPeIX npeanojaracM HOpMaibHLIM.

HanoMHHM, UT0 COTAACHO METOAY HAUMEHbITHUX KBAAPAaTOB NapaMeTpsl
npsmoit’ y, = f(t) = by + bt HAXOAATCA M3 CHCTEMBbl HOPMAJIBHBIX YPaBHE-
Hui (3.5), B KOTOPOIi B KayecTse x; Hepewm :

n n
bon+b 3 t=3 ¥,
=] f=]
) i i (6.8)
boXt+b Y t2=3 yit.
r=1 =1 r=1
YUUTHIBAsA, 4TO 3HAYEHUA NepeMeHHol t = 1, 2, ..., n o6pasyvioT HaTy-
n

T n
PanbHBIA pag uncae or 1 20 n, CyMMBI 3.0, 3 t2MOKHO BHIPasHTh yepes
=1 t=1
YHCAO WICHOB PsiZla n 110 M3BECTHRIM B MaTeMaTHKe hopMyaaM:

nn+1) nn+1)(2n+1}

oo BNFL, g 6.9
E{ ) Ez[ 6 (6.9)

1 B cayuae, ecau bynxing f{1) neanseinas ¥ He NPeACTARIAeTCS BOIMOKHEM MPHMe-
HWTH Memodsi Tuneapusanuy Mogeas (§ 5.5), To napaMeTpsl TPEHAA HAXOAAT H3 COOTBETCTRY-
UMY (B 3aBHCHMOCTH oT BuAa GyHKuun f(t)) cHCTEM HOPMaAbHBIX YPABHEHHH, KOTOPHE
3Jech He NPHBOAATCH (cM., nanpumep, [30], 60 ¢ TOMONBLIO CNENUATLHEIX TPOHEAV] Olle-
HHBAHKA,
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» [pumep 6.2. I1o sannein Tabu. 6.1 HalTH ypaBHeHHe Hecay4aliHoi cocTas-
amiowied (Tpenaa) ANA BpeMEHHOTO PAAA Y, 10Aaras TPeH/ TUHeHHEN,
Perenuie. No tpopmyne (6.9)
&, B9 3 8917
t=—=36; Y 2=—-"=204.
E:, 1-2 E 6 %
Aanee
B
3 =213+171+...+361=2375;

t=1

8
Y y2=2132 41712 +...+ 3612 =739827;

r=1
8
2 yt=2131+171-2+4...4361-8=11766.
=!
CHereMa HOPMAThHWX YpasHeHHi (6.8) umeeT Bua:
{ Bh, +36h, =2375,
|36h; +204b, 11766,

otkyaa by = 181,32; b, = 25,679 u ypagHenue Tpenaa ¥, = 181,32+ 25,679
(puc. 6.1), T. €. CIPOC EXErOAHO YBENUYHBAETCH B Cpeanem Ha 25,7 e,

Tlpu pelesy 3a4a494 MOKHO G510 He BHITTHCBIBATE CHCTEMY HOPMAThHBIX ypan-
HEHWH, A IPE/ICTABHTD YPaBHeHKe perpeccun B e (3.12), r.e, ¥, - V= b (t 1), rae

n n
R §

rol en o
n g ? n’

a koadrnent perpeceun b, Haiity no dopmyze (3.13):

yit -t
bi :‘-—u_—_-—-—-—,
t2-12

= n n
wt=)Yvt/n;y =3y /m
=} =]

T=(14n)/2; 2=(n+1)(2n+1)/6.

[TpoBEpNM 3HAYHMOCTE NOAY4CHHOrC YPABHEHHA Tpena no F-kpurepiio
Ha 5%-HoM ypoBHe 3HaYHMOCTH. BEraneanm ¢ omontkio dopmyist (3.40) cymmu
KBa/JpaTon:

d) oGycAoBAEHHYIO perpeccueit —

fn 2]

n n n LZ[] | 362
=3 -¥P=Y BR(t-T)2=b}| T2 - =25.67.92[204-- —-]:
t=1 t-1 el n J 8
=27 695,3;

6) oGuyo —
i 2
(Ey' ] 2375

n n 2
Q=2 -¥ P =2 y}-~———=739827- =g =347489;
t=1

t=1
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B) OCTATOMHYIO —
Q. =Q-Qy=34748,9 - 27 695,3 = 7053,6
Haitaem no popmyne (3.44) snaueHHe CTaTHCTHKH:

Qa(n-2) 2769536

F
Q. 7053,6

=23,56.

Tak kak F > Fj gs.1.¢ (cM. Ta62. [V npuaoxenuit), To ypapHeHHe TpeHaa 3Ha-
YHUMO. P

[lpy mMpUMeHEeHNH METOAa HaUuMEHBIIMX KBaApaToB /UIA OLEHKH napa-
METPOB IKCMOHEHUHANbHON, JOTHCTHYECKOH DYHKUHH MAH QYyHKIHM
loMnepua BO3ZHHKAIOT CJIOKHOCTH € pelIeHHEeM NoaydyaeMoN CHCTEMB
HOPMaJIbHBIX YPABHEHHH, O3TOMY NpeABaPHTENbHO, A0 NONYYE€HHA COOT-
BETCTBYIOWIEH CHCTEMBI, NPHOEraoT K HEKOTOPEIM Npeodpa3oBaHUAM ITHX
bynkumit (nanpumep, sorapudmuposannio u ap.) (cm. § 5.5).

Jlpyrum MEeToAOM BEIpaBHUBAHMA (CTIAKUBAHUA) BPEMEHHOTO PAJa, T. €.
BBIAEJNICHHUA HECAVYAHHOM COCTABAAIOIEH, ABAAETCS METO/| CKOIb3ATIHX
cpeannx. OH OCHOBAH Ha NEpexo/e OT HaYaJbHEIX 3HAYEHHH WIEHOB pAja
K MX CPEIHUM 3HAYEHUAM Ha MHTEPRAJIE BPEMEHH, JUINHA KOTOPOro onpe-
Aenena 3apaxee. [Tp1 3ToM cam BLIOpaHHBINH HHTEPBA BPEMEHH «CKOJIb3UT»
B/IOJIb PAAA.

Monysaemelit TakuM 06pasoM pAA CKOML3ALIMX CPEAHHX BejeT cebs
bonee magxKo, YeM MCXCAHBIA PAZ, M3-3a YCPEAHCHHWA OTKJIOHEHHWH paja,
JleCTBHTENLHO, €T MHAHBKAYAIbHEIH pa3bpoc 3HaueHHH WieHa BpeMeH-
HOTO PsiZa ¥, OKOJIO CBOEro CPeAHero (CriakeHHOro) 3HAYEHUA a XapakTe-
puayeTcs Aucnepcued o2, To pasbpoc cpejHeit U3 m WIEHOB BPEMEHHOI0
pana (v, + ¥, + ¥3 + ... +¥,)/m OKONO TOro e 3HaueHus a GyAeT xapakre-
PH30BATBCA CYLECTBEHHO MEHbIIeH BeIMYHHON AUCNepcHH, paBHO| o?/m.
Jlisi yepeaHenus MoryT OBITh HCMOJb3OBaHbl CpeiHAA apudmeTHyeckan
(npocTas ¥ ¢ HEKOTOPLIMHM BeCaMH), MeAHaHa M Ap.

» [Ipumep 6.3. [IpoBecTH craaXxuBaHue BPEMEHHOro pAAa y, Mo AaHHBIM

Tab. 6.1 METOAOM CKOAB3AUMX CPEAHMX, HCTIONBL3YA NPOCTYIO CPEANINI0 apudme-

THYECKYIO C HHTEPBAZNOM CIIAKHBAHHA M = 3 roaa.

Pewenue. Cronpaniue cpejHne Haxoaum no Gopmyne:

3,

Vo=, (6.10)
m
Korpam = (2p - 1) — HeveTHoe yHcao; npum = 3p = 1.

Hanpumep, npu t = 2 no dpopmyne (6.10):
V2= -;r_yg ry +ys)= %(213+ 171+291) = 225 (ea.);
nput =23

¥a =%(y3 +¥a +y4}=;{171-291+309)=241,0 (er)AT. A
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B peay/ibTare NOAYYHM CrAQKEHHBIH PAA:
t 1 2 3 B 5 6 7 8
¥, — | 225,0|241,0 | 305,7 | 329,3 | 336,3 | 358,0 | —

Ha puc. 6.1 oot paa naobpameH rpaduyecky B BUAe MyHKTHPHOH JHHUH. P

6.4. llporHo3MpoBaHmKe Ha OCHOBE MoJeNeil BpeMeHHbIX PAJOB

Oana u3 BaXHEHWKMX 3aa4 (9TanoB) aHasiu3a BpeMeHHOTro (AMHAMM-
HeCKOro) paja, Kak OTMEYeHO BHIE, COCTOUT B NPOZHO3UPOBAHUU HA €10
OCHOBE Pa3BUTHA H3ydaeMoro npouecca. [IpyM 3TOM HCXOAAT M3 TOTO, YTO
TeHACHIIMA Pa3BUTHA, YCTAHOBAEHHAA B NPOUUIOM, MOXeT GbITh pacnpo-
¢Tpanena (3xcTpanonupoBana) Ha Oyayuimi nepHos.

3ajaya CTaBHTCA TaK: HMEeTCA BPeMeHHOMH (AMHaMHYecKuit) paay, (t =
=1,2, ...,n) u TpebyeTcs AaTh NPOrHO3 YPOBHA 3TOTO PAJa HA MOMEHT n + T.

Buiwe, B § 3.5, 4.2, 4.5, Mbl pacCMaTPHBaJIH MOYeUHbIL W UHMEPBANbHbILL
NPozKO3 3HAYCHUH 3aBUCUMOH NEPeMeHHOH Y, T. e. onpedeneHue mo4euHbix
U UHMEPBATBLHBLY OYEHOK Y, NONYYEHHBIX 1A NapHOH U MHOXECTBEHHOH
perpeccuii s 3HaUeHHH OOBACHAIOUMX NEPeMEeHHbIX X, PacroNoKeHHbIX
BHe npeaesoB 06cIe/l0BaHHOrO AHANa3oHa 3Ha4eHui X.

Ecau paceMaTpuBaTh BPEMEHHOH PAJl KAK PErPECCHOHHYIO MOAEb H3y4a-
EMOr0 NPH3HAKA 110 NNEPEMEHHOMN «BPEMA», TO K HEMY MOT'YT GhITEH TIPUMEHeHE
PACCMOTPEHHLIE BbIllle METO/ALI aHanu3a. CreayeT, O4HAKO, BCIOMHHTD, 4TO
0HA H3 OCHOBHBIX NPEANOCLUIOK PErPpecCHOHHOrO aHau3a COCTOMT B TOM,
470 Bo3MyIleHua €, (t = 1, ..., n) npeacTaBasior cOG0H He3aBHCHMBIE CaTY-
YaifHbie BETHYMHBI C MATEMATHYECKUM OXKHIAHHEM (CPEeAHHM 3HaUeHHeM),
PaBHBIM HYJII0. A 1TpH paBoTe ¢ BpeMeHHbIMH PAIaMH TAKOE J0NYIEHWE OKa-
3WBAETCA BO MHOTHX C/Iy4asaX HeBepHbIM (cM. 06 aTom . 7, 8).

B AanHO# r1aBe Mbl oJaraeM, 4To BoaMyuieHus €, (¢ = 1, ..., n) yaos-
JETBOPAIOT NPEANOChUIKAM PErpecCHOHHOrO aHaAN3a, T. €. YUIOBHAM HOP-
ManbHOI KJ1aCcCHYeCKo# perpecconHoi mozenu (§ 3.4).

P Mpumep 6.4. Mo aanueim Taba. 6.1 2aTe TOYEUHYIO H € HAAEKHOCTBIO

0,95 HTEpBaNLHYIO OILEHKH NPOrHO3a CPEAHErO M HHAMBHAYAIBHOI'O 3HAYEHHI

Cpoca Ha HeKOTOPBI TOBap Ha MoMeHT [ = 9 (gepaTwlit roa). (IMonaraem, 9To

TPeHA AMHEHHbINH, 3 BOIMYIIEHHA YAOBNeTBOPAIOT TpeboBaHMAM KAacCHYeCKOH

mosenn (oM. gansiue, npumep 7.8.).

Peweriue. Buwe, B npumepe 62. NOAYHYEHO YpPaBHEHHE PETrpecCcHH

¥, =181,32+25,679t, T. €. ©XXETOAHO CIPOC HA TOBAD YBEAHYHBAICH B CPEAHEM

Ha 25,7 ea. Hago oueHHTh YCI0BHOE MaTeMaTHyeckoe omnaanne M, 4(Y) = ¥(9).

Ouenkoi ¥(9) ABnseTcs rpynnopas cpeHas

Yie5=181,32+25,679-9=412,4 (ea.).
Haiaem nio dopmyne (3.26) ouenky s aucnepcun o? (oM. ganee, Taba, 7.1):

3l
faitl 7‘8’_5_92:3=1176.5.
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BhIMUCANM OLEHKY AMCTIEPCHH IPYINOBOH cpeanei no dopmyae (3.33):

f = 2
i =1176,5 L+ O=HhSF
Y= \

8 42 J:7]4,3:

S5, =\714,3=26,73 (en.)
(31€Ch MK MCTIONB3OBATN JAHHBIE, MOJVIEHHBE B Ipamepe 6.2:

M:l

t

. 36
r":l-:—.. 'S;
t 3 4

B V2
: . (2] .,
T-TPR=3 3 =1 =204—3—6:=42).
t=l =l n 8

Mo Tata. L opuaokenuil {, os. 4 = 2,45. Teneps no gopmyse (3.34) uareppans-
Has OUEHKA NPOrHO3a CPeHero sHaueHna Cnpoca:

412,4-2,45-26,73< ¥(9)=412,4+2,45-26,73,

346,9< ¥(9)<477,9 (en.).

JUsi HAXOAACHNA HHTEPBANTBHON OLEHKY ITPOIHO38 MHAHBWIYAALHOTO 3HaYe-
Hus V' (9) BEIMUCIHM AHCTIEPCHIO eTo OlleHKH 1o opmyae (3.35):

1 (9-4,57
. —_—

2 _,=1176,51+ 5 =1890,8;

8;,=0 = 43,48 (en.),
a aateM no ¢popmyze (3.36) — camy HHTePBaJBHYIO OLeHKy A1 Y (9):
412,4-245-43,48 = y"(9) =412.4 + 2,45- 43,48,
Wiy
3059 =y' (9) =518,9 (ea.).

Wrax, ¢ RaaexnoceTsio 0,95 cpejHee 3HaUeHHe Cpoca Ha TOBAD HA AeBATHIH
roj OyzeT saxagero ot 346,9 10 477,9 (ea.), a ero HHAMBHAYAAEHOE 3HAYCHHEe —
o1 305,9 10 518.9 (ea.).

[IporHo3 pasBUTHA U3Y4YaeMOro Npouecca Ha OCHOBE 3KCTPANoIALMK
BPEMEHHBIX PAJOB MOKET OKa3aThes aQPEeKTHBHEIM, KaK IPaBHiIO, B paM-
Kax KpamxocpouHo20, B KpaitHeM ciyuae, cpedHecpoyHo20 nepuoda npozmo-
3uposanus,

6.5. MNonATHe 06 aBTOpErpeccMoHHbIX MOAEGNAX U MOJeNAX
CKONb3ALLeH cpefHen

L1l AaHHOTO BPEMEHHOTO pAja JaleKo He Beerja yaaeres nogobparts
adexsamuyro modens, 0asn komopoll psd goamyvidenuil €, fydem vooenem-
BOPAMb OCHOBHBIM NPEONOCLLIKAM Pe2pecCUCHHO20 aHanu3d. Jlo cux nop
MBI paccMaTPHBAIN MOACIH BHAA (6.7), B KOTOPHIX B KAUECTBE perpeccopa
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BHICTYTIAJIA TIEPEMEHHAs [ — «BpeMsA». B 3KOHOMETPHKE JJ0CTaTOYHO IHPO-
KOE PacnipOCTPAHEHUE NOMYIHIAN U IPYTHE PEIPECCHOHHEIC MOJEIH, B KOTO-
PEIX PErpeccopaMM BLICTYTNIAIOT 1A206bIE NEPEeMEHHbIE, T, €. EPEMEHHEIE,
BAUAKUE KOMOPHIX 6 IKOHOMEMPUHECKOU MOOeNU XAPAKMEPUIYEIMC HeXo-
mopbim 3anasdbiéanuem. Eue oqHUM OTIHYHEM PacCMaTPHUBAEMBbIX B 3TOM
naparpade perpeccHOHHBIX MOJAENEH ABAAETCA TO, YTO NpeACTaBIeHHbIe
B HUX OOBACHHAIOUINE NTEPEMEHHBIE ABNAIOTCA BEIUYHHAMM CAYUATIHBIMLL
(Moapobuee 06 3THX MOogeasx cm. 1. 8.)

Asmopezpeccuonxas modeas p-zo nopadka (wam moaens AR (p)) umeer Bua:

Ye=Bo+Ber + Bz + . + By, + £ (=1,2,...,0), (6.11)

rae fy, By, By, ..., B, — HEKOTOPBIE KOHCTAHTHL.

Ona onuchIBaeT H3y4aeMbiid IPOLECC B MOMEHT [ B 3aBUCHMOCTH OT €ro
3Ha4YeHuit B npeanaylie MoMenTh £ — 1, t =2, ..., t-p.

Ecau mecaeayeMblii npouece y, B MOMEHT ¢ OTIPEACIACTCA ero 3Ha4eHH-
AMH TOJILKO B NPEANIeCTBYIONIHIA nepHoa t — 1, To paccMaTpUBaKT aemo-
pezpeccuonnyio modens 1-20 nopadka (win modeas AR (1) — mapxoeckuil
cyvaiinsill npoyecc):

Ye=B +By+e(t=12,..,n). (6.12)

» Ipumep 6.5. B rabanue npeacrapaeHbl AaHHble, OTPaXKAIOUHE IMHAMHKY
Kypca akuuit HexoTopoil Komnanuu (aen. ez.):

Tabnuua 6.2

t| 1 2 3 4 5 6 7 8 9 100 | I

Y. | 971 | 1166 | 1044 | 907 | 957 | 727 | 752 | 1019 | 972 | 815 | 823

t| 12 13 14 1] 16 | 17 18 19 | 20 | 21 22

Y, | 1112|1386 | 1428 | 1364 | 1241 | 1145 | 1351 | 1325 | 1226 | 1189 | 1213

Hcnoabsya asToperpeccHoOHHYK MoAelb 1-ro nopaaka, AaTh TOYEYHbIH
H HHTEPBANbHLIA NPOIHO3 CPEAHErD H HHAHBMAYANLHOIO 3HAYEHHN Kypea akuui
BMOMEHT [ = 23, T. e. Ha r1y6GHHY 0HOTO HHTEpBAia,

Pewenuie. lNonwTka nogo6paTh K JaHHOMY BPEMEHHOMY PAIY aA€KBATHYIO
Moaens BuAa (6.7) ¢ AMHEHHBIM WIN NOAWHOMHAILHAIM TPEHIOM OKA3blBAETCH
Becnoneanoii.

B cOOTBETCTBHH € YCIOBHEM NPHMEHHM aBTOPerpeccHOHHYI0 Mojens (6.12).
Moayuinm (ananoruyno npumepy 6.2)

¥, =284,0+0,7503y,._,. (6.13)

HailaenHoe ypasHeHme perpeccii 3HauuMo Ha 5%-Hom yposne no F-KpUTepHio,
TaK Kak gpaxkTHdecky Habmogaemoe 3naveHne CTAaTHCTHKM F = 24,32 > F g1 1o =
= 4,35. MoHO Noka3aTs (Hanpumep, ¢ noMouibio kpurepus Japbuna — Yorcona)
(cm. ganee, § 7.7)), uto poamylieHna (ownbKn) €, B AAHHON MOAENH YAOBAETBO-
PRIOT YCIOBHAM KAaCCHYECKON MOAENH M ANA NPOBEAEHHA NPOrHO3a MOryT 6uTh
HCNOABL3DBAHBI VIKe H3YYeHHBIE HAMH METO/bI.
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BeIYHCTeBNSA, aHANOTHYHEIE TIPHUMepy 6.3, 4a10T TOYCYHLH POrHO3 1O ypas-
Henuio (6.13):

Ve-23=284,0+0,7503 1213=1194,1

W MHTEPBAbHLIH Ha ypoBHe 3HauuMocTi 0,05 118 cpeiHero H HHAMBHAYAILHOIO
JHAYCHHE —

1046,6 < 7,55 <1341,6; 879,1< y,, _,; <1509,1.

HTak. ¢ naaexHocTho (,95 cpediee 3HaveHHe KYPCa akIiH AaHH0H KoMIaHH
HA MOMeHT t = 23 SyaeT 3axmodeHo B npeaeaax ot 1046,6 1o 1341,6 (aew. ea.),
a €r0 MHAUBHAYATbHOe 3HaYeHne — ot 879,1 ao 1509,1 (aeH. en.), B

Hapsiay ¢ asToperpeccHoHHBIMH MOZJE/ISIMY BPEMEHHBIX PAAOB B 3KOHO:
METPHKE PACCMATPHBAIOTCH TAKKE MOOEU CKOAbIAWEN cpednell’, B KOTOpOol
MOJEIHPYEManA BeTHYMHA 331a€TCA anHelinoil GyHKIHeH oT Bo3aMylesui
(ommnBOK) B npeasiAyLIHe MOMEHTE BPEMEHH.

Modenw ckoavsaueil cpednell g-2o nopsadka (wim modean? MA (q)), nmeer
B

Y =6+ Vi€ F afra o F Vg (6.14)

B oKOHOMETpPHKE HCHOJIL3YIOTCH TakKe KOMDHHMPOBAHHBIC MOAC/IH Bpe-
MEHHBIX psiaoe AR u MA.

ABmopezpecccUOHHAA Modeab cKobaauet! cpeduetl nopsadkoe p U g coom-
semcmeerto (Wi modeas ARMA (p, q)) uMeeT BAZL:

Vi=Bo+Ba+ o FBYp T8 F V8 F o F Vg (6.15)

B 3akmiouesne 3T0i MaBkl OTMETHM, 9TO HCIOIB30OBAHHE COOTBETCTRY-
OUIMX aBTOPErPecCHOHHBIX MOJEAeH /1A MPOTHO3HPOBAHNA IKOHOMMYE-
CKHX TIOKasaTeneil, T. €. agmonpoehos Ha 6a3ze pacCMOTPEHHRX MOAEICH,
MOXKET OKa3aThCA BechbMa 3QPeKTHBHBEIM (KaK NPAaBHIO, B KPAaTKOCPOYHO#M
HCPCHEeKTHRE),

YnpaxHeHus

B npumepax 6.6—6.8 umeloTea cagayiommpe jannsie o0 YPoRaHHOCTH O3HMOH
nieHuty y, (1/ra) 3a 10 aer:

[¢ |1 [ 2]3] 4| s]e]7]8]9]nw
v | 163|202 | 171 | 77 [ 153 ]| 163 | 199 | 144 | 187 | 207 |

6.6. Haiitn cpeatee anavueHHe, cpeiHee KBaJApaTHIeCKoe OTKAOHEHHe W Kood-
GHIHeHTH! ABTOKOPPeNAIMN (Ul Jaros T = 1; 2) BPeMEHHOIo pija.

U TepMiH «exo/ibaquiaa cpediss» e ISAyeT IyTaTh ¢ alaIOTHYHEM TePMHHOM, HCNoak-
3YeMBIM B TEXHHKE CITIaKHBAHHA BPEMEHHMIX paaon (§ 6.2).
2 «MA» — OT aHIIHICKMX CI0B «moving averdge» — CRONL3ANEN CPeAHAA.
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6.7. HailTu ypaBHeHHE TPeHAA BPEMEHHOIO PAAA Y, TOAAras, WTo OH AHHEeHHBIH,
H NPOBEPHTDH €0 IHAYMMOCTL Ha yposhe 0,05,

6.8. lpoBecTH CraakMBAHHE BPEMEHHOTO PAAA ¥, METOAOM CKOJIB3ALIMX Cpea-
HHX, HCTIOIB3YH NPOCTYIO CPEAHIOI apHPMETHHECKYIO ¢ HHTEPBAIOM CITIAMHBAHMA:
aym=3;6)m = 5.

6.9. B tabiMue npejcTaBiensl AaHHble, OTPaXalouHe JHHAMHKY POCTa J0X0408
Ha Aywy Hacenenus v, (aeu. e.) 3a BocbMHIeTHHIE neproa:

t 1 2 3 4 5 6 7 8
¥ 1133 1222 1354 1389 1342 1377 1491 1684

[onaras, 4To TPEH MHHENHEI 1 YCJIOBHA KAACCHYECKON MOIENH BHTIONHEHE:

a) HailTH YPABHEHUE TPEHAa U OLPHHTD €10 3HaYHMOCTb Ha yposHe 0,05;

6) aaTh TOYEUHBIH W ¢ HAALKHOCTBIO 0,95 HHTEpPBaNbHEII TPOrHO3LI CPEAHEro
# HHAHBHAYAJIBHOIO 3HA4Y€HHH J0X0A0B HA JAeBATHIH roa.



fmaBa7
050G EHHAA NUHENHAA MOJEND.
FTETEPOCKEAACTUYHOCTD W ABTOKOPPENALIMA
OCTATKOB

[Ip1 MOAETHPOBAHHH PeaJbHBIX IKOHOMHYECKHX [TPOLIECCOB MBI HEPEAKO
CTANKUBAEMCA C CHTYAUHAMH, B KOTOPHIX YCIOBUMA KAaCCHYECKOH JIMHEH-
HOW MOJEIW perpeccHy OKasbiBalOTCA HapylleHHbBIMHU. B YacTHOCTH, MoryT
HE BRITIONHATLCA NPEANOCLUIKH 3 ¥ 4 perpeccHOHHOro avanusa (cm. (3.24)
# (3.25)) 0 TOM, 4TO CAyHailHbie BO3MYIIEHHA (OWHOKHM) MOAeaAH HMET
NOCTOAHHYIO AMCTIEPCHIO M HE KOPPEAHPOBaHbI M@XAY c060M. U1s THHEH-
HOH MHOXECTBEHHOH MOJEIH 3TH TIPEANOCHUIKM 03HaqaloT (cMm., § 4.2), yto
KOBapHallMOHHas MAaTpHIla BEKTopa BoamymieHui (ommnbok) € UMeeT B

3. =0%E,.

B Tex ciy4asx, Koraa MMeIHecs CTaTHCTHUECKHE AAHHBIC 0CTATOYHO
OJHOPOAHHI, AONYlIeHNe Y = O0°E, BNOJHE OIPaBAaHo.

OAHAKO B APYIMX CHTYAUHAX OHO MOMKET OKa3aThbCid HENPHEMICMbIM,
Tak, HanpuMep, NPH UCNOIL3OBAHHH 3aBUCHMOCTH PacXooB Ha moTtpebe-
HUE OT YPOBHA JOXO/I0B CeMeH MOXHO OXHIATh, 4TO B bo/ee obecneyeHHbIX
CeMbAX BAPHAIIMA PACXO/OB BbIIE, Y€M B MaIo00eCieveHHbIX, T. €. AuCnep-
CHH BO3MYIUEHHH He OAMHAKOoBBL. [IpH pacCMOTPEHHH BPEMEHHLIX PAAOB
MBI, KaK NpaBwIo, CTAIKMBAEMCA ¢ CHTyauuei, koraa HabaogaeMble B Aak-
HBII MOMEHT 3HAY€HHA 3aBUCHMOH NEepPeMeHHON KOPPEeNIUPYIOT ¢ UX 3Hade-
HHAMM B NIPEAbIAYIIIME MOMEHTH BPEMEeHH, T. €. HabmoaaeTcs Koppenrauns
MEX/1V BO3MYIIEHUAMH B PA3HBEIE MOMEHThI BPEMEHH.

7.1. 0606w eHHan NUHEHHAA MOJIeNb MHOKECTBEHHOM perpeccui

Obobwennan AuHeliHas Modenb MHoxwecmaeenHoll pezpeccuu (Generalized
Linear Multiple Regression model)

Y=XB +¢, (7.1)

B KOTOPOH NEpeMeHHbLIE ¥ NnapaMeTphl onpejesienbl TakK xe, Kak B § 4.1,
OIHUCHIBAETCSA CAEAVIOIEH cUCmeMoll cOOMHOWEHULL U Yeno8uil:
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1.€ — cayyalHBIM BeKTOP; X — Hewayyaitnas (AeTepMHUHHPOBAaHHAA)
MaTpHILa;

2.M(e) = 0,

3.3 =M(ee") = Q, rae Q — NOAGKUTENLHO ONPEASTEHHAR MATPHLA;

4.r(X) = p + 1 < n, rae p — YUCA0 OOBACHAIOIMX TTEPEMEHHBIX; T —
qHCA0 HADIIOACHHH,

CparHuBasa oboOWEHHYIO MOAEAL ¢ KraccHueckon (8§ 4.2), suanm,
YTO OHA OTAHYAETCA OT KJIACCHYECKON TONBKO 8UOOM KOBAPUALULOHHOI
Mampuubi: BMECTO 3 =02E, JUIA K1acCHYecKoi Moaeny nMeeM Y, =€ ans
obobueHHO. DTO 03HAYAET, UTO 8 OMUIHYLE OM KAdccUyeckoll, 6 o606uen-
wotl modenu xosapuauuu u ducnepcutt 06BACHAIOUUX NEPEMEHHBIX MOZYM
fsime NPoU3BOALHBLIMIL. B 3TOM COCTOUT CYTh 0000IIEHNA PerpecCHOHHON
MOAETH,

M oneHKH napamMeTpoB MoaeaH (7.1) MOXKHO NPUMEHUTH OOLIMHLI
METOA HAHMCHBIIHX KBaipaToB.

Onenka b = (XX)-'X'Y, nonyieHHas paHee U ONPEACACHHAA COOTHO-
wennem (4.8), ocraeTca cnpaBeAnuBod H B wiviae 0006IEHHOH MoAenH,
Ouenka b no-npexHeMy HecMelleHHas (J0Ka3aTeAbCTBO TOYHO TAKOEe e,
KaK MpHBeieHHOe B § 4.2) ¥ cocToATE 1bHAA.

Oznaxo noayuenHas panee Gpopmyna AnA KOBAPHAITHOHHOH MaTpHIIbI
BEKTOPA OLCHOK Y , OKa3BIBACTCH HENPHEMJIEMOH B YCIOBHAX 0600uieH-
HOH MOJIENH.

JeidcTBuTensHo, yuuThiBad (4.15), noayunm s o6o61LeHHOH Moae s

Y = (XK T XM(ee)X(XK) T =(XK) T X" QX(XX), (7.2)

B TO BpeM#A KaK 1A KAacCHYecKo#l Moaeau uMenn no gopmyae (4.16)
2.,=03(XX)1. (7.3)
HalizleM MaTeMaTHUeCKOe OXKHAGHME OCTATOYMHONH CYMMBl KBAaJpaToOB
ief =¢’e. Mcnoasava npeofpazoBaHHA, aHAJOTHYHBIE NPHBEACHHBIM

=l
B8 4.4 MOXKHO TTOKA3aTH', 4TO /Ul 0DODIICHHOH MOACIH

M(e'e) = tr{(E, - X(X'X)1X)Q], (7.4)

1. €. B COOTBETCTBHM ¢ (4.21)

ce ]= tr{(En-X(XX) 1 X")Q]
n-p-1 n-p-1 '

M(s2)= Mi (7.5)

e CHMBOJ LT O3HAYAET e COOTBETCTBYIomEH MaTpuun (§ 11.2).
CreoBaTenbHo, €CTH B Ka4YeCTBe OLeHKH KOBAPHALMOHHON MaTPHILL! Z_,,

B CDOTHOILEHUH (7.3) 3aMeHHTE 67 Ha 5%, T. €. B3ATkE MaTpHILy Zb:sz(X’X)"',
10 €€ MATEMATHYECKOEC OXHIaHUEe
! Cw., nanpusep. [2] nam [20].
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tr[(E, - X(XX) ' X")Q]
n-p-1

B 0o611ieM cyvyae He COBNajaeT ¢ KOBapHallMOHHON MaTpHLeH, onpeaeieH-

HO# cooTHOWeHHeM (7.2). DTo 03HAYUAET, YTO 06bIUHbII MEMOO HAUMEHBLILY

keadpamoe 8 06006werHol aurelHol pezpeccuonHoll Modeau daem cMeuleH-

HYI0 OUeHKY KOBAPUALUUOHHOT MAMPUYbl Y, 8eKMopa ouexox b.

Ouenka b, onpeaenennas no (4.8), xors u Gyger cocmosmensHoll,
HO He OyzeT onmumansHoll B cMbicae Teopembl aycca — Mapkosa.
nonysenus Hanbonee aidexmuasHoll OLIEHKHN HY)KHO MCTIOIB30BATh JAPYTYIO
OLEHKY, NOy4aeMYI0 TaK HasbiBaeMbIM OBOGIIEHHBIM METOJOM HaUMEHb-
LIMX KBAApaToB.

M(E,)=M(s2)(XX)' = (X% (7.6)

7.2. 0606weHHbIN METOA HAUMEHbLINX KBAaApaToB

Bonpoc 06 3¢ ek THBHOCTH THHEITHON HeCMEeHHOMH OleHKY BeKkTopa i
s 0606u1eHHOH PErPeCCHOHHON MOAENH PELaeTca ¢ NOMOUIBIO CAeAYIo-
et TeopeMEL.

Teopema AHTKeHA. B kaacce MUHEUHbIX HECMEUEHHBIX OUEHOK 8eKmopa
B dna obobugenHoll pezpeccuonHoll MOOEAL OUEHKA

b* = (X'Q X)X QY (7.7)

UMeem HAUMEHbULYIO KOBAPUAUUOHHYIO MAMPULY.
Joxazamenscmao. Yoeaumca B TOM, 9T0 OljeHKa b” ABAAETCH HECMEILeH-

HO#. YunTniBas (7.1), npeacTasum ee B Buje:

b" = (X'Q1X)X'QXB + ¢) = (XQIX)(XQX)P +
+ (X'Q1X)1X'Qe = B + (XQX)1XQ-e. (7.8)

MaTteMmaTHueCKoe OuaaHue oueHku b', 1. e. M(b*) = B, ubo M(e) = 0,
T. €. OueHKa b" ecTb HecMeweHHan oleHka 3.

Jlns aokasaTenscTBa ONTHMAJbHEIX CBOMCTB olleHKH b npeobpa3syem
WCXOAHBIC IaHHbIE — MATPHL X, BEKTOp Y U BO3MYILIEHHE € K BHAY, NpH
KOTOPOM BHITIOIHEHE! TPEOOBAHMA KAQCCUNECKOT MOAENTH PErPeccHH.

M3 MaTtpuyHO#H anre6psl M3BECTHO, YTO BCAKASA HEBLIPOXKAEHHAA CHMMe-
TpuuHaa (n X n) marpuia A AonycKaeT npejcrasieHue B Buae A = PP/, e
P — HexoTopas HEBBIPOXKAEHHAA (n X n) Marpuia.

INoaTomy cymecTByeT Takasa HeBelpokAeHHas (n X n) maTtpuua P, uto

Q=PpPpP (7.8")

(npeacrasnenue MaTpuilkl Q B Buae (7.87) He eAHHCTBEHHO, HO VIS HAC 3T0
HEe UMeeT 3HauYeHHn).

YyuTeiBas cBOMCTBa OOpPaTHBIX KBAaAPATHHIX MAaTpHI, T. €. (AB)-! =
= B-1A-' u (P)-! = (P-1)’, aTO O3HA4aeT, 4To

Q-1 = (P-1)P-2, (7.9
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3ameTuM, 4YTO ecan obe wacTu paseHcTBa (7.8") YMHOXMTE cresa
Ha matpuuy P 1, a cnpasa — uHa matpuuy (P)-! = (P1)’, To B npousseae-
HHM TIOJYYHM €IHHHYHYIO MaTpPHILY.

JleMCTBHUTENLHO,

PIQ(P) = PU(PP)(P) ! = (PIP)P'(P) =E,
T.€.
PIQ(PY) = E,. (7.10)

Teneps, yMHOKHB 06e yacTH 06001EHHON perpeccMoHHoi Moaenu Y =
= XB + ¢ na marpuuy P! ciesa, nony4um

Y. = X.B+e-., (7.11)

Ye=P1Y,X.=P1X, e. =P (7.12)

Y6eanmen B TOM, uTO Mogens (7.11) yAoBieTBOpseT Becem TpeGoBaHHAM
Kraccuveckotl Auneiinotli modenu mroncecmeenHoll pezpeccuu (§ 4.2):

M(e.)=M(P'e)=P-'M(e)=0, nbo M(e) = 0;
2. =M(e.el)=M[(P'e)(P'e’) |=M[Plee’(P-')']=
=P M(ee")(P-') = PIQP1) =E,

(yanTuiBas (7.10));

rX) = p + 1 < n (TaK Kak MaTpHLa P — HeBLIPOXKAEHHAA).
CregoBaTeasHoO, Ha OCHOBaHMKM TeopeMnl laycca — Mapkosa Hanbosee

3bpexTHBHOH OLEHKON B KAACCE BCEX JMHEHHBIX HECMEIEHHBIX OLEHOK

ARIAETCA OLeHKa (4.8), 1. e.

b" =(XIX.) XY.. (7.13)

Bosspaumasack K ucxoaHsiM Habmogennam X u Y u yuurusan (7.9), noay-
UM

b* = [(PIX) (P'X)] (P X)PYY = [X'(PV)PIX] X' (P)PYY =
= (X'QX)'X'QY,

1. e. BelpaxkeHue (7.7), uro u tpeboBanochk AOK43aTh.

HeTpyaHO NpOBEpHUTL, YTO B cayude kaaccuuweckoil modeau, T. €. NPH
BENOJHEHUH NPEANOCEUIKH Y, =Q=0%E,, oyenka o6obuennozo memoda
Haumenbwiux kéadpamoa b* (7.7) cosnadaem c oyeHkoll «06biyHO20» Memoda
b(4.8).

[IpH BHINOJHEHHH NPEANOCHUIKH 5 0 HOPMAJTBHOM 3aKOHE pacnpese-
JeHMA BEKTOPA BO3MYUIEHHH € MOXKHO yOeauTbCA B TOM, 4YTO ouexka b*
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obobugennozo memoda Haumenbuwux keadpamos das napamempa B npu
uszeecmuoil mampuue Q cosnadaem ¢ €20 OUEHKOU, NOLYHEHHOU MemMOodoM
MaKcuManbHozo npasdonodobusa.

B coorBetcTBUH ¢ (4.3) ouenka b’ =(X!X.) 1 X!Y. apaserca TOYKOMH
MHHHMYMA 110 & OCTATOYHOH CYMMBI KBaAPaTOB

S=i€,2. =8:e. ={Yn "X-b)’{?- —x-b).

i=1

Ilepexoas K HCXOAHBIM HAaOMIOAEHUAM,

S = [PH(Y=Xb)]'[P(Y-Xb)] = (Y-Xb)' (P')PI(Y-XDb) =
= (Y-Xb)'Q2'(Y-Xb) = e'Q e, (7.14)

T. €. ouerka b” 0606wenno20 memoda HaUMEHBWUX KBAOPamos Moxcem Gbims
onpedenena KaxK mouxka Munumyma obobwerHozo kpumepus e’'Q-'e (7.14).

Cneayer OTMETHTB, UTO Ans 0006mEeHHON perpeccHOHHONH MOoAeH,
B OT/IMMHME OT KJACCHYECKOH, KO3pPUUMEHT JeTepMUHALMN, BEIMHCIEHHbIH
no gopmyse (4,337

(Y=Xb'Y (Y -Xb")
Y-¥Y(Y-¥)

(rae b” — onenka 0606IMEHHOrO METO/Ia HAMMEHbIIMX KBaapaTos (7.7)),
He ABISETCA YAOBJIETBOPUTENBHOM MEPO# KauecTBa Mojenn. B obmewm cay-
gyae R? MoxeT BLIXOAWTE Aaxe 3a npejent uHrepsana [0; 1], a nobasnenne
(yaanenue) ofpacHAIOLEH NepeMeHHOH He 06A3aTeNbHO MPHBOAUT K €10
YBEAHUEHHIO (YMEHBINEHHUIO).

[IpuunHa COCTOUT B TOM, YTO pasnoxeHue odlueil cyMMbl KBaapaTos
Ha cocTaBasiomme Qq u Q, (em. § 4.6) BHBOAWIOCH B NPEANONOKEHHH HATH-
yua cBOOOAHOro YieHa B 06obmenHon Moaenu. OAHAKO, eI B HCXOAHOH
mogenu (7.1) coaepxuTes cBoGOAHBINA WIeH, TO Mbl HE MOXKEM rapaHTHpo-
BaTh €ro NpHCyTCTBHE B npecbpaszoBannoii Mogenu (7.11). lNoatomy koad-
duyuenm demepmunauuu R? 8 0606uenHoll Modeau MOXEM UCNOABIOBATNHCA
AUULL KAK 8eChMA NPUBIUNEHHAR XAPAKMEPUCTMUKA KAYECTNAA MOOeaN.

B 3akii04eHHe OTMETHM, 4TO A1A NpUMeHeHHA 06001eHHOro MeToaa
HAWMEHBIIMX KBAJPATOB HEOBXOAMMO 3HAHHE KOBAPHALMOHHON MaTpHIL
BEKTOpa BO3MYILEHHH £, YTO BCTPEYAeTCsl KpaiHe PeAKO B IPAKTHKE KO-
HOMETpUYeCcKoro MoaesnpoBanuda. Ecam ke cunrars Bee n(n + 1) / 2 ane-
MEHTOB CHMMETPHYHOH KOBapHauLHOHHON MATpPHIL  HEH3BECTHBIMH
napamerpamu 06001eHHON Mozgenn (B gononHennn K (p + 1) napameTpam
), To ofmee YUCIO NAPaMETPOB 3HAYMTENBLHO TPEBLICHT YHCAO Habw-
AE€HWH N, 4TO CAEAeT OIIEHKY 2THX NapaMeTpoB HepaspelHMon 3asave.
[ToaToMy U1 NPAaKTHYECKON peanH3auny 000OIEeHHOro MeTola HauMeHb-
IIHX KBaAPaToB HEOOX0AMMO BROAMTS JONOTHUTENILHBIE YCAOBHA HA CMpyK-
mypy mampuyst . Tak MBI IPHXOAHM K npaxkmuvecku peanusyemomy (Wi
docmynromy) obobuierHomy METOAY HAaUMEHBIIMX KBAJPATOB, PACCMATPH-
paemomy B § 7.11.

R?=1 (7.15)
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Janee paccMOTpHUM Haubosiee BaXHBIE M YACTO BCTPEYAIOIHECHS BH/bI
CTPYKTYP MaTpHLbI £,

7.3. leTepocKeaacTHYHOCTD NPOCTPAHCTBEHHON BbIGOPKH

Kak ye orMeyanoch phillle, PaBEHCTBO AMCTIEPCHIT BOSMYIUEHWH (omn-
Box) perpeccHHH €, (2oMockedacmuMHOCMS) ABAAETCA CYIECTBEHHBIM YCI0-
BHEM JIMHEHHON KJacCHYecKoil perpecCHOHHONH MOACTH MHOXKECTBEHHOH
perpeccuy, 3anMChiBaeMbiM B BHae Y =02E,. OHAKO HA NPAKTHKE 3T0
YOUI0BHE HEPEAKO HapYIIAeTCA, H Mbl HMEEM /10 € 2emepockedacmuyHo-
aMbl0 MOAEITH.

[peAnonoxuM, 9T0 Heo6X0AMMO H3YYHTL 3aBUCHMOCTB Pa3Mepa OI1aThl
mpyaa Y (B yo1. AeH. e/l.) COTPYAHHKOB GpUpMBI OT paspsaa X, NpHHUMAIO-
mero 3Havenna ot 1 g0 10. [Toayyenn n = 100 nap Habaroaennit (x;, y,).
I'paduk 3aBHCHMOCTH NEPEMEHHON Y 0T HOMepoB HabMIoAeHH, YyIOpso-
YeHHBIX 110 BO3PACTAHHIO YPOBHA 3Ha4eHHH obbACHAIONEH TIepeMeHHOoN X,
noKasaH Ha puc. 7.1.

Y

800

Puc. 7.1

Ha puc. 7.1 oTyeTAMBO BHAHO, YTO BapHaluA pa3Mepa onjaTel Tpyaa
COTPYAHMKOB BHICOKMX YPOBHEN 3HAYHTENbHO NPEBOCXOAUT €ro BapHaLHIO
18 COTPYAHMKOB HU3KHX VPoBHe#. CreoBaTebHO, MBI BIIpaBe NpeAnono-
KUTb, YTO PErPECCHOHHAA MO/IEb NOJAYYUTCA NeTePOCKeAacTHYHOM, U VCI0-
e 3 _=02E, He BHINOAHAETCA.

Mzul ewte BepHEMCA K 3TOMY NTPUMEPY, a NMoka 00CyAuM, K KaKUM nocies-
CTBHAM NPHBOAHT reTepoCcKeJacTHUHOCTD.

[IpeAnonokKUM, YTO A/IA OLIEHKH PErpecCHOHHON MoaenH Y no X, ..., X,
Mb DTPHMEHWITH OOBIMHBIT METOA HAUMEHBUIWX KBAAPATOR M HALILTH OLEHKY
b napameTpa [} no dopmyne (4.8). Toraa ¢ yuerom (4.12) 6yaem umers

b=XX)'XY=p+ (XX)Xe (7.16)

139



Kak 6pu10 ot™MedeHo B § 7.1, b — HecMeleHHas H COCTOATEBHAA OLIEHKA
napamertpa [} s 0600wenHoll TMHENHON MOAEIH MHOKECTBEHHOH perpec-
CHH; CJIeIoBATEbHO, U B YaCTHOM CIy4yae, KOrja MOJelb reTepockesa-
CTHUYHA, OLIeHKA b — HeCMeIeHHanA H COCTOATEIbHAA. JTH CBOHCTBA OLIEHKH
b nerxo yematpusatoresa ua (7.16), eciu yuecrts, yto M(g) = 0.

Takum obpazom, 18 onpeseeHHA HEH3IBECTHBIX (NPO2HO3HBIX) 3HAYE-
HHH 3aBUCHMO#H nepeMeHHOH OOBIYHBIH MeTo/T HAaWMEHbIIHX KBaJpaTos,
Boo61ie roBops, NPUMEHHM M /UIA FeTePOCKEIaCTUIHONW MOJAEAH.

Tak, B HameM NpUMEpPe M3YYEHHUA 3aBHCHMOCTH pa3Mmepa omiatel Y
oT pa3psaa X cOTpyAHUKOB GUPMBI perpeccHoHHas modeab Y no X npumer
BHL:

¥=225,2+44,99x,

KOTOpas BNoJHe MOXKeT ObITh MCIONb30BaKa AIA NPAKTHYECKHX [IPHIOKE-
HH.

OaHaxo pe3yabTaThl, CBA3aHHLIE C AaHAJIU3OM MOYHOCMU MOJENH, OleH-
KO 3HAYUMOCTU ¥ TTOCTPOEHHEM UHMEPBANbHBLX OUeHOK ee KoaddumeH-
TOB, OKa3bIBAIOTCA HENIPHIOAHBIMH.

B camom jaene, npu NOCTPOEHHH f- U F-CTaTHCTHK, KOTOPBIE CHyKar
HHCTPYMEHTOM JUIS NMPOBEPKHU (TECTHPOBAHUA) THNOTES, CYUIECTBEHHOE
3HaYeHHE HMEIOT OLEHKH AMCnepcuii H KoBapHauuii napamerpos B, (i =
1, ..., n), T. e. KOBapUalUKMOHHaA MaTpuua Y ,. Mexay TeM, ecau MoJend
He SIBIAETCA KJIaCCHYeCKOM, T. €. KOBApHAIlMOHHAA MaTPHLIA BEKTOPa BO3MY-
wenui ¥, = +#0?E,, T0, KaK nokasaHo B § 7.1, KoBapHalHOHHAA MaTPHIa
BEKTOPa ONEHOK nmapameTpoB Y, = (XX) 1 X'QX(X'X)! (7.2) cymecTsenHo
OTAMHYAETCA OT MOAYYEHHOH ANA KAaccuyeckoi moaenu Y, =o?(XX)!
(7.3). A 3HA9MT, UCTIOAB3OBAHHE MATPHILHI Zb (7.2) Ans OUEHKH TOYHOCTH
perpecCHoHHON MoaenH (7.1) MOKeT NPHBECTH K HEBEPHBIM BHIBOJAM.

Hanomuum take (§ 7.1), uyro ouenka b (7.16), ocrasasack HeCMeUIEH-
HOH H COCTOATE/ILHOH, He Oy/ieT onTUMaJbHOH B CMBICTE TeopeMb! [aycca —
Mapxkosa, T. e. nanbonee 3¢pdexTHBHONH. 3TO 03HAYAET, 4TO MTPH HeBONbIIHX
BBIOOPKAX MBI PUCKYEM TIONYYHTh OLEHKY b, CymecTBeHHO OTAHYaIOLIYIOcH
OT HCTHHHOTO ITapameTpa fi.

7.4. TecTbl Ha reTepocKefacTUYHOCTD

B npumepe, pacCMOTPEHHOM B § 7.3, HaJIH4YMe reTepoCKeAaCTHYHOCTH
HE BBHI3LIBAET COMHEHHA, — YTOOE yO6eanuThea B 3TOM, AOCTATOYHO B3IA-
HyTb Ha puc. 7.1. OlHAKO B HEKOTOPLIX C/Iy4asaX reTeépPOCKEAACTHYHOCTD
BM3YaJIbHO HE CTO/b OY€BHAHA.

PacemMoTpuM ele OAMH NPHUMED, B KOTOPOM HCCIEAYeTCA 3aBUCHMOCTS
AoxoAa uHAMBMAYYMaA (Y) OT ypoBHs ero obpasoBanua X,, NPUHUMAIOLIEro
3HaueHus ot 1 10 5, no JaHHbM n = 150 Habmoaenuit. B uncao obbacuaw-
IMX epeMeHHbIX (perpeccopoB) BKIKWYEH TaKxKe U Bo3pacT X,.
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Ha puc. 7.2 npuseaen rpaguk 3aBUCHMOCTH epEMEHHOI Y OT HOMepoB
Habmo/leH M, YNOPAAOYEHHBIX 110 BO3PACTAHHIO YPOBHA 3HAYeHMit 06bAC-
HAIOLIEH nepemMeHHon X,.

v

80
60
40

20

| S

0 20 40 60 80 100 120 140 X,

Puc. 7.2
- XoTa guarpamMma HMeEET JIOKa/JIbHO PAacCnoJOKEeHHBIE NMUKH, B LEJIOM

HOM BeIBOPKE.

Yro6bl onpeseuTh, KaKas e UMEHHO CUTYaUusA HMeeT MeCTo, HCNOb-

YIOTCA Mecmbl Ha 2emepockedacmuyHocms. Bee OHM MCTIONB3YIOT B KaYecTse

yieBoit runotessl H, zunome3ay o6 omcymcmsuu 2emepockedacmuyHoCiiL.
Tect panroBoii koppeasiuu CrimpmeHa ucnoabaver Hanbonee obuue

TPEATIONONKEHHA O 3aBUCHMOCTH JTUCTIEPCHii OIMBOK perpeccum oT 3Haye-

it perpeccopos:

02 = fix),i=1,...,n.

[p# 5TOM HMKAKHMX JOMONHHUTENbHEIX NPEANONOKEHHI OTHOCHTENLHO
ia GyHKUMHA f; He aenaerca, He HAKIaABIBAIOTCA TAKKE OrpaHUYeHMs
3aKOH pacnpejeneHua BoamyleHuil (omubok) perpeccus €,.

Hzen TecTa 3aK104aeTCH B TOM, 4TO abCONOTHBIE BeIMYHHBI OCTATKOB
ECCHM ¢; ABMAIOTCA OLEHKAMHM O, TIOITOMY B C/Iy4ae reTepocKeaacTHy-

abconoTHLIE BETHYHHEI OCTATKOB €; H 3HAYEHHS PErpeccopos X;

fyayT KOppeHpPOBaHBbIL.

st naxoxaenmns koadduunenTa panrosoii koppeasuuu p, , (cm. § 3.8)
glefyeT paHXMpoBaTh HabIIOACHNSA N0 IHAYCHHAM NEPEMEHHOMN X; M OCTAT-
B €, 1 BEIYHUCIHTE ), , o dopmyne (3.49):

n
63 d?
Px,e =1-—0—, (7.17)
ne=-n
d; — pa3sHOCTL MEX/AY PAHPAMH 3HAYECHHH X, M €.
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B cootercTBHu ¢ (3.50) KoadDUIMEHT PAaHIOBOI KOPPEIAIIHH 3HAYNM
Ha YPOBHE 3HAYHMMOCTH ¢ TpU n > 10, ecin cTaTUCTHKA

lpx.tl\‘n*z

ft]= = S— (7.18)
| ﬁ? 1-0: w2

rae ty . o — TabiHuHOE 3HaYeHHe (-KpUTepHs CThIOAEHTA, ONIPEAEICHHOe
Ha YPOBHE 3HAYMMOCTH ¢ NPH YHCIE cTeneHei ceoboanl (n — 2).

Tect lNoaagpenna — Ksanara. 3TOT TECT IPUMEHAETCA B TOM Caydae,
ecnu OmMbKM Perpeccuy MOXKHO CYUTATHE HOPMANLHO PACNPEOeneHHbIMU
cyuadHbBIMH BeTHYHHAMH.

[IpeanookuM, YTO CpeAHne KBaapaTHieckHe (CTaHAAPTHEIE) OTKIIOHE-
HUSl BO3MYIIEHHH O; NPONOPLHOHANbHBI 3HAYeHNUAM 0OBACHAIONEH nepe-
MeHHOW X (3T0 03HaYaeT NOCTOAHCTBO YacTO BCTPEHaloEerocs Ha npax-
THKE omHocumensiozo (a He abCOMOTHOTO, KaK B KJIaCCHYECKOH Moaenu)
pa3bpoca BO3IMYIEHWH £, PerpecCHOHHON MOACTH.

Ynopsaaouum n HabmogeHuit B NOpAAKe BO3pacTaHUA 3HAYEHHWH perpec-
copa X u BeibepeM m nepseIX ¥ m NOCAEAHHX HabmoaeHHH.

B aToMm cayyae runoTesa 0 TOMOCKEAACTHYHOCTH Gy/€T paBHOCHIbHA
TOMY, 4TO 3HAYCHHA €;, ..., €y H €, 11, -o0y €, (T. €. OCTATKH €; PEIPECCHH
NepBLIX W NOCAEAHUX m HaOGMOAEHHH) NPEACTABAAIT coBOH BHIBOPOUHbIE
HaOMI0AEHMS HOPMANBHO pacnpedeneHHbly CIYIaHHBIX BENMYHH, HMEIOLHX
O/IHHAKOBBIE JUCTIEPCHH.

'unoTesa 0 paBeHCTBE AUCIEPCHI ABYX HOPMaJIbHO pPacnpe/leIeHHbIX
COBOKYITHOCTEIH, KaK M3BECTHO (CM., Harpumep, [19]), npoBepAeTCs ¢ noMo-
mbio Kpurepua Pumepa — CHezexopa.

HyzneBas runotesa o paBeHCTBe Aucnepeuid Asyx Habopos no m Habuo-
AeHuit (T. e. runoTesa o6 OTCYTCTBHM e TePOCKeJaCTHYHOCTH) OTBEpraeTcs,
eciu

Xef
Fe—l—>F. 0 mps (7.19)
Y ¢
f=n-m+]
i€ p — YHUIO PErpeccoposB.

3aMeTHM, YTO YHUIMTEAb M 3HAMeHaTeab B BuipakeHuH (7.19) creno-
BAJIO Pa3leINTh Ha COOTBETCTBYIOUIEE YHCIO cTeneHel cBobo/ikl, HO B AaH-
HOM CJIy4ae 3TH YUC/Ia OAMHAKOBB! M pasHbl (m — p).

Mownocme mecma, T. €. BEPOATHOCTb OTBEPrHYTh runoresy ob orcyr-
CTBHM TETEPOCKEAACTHYHOCTH, KOIAa A€HCTBUTENRHO MeTePOCKeJaCc THYHO-
CTH HET, OKa3bIBAeTCA MaKCHMaJbHOM, eciu BuibupaTs m nopsiaxka n / 3.

[pu npumeHerun Tecta lonadensa — KpaHaTa Ha KOMNbIOTEpe HET
HeoOXOAMMOCTH BLIYHCAATL 3HAYEHHE CTATHCTHKH F BPYYHYIO, TaK Kak

m m
BEMYMHEL 3. e? U Y e? MpeAcTaBafioT coboi CyMMBI KBaJPaTOB OCTAT-

=1 f=n-m+]
KOB perpeccui, OCYIECTBAEHHBIX M0 «YPE3aHHbIM» Buﬁopxau.
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» Ipumep 7.1. [lo aanusm n = 150 nabmoaenuit 0 Joxo1e HHAMBHAY-
yma Y (puc. 7.2), ypoene ero obpasosanus X; u Bospacrte X, EbACHHTD, MOKHO
A CYUTATL Ha YpoBHE 3HAYHMOCTH o = 0,05 JHHeHHYIO perpecCHOHHYIO MOAeNb
Y no X, u X, rerepockesacTHYHOM.

Pewenue. Bossmemnom = n /3 = 150 / 3 = 50 3HaueHnii A0X00B THIL C HaH-
MEHbUIHM i HanBoabUIM YPoBHEM obpasoBatua X,.

BLIMMCAHM CyMMBI KBAAPAaTOB OCTATKOB (camo ypaexeHne perpeccun (7.22)
npuseseHo HuxKe) ' :

150 150
Y e?=894,1; ¥ ¢2=3918,2; F = 3918,2 / 894,1 = 4,38,

i=] =101
Tak kak B cooTBeTcTBHH € (7.19) F = 4,38 > Fj, 1o 49. 45 = 1,61, TO rnoresa
00 OTCYTCTBHH reTePOCKeAACTHYHOCTH PErPECCHORHON MOENH OTBEpraeTcd, T. e.
Aoxojsl Bonee 06pa3OBAHKBIX TI0AEH AeHCTBHTENbHO HMEIOT CYLIECTBEHHO 6oL

wyio BapHaiuio. b

Tecr Yaitra. TecT panroBoi koppeasauun Cnupmera u tect lonadensa —
KBaraTa no3posisioT 06HAPYKHTh ML CAMO HATHYHE MeTEePOCKEAACTHYHO-
CTH, HO OHM HE Jal0T BO3MOKHOCTH NPOCAEANTH KOTHYECTBEHHBIH XapakTep
3aBUCHMOCTH AMCNIEPCHit OIUMOOK perpeccun oT 3HaYeHHil perpeccopos ,
UIe10BATENLHO, HE NPEACTABIAIT KakuX-Tu60 cnocoboB ycTpaHeHHuA rere-
POCKEAACTHUYHOCTH.

OueBHAHO, A4 NPOABMXEHHA K DTOH nenu HeoOXoAMMBI HEKOTOPLIE
AOTOAHWTENbHEE NPEANONOKEHHA OTHOCHTENbHO XapaKTepa reTepocke-
AACTHYHOCTH. B camom aene, 6e3 noaoBHLIX nNpeanonoxeHuil, 0O4eBUAHO,
HEBO3IMOXKHO OblI0 6bl OLEHMTH N napameTpos (n AucnepcHit owWMboK
perpeccuy 62) ¢ NoMolbIo n HabMoAeHHH.

Hanbosnee npocToit M HacTo ynorpebasembiit TECT HA reTePOCKeAaCTHY-
HOCTL — TeCT YaHTa, [1pH HCnoib30BaHHH 3TOro TECTa NPEANOAAraeTcH, uTo
AMCNIEPCHH OMINMBOK perpeccHu NpeAcTaBAAT cobol 00Hy u my xe @yHk-
yuo o1 HabMoAaeMBbIX 3HAYeHHH Perpeccopos, T. €.

o?=flx),i=1,..n. (7.20)

Yawe scero dpyHKuMa f BRIOMpAETCH KBagpaTUYHOH, YTO COOTBETCTBYET
TOMY, YTO CPEAHASA KBAApaTHiecKas omnbKa perpeccuu 3aBHCHT OT Habio-
JaeMblX 3HAYEHWH Perpeccopos NpubamKeHHo AuHeHHo. FToMocKeaacTHy-
HOll BEIBOPKE COOTBETCTBYET CIyuail f = const.

Maena Tecra Yaiita 3akaio4aerca B onenke gpynxkumn (7.20) ¢ nomombio
COOTBETCTBYIOUIETO YPABHEHUA PErPeCcCHH JUIA KBAaAPaTOB OCTaTKOB:

ef = f(x)+u,i=1,..,n, (7.21)

TAe U, — CAY4anHbIH WieH.

! 3peck 1 Aanee (ecaH HE NPHBEAEHO MHOE) MCXOAHBIE IHAYEHHA NEPEMEHHbBIX H BRNOI-
HEHHbIE HA MX OCHOBE KOMIBIOTEPHONR MPOrPaMMMOIl CTAHAGPTHBIE PacHeThi, HATOKEHHBIE
BIL 3, 4, He IPHBOJATCA.
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I'mnore3a 06 OTCYTCTBMM reTepockeAacTHHHOCTH (ycrosue f = const)
NPUHUMAETCA B CIy4ae HE3HAYMMOCTH perpeccuu (7.21) B LeioM.

B 60bIIMHCTBE COBPEMEHHBIX [1AKETOB, TaKKX Kak «Econometric Views»,
perpeccuio (7.21) He NPHXOANTCA OCYMECTBAATL BPYYHYIO — TeCT YaiiTa
BXOAMT B NMAKET KaK CTaHAapTHasA nognporpamma. B atom cayyae QyHk-
ums f BeibupaeTcs keadpamuunoil, perpeccopst B (7.21) — 3T0 perpeccopsi
paccMaTpHBaeMOi MOAETH, MX KBAApaThl H, BO3MOXKHO, NONAPHEIE NPOKN3-
BEIEHMSA.

» [Ipumep 7.2, Pemnts npumep 7.1, Hernonbays rect YaHTa.
Pewenue. lNpunMeHeHHe METOJA HAMMEHBIIMX KBAAPATOB AA€T CeAYIOLIEe YpaB-

HeHMe Perpeccui nepemerHoi Y (10xoaa wnansuayyma) no X, (ypossio o6paso-

BaHuna) n X, (so3pacry):

#=-3,06+3.25x, +0,48x _
(-1,40) (5.96) (8,35)" (7.22)

(B cxoBKax yKasaHs 3HaTEHHA [-CTATHCTHK KoadkpuiuenTos perpecci.) Cpas-
HuBaA Ux ¢ TabanaHbM 3HadenneM (4.23), T. €. [ g5 147 = 1,98, BHAMM, 4YTO KOH-
CTaHTA OKa3kBAETCA HE3HAYUMOI.

O6pamenne k nporpamme White Heteroskedascity Test (Tecm Yaiima na zeme-
pockedacmuUNHOC,) AT CAeAYIOulHe 3HaqeHuA F-cratneruki: F = 7,12, ecan
B 4HI0 perpeccopos ypasHeHua (7.21) He BKloueHb NONApHEE NPOHIBEACHHA
nepeMeHHuIX, U F = 7,78 — ecau BKA0OYEHH. Tak Kak B cOOTBETCTBUMM ¢ (4.32)
W B TOM ¥ Ipyrom caydae F > Fy o< 5 147 = 3,07, T. e. runotesa ob oTcyTCTBUH rete-
POCKEAaCTHYHOCTH OTBEPraeTcs. P

3aMeTHM, YTO Ha NPaKTHUKe NPHUMCHEHHe TecTa YailTa ¢ BKIOYEHHEM
H HEBKJIIOYEHHEM TONapHBIX NMPOX3BEACHUH AAl0T, KaK NpPaBwio, OAHH
M TOT Xe pe3y/ibTar.

Tecr Ineiizepa. DTOT TECT BO MHOTOM aHANOrHY€EH TECTY YaHTa, TOAbLKO
B KaU€CTBE 3aBHCUMON NePEeMEHHOM /Ul M3Yy4YeHHs reTepoCKeAacTHYHOCTH
BHIOMpaeTCA HE KBAAPaT OCTATKOB, a MX abCoMOTHAA BEIMYHHA, T. €. OCY-
IECTRAAECTCH PErpeccus

le;] =flx) +u,i=1,..,n. (7.23)

B xauecTne QpyHKuMii f 06b4HO BRIGHpaoTes GyHKuMK BUAA f = o + pd,
Perpeccust (7.23) ocymecTRAACTCA NPH PasHbIX 3HAUYEHUAX O, 3aTeM BrIOH-
paercd TO 3Ha4€Hue, NPH KOTOPoM KO3GPUIHEHT ¥ oKaskBaeTca Hauboee
3HAYHMBIM, T. €. uMeeT Haubobiee 3HAYeHHE (-CTATHCTHKH.

» Tpusep 7.3. To qausuM n = 100 Habmogennit 0 pasMepe oniaThl Tpyaa

Y (puc. 5.1) coTpyasnKkoB GUPMBI | HX paspaje X BHABHTB, MOAHO 1M CYHTATH

Ha YPOBHE 3HAYNMOCTH (L THHEHHYIO PErpeccHOHYIO MoJens Y no X rerepockea-

CTHYHON. ECIH Mogean reTepockeacTHiHa, TO yCTaHOBHTD €2 XapakTep, OlleHHB

ypaBHeHHe o; = f(x).

Pewenue. [peanonoxum, 9To AMCNEPCHH omnbOK O, CBA3AHL YPABHEHNEM
perpeccHu

o, =a+pd. (7.24)
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Hcnoapays o6biMHBI METOA HAHMEHBIIMX KBAAPaTOB, OLLEHUM PErpeccHio
Y no X, a satem — perpeccuio ocratkos e no X B suge dpynkunn (7.24) npu pas-
AWYHBIX 3HaveHHAX 8. TToayaum (B ckoOKax yKasaHbl 3HAYEHMA (-CTATHCTHKN KO3d-
duieHTa ¥) NPH PasiHYHLIX 3HaYeHHAX O:

3 =1|é,|=8,26+10,33x, (t = 7,18);
8= 2|¢,1=30,75+0,89x2 (t = 6,90);
5= 3|é,|=39,89+0,08x7 (t = 6,32);

8 =1/2|¢|=32,89+43,38Jx, (t = 6,99).

Tak Kak Bce 3HaYeHMA [-CTATHCTHKH BONbIE Ly gs. g5 = 1,99, TO runoresa
off OTCYTCTEHH reTepoCcKeAacTHHHOCTH OTBEpraeTca. YuuTeisas, yTo Hanbonee
3HauuMbIM Koo(HIHEHT perpeccin Y cKkasklBaeTcea B Caydae d = 1, rerepockesa-
CTHHHOCTD MOXHO annpoKCHMHPOBATh NEPBLIM YPABHEHHEM. >

7.5. YcTpaHeHue retepockeacTHYHOCTH

[lycTs paccMaTpuBaeTca perpeccMoHHas Moaens (4.2)

Y=XB+e¢ (7.25)

P
Yi=Po+ X Pix;+e,i=1,..,n (7.25")
i=1

Byaem cumTaTth, 4To Moaens (7.25) zemepockedacmuyna, T. €. AUCNEPCHH
poamywenui (omnbok) o? (i = 1, ..., n) He paBHBl MeXAy coBON, U caMH
BoamyuieHns €, U €, (k = 1, ..., n) He KOPpPEJHPOBaHbLL. DTO O3HAYAET, 4TO
KOBAPHAIMOHHAA MAaTPHLIa BEKTOPA BO3MYLIEHUIt Y= () — duazoHabHas:

of 0 .. O
gu| ¥ @ = O (7.26)
0 0 .. &f
Ecim amcnepeuu Bo3myuedni o? (i = 1, ..., n) H3BECTHBI, TO reTepo-

CTMYHOCTB JIETKO yCTpaHaeTcd. B camom sene, ByaeM paccMaTpHBaTh
KavecTse i-ro Habmoaenna 3aBHCHMOH Y M OOBACHAIOIMX NEePEMEHHBIX
X(j =1, ..., p) HopMuposanHble 110 O; NEPEeMEHHbIE, T. €.

Z=Y/o,Vi=X;/0,i=1,..,n,
Toraa mosieas (7.25) npumer Bua:
P
2, =B+ LBy +vpi=1,..,n, (7.27)
j=1
ey =Py /0, v, =€ /0
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Ouesuano, aucnepeus D(v,) = 1, 1. e. mogens (7.27) roMockeacTHIHA.
T1pu 3TOM KOBapHaMOHHAsA MaTPHUA Y 2 CTAHOBMTCA EAMHHYHOM, a cama
mozens (7.27) — Ki1accHYecKoH.

[TpuMeHan K IMHEHHOH perpeccHoHHON MoaenH (7.25) Teopemy AHTKeHa
(§ 7.2), naubonee adpdpeKTMBHOH OlIEHKOI BeKTOpa 3 ARAeTCH oleHKa (7.7):

b" = (X'Q'X) 1 X'QY. (7.28)

[Ipumerenune popmyan (7.28) ana oThickaHuA napameTpa f3, T. e.
obobuenHblll Memod HauMeHbWLX K8adpamoe Ona Modeau ¢ 2emepockeda-
CMUYKHOCMbIO, KOTJAa KOBAPHAIIHOHHAA MATpHIa BO3MYyWEeHuH Y (Q ecTs
AnaroHaabHas matpuua (7.26), Hassigaemcs 836€UIEHHBIM MEMOOOM HaAU-
MeHbWUX K8adpamoe.

Ipumenas obbiunbiil MeTOA HaMMEHbIIHMX KBagpaTos (§ 4.2), HenssecT-
Hbie NapaMeTphl PerpecCHOHHON MOAEJH HAXOAUM, MUHHMH3HPYA OCTa-

n
TOYHYIO CyMMY KBaapatoB S=e‘e= Y (¥, - y;)? ucnoab3ya o606ujennsiil
i=1
MeToA (8§ 7.2), — MHHHUMHU3HPYA S = ¢'Q le, U, HaKOHell, B YaCTHOM CJIy4ae,
NPUMEHAA 636€LEHNBII METOl HANMEHBIIMX KBaAPaToOB, — MHHHMHU3UDYA
n
5= ):[io'r. —y.)zJ.

i=1| Oj

«B3pemnBas» KakALIH OCTATOK € = ¥, — ¥; € NOMOWbI0 KoadduumnenTta
1/0;, Mbl IOOHBAEMCA PABHOMEPHO20 BKAA0Q OCTATKOB B OBIIYIO CYMMY, 9T0
NPHBOAHT B KOHEYHOM CHETE K NMoiydeHHo Hanbonee dGPeKTHBHEIX olle-
HOK NapaMeTpoB MOJETH.

Ha npakTuke, 04HaKo, 3Ha4eHUs O, NOYTH HUKOrAa He ObIBAIOT H3BECTHHI.
B aToM ciyuae npu HaxokAeHUH nepemMeHHuIX B popmysne (7.27) sHavexus
O; CAIE/lYeT 3aMEHUTh HX COCTOATENbHBIMH OLEHKAMH O;.

Ecan uexoauts M3 npeAnonokeHns (7.20), To CoCTOATENbHBIMH OLUEHKAMH
of annsioTes ofesAcHeHHbIe (POrHO3HbIE) 3HaueHwns 62 perpeccuu (7.21).

OnenKa napaMeTpoB perpecCHOHHON MOJAeNH BIBEIIEHHBIM METOAOM
HAaMMEHBUIKX KBAJAPATOB PEaNn3oBaHa B OONBUIMHCTBE KOMNBIOTEPHBIX
nakeTos. [lokaxeM ee NpoBeAeHHe NIPH UCTIONb3OBAHKMH 11aKkeTa «Econometric
Views».

Cnavana cnesyer NpUMeHHTb OOBIYHBIH MeTO] HaMMEHBIIHX KBaJpa-
TOB K Moaenu (7.25), 3aTeM HaJ0 HANTH perpeccuio KBaJpaToB OCTATKOB
Ha KBaApaTHYHLIE GYHKIMH PErpeccopos, T. €. HATH YPABHEHHE perpec-
cnm (7.21), rae f — kpaapaTuyHas QyHKUMA, apryMeHTaMH KOTOPO#N ABs-
I0TCA KBaJApaThl 3HAYEHUH PerpeccopoB M HX NONapHLe NPON3BEACHHA.
Iocae Yero caeayeT BHYUCANTE TIPOTHO3HBIC 3HAYeHHs €7 TI0 NOTYSeHHOMY

YPaBHEHHIO PErpeccHH M NoayuYnTh Habop Becos («veight»): 6, = J? . 3aTem
HaZ0 BBECTH HOBLIE NepeMeHHbIe X.J:Xj/&,- G=1,.,p) Yi=Y; /G
, H HAWTH YypaBHEHHE Y. =X.b. [oayuenHas npu 310M OueHKa b™ 1 ects
OIleHKA B3BEIIEHHOr0 METOAa HAMMEHbIUHWX KBaZPaTOB HCXOAHOIO ypaBHe-
Hna (7.25).
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P [pumep 7.4. [lo aaHHbIM npuMepa 7.1 OLEHNUTE NapaMeTpsl PErpeccHoHHOIM
Moaend Y no X, n X, BapellleHHbM METOA0M HaHMEHbUIHX KBaAPaToB.

Pewenue. B npumepe 7.2 k Moaenu ObL1 npuMeHeH oBBIYHBIA METO] HAMMEHb-
umx kpazpaTos. [IpH 3TOM nonyyeH psa OCTaTKOB €.

Ouenum Teneps perpeccHio Buaa

&2 = Yo + 1\ xF +Y2x3 +¥3x%.
IMpumenas oOLIMHBIH METOA HAHMEHBIIMX KBAAPATOB, NOAYYUM ypaBHeHue!:

€7 =3,6+0,3x7 +0,1x3 +0,05x,x,,
0,1 (0,07) (0,1)

JUiA NpHMEHEHHA B3BELIEHHOID METOAR HAHMEHBUIHX KBAAPaTOB PACCMOTPHM
BEAHYHHE G, = Jé? M BBEJEM HOBbIE TepeMeHHble

X
Xy= gt (= 12,Y, =34 (= 1,0, 150).

i i

Oueunpas perpeccuio Y. no X., u X.,, nonysaem ypasHeHue;

¥.=-6,21+3,58x., +0,53x.,
(2,18) (0,58) (0,08) *

4T0 H AAeT HaM OLEeHKH B3BELIEHHOTO MeTOJa HaHMeHbIIMX KBaaApaTos.

Ecan npumenuTs TecT Yaiita K nocieneMy ypasHeHHIo, noayuum F = 0,76 <
< Fy 5. 2. 147 OTKYASE CIEAYET, YTO ETEPOCKEJACTHYHOCTE MOMKHO CYHTATh YCTpa-
HEHHOW. P

Ha npakTuke npoueaypa YCTPaHEHHA réTepoCcKeJacTHYHOCTH MOXET
mﬂamm TeXHHYEeCKHe TPYAHOCTH. [leso B TOM, 4TO peanbHo B Gop-
ynax (7.26) npUCyTCTBYIOT HE CaMM CTaHJAAPTHBIC OTKJIOHEHMA OWHOOK
! MH, a8 JWITh HX OUEHKH. A 3TO 3HAYMT, 4TO Moaeab (7.27) BoBce
0643aTeNIbHO OKAKETCH TOMOCKEAACTHYHOI.
MpHYKHBI 3TOTO OYEBUAHEL. BO-NepBLIX, 1a/1€KO He BCeraa OKa3blBaeTcs
aBe/UTMBLIM camo npeanosoxkenne (7.21) win (7.23). Bo-BTOpHIX, QyHK-
i f B popmyne (7.21) wan (7.23), Boobie ropops, He o643aTeNbHO CTe-
enHan (v yK Tem Gosee, He 06s3aTeNbHO KBaJApaTHYHAA), U B 3TOM CJIydae
g 10A60p MOKET OKa3aThCA AaNeKO HE CTOAb MPOCThLIM.
JApyruM HEAOCTATKOM TECTOB YaiiTa u Ineiisepa apnserca 1o, 4To dakr
BBIABJICHHA MMM PeTePOCKeJACTHYHOCTH, BoobIle roBops, He o3HavaeT
¢ omcymcmaus. B camom jese, npuHHMas runoresy H,, Mbl IpHHUMaeM
Wb TOT GaKT, YTO OTCYTCTBYET ONPEACNCHHOTO BHAA 3aBUCHMOCTD AHC-
EPCHit OMOOK perpeccHy 0T 3HAYEeHHH Perpeccopos.
Tak, eci NPUMEHHTD K PACCMATPHBAEMO# paHee MOAENH 3aBHCHMO-
M Aoxoaa Y or paspasa X B3BEIIEHHBIH METO/| HAUMEHbIIMX KBaJAPaTos,
b3ys ypaBHeHue (7.23) c anbeitHol dyrkumned f, To nonyuum ypasHe-
¥=196,47 +50,6x u ko3bduuHeHT AeTepMUHALMH R2 = 0,94,

1 3aeck 1 ganee B ckobBrax 11oa koadgihHIMeHTaAMH PETPeCcCHH YKA3LIBAIOTCA X CpejHne
[paTHYeCKHE (CTaHAaPTHBIE) OTKIOHEHHA.
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Ecim Tenepb MCTIONb30BaTh TecT [MeHaepa A NMPOBEPKH OTCYTCTBHA
reTepoCKeAacTHYHOCTH «B3BEIIEHHOrO» YPABHEHHA, TO COOTBETCTBYIOLIAN

rHNOTE3a NOATBEPAMUTCA.
OaHako, ecau A1 9TOH ke L npUMeHHTD TecT lonadenaa — Kpanara,

33 100
1O noay4um: 3 €2 =26,49, ¥ e?=49,03, F = 1,85.
=1 1=H8

CpaBuuBas € Fj g5.55.4, ACNAEM BBIBOJ O TOM, 4TO Ha 5%-HOM ypoBHE
3HAYMMOCTH runoTe3a 0b OTCYTCTBUH I'ETePOCKeAACTHYHOCTH BCE JKe OTBEp-
raeTcs, XoTa W BHIMHCICHHOE 3HaYeHHe F-CTaTUCTHKH 049eHb BIN3KO K KpH-
THHECKOMY.

Oanaxo, Aaxe ecaH ¢ NOMOLbID B3BEUIEHHOTO METO[a HaHMEHbIHX
KBa/IpaTOB HE Y/AeTCH YCTPAHUTDH reTePOCKeAacTHYHOCTh, KOBAPHAIIHOH-
Has MaTpuua Y .. OUEHOK napaMeTpoB perpeccun [} Bce ke MoxeT OuTs
COCTOATEIbHA OLlEHEeHa (HaIIOMHHM. 4YTO HMEHHO HEeCOCTOATENBHOCTL CTaH-
AAPTHO# OLEHKH AUCNepCHit U KoBapHaumil [} ABaseTcs Hanboaee HeNpHAT-
HBEIM 110CJEACTBUEM PETEPOCKEAACTHYHOCTH, B Pe3y/IbTaTe KOTOPOro OKasbi-
BAIOTCA HEJIOCTOBEPHBIMH PE3V/ILTAThl TECTHPOBAHWA OCHOBHBIX TMIIOTES),
CooTBeTCTBYIOLIAA OLEHKA HMeeT BUA:

A

b =n(XX)"(%ie,-2x,-2](X'X)*l.
i=1

CTanaapTHbIE OTKJIOHEHUSA, BHIYHCACHHEIC MO 3TOH GopMyae, Ha3biBa-
10TCH cmandapmusimu oubxamu 8 gopme Yaiima.

Tak, Ans pacCMaTPUBAeMOro NpUMepa 3aBHCHMOCTH Joxo4a Y oT pas-
paaa X cranaapTHaa omubka B ¢opme Yaitta pasHa 2,87, B TO BpeMs Kak
€€ 3HavyeHHe, pPaCCUIHTAHHOE C MOMOUIBLI0 06LIYHOrO MeToa HaMMEeHbIIHX
KBaZIpaToB, paBHo 2,96.

7.6. ABTOKOppENnALMA 0CTaTKOB BpeMeHHOro paAa. lonoxurenbHas
M OTpULATEeNbHAA aBTOKOPPENALMA

PaccMOTPUM PErpPecCHOHHYIO MOAENb 8peMerH020 (QuHamuyeckozo)
paaa.

Ynopsa104eHHOCTL HabMI0/IeHHI OKa3bIBAeTCA CYILECTBEHHON B TOM C1y-
yae, ecyiu NPOCIeKHBACTCA MEXAHH3M BAMSHHUA PE3YILTATOB TIPEAbIAYIHE
Hab10Ae NI HA Pe3Y/IbTaThl NOCASAYIOUMX. MaTeMaTHYECKH 3TO Bbipaxa-
€TCA B TOM, YTO CAyHaiiHbie BEIMYHHEI €, B PErPECCHOHHOM MOAEIHN He 0Ka-
3bIBAIOMCA HE3ABUCUMBIMU, B ACTHOCTH, YCIOBHE (€, ;) = 0 HE BBINOIHA-
ercd. Takue MOAETH HA3BIBAIOTCA MOOEAAMU ¢ HANUYUEM A8MOKOPPeAsyul
(cepuansvHoil koppearsayuu), Ha NPAKTHKE UMM OKa3BIBAIOTCA UMEHHO Bpe-
MEHHBIE pAAbl (HAMOMHUM, YTO B C/y4ae NMpOCTPaAHCTBEHHOHM BhIOOpPKH
OTCYTCTBHE aBTOKOPPENALHUH NOCMYAUPYEMCS).

PaccMOTpHM B KavyecTBe NPUMepPa BPEMEHHOI paa y — pAj nocaeao-
BaTEJIbHBIX 3HAYEHMI Kypca UeHHOo# Gymaru A, HabnoaaeMblX B MOMEHTH
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spemenu 1, ..., 100. PesynbraTel HaGnoaenunit rpapuuecku n3obpaxeHs
Ha puc. 7.3.

A’
yen. en.t

600

500

Puc. 7.3

O4eBUAHO, KYPC [HeHHON GyMaru A MMeeT TeHAEHIMI0 K POCTY, 4TO
MOKHO NPOCIEAHTH Ha rpaduke.

Ouenusas OOBLIMHLIM METOAOM HAMMEHBLIIMX KBAAPATOB 3aBUCHMOCTD
Kypca oT HoMepa Habmoaenuit (1. e. OT BpeMeHH), NOAYYHM CleayiolLHe
pe3yALTaThI:

Y. =490,4247+0,7527t; R2 = 0,17. (7.29)
(985 (017)

Hackonbko A0CTOBEPHBI 9TH ypaBHeHHA? O4YeBHHO, eCTECTBEHHO Npej-
NOMOKHTh, YTO PEe3yabTaThl NMPEeALIAYIIHX TOProB OKa3hlBalOT BAMAHHUE
Ha Pe3yALTaThl NOCIEAYIOUINX: C/IH B KAKOH-TO MOMEHT KYPC OKAXXeTCs 3aBbl-
WEeHHBIM 10 CPABHEHHIO ¢ PealbHEIM, TO CKopee Bcero oH Oyaer 3asbllleH
Ha CIEAYIOUMX TOPrax, T. €. KMEeT MeCTO NOIOKUMEAbHAA ABMOKOPPENAYUA.

I'padguyeckH NONOKUTEIbHAA ABTOKOPPE/IALMA BHPAKAETCH B YepPeAoBa-
HHK 30H, rae HabnoaaemMble 3HAYEHHUA OKA3LIBAIOTCA BhIlE OOBACHEHHBIX
(npeackasaHHBIX), H 30H, rae HabmogaeMble 3HAUCHUA HIKE.,

Tak, Ha puc. 7.4 npeactaBiaeHsl rpadukn HabnogaeMblx 3Ha4YeHHH
¥, ¥ OOBACHEHHBIX, CI/IAKEHHBIX ¥,.

700
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OmpuyamenbHas A8MOKOPPeA[yUa BCTpeYaeTcs B TeX caydasax, Koraa
HabaoaeHun AeHCTBYIOT APYT HA ApYyra No NpUHLHIY «MagTHHKa» — 3aBhl-
IIEHHBIE 3HAYEeHHA B ITPEALIAYILMX HAONI0AEHHAX NPUBOAAT K 3aHHKEHUID
MX B HabmogeHnAxX nocaeayomux. lpadrdeckn 3To BRIPAKAETCA B TOM, YTO
pe3ynbTaThl HAOMHAEHHH ¥, «JTMIIKOM HacTo» «[IepecKaKHBaloT» Yepes rpa-
duk obbsacHenHoON YacTy ¥,. [puMepHoe nosegenne rpaduka Habaozae-
MBIX 3HaYeHMH BpeMeHHOro paja uscbpaxeHo Ha puc. 7.5.

40

20 ¢

-40 ' L s ; N j
0 10 20 30 40 50 60

Puc. 7.5

Kak u B cayyae moboit 0606meHHONH MOaenH MHOKECTBEHHOH perpec-
CHH, METOJ HAMMEHbIINX KBAaAPATOB NPH HATHYUH KOPPEITUPOBAHHOCTH
oWMBOK PerpeccuH JaeT HeCMEIIeHHEIE H COCTOATENbHbIE (XOTH, pasyme-
ercs, HeaddekTnBHbIE) OLUEHKH KO3PDHUMEHTOB PErpeccui, OAHAKo, Kak
yxe BhUIO OTMEYEHO BhIIIE, OLEHKH X AUCTIePCHH HeCOCTOATE/IbHEIC H CMe-
IEHHbIe (KaK NMpaBHIo, B CTOPOHY 3aHHXEHHsA), T. €. pe3y/IbTaThl TECTHPO-
BAHMA FMNOTE3 OKA3bIBAIOTCA HEZOCTOBEPHBIMH.

7.7. AsToperpeccus nepeoro nopaaka. (taructuka [lapbuna —
Yotcona

Kax npasunio, ec1m aBTOKOPpesIna NPUCYTCTBYET, TO Haubobuee By
AHWE Ha nocaeaylouee HabrogeHne OKa3LIBAET PesyabTaT NpeAblAyILero
Habmoaenus. Tak, HanpuMep, eCIH paccMaTPUBAETCA PA/l 3HAYEHUH Kypea
KakoH-1m00 ueHHoi Gymaru, To, O4eBHIHO, HMEHHO Pe3YJAbTaT NOCACAHHX
TOProB CAYKHT OTTIPaBHONH TOUKOH 1A GopMUPOBAHHA KypCa Ha CaeayK-
IHX TOPrax.

Curyanus, Korza Ha 3HaueHue Hab/io/IeHNs Y, OKa3biBaeT OCHOBHOE BIIH-
AHHE He Pe3y/ibTaT Y, ;, a 6osee paHHHe 3HAYEHUSA, ABAAETCH JOCTATOYHO
peakol. Yaue Bcero npu 3ToM BAHAHWE HOCHT Ce30HHBIH (MKANYECKH)
XapakTep, — HanpuMep, Ha 3Ha4YeHHe y, OKa3biBaeT HAUbOJIbIIee BIHAHHE
Y;.7» €CIM HAOMIOACHUA OCYMIECTRAAIOTCA ©KEAHEBHO ¥ HMEKOT HeAeNbHHHA
uuka (Hanpumep, cbop KHHoTeaTpa). B dTOM caydae MOXKHO COCTaBHTh
psaAbl Habaroaenuit otaensHo no cy66oram, BOCKpeCeHbAM M T. A., NOCke
yero Hauboaee cuabHad Koppensuua OyaeT HabMOAATBCA MEXAY COCEA
HHUMH WieHaMH.
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Takum oOpazoMm, OTCYTCTBME KOPPEAATIMH MEXKY COCEAHHMH YWICHAMH
CIYKHT XOPOIIHM OCHOBAHMEM CYMTATb, YTO KOPPENAUNA OTCYTCTBYET
B HeAOM, ¥ OOLIYHBII METO/Jl HAWMEHBIIUX KBAAPATOB AAeT aJeKBaTHbIe
H 3pPekTUBHBIC Pe3YAbTATH.

Tect Zlap6una — YoTcoHa. DTOT NpocToil kpumepuii (mecm) onpese-
MET HAIMYHE AaBTOKOPPEAIIHH MEXAY COCETHHMH WieHaMH.

Tect /lapbuna—YoTCOHa OCHOBAH Ha NPOCTON HAEe: eCIN KOPPEISALHA
omwubOK perpeccHu He paBHa Hy/II0, TO OHA NPUCYTCTBYET W B OCTATKax
perpeccuH e, MoJyHaloluMxcs B pesyabTaTe NpuMeHeHns oBEYHOro MeToaa
HaHMEHBIIMX KBaApaToB. B Tecte Jlapbuna — YOTCOHA U1 OLEHKH KOppe-
MUK HCTIONB3YETCA CTATHCTHKA Buja

n
D (e, —e,)
= I=
d=t=—— .
yel
t=]
HecnokHble BEIMHCIEHHA NO3BOASIOT NPOBEPUTE, YTO CTATHCTHKA Jlap-
funa — YorcoHa caeayoimnm o6pasom cBsA3aHa ¢ BHOOPOYHBIM KOIPHIIH-
EHTOM KOPPEeIALHH MEXILY COCEAHUMH HabMOAEHHAMH;

d=2(1-r). (7.30)
B camom aene,
d(e-e,) Ye+Yet,-23 ee,
d=1=2 = 1=2 1=2 1=2 =
n n
2. 2 ¢
=1 t=l
n 2 n 2 2 n n
. ge: —ef +z.;er —€ ‘2'%‘3:9:-1 5 l_egze'er-l _B}Z +e2
2 e Z]ef 3¢

=1 =1

IMpu Gosbiiom yHeae HabmoaeHHIA n cyMMa ef +e2 3HaYUTeNLHO MeHbIle

n
Yeu
t=1

n
pICL
d=2|1-=2— |, (7.30)
et
t=1
OTKYAa ¥ caeayer npubianKenHoe papeHcTso (7.30), Tak Kak B CHAY yCIIO-
f
BuA Y e =0 .
o Eete:—l
=2y

n
2ef
t=1
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EcTecTBeHHO, 4TO B C/Iy4ae OTCYTCTBHA aBTOKOPPEJIANNH BEIOOPOYHEIH
KODODHLHEHT ' OKAXEeTCA He CHJIbHO OTIMYAIOMMMCA OT HyJs, a 3Have-
Hue cTaTHCTUKH d GyaeTt 6am3ko K AByM. Bausocts Habaiozaemoro 3Have-
HHUA K HYIO A0JDKHA 03HAYaTh HAJIMYHE NOJOKHTENbHOH aBTOKOPPEIALMH,
K YeThIpeEM — OTPHLATEAbHON. XOTeN0Ch Obl NOAYYHTh COOTBETCTBYIOUIHE
HOPOrOBLIe 3HAYEHHS, KOTOPbIE NPUCYTCTBYIOT B CTATHCTUYECKUX KpHTe-
pusx ¥ 1nb0 NO3BOASIOT NPHHATE rUNOTE3Y, AMOO 3aCTaBIAIOT €€ OTBEp-
rayThb (cM. § 2.8). K coxkanenuio, oiHaKo, Takue noporossie (KpHTHYECKHE)
3HAYEHMA OAHO3HAYHO YKa3aTh HEBO3MOXHO,

Tect JlapbuHa — YOTCOHa MMEET OAMH CYUIeCTBEHHLIH HEA0CTATOK —
pacnpesenesune CTaTHCTHKH d 3aBHCHT HE TOJIBKO OT YHcaa HabmoaeHui,
HO ¥ OT 3HAY€HHH perpeccopos X; ( = 1, ..., p). D10 O3HA4aeT, YTO Mecm
Japbuna—Yomcona, Boobwe rosops, He npedcrmasasem cobol cmamu-
cmuyeckuil Kpumeplil, B TOM CMBIC/JE, YTO HEJIb3A YKa3aThb KPUTHYECKYIO
obsacTs, KOTOpas NMo3poJisaa 6bl OTBEPrHYTH THIOTESY 00 OTCYTCTBMH KOp-
pessiumH, ecan 6b 0Ka3an0ch, 4To B 3Ty 061acTs nonano Habaraaemoe 3Ha-
YeHHe CTATHCTHKH d.

OAHAKO CYWECTBYIOT /B NMOPOrOBHIX 3HavyeHuA d, U d,, 3aBucaAmme
MOAbLKO OT YACIA HabMIOAEHHH, YHCIA PErpeccopoB M YPOBHA 3HAYHMOCTH,
TaKHe, YTO BHIIIOJIHAIOTCA CJIEAVIOUNe YCA0OBHS.

Ecau daxkTruecku Habarogaemoe 3HaueHue d:

a)d, < d < 4-d,, To runore3a 06 OTCYTCTBHH aBTOKOPPEJIALIMH HE OTBEP-
raetca (npuHUMaeTc);

6)d, <d <d,wm4-d, <d < 4-d, To Bonpoc 06 OTBEPKEHHH
WIH NIPHHATHH FUIOTE3b OCTAETCH OTKPBITHIM (061aCTh HEONPEACNCHHOCTH
KpHUTEpHs);

B)0 < d < d,, TO npUHHMMaETCs albTePHATUBHAA MMIOTE3a O NONOKH-
TEJIbHOH aBTOKOPPEIALMM;

r)4 -d, < d < 4, TO NPUHUMAETCA ATbTEPHATUBHAA TUNOTE3a 00 OTPH-
LaTebHON aBTOKOPPeAAlHHM.

N3obpa3um pesynsrar Jlapduna — YorcoHa rpadpHieckH:

H, orsepra- 3ona H, npuHumaercs 3ona H, orsepra-
ercs Heonpeje- (orcyrerene Heonpe/ie- erca
(monoXuTeh-| JEHHOCTH |  aBTOKOPpEeasitiK) | AeHHocTy |(oTpHuUaTes-
HaA aBTOKOp- Ha#A aBTOKOp-
pensanma) peasauna)
0 d, d, 2 4-d, 4-d, 4 d
Puc. 7.6

JUist d-CTATHCTHKH HailaeHsl BepxHAA d, ¥ HIDKHAA d,, TPAHMLEL HA YPOB-
HAX 3HauyuMocTH o = 0,01; 0,025 u 0,05.

B Taba. V npuaokeHnil NpHBeAeHbl 3HaY€HNA CTAaTHCTHK dy; ¥ dy KpuTe-
pusi Jlapbuna — YoTcoHa Ha ypoBHe 3HauumoctH o = 0,05,

Heagocratkamu xputepua JapbuHa — YOTCOHA ABAAETCA Haauvue obaa-
CTH HEOIPE/IEIEHHOCTH KPUTEPHA, a Taloke TO, YTO KPHTHYECKHE 3Have-
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¥, =181,32+25,679 (ea.).

B taba. 7.1 npuBeaeH pacueT CyMM, HEOOXOAHMBIX ANA BHYHCACHHA

d-CTaTHCTHKH.
Tabnuua 7.1
t Y Vi &=y Y €1 €€ ef
1 213 207,0 6,0 — — 36,0
2 171 232,7 -61,7 6,0 -370,2 3806,9
2 291 258,4 32,6 -61,7 -2011,4 1062,8
4 309 284,0 25,0 32,6 815,0 625,0
5 317 309,7 7.3 250 182,5 53.3
6 362 3354 26,6 7.3 194,2 707,6
7 351 361,1 -10,1 26,6 -268.7 102,0
8 361 386.,6 -25,8 -10,1 260,6 665,6
L] - - — .- -1198,0 7059,2
&

Tenepw no popmyne (7.307) cratncTHka

d=2(1+1198,0 / 7059,2) = 2,34.

OUEHMBAHMHM MOJAEAH METOAOM HAMMEHBIIHX KBaJAPaTOB.

BepHeMcsi K pacCMOTPEHHOMY B § 7.6 npuMepy 3aBHCHMOCTH Kypca
ueHHoM Bymaru A oT BpeMeHM. 34ech cratHeTuka Jlapbuna — YortcoHa
d = 0,993, 1. e. MeHblIE eAUHNLbI. TaKOe HH3KOEe ee 3HAYeHHEe BhIARIAET
HAIMYHE TOAOKUTENBHON KOPPEIAUMY MeXAY COCEAHNMM HabmoAeHHAMMN.
3aMeTHM, 4TO TaKO# BBIBOJ TIPEACKa3bIBaJACH HaMu B § 7.6 Ha OCHOBaHHH
IKOHOMHMYECKHX COODpaKeHHH.

Mo Taba. V npunokernft npu n = 15 kpuTHYeckne Havenua d, = 1,08;
d, = 1,36, 1. e. axruieckn naiiaennoe d = 2,34 naxoautes B npeaenax or d, 40 4 —
d, (1,36 < d < 2,64). Kak yxe oTMe4eHo, npu n < 15 KPUTHYECKHX 3HAYEHHH
d-cratHcTHRY B TaBAHIE HET, HO CYAA NO TEHACHUHK MX H3MEHEHMI ¢ yMeHblLe-
HHEM N, MOXKHO NPEANONAraTh, YTO HAllAe HHOE 3Ha4YeHHE OCTAHETCA B HHTEpBane
(d,; 4 - d,), T. e. 418 paccMaTPHBAEMOro BPEMEHHOIO PAJA CNPOCA HA YPOBHE 3Ha-
yumocTr 0,05 runoresa of OTCYTCTBHH ABTOKOPPEIALMH BO3MYILIEHHIT He OTBep-
raetca (npunumaerca), P

d-cratucTHKH onpeseneHsl A 06beMoB BRIOOpPKM He meHee 15, Tem
metee TecT JlapbutHa — YoTcoHa aBaseTca Haubosee ynotpeGaseMuim.
P IIpumep 7.5. BuasuThb Ha yposHe 3Havumocth 0,05 Haauune asToKOppes-
UMK BO3MYIIEHHHA A1A BPEMEHHOro psaa y, no AaHHLM Tabu. 6.1.
Pewenue. B npumepe 6.2 nony4eHo ypaBHeHHE TPeHAa

[1p¥ MCNOAL30BAHMN KOMIBIOTEPHEIX PErPECCHOHHBIX NAKETOB 3Have-
sie cTaTHCTHKM Jlapbuna — YOTCOHA NPHBOIMTCA aBTOMATHYECKH NpH
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7.8. TecTbl Ha HaNHYKUe ABTOKOPPENALUH

CratucTika Jlapbuna — YorcoHa, Ge3ycnoBro, asaserca Haubonee
BAKHBIM HHAMKATOPOM HaJIMUMA aBTokoppenauuu. OaHaKo, KaK yxe oTMe-
4an0ch, TECT 06aAa€T U ONPEACICHHBIMH HEAOCTATKAMH. 3TO H HaJH4YHe
30HBEI HEOMNPEAENeHHOCTH, U OTPAHNYEHHOCTh pe3vibTaTa (BhIABAAETCH
AUINb KOPPeIALHA MeXay cocedHumu 'ieHnamMu). Huvero Heab3sa cka3aTs
M O XapaKTepe aBTOKOPPEeNALMH,

3TO NPHBOAMT K HeOOGXOAMMOCTH MCTIONB30BATh TAKKE W APVTHE TECTH
Ha HAJHYME aBTOKOppeasiuyu. Bo Beex 3THUX TecTax B KAYeCTBE OCHOBHOM
runotessl H, Gurypupyer runoresa o6 oTCVTCTBHH aBTOKOPPEISIHH.

HexkoTOpHE U3 3THUX TECTOB Mbl PACCMOTPHM B AaHHOM naparpade.

Tecr cepuii (Bpeyma — loadpm). Tect ochopan Ha creaywueit niee:
€CNIN HMEETCH KOPPEeIHLMA MEXAY COCeJJHMMH HAONIOAEHHAMH, TO ecTe-
CTBEHHO OXHJATb, 4TO B YPABHEHHH

e=pe,+v,t=1,..n (7.31)

(rae e, — OCTaTKM Perpeccuy, NoNy4YeHHuIe ODbIYHBIM METOAOM HaHMEHb-
WHUX KBAAPATOB), KOIPPHIHEHT p OKAKETCA 3HAYHMO OTIMHAIUIHNMCS
OT HyJA.

3ameTHM, YTO ypaBHeHHe (7.31) ABIAETCH aBTOPErPeCCHOHHLIM YPaBHe-
HHUEM NepBoro nopsaxka (cm. § 6.5).

[TpaKkTHHECKOE TPHMEHEHHE TeCTa 3aKJIYaeTCa B OLICHUBAHHH MeETo-
JOM HaWMEHBLUIHX KBaApaToB perpeccuu (7.31) (HanoMHHM, 9TO BPEMEH-
HOI pAA €, | IPEACTaBIAET P €, CO CABHIOM I10 BPEMEHH Ha EHHUILY: KOM-
NBIOTEPHBIE PETPECCHOHHBIE NAKEeTH HMEIOT KOMaHAy, KoTopas ¢popMupyer
no AAHHOMY BPEMEHHOMY DAY €, Pl €, ;).

[Mpeumyiectso Tecta bpeyma — loadgpu no cpasruenunio ¢ Tecrom Jlap-
Onna — YOTCOHA 3aKMI0MaeTCa B NEPBYIO OYepe/lb B TOM, YTO OH NPOBEpAeTe
€ MOMOIIBIO CIMAMUCMUYECKO20 Kpumepus, MexJy TeM kak rect JlapbuHa —
YoTcoHa COAEPIKHT 30HY HEONPeAeSeHHOCTH A1A 3JHAUYeHHH CTAaTHCTUKH d.
JlpyruM NpeuMMyIecTBOM TeCTa ABAAETCH BO3ZMOXKHOCTh 0006uenHus:
B YHCJIO PErpeccopoB MOTyT OniThb BIJIIOHEHBI HE TOABKO OCTATKM € J1aroM 1,
HO ¥ ¢ 1aroM 2, 3 ¥ T A., YTO NO3BOJAAET BLIABUTHL KOPPEIAILHIO HE TOJBKO
MEXKIY COCEHUMH, HO M MKy Bosnee oTAaleHHbBIMH Habl0ACHHAMH.

BepHeMca K TpUMepy 3aBUCHMOCTH Kypca UeHHOH Gymaru A oT BpeMenn
¥ IpHMEHMM TecT cepuid bpeywa — l'oadpu.

PaccMOTPHM aBTOPErpecCHOHHYIO 3aBMCMMOCTD OCTATKOB OT MX Npeak
AVIIMX 3HAYEHHH, HCIOJIb3yH aBTOPErPECCHOHHYIO MOJAEIb P-T'O NOPAIKA
AR(p). lpumensia METOA HAMMEHBLIIHX KBA/JPAaTOB, NOJIYYHM CAeayiouiee
ypaBHEHHE:

e =0,56¢,_,~0,12¢,_,-0,01¢, 3.
0100 (012) (0,10) (7.32)

Kak BUAHO, 3HAYHMBIM OKA3RIBAETCA TONBKO PETPECCop €, ;, T. €. CyIe-
CTBEHHOE WIMAHHE Ha Pe3yabTaT HabMIOACHNUA e, OKA3LIBAET TONBKO OAHO
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mpeAnyLIee 3HaUeHue €, ;. [TON0KUTENBHOCTL OUEHKH COOTBETCTBYIOLIETO

HUHEHTA PErPECCHH YKA3HBAET Ha NOJOKUTENLHYIO KOPPEAALHIO
Mexay omHnOKaMu perpeccuu ¢, M e, ;. K Takomy e BHIBOAY NPUBOJAWT
H 3HaYeHHe CTaTHCTHKH /lapbuHa — YoTtcoHa, noayyesHoe B § 7.7.

B GOALIIMHCTBE COBPEMEHHBIX KOMINBIOTEPHBIX NakeToB (Hanpumep,
8 «Econometric Views») NpUMEHEHHE TeCTa CEPHIl OCYLIECTBAAETCA ClelH-
WILHOH KOMaHAOH, M HeT HeoOXOAMMOCTH OUEHHBATh PErpeccHIo THNa
(7.29) HEenoCpeACTBEHHO.

Q-rect JibloHHra — Boxkca. TecT ocHOBaH Ha pacCMOTPEHHH BuIGOpPOY-
HHX ABTOKOPPENAUMOHHOM r(T) M YacTHON aBTOKOPPEAAUMOHHOH I, . (T)
dynKumit BpemenHoro paja (cm. § 6.2).

Ecau pad cmayuonaprsill, TO, Kak MOXHO J0Ka3aThb, 8u160poUHBLil Hacm-
Kbill KoapPuyuenm xoppersyuu r.,..(p) cosnadaem c oyenkoil obuiunozo
Memoda HauMenblux keadpamos Koadduyuenma B, 6 asmopezpeccuorHoil
modenu AR(p):

Y= ﬁD + Bl.yt—i Foen T BPYt-p + £

IT0 yTBEpKAEHHE NEKHT B OCHOBE BHIYHCJIEHUA 3HAYEHHH YacTHOH
ABTOKOPPENAILIHOHHONH PYHKLIMH,

KoMnbloTepHBIE PErpecCHOHHBIE MAKEThl NPeAyCMaTPHBAOT BO3MOXK-
HOCTb C MOMOILBK) CNIENHAJBHON KOMaHAB! NOAYYaTh JUIA AaHHOTO BPEMEeH-
HOro pAAa BIGOPOYHLIE aBTOKOPPeIsLHoHHble GyHKIMK. HanoMuuMm, 91O
rpadpuk BEIOOPOYHON aBTOKOPPENALMOHHON QYHKIIMH HAZBIBAETCH KOppe-
aozpammoii. Koppenorpamma spasercs GpicTpo ybuiBaiomeit pynkumne.
(Ecan popMasibHO MOCTPOCHHAA KOPPENOrpaMMa He YAOBJIETBOPAET ITOMY
CBOHCTBY, 3TO, CKOPEE BCEro, 03HAYAET, YTO PA/L Ha CAMOM /igJ1e HeCTaluo-
HAPHBIH.)

OueBMAHO, YTO B CAy4ae OTCYTCTBHA aBTOKOPPENSUMH BCe 3HAYEHUA
ABTOKOPPEALIMOHHON QYHKIIMH PaBHbI HY/I10. Pasymeercs, ee astbopounsie
3HaYeHHA r(T) OKaxyTesa OTIMYHBIMK OT HYS, HO B 3TOM C/IVHae OTAHYHE
He A0DKHO OBITh CylleCTBEHHBIM. Ha 3Toi wiee 0CHOBaH elle OAUH TeCT,
NpoBEPAIOUIHH IrHnoTesy 06 oTCyTCTBHH aBTOKOppeasuuy, — Q-tect Jbko-
uura — Boxkca,

Tect JistonHra — Bokca. Cratuctuka JlntonHra — bokca uMeeT BuL:

Q,=nn+2% X (7.33)
=]

n-t

MoxHO A0Ka3aTh, YTO €CIM BEpHa runotesa H, o paBeHcTBe HYMIO Beex
K0appHuMeHTOB Koppeaauun plee, ), rae T = 1, ..., p, TO CTAaTHCTHKA Q,
HMeeT pacnpeaeneHne x° ¢ p cTeneHamMy cBodoasl.

» [lpumep 7.6. [IposepuTs runoreay H, of OTCYTCTBHH aBTOKOPPENALHH
B MOAE/TH 3aBHCHMOCTH Kypca UeHHoH Gymaru A or spemenn t (§ 7.6).

Pewenue. 3uavenne d-cratueruky lapbuna — YoTcoHa, MpHMEPHO paBHoe
eAMHHIE, Aa€T OLUEHKY KoadduIneHTa Koppenauny Mexay e, e, , 1. e.r(1) = 0,5.
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Orcioaa no popmyne (7.33)

© 100-102-0,25
99

Tak kak QaKTHYECKOe 3HAYEHNE CTATHCTHKH 0ONbUIE KPHTHYECKOTO
%% 0s. 1 = 3,84, 1o runoTesa Q, = 0 oTBepraerca.

3ameTHm, yTo runotesa Q, = 0 u runoresa p = 0 o papeHcTBe HY1I0 KOd(DHK-
UHEHTa p B ypaBHeHnH (7.31) npeAcTaBasior cobOM 1O CYTH OAHO H TO XKe YTBEPHK-
AeHue o OTCYTCTBMH aBTOPETPECCHH TIEPBOTO NOpAAKA. PeayabTarT TecTHpPOBAHNA
ITHX MHIOTE3 AODKEH COBNAJIATH ¢ BRIBOAOM, K KOTOPOMY NPHBOJAMT 3Ha4YeHHE CTa-
THcTHEN Japfuna — Yorcona.

BHYHCAHTB «BPYYHYIO» 3HAYEHHE (Q,-CTATHCTHKH NPH p > 1, KaK Npasuio,
AOCTATOYMHO TPYAHO (HANOMHMM ellle Pas, To 3Ha4eHHe CTAaTHCTHIH Jlapbuna —
Yotcona aaer uHdopmManuio AMLIb O 3HAYEHHH ABTOKOPPENALHOHHON GYHKIHN
nepsoczo NOpAAKa), 0AHAKO, B GONBIMHCTBE KOMNBIOTEPHEIX NakeToB TecT JIbio-
MHra — BoKca BHNWIHAETCA cienHalbHON KoMaHaoi, B «Econometric Views» Buiaa-
IOTCA 3HAMEHUA BHOOPOYHOH apTOKOppeadliHoHHOH (YHKLKH r(T), YacTHOM aBTO-
KOPPEIsUHOHHON GYHKIMN I, (T), 3navenna Q-cratmcrukn Jibionnra — bokca
H BeposTHOCTH P(Q > Q,) AnA BCeX NOPAAKOE T OT 1 A0 HekoToporo p. Hanpy-
Mep, TAK BEIMAAHT COOTBETCTBYIOWMNHA PeIyILTaT U PacCMaTpHBaEMOro NpH-
Mepa 3aBHCHMOCTH Kypca ueHHoi Bymary A oT HoMmepa HaGnogeHHs (taba. 7.2).

Q, =25,314.

Ta6nuua 7.2

T | ABTOKOppenann- | “YacTHas aBTo- CraTucTHka BeposT-

onHaa GyHKUNE | KOpPPeIALMOHHAA Jpionnra — HOCTH
r(t) ynxumns r,. (1) Bokca Q, P(Q > Q)

1 0,498 0,498 25,314 0,000
2 0,158 -0,120 27,875 0,000
3 0,024 ~0,005 27,937 0,000
35 -0,063 -0,052 58,423 0,008
36 0,059 0,148 58,975 0,009

Kak BuaHO, BCe BEPOATHOCTH, NPUBEALHHBIE B MOCAEAHEM ctonbue, Huxe
YPOBHA 3HAYMMOCTH, TaK YTO rHAOTE3N Q, = 0 06 OTCYTCTBHH ABTOKOPPENAIHHA
OTBEPraloTes.

Caenaem OHO CYLIECTBEHHOE 3amevatrne. Kpuruveckne 3HaveHus y?
CTATHCTHKN PacTyT € yBeJIHYEeHUEM p. Beauunnsl Q, Takxke pacTyT, HO,
BO3IMOXHO, MestenHee. Takum obpaszom, GopMansHoe IpHMEeHeHHe TecTa
JlsiouHra — BOKca MOXeT NpPUBECTH K MapajoKcajbHEIM, HA NepBHi
B3I/IAA, BHIBOAAM: HanpUMep, OTBEPraeTcs runoresa o6 oTCyTCTBHM aBTo-
KOPPEIALHH NEPBOro NOps/iKa, HO He OTBEPraeTca runoTesa 0b oTCyTCTBHH
aBTOKOPPEIALMH BCEX NMOPAAKOB A0 36-ro BKAKUMTENBHO! Ha camom aeze
NPOTHBOPEYHA 3€Ch HET, — Bellb TOT (GaKT, YTO THNOTE3a He OTBEPraercy,
HEe O3HAYAET, YTO OHA Ha CAMOM J€J1€ BEPHA, — MOXHO JUIllbL YTBEPKAaTs,
4TO €C/IM OHA BepHa, To HabaoAaeMbli pe3y/ibTaT BO3MOXEH ¢ BEPOATHO-
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cThio, DonblIeH, YeM YPOBeHb 3HAYMMOCTH. Brnpouem, nogobHoro poaa
CHTYaIMH Ha NMIPAKTHKE BCTPEYAIOTCA AOCTATOYHO PEAKO.

7.9. Ycrpanenue aTokoppenauun. UaeHTHPUKALUA BpeMeHHOro
pApa

OaHOH M3 NPHYMH aBTOKOPPEIALMH OIIMOOK Perpeccu ABISETCA HaIN-
YHe «CKPBITBIX» PErPECCOPOB, RIHAHHE KOTOPBIX B PE3y/IbTAaTe NPOABIAETCH
Yepes cayqaiHui wWieH. BhiAiBleHHe 3THX «CKPLIThIX» PErpeccopoB HacTo
NO3BOJAET MOAYUHTb PErPECCHOHHYIO MoAeb 6e3 aBTOKOPPeIALHH.

Hanbosee 4acToO «CKPBHITBIMH» PErpeccopaMM OKasbiBaKTCHA Na208bie
ofbacHsemble nepeMentbie (eM. § 6.5). B cryvae BpeMeHHOro psja BroiHe
ECTECTBEHHO NMPEANOAOKHTD, YTO 3HAYEHHUA OOBACHAEMBIX NEPEMEHHBIX
3aBHCAT HE TONLKO OT BKJIIOUEHHEIX YK€ PErpeccopOB, HO M OT NPEALIAYIITNX
3HaYeHUH OOBACHAECMO NepeMeHHo. PacCMOTPEHHBIE TECTH MOKA3LIBAIOT,
YT0 3TO NOYTH BCETIa MMEET MeCTO B C/Ty4ae aBTOKOPPeIALHH.

Jlpyroit mexanu3m o6pa3oBaHus aBTOKOPPEIALMH caeayrowui. Cay-
YaifHBl€ BO3MYILEHHA NMPeACTaBaAioT coboi Genwlit ym £, HO Ha pesyiib-
TaT HabmoaeHus y, BAUAET He TONbKO BesnyuHa &, HO M (X0TA 06BIYHO
# B MEHbIIEH CTENEHH) HECKONLKO NPEABIAYIIHX BEAHUHH &, ,, ..., § ;.

Hanpuwmep, paccmartpuBas mogenb GOPMHPOBAHHA Kypca UEHHON
fymaru A, MBI MOXKEM CYHTATh, YTO KPOME BPEMEHHOI TEHAEHIIMH Ha KypC
ellle BAHAET KOHBIOHKTYPA PbIHKA, KOTOPYI) B MOMEHT BPEMEHH [ MOXKHO
CYHTATH CIYMARHON BEIHYHHON &, ¢ HY1IeBEIM CPEAHHUM W HEKOTOPOIl AuC-
nepcueit. Byaem npearnonararts, 4To BeIMYHHEL £, He3aBUCHMBI. EcTecTBeHHO
OAXHAATD, YTO Ha GOPMHUPOBAHHE Kypca B MOMEHT BpeMeHH t GvaeT okasbl-
BaTh BIHAHHE B MEPBYIO OY€pedb KOHBIHKTYPA U (B MeHbIIeH crenexu)
KOHBIOHKTYPH! B IHH NPEAbIAYIIHMX TOPros &, . ¥ T. A.

Hanbonee pacnpocTpaHeHHbIM NPHEMOM YCTPaAHEHHA aBTOKOPPEIALHH
BO BpEMEHHBIX PA/IaX ABAAETCA NOAGOP COOTBETCTBYIOLIEH MOAEIH — asmo-
pezpeccuonHoll AR(p), ckonbaaweli cpednett MA(q) man asmopezpeccuoHHoll
Modenu ckonwvaaujetl cpedmell ARMA(p, q) (cm. § 6.5) ana cayvaitHbIX BO3-
MYLIEHHIl PErpeccH.

B unci0o perpeccopos B MOJEASAX BPEMEHHLIX PAJOB MOTYT ObITh BKIIO-
YeHbl ¥ KOHCTAHTa, U BPEMEHHOH TpeHA, H Kakue-1n00 Apyrue obbAcHS-
wiue nepemenneie, OWHOKH perpeccHn MOTYT KOPPEeIHpOBaTh MEXKAY
co6o#, 0AHAKO MBI IIPEATIONATAeM, YTO OCTATKH perpeccuu obpasyior cma-
UUOHAPHBII BpPEMEHHOH paj.

Hdenmudguxauueil epemernozo pada Mul OyaeM Ha3bLIBATE MOCTPOCHHE
IR pAZia OCTATKOB adexeamuoil ARMA-modeau, T. e. Takoit ARMA-mozenu,
B xomopoil ocmamxu npedcmasasiom coboil Genwvill wWym, a 8ce pezpeccopbi
snayumbt. Takoe NpeACTaBAeHHE, KaK 1PaBHIO, HE eAHHCTBEHHOE, HallpH-
Mep, OAMH M TOT ke pAd MOKeT OuiTh HAEHTHOUUMPOBAH U C MOMOILBIO
AR-Mozenu, ¥ ¢ nomowpio MA-Moaenn. B aTom cyyae Bubupaerca Hau-
fonee npocran MosENb.
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Kax noabupaTts And JaHHOro BpeMeHHoro paja moaens ARMA? Beaye-
JIOBHO, pasymeH (M 4acTo NPHMEHAETCA Ha NMPaKTHKe) Memod artemenmap-
Ho20 nodbopa — npobyrOTCA pasIMYHBIe MOAEIH; NPH 3TOM HAYMHAETCA
MOMCK € CaMBbIX MPOCTBIX MOJEIei, KOTOPHIE MOCTENEHHO YCAOKHAIOTCA,
noka He 6yzeT AOCTUTHYTa HAeHTHDHKALMA.

[Tone3nyw MHOOPMALMIO MOKHO MOAYHUTH C NOMOWBI 8biBOPOY-
HbIM ABMOKOPPENAYUOHHOU U HACMHOU ABMOKOPPENAUUOHHOL ByHKYUil
B camom aesie, BCNOMHHM, YTO BhIOOPOYHAA YacTHasA aBTOKOPPeNALHOHHaR
byHkuua r. . (p) ecTe oleHKa napaMeTpa B ABTOPEIPECCHOHHON MoJenH
p-ro nopsazaka. OTciola aenaeM BhIBOA:

Ecam Bee 3HadeHUs BbIGOPOMHOMN YaCTHOH aBTOKOPPEAAIMOHHOH QyHK-
UMY MOPAAKA BbIllE P HE3HAYHMO OTAHYAIOTCA OT HYJIA, BPEMEHHOH pal
caeayeT HAEHTHPHIIMPOBATD € NTOMOIBIO MOJETH, NOPAIOK A8Mopezpeccul
KOTOPOH He Bbill€ .

Tenepb pacCMOTPHM MOZCIL CKOJIb3AMEH CpeaHen

Ye= &+ Y€y F V€2 ¥ . F YEg

W3 TOro, 4TO BEJAWYHHBI €, IPX PAIIHYHBIX { HE KOPPEJIHPYIOT, Caeyer,
YTO BEAHYUHE ¥, H ¥, . MOT'YT KOPPEJIHPOBATh TOALKO NPH T < . TakuM
ofpa3om, ecn BCe 3HAYEHUA 8uibopounoil asmoxoppenayuorHoll GyHKIHH
NOPAJAKA BhILIE ¢ HE3HAYHMMO OTIHYAKOTCA OT HYAS, BPEeMEHHOH paj caeayer
HAEHTHOHIIMPOBATH C NIOMOILLIO MOAENH cKOAb3Auell cpedwell, NOPAAOK
KOTOPOIi HE BHILIE §.

TUNUYHBIE NPUMEPH KOPPEJOrpaMM BPEMEHHBIX PAJAOB, HWAEHTHOH-
UMPYEMBIX € ToMOUBIO Moaean ARMA, nsobpaxennl Ha puc. 7.7 (AR(1))
n 7.8 (MA(1)).

r(1) A r‘m(t}“
-
-
L
L]
. ® = . e e
0 T 0 * T
a 6
Puc. 7.7
r{1) r. (1)
L]
. L ]
PS .
« ° ., ‘e >
0 * T 0 T
a 6
Puc..7.8
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BepHemcn K npumepy popmupoBanua Kypca uenHoil 6ymaru A. [lpuse-
JeHHble B § 7.8 3Ha4eHHA aBTOKOPPEJAIMOHHOI M YaCTHOH aBTOKOppPeIs-
UHOHHOH QYHKIIMHA YKA3BIBAIOT HA TO, YTO Moaenk ARMA ocTaTKOB perpec-
CHH UMEEeT NOPAAOK 3aBeI0OMO HE BHIILIE BTOPOTO.

OueHuM paja ocTaTKoB ¢ noMotbio AR(1)-mozenn. Toayuum caeayrolnee
ypaBHeHHe:

é, =0.5€I l; d = 1,86
(0,08)

MNonyuenHoe 3navenue d-cratucruxn Jlapbuna — Yorcona gocraroysHo
6au3k0 K ABYM, runoTesa o6 OTCYTCTBHH aBTOKOPPEIALMH IPHHUMAETCA.,
Tect Jlblonnra—bokca Takke NOATBEPK/AAET THIIOTe3Y O PABEHCTBE HYIH0
ABTOKOPPENAIMOHHON PYHKUMH BCex nopaakoB. Takum obpa3oM, A0CTHr-
HyTa WIeHTHDHKAIMA PAZA OCTATKOB C NOMOLLI Moaenn AR(1).

llpoBesem Tenepb OUeHKY Modenn MA(1). YpasHeHHe nosydaercs cie-
AYIOUIHM:

¢ =& -0,5158, ;;d = 1,87.

W B aToM cayvae Kak 3HaveHMe crtaTHCTHKH Japbuna — YoTcoHa, Tak
H TecT JIbloMHra — BOKCa NOATBEPKAAIOT THNOTE3Y 00 OTCYTCTBHH aBTOKOP-
perALMK, T. €. PA/L OCTATKOB HCXOAHON MOAEIN MoXeT BbiTh naeHTHOHIMPO-
BaH H ¢ nomowso Mogean MA(1). Ipuyem cpaBHEHHE NONYHEHHBIX Pe3yiib-
TaTOR NMOKA3BLIBAET, YTO Ka4€CTBO MAEHTHOMKALIMM NPAKTHYECKM OAMHAKOBO
(Bo3MoxkHO, MoZenb AR(1) HECKONIBKO NPEANOYTHTENIbHEE B CHIY TOI'O, YTO
Jnavenue GyHKMM nMpasaonoAobus uyTe Boime: Inl = -504 a1 moaenu AR
i InL= -508 ans mozenn MA. BripoueM, pasiHyue 3TO HECYLIeCTBEHHO).

[IpaKTHYeCKH NOAHOE COBNAACHUE PE3YARTATOB MAEHTHOHKAUNN MOXKeT
HMETh M IKOHOMHYecKoe obocHoBanue. Tak, HanpUMep, eCTECTBEHHO CYH-
TaTh, YTO KOHBIOHKTYPA PHIHKa B MOMEHT NPeALIAYIHX TOProB — 3TO
B OCHOBHOM KYPC LIeHHO# Gymaru A Ha 3THX Toprax.

Ecan yaacTesa noctpouTs ARMA-Moz€enb UIA pAjla OCTATKOB, TO MOXKHO
noayuuTh 3GdeKTHBHEIE OUEHKH napameTpa f§, a TaKkKe HeCMeleHHbIe
H COCTOAITE/IbHBIE OLEHKH Aucnepcuii [ ¢ nomouibio obobieHHoro MeTosa
HAHMEHBIIMX KBAZAPaTOB. Mbl PACCMOTPHM 3TY NPOLEAYPY HA NPOCTEHIIeH
(n B TO e BpeMa Haubonee YacTO BCTPEHAIONEHCA) ABTOPErPeCCHOHHON
MO/ MEPBOro NOPsi/iKa.

7.10. ABTOperpeccHOHHaA Mofienb Nepeoro nopagka

BHOBE BO3BPAaTHMCA K PerpecCHoOHHON Mozen (7.25)
Y=XB+¢ (7.34)

yl’ =ﬂ0+ fﬁjxl} +£l'r = ]-t weey 1L, (7.34')
j=1
tae y,, x,; — Habmoaenus nepemeHnblX Y, X; (j = 1, ..., p) B MOMEHT .
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Byaem nosnarats, 4TO cay4aiHbie BO3MYILEHHA KOppeaupoBaHbl u obpa-
3yI0T Hanbonee NPoCcTOH NPoLece — asmope2peccuOHHbILl NPoyece nepeozo
nopsdka, T. e.

€ = PE,y + Vp, (7.35)

rae v, (t = 1, ..., n) npeactasaser Geabtil urym, T. €. NOCJAEA0BATEABHOCTD
HE3aBUCHMBIX HOPMaJIbHO PaclpejeeHHbIX CIyYaiHbIX BETHYUH ¢ Hyle-
BO# cpeaHeit v Aucnepeueil 02; p — napaMeTp, Ha3kBaeMblit kod@ddulueH-
moM asmopeepeccuu.

YuuTeiBas, 4To B cly (7.35) €, M v, HE3ABUCHMBI, JIMCTIEPCHA BO3MYILICHHHA

D(e,) = p?D(e, ,) + D). (7.36)

Tak Kak npouecc €, — crauHoHapHslit, T0 D(g,) = D(¢, ;) = o2 Takum
obpa3som, nonaras D(v,) = 63, nmeem

- 2
o? =p?c? + 0§,

of
o= . (7.37)
1-p?
dopManbHO, 4TOORE HCIIOMB30BATL PABEHCTRO (7.35) A/ns 3HAYEHHA { =
= 1, Ham HaJ0 BBECTH CIYYalHYIO BEHYHHY €. JIerko ybeauThea B TOM,
YTO AN COXpaHeHus paseHcTsa (7.36) caydaiiHylo BeIUYHHY €, HaJ0 ornpe-
AENIWTH KaK HOPMaJILHO pacnipeie/IeHHYI0 € Hy/leBO cpeaHe v aucnepcued

N3 papenctra (7.37), y4WTHIBaA, YTO AHCIEPCHA — BEJIHMYHHA NOJ0KH-
TesbHas, caeayer, 4ro |p| < 1.Mpu |p| > 1 pad okassteaemnca Hecmayuo-
HAPHBIM.

Haiiziem asToKoppessiinoHny1o GyHKIHIO npouecca g,. Ymuoxas (7.35)
Hd €,_; W BHOBb YYHTRIBAs HE3aBHCHMOCTS £, ; H V,, Hailzem

M(ee, ;) = Cov(e, €, ;) = pD(g,_;) = po?,
oTKyAa KO3QPHUHEHT KOppeasauuu

Cov(e,,€.1) =p62
JD(e,)|/D(e,.,) ©'©O

T. €. KoadPuyuenm asmopezpeccuu p npedcmasasem cofioil koadPuyuenm
KOPPERAUUL MeWOAY COCCOHUMU BOIMYIEHUAMU €, U €, ,, UAU K03 Puytienm
asmoxoppenauuu p(1).

AHAJIOTMYHO TOJYYHM

ple,, €)= =p,

Cov(e, €,.) = pmo? (7.38)
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PlEy €. ) = p™.

Yuurteisaa (7.37), (7.38), KoBapHallHOHHYIO MATPHILY BEKTOpPa BO3MY-
WeHHH € 1A MOJE/IH € ABTOKOPPEIALHOHHBIMH OCTATKAMH MOKHO npej-
CTaBHTDL B BHAE!

1 p .. p!

a0 | P 1 L

z"‘_n_l—pz e e |
prt P2 1]

Juia nonysenna Hanbonee 3pPeKTHBHHIX oLeHOK napameTpa B B Takon
MOJE/NH, €C/IH NapaMeTp p H3BECTEH, MOKHO NPUMEHHUTL 0006iyenHbill
METO/l HAHMEHBIIMX KBAAPATOB.

Hckmowan g, (¢ = 1, ..., n) u3 paseHcts (7.34), (7.35), noaysum

Y —PYe-1 =Bo(1-p)+ flﬂ,-(x.,- —PXey )+ VLt =1, ..., 0. (7.39)
=

Tonyuennan mozens (7.39) ApIsA€TCA KAACCUYECKOil, TAK KAK Tenepb CIy-
YaiiHbie BO3MYUIEHHA v, ({ = 1,..., n) HE3ABHCHMBI H HMEIOT MOCTOAHHYIO
AHCTIEPCHIO OF.

PaBencTBO (7.39) MMeeT CMBICA TOABKO NpU t 2 2, TaK Kak npu t = 1
He onpejeieHbl 3HAYEHHA JIaroBLIX NCPEMEHHBIX. MoxHO NoKaszaThb, 4To
NIapaMeTphl MOJE/IH COXPAHATCA, €CIU NPH £ = 1 yMHOXKHUTS 06€ 4acTH ypas-
Herus (7.347) Ha ,,fl -p?:

=y, =10 + T2 Sy, +fi-per. (7.40)

llpeoGpa3sopanne (7.40) HasuiBaerca nonpaskoii Ilpaiica — Yuncmona s
nepsoro HabmogeHud. [Tpu GoabloM KoluyecTBe HaO/OAEHHIA NIONpaBKa
paiica — YMHCTOHA NPAKTHYECKH HE M3IMEHAET PE3Y/ILTAT, O3TOMY €€ YacTo
 He VYMTHIBAIOT, OCTAR/IAA 3HAYEHHE NEPBOI0 HAbMOAEHHA HeONPeeeHHBIM.,

Takum OGP&ISOM. NMpH U3BECMHOM 3HAYEHUU P A8MOKOPPENAYUA NE€ZKO
yempanaemcs. Ha npakTike, 0HaKo, 3Ha4eHHe ) He OLIBaeT H3BECTHO,
noaToMy B paseHcTse (7.39) npuCyTCTBYET HE TOYHOE 3HaYeHHUe P, a Habmo-
jaeMoe 3Ha4eHHE ero OlEHKH p.

Haubonee npoctoit cnocof OUEeHUTL P — NPUMEHHTh OOLINHBIH METOJ
HAHMEHBIIMX KBAPaTOB K PerpecCHOHHOMY ypasHeHMI (7.35).

B KauecTBe npuMepa BHOBb PacCMOTPHM Mozedb GopMUpPoOBaHHA KYPCa
nesHol Gymarn A. B npeapiaymenm naparpade 6su1a nonyuena oneska p=0,5.
lMepeitaem ot Habmoaenuit y, u t (t = 1, ..., n)! x HabnwgeHnAM

wt=.yt_|5y!—l=y!_0:5yz-h (7.41)
z, = -6‘l‘-l= tr-otsyr 1+

! [lepemennas Bpems t 31€Ch BBICTYNIAET B POJIH PErPeccopa.
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IIpuMenss oObIYHBIA METOA HAMMEHBLIMX KBAAPATOB, TONY4HM YPaBHeHHe
W,= 245,32 + 0,7z,.

[1pu 3TOM 3Ha4enue ctatucTHky Japbuna — Yorcona d = 1,864 aocra-
TOYHO G/IM3KO K ABYM, TaK YTO MOXKHO CYMTaTh, YTO aBTOKOPPE/IALMA YCTpa-
HEHA W MOJYYEHO OLIeHOYHOe 3HaueHue napamertpa f: f=0,7.

Perpeccm: OKa3biBacTCH 3uaqumoii HECMDTpﬂ Ha HEeBLICOKOE Ka4vyecTso
NnoAroHKH (HHakoe 3nadyende R? = 0,05). 3ameTum, 4T0 NOAYYEHHAA OLEHKA
RZ2 3HaYHMTENBHO OTIHYAETCA OT OLEHKH 0 YCTPAHeHHA aBTOKCPPEIAlHH
(em. (7.29)).

JAsyxmiarosad npoueaypa Japbuna. Kak npaeuno, Hojsee Tounyw
oueHKy napamertpa [} zaer asyxmarosas nponeaypa /lapbuxa, koropas
3aKa0YaeTea B caelyomeM. Mckaryan €, u3 ypasHensit (7.34) u (7.35),
3anyIleM PerpecCMOHHYIO MOAeNs B BHAE

Ye=Bo(1-p) + P, + py,, = Bpx,, + vt =1,...,n. (7.42)

[TpUMEHUM K ypaBHeHHMKO (7.42) obnuHbIN MeTOA HaMMEHBIUIHUX KBa-
ApaToB, BKIIOYAN P B YHCIO OLCHUBAEMBIX napaMerpos. [1o1y4uM OLeHKH
r 1 0 Beawunn p U —Pp. Toraa oyenxoil Japbuna aBaAeTCA BeAWIHHA

- (7.43)
T

Hanpumep, B Moaenn GOpMHPOBAHUA Kypca ieHHoH Gymaru A, npume-
HAA ABYXIIATOBYI) npoueaypy Jap6uHa, noxyyaem 3HayeHHe OLEHKH napa-
meTpa 3, pasHoe B = 0,698 n 6au3koe k noaysensomy f=0,7.

B 60ABIIMHCTEE KOMINBIOTEPHLIX NAKETOB PeajM30BaHbl TAKKE ume-
pamusHble NPOLUEAYPSI, TIO3BONAIOIINE OLEHUBATL 3HAYEHHE llapaMerpa
moaenn (7.34) npH yCIOBMH, YTO OCTATKH MOJeAH 0OpasyloT cTauuoHap-
HbIH BPEMEHHOH PAJ, MOAENHPYEMBIH KaK aBTOPErPeCCHOHHBIH Mpolect
nepBOro NOpsAAKa, T. €. aBTOKOppe/ALMa HMeeT Xapaktep (7.35).

Onumem ase Hanboaee YaCTO HCTIONb3yeMble TPOLICAYPHL.

[Iponeaypa Koxpelina — Opkarra. YKasaHHas [polleaypa 3axkaisa-
€TCA B TOM, YTO, NOAYYHE METOJ0M HAMMEHBIIMX KBAAPATOB OLEHOYHOE
3HaYEHHE P napameTpa p, oT HabMOAEHH Y, U { IepexoaaT K HabnoAeHHAM
w,, z, no popmynam (7.41) u, noay4us oLeHKy napamerpa f,, obpasyior
HOBLIN BEKTOP OCTATKOB

e‘l - W == Zﬁl‘ (7-44)

Jlanee NnpUMEHSIOT METO HAMMEHBUIMX KBA/IPATOB K PErPECCHOHHOMY
YPaBHEHHIO

() =pley)ey +(vy)y, (7.45)

NOAYHAIOT HOBYIO OLEHKY Py IapamMeTpa p 1 0T HabmoAeHHI W, U 2, nepe-
XOJAT K HOBRIM (w;), # (2,)

(wy)e =wy =pyw,y, (3)), = 2, - iz
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Hopy1o oLEHKY B; NOAYHAOT, HPHMEHAA METOA HAMMEHBITHX KBAJAPaTOR
K Moesu (7.45), ¥ Nponeaypa NoBTOPAETCH BHOBb.

7.11. JoctynHbii (06061eHHbIN) MeTop HaUMEHbLUKX KBafipaToB

B § 7.1 pacematpupanack 06001IeHHAA MOAETL MHOKECTBEHHOH perpecchn
Y=XB +e (7.46)

B ciiy4ae, KOIAa KOBapHALMOHHAA MaTpULa ¥ = L= 0%€)) HIBECTHA, KaK
nokaszaHo B § 7.2, Hawiydiel 1HHeHHOH HeCMEIEHHON OLCHKON BEKTOpa
f aaserca oneHka 06061EHHOTO METOJA HANMCHBIIHX KBAAPaToB (coBna-
JAoulas ¢ oleHKOH MakCHMaAbHOTO NpaB1onoaodus)

b’ = XQ1X)-1X'QY. (7.47)

T4 OLEHKA NIOJNYHAETCA W3 YUIOBHA MUHHMH3ALMK 00001EHHOTO KPH-
Tepua (7.14):

S = (Y-Xb)'Q (Y- Xb).

TIpn paccMOTPEeHHH HopMaabhoil 0600UIEHHOH MOJENH PErpeccuu, T. €.
BCIy4Hae HOPMAJIRHOTD 33aKOHA PacnpeeleHus BO3MYILEHWH, T. e. € ~ N, (0;
0°Q,), onenxa b’ TaKKe pacrnpeaeseHa HOpMaabHO:

b* ~ N(B;o2(X Q51 X))

Ha npaktuxe maTtpuiia BoamyumieHHi € nouTH HHKOTAa HEM3BECTHA,
H, KaK y:e 6p10 oTMeueHo B § 7.2, ouenurs ee n(n + 1) / 2 napameTpos
10 1 HAGAHIEHUAM HE PCACTABAACTCH BO3MOKHBIM,

llpeanonciuM, YTO 3a/1aHa cMpyKmypa MaTpHisl £ (11 COOTBETCTBEHHO
), 1. e. popma ee PYHKIMOHAALHON 3aBHCHMOCTH OT OTHOCHTEIbLHO
sebonbuioro yneaa napameTpos 8y, 6., ..., 6, T. e. MaTpuna ¥ _=oc%,(0,,
B,, .... 6,). Hanpumep, B MOZeAH ¢ aBTOKOPPEIHPOBAHHBIMH OCTATKAMM
(cTpyKTYpa MaTPHILE ONPeAEIAETCA ABYMA napaMeTpamMu 62 u B, = p, Tak
4T0 MaTpuua Q, umeet Bua (cm. § 7.10)):

] p L pl’-—l \
p 1 .. P
n{} - »
pﬂ—] pﬂ -2 . ]

1€ ) — HeH3IBECTHHIM NapaMeTp, KOTOPbIH HeoGX0AHMO OlIEHHTD.

Haesn onenku MaTpuunl Y =00, coCcTOMT B caeayiomeM. BHavyajse
110 HCXOAHBIM HAOMIOAEHHSAM HAXOAAT COCMOAMEAbHbIE OLUEHKH NapaMeTpoR
B=(0,, 0, ..., 0,)". 3arem noay4aoT OLUEHKY Napamerpa 2. B cooTeer-
creui ¢ (4.21) Takas olleHKa A KJACCHUeCKOH MOJACIH HaXoAuTCs Jelie-
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n
HMEM MHHHMMAaJbHOM OCTaTOYHOW CyMMBI KBAApaToB Y ¢f =e’e Ha YMCI0
creneneit ceoboam (n —p - 1). i=1
Jns 06061meHHO0It MO COOTBETCTBYIONIAS OLleHKA

2= e'C;'e =(Y-Xb'm§‘(Y-Xb‘). (7.48)
n-p-1 n-p-1
3Han s, BEMHCAAEM MATPHLLY X, = 5262, JIOKa3aHO, 4TO IPH HEKOTOPHIX
AOCTATOYHO ODIMX YCIOBUAX HCIIONE30BAHKE TIOYYEHHBIX OLEHOK B OCHOB-
HbIX popmynax 0606mMEHHOro0 METola HAMMEHBUIHMX KBAJPATOB BMECTO
HEM3BECTHBIX MCTUHHKIX 3HaYeHUH 02 U Y = 6%, 1aCT TakKe COCTOATEb-
HBIE OLIeHKH napameTpa [} ¥ KoBapHaUHOHHON MaTPHUE Y ;. Onucannui
METO/l OLlEHUBAHUA HA3bIBAETCA JOCMYNHbLIM (MK npaKmuvecKu peaausye-
MbiM) 00001EeHHBIM MEMOOOM HAUMEHBILUX K8adpamos.
Takum obpa3om, oleHKa A0CTYNHOro 06061eHHOro MeToAa HauMeHb-
IIMX KBAJPATOB BEKTOpA [ ecTh

b =(X"Q5' X) " XG5 1Y. (7.49)

[TIpuMeHAs METOA MaKCHMalbHOro npasgonofobus (cm. § 2.7, 3.4) am
OLEHKH HOPMaJIbHON 0606IEHHON AMHEHHON MO/ PETPECCHH, MOKHO
NOKa3aTh, YTO OLEHKH MAaKCHMalbHOTO npasaonoaobus B, 8, 6° naxoaarca
M3 CHCTEMBbI YPaBHEHHI IpaBaonofobus:

B=(X€5'X) 1 X'Q;'Y., (7.50)
6= %e'ﬂoe, (7.51)
L P S
P tr(c;€2), j=1,...,m, (7.52)
oI ()
riee=Y-XB,ci=———.
J aaj

Anamuaupys cucremy (7.50)—(7.52), Buaum, 4o ouenxu B u 02 memoda
MaKcumansrozo npasdonodobus coenadatom c oyenkamu b* u s? o6obuen-
Ho20 Memoda HaumeHbtuux kéadpamos (npasaa, ecu p=b", 10 62 = 5¢ ¢ ToY-
HOCTBIO 10 ACHMITTOTHYECKH YCTPAHHMOTO CMELIeH!A).

Jlis peuienus cucremel (7.50)—(7.52) uHoraa yaaercs HalTH mouwoe
pelleHHe, OAHAKO Yalle NMPUXOANTCA npuberarth K umepayuoHHoil npoye-
dype, HanpuMep, ABYXIIAroBOi.

1-ti war. BHavyase HAXOAAT OLEHKY METOAa MaKCHMaJIbHOTO NPaBAOIOA0-
6us By =(XX) ' XY, BHIYHCAAIOT OCTATKH €; =Y — X[ ¥ pelator nonyues-
Hy10 cucteMy (7.50)—(7.52) npy 3agaHHBIX OCTaTKax.

Haxoaat m x 1 BexTtop 6, 1 MaTpuuy flm, =S)c(é(;)).
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2-i1 war, HaxoaaT oueHky Bektopa f} no popmyne (7.49):
By =(X"Q5'X)1 X'Q5'Y.
lNonyuenHbie TakuM 06pa3oM oneHKH f,) NPH HEKOTOPLIX, BECbMa C/1a-
fbix NpeAnoONOKEeHHAX (KaK, HanpuMep, COCTOATEIbHOCTE OLEHOK 8) ByavT
ACHMNITOTHYECKH (NMPH BONBLIOM N) IKBUBANEHMHbL OUEHKAM Memodd MAKCl-
MansHo20 npasdonodobus, a 3HaUUT, GyayT acumnmomusecku sPPexmusnsl
B WIMPOKOM Kaacce cayyaes. OnucaHHas AByXWaroBas UTEpallHOHHaA Npo-

ueaypa 6buta pakTHYECKH peann3oBaHa B mpoueaype Koxpeitna — Opkamma
(§7.10).

YnpaxHenus

7.7. B Tabauie npuseseHsl AaHHble no 18 HabMOACHHAM MOJETH NPOCTPAH-
CTBeHHOM BRIGOPKH:

i x; e? i X; ef
1 213 2.3 10 71,5 23,8
2 22,6 56 | 11 75,7 45,7
3 32,7 12,8 12 76,0 34,7
4 41,9 10,1 13 78,9 56,9
5 43,8 14,6 14 79,8 56,8
6 49,7 13,9 15 80,7 49,8
7 56.9 240 | 16 80,8 58,9
8 59,7 21,9 17 96,9 87,8
67.8 19,7 18 97,0 87,5

[lpeanonaras, 4To OWKHOKH perpeccHy NpeacTarifioT coboil HOpMAILHO pac-
npeAesieHHble CIYHANHbIE BETHYHHEL, TPOBEPUTE MHNOTE3Y O TOMOCKEAACTHYHOCTH,
ucnonwvaya tect lonadensa — Kpanara.

7.8. [1pH oLeHUBAHHKH MOJEIH NPOCTPAHCTBEHHON BHIGOPKH OOBIMHLIM METOAOM
HAUMEHBIUINX KBA/PATOB NOJAYYEHO YPAaBHEHHE:

¥=3+0,6x, -1,2x,.
YpapHeHHe PErpeccHi KBaAPaToB OCTATKOB Ha KBaJPaThl PErpeccopoB HMeeT BHA:
¢2=2+03xf+0,1x}; RZ2 = 0,2.
3uan, uto of’beM NpocTpaHcTBeHHOM BRIDOPKH n = 200, NpoBepUTL rUINOTE3Y
YaiiTa 0 roMOCKeJaCTHYHOCTH MOJETH.
7.9. [1p1 OIeHHBAHHM MOJIETH NPOCTPAHCTBEHHOM BRIGOPKH € NOMOIIBIO 06BIYHOTO

METOAd HAWMEHBIIMX KBaZpaToB NOJAYMEHO CleAyiollee YPaBHeHHE:

¥y=12+3,43x,-0,45x,; d = 1,2.
(0,1)(0.4) (0,1)
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[py ocymecTBACHHH PerpeccHi KBaJIPATOB OCTATKOB Ha KBA/PaThi PEIPECCOpoB
NOJY4eHO ypaBHeHHe BHAA:

62 =4+ 2xF +0,4x3,
(0,7) (0,3)

O6bem seibopkn n = 3000, C KaKUMH W3 NEPeYUCIEHHBIX HHKE BRIBOAOB CIeAYeT
COTACHTLCA:

a) noayyeHHHIe 3HaUYeHHA KodpdHUMeHToB MoaeaH ¢ GOAbIOH BEPOATHOCTHIO
BIIM3KH K UCTHHHEIM,

6) perpeccop X; MOXeT GITh He3HATHMBIM;

B) TaK KAk 3HaueHMe cTaTHcTHiH Jlap6una — YoTcona d Janeko oT ABYX, cleayer
YCTPAHHTH ABTOKOPPENALNIO OCTATKOR?

7.10. TIpH oleHUBAHWH MOAEJIH BPEMEHHOT'O PAAA NONYYEHbI CIEAYIONIHE Pesylib-
TaTHl.

YpasHeHHe MOJENH HMeeT BH/L:

ye=2-12d=19.
(0.7)

C KaKMMH U3 NepPe HCIeHHBIX HHKe BLIBOAOB C/IeYeT COMMAacHTbCA:

a) TaK Kak 3HaueHWe cTaTHeTHkd JapBuna — Yorcona d G1M3K0 K AByM, aBTo-
KOpPpeAfillHA OCTATKOB OTCYTCTBYET;

6) koaddHUHEHT MOAEAH NPH [ 3HAYMM;

B) ecad oObem BRBOPKH JOCTATOYHO BeHK, 3HaueHHe koadduumnenta npu
t B mobom cavyae ¢ BONbINOH BEPOATHOCTRIO BAHIKO K HCTHHHOMY;

r) npumesenue Tecta Bpevina — T'oadpH MoXeT BBIIBUTE aBTOKOPPEIALHK
OCTATKOB MEXJIY OTAAIEHHBIMH HaBIIOAeHHAMN?

7.11. [IpH oueHHBAHHM MOAEIH BPEMEHHOTO PAAA METOAOM HAMMEHBIUMX KBa-
JAPATOB NOAYYeHbl CIeAYIONHEe Pe3yabTaThi:

¥ =12-0,2t; d = 1.8,
(0,01)
MasecTHO, 4T0 KoaudecTso Habmwoaenui n = 150. C noMouikio Tecta JIbloMHra —
Bokca npoBepHTh runote3y of oTCYTCTBHH aBTOKOPPEIAIHH NepBoOro Nopsaka,
7.12. [lpumenenne Tecta JIbloMHra — Bokca AaeT caeiylollHe pesylbTaThl:

r(t) Tace(T) Q, P(Q > Q)
0,34 0,33 21,45 0,00
0,12 0,11 24,12 0,00
0,01 0,00 24,13 0,00
0,00 0,00 24,13 0,00

Pan ocratkoB naenTudHUMpYeTcs ¢ nomolsio Mogenn ARMA(p, g). Kakue 3na-
YeHHA P ¥ q nesecoobpa3Ho BRIOGPATE HAa OCHOBE MONYUEHHBIX Pe3yILTATOB TeCTH-
poBaHua?




naBa 8
PEFTPECCWOHHbIE AUHAMWUYECKUE MOAENTH

8.1. CroxacTuyeckue perpeccopbi

Jlo cux nop MBI NPEAIIONArall, YTO B perpeccHoHHON Moaenu (4.2)
Y=XB+¢ (8.1)

ofpAcHAIOLIME NepeMeHHble XJ ( =1, ..., p), obpasyouue Marpuuy X,
He ABAIOTCA CydaHHBIMK. HanoOMHMM, 4TO, MO CYTH, 3TO O3HAYAET, YTO
‘ectu 6Bl MBI TOBTOPWIH CEPHIO BEIOOPOYHBIX HabaroAeHHH, 3HaYeHHs nepe-
MeHHbIX X, ObL1H Obl TEMM Ke caMbiMK (MEXAY TeM, KakK 3HaYeHua Y name-
Hwmch Gbl 33 CYET CIYHATHOTO YieHa €).

[NogobHoe npeAnonoKeHHue, NPHBOAALLEE K 3HAYMTEIbHBIM TEXHHUYECKHM
MPOIEHHAM, MOXKET OBITEL ONTPaBAAHO B TOM C/IyMae, KOrAa IKCTIEPHMEHTAb-
HHE JaHHBIE MPEACTaBAAIT coO0H NMpocTpaHCTBEHHYIO BuIGOpKY. B camom
Aene, Ml MOJKEM CHHTaTh, YTO 3HAYEHHMA NepeMeHHBIX X; Mbl BhiGHpaem
3apawee, a 3aTeM HabmogaeM noay4yalIMecs Npy 3TOM 3Ha4veHus Y (3aecs
HMEETCA HEKOTOpas aHANIOrMA C 3alaHHeM PYHKUHMH «I10 TOYKaM» — 3Ha-
YeHHA HE3aBUCHMMOM 1ePeMEHHONH BRIOMPAIOTCH NMPOH3BOJILHO, a 3HAYEHHUA
3aBHCHMOH BhIYHCAAIOTCA). B ciiyyae BpeMeHHOro paja, perpeccopbl KOTo-
POro NpeACTaBAAT CO60H BPEMEHHOH TPEH/I, UHKIHYECKYIO H Ce30HHYIO
KOMIOHEHTHI, OO BACHAIONINE NTePeMeHHbIE TAIOKEe, OYEBHAHO, HE CIYYaHHbI.

OaHako B Tex cay4asX, KOTAa CPeAd Perpeccopos BPEMEHHOro psaja
MPHCYTCTBYIOT TIEPEMEHHBIE, 3Ha4YeHHA KOTOPBIX CaMH 06pasyioT BpeMeH-
HO# paj, npeanoaokeHue o6 UX AeTEPMUHHPOBAHHOCTH HENPAaBOMEPHO.
TaK 4TO 8 MOJENAX BPEMEHHBIX PAO0S Mbl, KAK NPABLLIO0, JOANHB! cuumams
kabmodenua x,; (t = 1, ..., n;j = 1, ..., P) CAYUQIHBIMU BENUNUHAMU.

B 3TOM (J1y4ae eCTECTBEHHO BOZHMKAET BONPOC O KOPPEINPOBAHHOCTH
MEXJY perpeccopamu M omwMbKamu perpeccum €. Ilokaxem, 4To OT 3TOro
YIECTBEHHO 3aBHCAT PE3YAbTaThl OLEHUBAHUA — MPUYEM HE TOJNbKO KOJIH-
YeCTBEHHO, HO M Ka4eCTBEHHO.

Mu 6ysem npeanojarath, UTO X,; M ¥, — CMAYUOHAPHbIE BPEMEHHbIE
PAAbI, T. €. BCe CAYHaHHbIe BEIWYMHBI X, HMEIOT 0JHO H TO Xe pacnpeaene-
HHe (M aHAIOTHYHO V,).

[peanonoXuM MOoKa 1A NPOCTOTEL, YTO MMEETCH BCETO OIMH Perpeccop
X, 1. e. MOJETE UMEET BHA:

Ye=a+ fx, + ¢, (8.2)
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PaccmoTpuM KoBapuauuu obenx vacreit pasercrea (8.2) co wiyyalHon
BEJIMYHHOM X!

Cov(x,, y,) = pCov(x, x,) + Cov(x, €).

Orcioaa (yumnrsiBas, yro Cov(x,, x,) = D(x,)) noayunm:

1
Bp=——I[Cov(x,,y,)—Cov(x,,)] (8.3
D(x,)
(oTMeTHM, Y9TO TaK Kak X,, ¥, — CTAalHOHAPHLIE PAbI, TO KOBAapUALHMH, BXO-
JAslHE B IPABYIO 4acTh papeHcTsa (8.3), Ana Beex 3HAYEHMH ¢ COBNAAannT).
PaccMOTpUM BhIBOPOYHBIE OLEHKH 3THX KOBapHAIlWM:

n
. 12 .Z"r
D(I:J=EZ-¥3- =
|

i1 n
n n
I n Zxr E-y[
Covix,y ) ==Y x.y, - =— =1 (8.4)
n =1 n n

CpasuuBana (8.4) c (3.13), nonyyaem caeayioulee BhIpaxXeHHe I
OlleHKH napametpa [3:
- Covix,,y,)
D(x,)
WIH, NOACTaBAsA Yy, = o + fix, + €, HaxoANM:
1 n n
n ZIIEI 1 Z xl'
b=P+—L —=P+—| &L —le,. (8.5)
P D(x,) P n| D(x,) | "

PaccMOTPHM OTAETLHO MpU CAYYAA.

1. Pezpeccoput X u owubxu pezpeccuu € He XOPPeaupywom, T. €. 2eHepans-
nas kosapuanusa Cov(x, €) = 0 A Beexs, t = 1, ..., n.

B aTtom cayuae M3 (8.5) creayer:

] ixrer
M(b)=B+—M| S— |,
n D(x,)

Orcio4a B iy HEKOPPEIHMPOBAHHOCTH X M € H yestosua M(g) = 0 nomydaem:
M(b)=r3+}:M( ﬁ;‘" }M(s,)=ﬁ. (8.6)

=] X, )
T. €. OLl€HKA b oxasniBaerca B 3TOM ciaydae HEC.HGH.{GHHO!I.
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J1a OLIEHKA ABJIAETCHA TAKXKe cocmosmensHoll. B camom aene, npu Heo-
IPaHHYEHHOM YBEeJHYeHHH 0ObeMa BHOOPKH OLIEHKH KOBaPHaIlHH CXOAATCH
N0 BEPOATHOCTH! K MX IreHePaJbHBIM 3Ha4YeHHAM. B To xe Bpems npeaen
110 BEPOATHOCTH OTHOILEHHA ABYX C/IYHaHHBIX BEIMMHH PaBeH OTHOUIEHHIO
HX Npe/IeJioB, T. €.

b=.(3'3_’?i.(ﬂ_’-&? P Cov(x.y)
D(x;) = D(x,)
Ho ecu Cov(x,, €,) = 0, To u3 (8.3) cieayert, uto E!gi(_x,_.y_,l =B.
Dix,)

2. 3navenun pezpeccopos X He KOpPeaupoeansi ¢ owubxamu pezpeccuu
€ 8 OaHHBII MOMEHM BPEMEHU, HO KOppeaupylm ¢ owubxamu pezpeccuu
8 fonee panHie MOMEHMBL BPeMERU € — T,

B atom cayuae ouenka (8.2) ocraerca COCTOATEALHOW: AoKa3aTeib-
CTBO AOCJIOBHO TIOBTOPAET TO, KOTOPOE NPHUBEACHO B NIPEALIAYLIEM TTYHKTE.
Oaxako oHa yxe He Oyaer HecmelleHHOR. B camom aene, seibopouHas Auc-
nepcua D(x,) COAEpPKHT 3HAYEHHA BO BCE MOMEHTH BpPeMeHH, T. €. D(x,)
KOPPENHPYeT C € M, CTaNo OuiTh, papeHcTBO (8.6), HCnoAb3yeMoe B 1peasl-
AVIeM MYHKTE /U1 JOKA3aTeIbCTBA HECMEIIeHHOCTH [}, HeBEepHO.

3. 3navenua pezpeccopoe X, KOppeauposarst ¢ owubxamu €,.

B aToMm cayuae, 0O4€BHAHO, HE NPOXOAAT HHU JOKA3aTEeNLCTBO HECMEIlleH-
HOCTH, HH JIOKA3aTENbCTBO COCTOATENBHOCTH. COCTOATENILHOCTD, BoOOUIE
TOBODS, MOKET COXPaHHTLCA, ecH BbibopouHas ancniepeus D(x) Heorpasu-
YeHHO BO3PACTAET ¢ yBeauyeHneM obbeMa BeiGOPKH, O/IHAKO B 3TOM CIydae
Kax/lad KOHKpeTHan 3aja4a tpebyeT OTAeNIBHOroO aHanuaa,

Hrak, ecsim paccMaTpuBaeTCd MOJETb

Y=XB+¢

00 CTOXACTHHECKUMH PErpeccopamMu, TO OueHKU napameTpa f3, nonyueHmHbie
' METOA0M HAMMEHBIIMX KBAa/APaTOB:

* HECMEWEHHBIE U COCMOAMENbHbIE, eCAN ODBACHAILINE NepeMeHHEIe
H OWHOKH Perpeccun He KOppeanpyoT;

* COCMOAMENbHBIE, HO CMEUEHHbIe, eCU OOBACHAIIIHE NepeMeHHbIe
KOpPpeNUpyIoT ¢ onbKaMH perpeccuu B 60ee paHHHE MOMEHTHI BpEMEHH,
HO HE KOPPEJUPYIOT B OAMH M TOT %€ MOMEHT BPEMEHH;

* CMEWEHHBIE U HECOCTMOAMENbHbIE, eCIU ODBACHAIOUINE NepeMeHHEe
HowHOKK perpeccHy KOppeaupyioT B TOM YAC/IE U B OAHHAKOBbLIE MOMEHTBI
BpEMEHH.

B TOUHOCTH TaKHe ke pe3yaLTaThl MOryT OLITL MOJAYYEHEI H B CIY4ae MHO-
 KECTBEHHOM perpeccu, Koraa f — sexmopubiil napameTp. Mul He Gyaem
3ech NPHBOANTE COOTBETCTBYIOIME BBIKJIA/IKH.

Takum 00pa3oM, KOPPEJIHPOBAHHOCTb Perpeccopos u omnbox perpec-
(MM OKA3BIBAETCS 3HAYMTENBHO 6oJiee HENPHATHBIM OBCTOATENBCTBOM, YeM,

1 Cu. crocky Ha c. 40.
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HalpUMep, reTepoCcKeacTHYHOCTh WIN aBTOKoppenanus. HeaseksaTHbiMu
OKa3bIBAIOTCA HE TOJBKO Pe3yJbTaThl TECTHPOBAHWA THIOTE3, HO M CAMH
OLIEHOYHBIE 3HAYE€HUA NapaMeTpPOB.

Mgl paccmoTpuMm ABe Haubosiee JacTo BCTpeYaolHecs NPULUHbLL Koppe-
JIMPOBAHHOCTH PETPECCOPOB U OUIHOOK perpeccu.

1. Ha cayuatinsil wren € gozdeiicmeyiom me e pakmopsi, 4mo u Ha @op-
MUPOSAHLE 3HAYEHUTL pe2peccopos.

[TycTs, Hanpumep, cymecTsyeT nepemerHas U, Takas, 4TO B PErpeccyu-
OHHBIX MOZEJIAX

Ye=o+fix, +yu, + v,
X, = A +0u, +&,

K03 dULMEHTE! ¥ 1 § 3HAUUMO OTAHYaTCs OT Hyasa. (Byaem 3xeck cuuTaTts
JUIA NPOCTOTHI, YTO MMEETCH JIMIb OAHH perpeccop X, paccMarpHBaeMbii
Kak cryvaidHas BeJMuuHa.)

[IpeaAnonoknuM, OAHAKO, YTO MBI HE MMeeM HabaoAaeMblX 3HAYEHHH
U u paccmaTpuBaeM MOAeThb

Y, =a+ fix, +¢,.

EcTecTBEHHO OXWAATL B 3TOM CIy4ae KOPPEIHPOBAHHOCTL PETPECCOPOB
X u ommbok perpeccun £ (Cov(X, €) = y8Cov(U, U)).

PaccMOTpUM Clle/lyIoKit MOIe/IbHELNA TPHUMED.

B nocesike A NpoH3BOAUTCA ChIPhE ABYX BHAOB | # I1. Chlpbe Nepeso3nTes
B rOpOA B, rie Ha 3aBoje NMPOMU3BOANUTCA CyONPOAYKT, KOTOPLIH Mpogaercs
dupme-npoussoauTenio no nexne X. PupMa UIroToBaAeT U3 cybnpoaykra
KOHEYHLIH TOBap, KOTOPLIA Nepero3nTcs B o61acTHON LEHTP H peannsyeTcs
no uexe Y. LieHbl Ha ChIPbe NepPBOro W BTOPOTO THIa MEHAKTCA 1 00pasylor
BpeMEeHHBIE paabl Z, ¥ Z,.

JlonycTum, pupma-1poH3BOAHTENb XO4ET NOCTPOHTD 3aBUCHMOCTD IIeHH
peanusauuu Y oT ueHs X ¥ pacCMaTpUBaET PErPeECCHOHHYIO MOJeNb

Y. =a+ fx, +¢.

[IpHMeHeHHEe K IKCIEePUMEHTANbHEIM AaHHBIM METOLA HAMMEHbIIHX
KBAZPATOB AaeT CeAYIOUINI Pe3yaLTaT:

y, =13,64+1,415x, d = 2,14, R? = 0,96. (8.7)
(4.82) (0,0D

HacKonbKO AOCTOBEPHBI NMOAYYEHHBIE pe3yabraTh? OueBHAHO,

M IOCTaBKa CHIPbs B rOpo/ B, M A0CTaBKa KOHEYHOrO NPoAyKTa B ropoj C cs-
3aHBI C MEPEBO3KAMM, a 3HAYMUT, TakHe GaKTOpPbl, KAK 3aTPaThl HA TOILIHBO,
3apriarta BOAWTeNe, COCTOAHME JOPOr M T. A., OyAyT BAMATL U Ha hopmu-
pOBaHuWe LeHsl X, U Ha KOHEYHYIO 1leHy Y npu 3adanHom X, T. €. Ha BelH-
yuHy owHBOK perpeccun Moaenn. Takum obpasom, perpeccopnl 1 omHGKH
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PErpeccHH OKa3biBAIOTCA KOPPEAHPOBAHHBIMM, H OLIEHKH, NONYYEHHBIE
| METOZOM HaHMEHBIIMX KBA/JPaTOB, HECOCTOATEIbHBI.

B cieayroutem naparpadge Mbl BEPHEMCA K 3TOMY MOAEIBHOMY [TPHMEPY,
2 I0Ka OTMETUM BTOPYIO THITHYHYIO IPHYMHY KOPPEAHPOBAHHOCTH OOBAC-
HAIMX NePeMEeHHLIX H CTYy4aHHOro wieHa.

2. Owubxu npu uamepexuu pezpeccopos. IlycTb IpH U3MEpeHHH perpec-
copa X; AonyckaeTca caydainas owubka U, yaonieTBopaiomas ycjIoBHio
M(u,) = 0, 1. e. B 06paboTKy noctynaer He HCTHHHOE Habmoaaemoe 3Have-
HHE U, @ HCKAKCHHOE

()" = x5 + uy;
[pn oueHMBaHMK MOAEIH GAKTHYECKH PacCMATPUBAETCA PErpeccus

Y=XP +v.

HMeHHO H3 3TOro ypaBHEHHA Mbl K ITONYYHM OLIEHKY [3.
Mexay TeM, B A€HCTBHTEILHOCTH, UMEEM:

Y=XB+e=(X. -UB+e=X.p+(e-UP),

1.e.v=¢-UP, n, crieaoBateasHo, B pakTHIECKH paccMaTpHBaeMOi MOJeTH
HMEETCH KOPPEIALMA MeKAY PHKCHPYEMBIMH 3HAYEHHAMH PErpeccopos X.
W CrydaiinbiM wieHom v: Cov(X.,v)=-Cov(U,U)B.

OrmeTHM, 4TO 0be yKasaHHbIE NPUYMHE KOPPEIHPOBAHHOCTH PErpecco-
POB H OIIMOOK PErpeccHH MMEIOT OAHH H TOT XK€ MAaTEMATHYECKHH CMbICT;
sHaYeHust OOBACHAEMBIX NEPEMEHHBIX GOPMHPYIOTCA HE NPHUCYTCTBYIOUIHM
B MOJIETH PErpeccopoM, a KaKUM-TO APyTUM, U, CTano ObITh, OLEHHBAETCHA
=HE TOT» napameTp.

[Ipy paccCMOTPEHHH KOHKPETHBIX PETPECCHOHHBIX MOJENEH BPEMEH-
HHX pAJOB C KOPPE/NHPOBAHHOCTBIO PErpeccopos H omnboK NPpHXOAUTCH
CTAIKMBATBLCA AOBOJILHO 4acTO. MBI pacCMOTPHM NPHUMEPBI TaKUX MOJe-
Jeit B HacToALIEH I7aBe, a MOKa npuBejeM Hanbosee 4acTo MCNOAb3YeMbli
ApHeM, NPUMEHAEMBIH B NOAOGHLIX Cay4anX, — METOA MHCTPYMEHTAIbHBIX
fepeMEHHBIX.

8.2. MeTop MHCTPYMEHTANbHbIX NepPeMEeHHbIX

Haes meTo/a 3aK1104a€TCA B TOM, 4To0bI NoA06paTh HOBbIE epPeMeHHbIe
Z(j=1,..,1), xotopsie 6bl TECHO KOppPeAHPOBaNH ¢ X; U HE KOPPeaHpo-
s ¢ € B ypasHenuu (8.1). Habop nepemennnix {Z;} MOXeT BKAOYATH
T¢ PErPeccophl, KOTOPhIE HE KOPPEJIHUPYIOT C €, @ TAKKE APYrHe BeJIWYHHBL.
i 3TOM, BOOOILIE rOBOPA, KOJHYECTBO NEPEMEHHbBIX {ZJ-} MOXET OT/IH-
OT UCXOAHOTO KoaHYecTBa perpeccopos (obsr4Ho Habop {Z;} coaep-
foabliee 9YHCI0 NEPEMEHHBIX).

Takne nepemeHHbie Z,, ..., Z, Ha3bIBAIOTCA UHCMPYMEHMALILHBIMU.
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OHH NO3BOJISIIOT NOCTPONUTD COCTOATEILHYIO OLEHKY napameTpa f§ Mmoaenu
(8.1). Takas ouEeHKa UMEeT BHIL:

-1
6,-p=(270-'zv=(%2'x) [%zv} (8.8)

3aece Z, X, Y — marpuubl HabniogaeMbix 3Ha4€HUI NepeMeHHbIX.

Ecan paccMaTpHBaeTcs MOAeb NapHON perpeccHH, M e¢AAMHCTBEeHHanA
nepeMerHas X 3aMeHAeTCH Ha eAMHCTBEHHYIO HHCTPYMEHTANbHYIO nepe-
MeHHYy1 Z, dopmyaa (8.8) npumer BuA:

n n
1n le: Zl)‘;
z - =1 t=
. "E 2L o B
By = i (8.9)
T ad
- e SRR R
ngl " n n

Ecan paa z, — Takke CTalMOHApPHBIA M, Ce0BaTeJbHO, CyYaiHbie
BEJIWYUHBI 2, OAMHAKOBO pacnpeaeneHbl, To dopmyna (8.9) Mmoxer GriTh
3JanucaHa B BHAE:

1 n
s Cov(z,y,) ngiz's'

o = = = - ’ 8.10
Y Coviz,x,) Cov(z,,x,) (8.3

_ Tak kax Z n € He KoppesupyioT, papeHcTBO (8.10) o3navaer, YTO OLEHKa
B, aBaserca cocmoamensHoil (04€BHAHO, YTO KOPPEAHPOBAHHOCTH X
u Z o3HauaeT, uto Cov(z, X,) Hé CTPEMHTCA K HYJIIO C yBelHUeHHeM oObeMa
BbibOpxH). B TO xe Bpema u3 pasencTsa (8.10) ne credyem necmeuienrocms
ouenkH . Taxke ara onenxa, Boobule roops, He obnagaer MUHHMaIBHOH
KoBapmanueit. B camom zexe 3, sBHO 3aBHCHT OT Z (TO OHM pa3Hbie NpH
pa3HBIX Habopax HHCTPYMEHTAJIbHBIX NEPEMEHHBIX), MeKay TeM oleHKa,
obnazamman MHHUMAIbHOM KOBapHaliuen, OYeBHAHO, eIMHCTBEeHHas.

EcTecTBeHHO, BO3HUKAET BOMPOC: KaK BhIOpaTh «HaWAyuLIHE» HHCTPY-
MEHTaJIbHBIE TEPEMEHHBIE, T. €. TAKHE NEPEMEHHBIE, TIPH KOTOPbIX OLIeHKa
B, mmena 66l HAMMEHBIYIO BO3MOXKHYIO KoBapHaiuio? OCHoBO#M A1s pele-
HHA JTOM 3aJa4M CAYKHT CISAYIONAA TeOpeMa, KOTOPYIO Mul npuMem 6e3
JIOKA3aTe/bCTBA.

Teopema. Pacnpedenernue p-mepHOUl cAYHQUHOU 8eAUMUNHBL NPU HEOZpa-
HUYEHHOM YBeauweHuu obvema enibopku cmpemumcst K HOPMAALHOMY
¢ mamemamuueckum oxcudanuem f§ u kogapuayuonnoll mampuuetl, nponop-
yuonansHoll mampuuye (RR) 1, 20e R — KOpPenayUOHHAR MamMpuua mexdy
UHCMPYMEHMANBHBIMU NEPEMEHHBIMU Z U UCXOOHBIMU NepemeHHbIMU X.

3aech p — YMCIO HCXOAHBIX PErPECCOPOB, [ — YHUCIO HHCTPYMEHTA/IbHEX
nepemenHuIX (I > p); maTpuua R nmeeT pasmepHocTs [ X p,

Takum 06pasoM, yeM TeCHee KOPPerMpYIOT HCXOAHBE NepeMeHHbe
X v uHCcTpYMeHTanbHble Z, Tem Gonee adpdexTunHol byaer onenka f;,. [pu
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1, OAHAKO, JOJDKHO BBINOAHATHCA yeaoBue Cov(Z, €) = 0. Orcroaa crue-
VT, 4TO OnNMUMAIbHBIMU HHCprMEH‘I'aJII:HblMH nepenenuumn ABAAKOTCA
nepeMeHHble BHAA

Zi=X;-M(X;),j=1,..,p.

3aeck X, Z — p-MepHbie Cy4alHbIe BEIUYHHEI.
Oanako cayyaiHele BeauuuHbl Z° nenabarodaems. Takum obpasom,
AILHO Hamaydllero Habopa HHCTPYMEHTA/NIBLHEIX NEPEMEHHBIX He Cylle-

[lycThb CyliecTBYeT NPOH3BO/IbHBEIA HADOP MHCTPYMEHTANbHBIX NEPEMEeH-
: {Zj}, MMEIOUINX PEANbHLIA SJKOHOMHYECKHI CMBIC, MPHYEM MX YHCIO,
Boobie roBops, MOKET NPEBOCXOAHTL P — YHCIO MCXOAHBIX PErpeccopon
X. PaccmoTpim npoexuun X; perpeccopos X; Ha npoctpasctso {Z}1. /i
JTOr0 HAJ0 OCYIIECTBHUTL PEIrPeccHio BUaA

I BCEX PErpeccopoB X, U B3ATH MX 00bACHeHHEe (MPOrHo3HbIe) 3HaveHms X |
X;=Zy=2(Z2Y ' 2X; (8.11)

Nepemennsie X, He KOPPEAUPYIOT ¢ OMOKAMM PErpPeccHH, TaK Kak
IHHEHHO BHIPAKAKTCA YEPe3 HHCTPYMEHTA/IbHbIE NepeMeHHble £, ..., Z,.
PaccmoTpuM X; KaK HOBBIE MHCTPYMEHTATbHbIE NIEPEMEHHEIE.

Mo ceoiicTBY npoexuun umeem XX = XX, Tak uTto onexka (cm. (8.8))
{HUMAET BHA:

B, =(XX) XY, (8.12)

1. €. CopnagaeT ¢ OHEHKOﬁ, nonyqenuoﬁ OObIYHBIM METO/I0M HAMMEHbBIIIUX
xeazpatoB, mosean Y = XB+¢.

OnucaHHasA nmpoue/ypa Ha3biBaeTcHd 08YXIWA208bIM MEMOJOM HAUMEHE-
keadpamos. 10 cyTH METOJ HAMMEHbLIUX KBa/lPaTOB IPHUMEHAETCH
Jech ABax/ibl: CHavasa A1a noayyennsa Habopa perpeccopos X, 3atem s
1EHHS OLEHOK napameTpa f3.

MNoacrasass (8.11) B (8.12), noay4yaeMm BhipakeHHe OLEHKH ABYXIIaro-
BOr0 METO/1a HAMMEHBIITHX KBA/IPATOB Y€PE3 HCXOAHBIE HHCTPYMEHTAIBHEIE
nepemeHHble Z:

By =(X2(Z°ZY X)) X'2(2°2) ' 2Y. (8.13)

pouieaypa ABYXIIArOBOTO METO/A HAHMEHBILHX KBAJAPAaTOB Pealu3o-
aHa B BONBIIMHCTBE KOMITBIOTEPHBIX PETPECCHOHHBIX NAKeTOB.

! Hanomuum, 9to B § 3.7 MBI paccMaTPHBATH IEOMETPHYECKYIO HHTEPIIPETALHIO Perpec-
Wil W, B YACTHOCTH, NPOEKLHIO BEKTOpa Y Ha NPOCTPaHCTBO PETPeccopoB.
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PacemoTpum nprmMep K3 § 8.1. CTpos Moaenb 3aBHCHMOCTH LIEHE! KOHEY-
HOI'O TOBapa OT CTOMMOCTH CyOIPOAYKTA, B KAU€CTBE MHCTPYMEHTANbHBIX
nepeMeHHbIX MOXKHO BRIOpaTh 1ieHbl Ha chipbe I 1 11

[TpuMeHAs ABYXINATOBBLIM METOJ HAMMEHBIIMX KBa/IpaToB, Nojy4aem
YPaBHEHHE:

y=16,72+1,408x,d = 2,16, R? = 0,997.
(4,86) (0,01)

CpaBHHMBaA NONYYEHHBIE PE3YAbTaThl C NOAYYEHHBIMH OOBIYHBIM METO-
AOM HAUMEHBIIMX KBAApaTos (cM. (8.7)), MOKHO 3aMETHTh, YTO MOAENLHbIE
YPaBHEHHSA Pa3IH4AOTCA, XOTSA M OKa3biBAIOTCA AOBOALHO DAM3KHMM APYT
K ApyTy.

Ha npakTtuke, Kak NpaBHI0, BO3MOXHOCTH BIOOpa HHCTPYMEHTATb-
HBIX TIEPEMEHHBIX HE CTOMb IHPOKH. Tak, B pacCMaTpHBAeMOM TNpUMepe
MBI MMEJIH, N0 CYTH, AUMHCTBEHHO BO3MOXHHEIN Habop Z,, Z,. Hepeako
OBIBAeT, YTO HET M BOBCE HHKAKHX Hab/04aeMbIX HHCTPYMEHTA/IbHBIX 11epe-
MEHHBIX.

B creayiomenm naparpage Mel ONHINEM €111e HEKOTOPbIe BO3MOMXKHbIE Crio-
co0bl OLEHHMBAHHA MOJENEH, B KOTOPBIX PETPECCOPhl KOPPEAHPYIOT € OHG-

KaMH perpeccHH.

8.3. OuenuBanue moaenen ¢ pacnpeseneHHbIMK naramu. 06bIuHbIH
MeTo[ HauMeHbLUWX KBaApaToB

Kak MBI y)Ke OTMEualH, B MOJENAX BPEMEHHHIX PAJOB YacTO 3Have-
HuA OOBACHACMBIX NEPEMEHHbIX 3aBHCAT OT MX 3HAYEHHH B NPEeALLIYIIHE
MOMEHThI BPEMEHH.

AsmopezpeccuoHHOll MOOEAbIO ¢ pacnpedeseHHbIMU 1a2amu NOpAOKoa
p ¥ q (win moaensio ADL(p, q)) Ha3biBaeTcs Moaens! BHAA

Vo= 0t B+ Bty + e+ By F Tt F o FYYig + e (814)

[Tpu 3TOM, BOOOIIE IOBOPSA, HMEET MECTO KOPPEIALIMA MEKAY ¥, . H €,

WIMEeHHO Takoro BMa MOJETH MMEIOT HauBoabIIee NPAKTHYECKOE 3HaYe-
HHE, ¥ MMEHHO TaKOro BHa MEXaHN3M BO3HHMKHOBEHMA KOPPEIALIMH MEKIY
perpeccopaMu u omHOKaMH perpeccuu Hanbosee 4acTo BCTPEYaeTcs B 3K0-
HOMMYECKNX NPHIOKEHHAX. Ha npakTHke yalle BCero BO3HUKAIT MOAENH
ADL nopszaka (0, 1), 1. e. Mmogenu Buzaa?

Ye=o+ B+ 8, (8.15)

I ADL — or aHmmilckux cnoB «autogressive distributed lags». Caeayer ormeruts, 9o
HAPALY € ABTOPErpeccHOHHON Moaensio ADL(p, ) B 3KOHOMETPUKE NCTIONBLIYETCA H «O0uY-
HafA» PErPecCHOHHAN MoJenb ¢ pacnpedenennbiMu AGzamu p-ro nopaaka (wim moaens DL(p)):

Ye=a+Pox, + B + B+ . 4 Bx,+ g
2 [1pwu sanucu mogenn ADL(0, 1) yaoGree koadduument f, obosnagats npocro fi.
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¢ OMOKAMH Perpeccu €, NOAYHHAIOUWMMHUCA ABTOPErPECCHOHHOMY Mpo-
neccy nepsoro nopsaaxka AR(1) wim 3aKoHy CKOAb3AUEH CpeAHel nepBoro
nopsaka MA(1):

€ = pEy + &; (8.16)
g, =& + pE._;. (8.17)

B oBomux cayyasx £, — He3aBUCHMbIe, OAMHAKOBO pacnpeieieHHble Cly-
YaiHbIe BEJIMHHHBI C HYIEBLIMH MaTeMaTHYECKMMH OKHAAHUAMH M HCTIep-
uaAMmU o (beaniit wym).

B aanbhueiimeM mel Gyaem MMeTh A€10 NOYTH UCKIIOYUTENBHO C MoJe-
aamu BuAaa (8.15).

PaccMOTpMM CHauvana pesyabTaT NpUMeHeHHA K mozenu (8.14) obwiy-
HOrO MeTojla HaUWMEHbIUMX KBajpaTtoB. Haunem ¢ moaenu (8.15). lMpea-
NONOKHMM CHauazsa And NPOCTOTHI, YTO perpeccop X B ypasHeHuu (8.15)
OTCYTCTBYET, T. €. JaroBas nepeMeHHas y, ; ABIAETCH eANHCTBEHHOI 06b-
ACHAIONIEH NEePeMEeHHON, M MOAeNb HMEeeT BHA:

yr - D(!—] + 8:; (818)

€ = pPEy + & (8.19)

Torza oneHka y, noayveHHas obbIYHBIM METOAOM HAaMMEHBLILIHWX KBajpa-
TOB, HMCCT BHA:

2)’:3’:—1 E.Vt-ler
.?=r::1 =ﬁ+£:]‘1_ . (8.20)
2 ¥& zi)'rz—l
=

HanoMHHMM, 4TO BCe paAJbl MPEANoJaralTcad CTallHOHAPHBIMU, T. €.
HMEIOT MECTO paBEHCTBA:

D(y,.,) = D(y,),
D(EI-l) - D(S;)l
Cov(¥,.y, €,.1) = Cov(y,, &). (8.21)

Takum obpazom, ouexka y (8.20) npu yBeauuennn obbema BbOPKH
110 BEPOATHOCTH K BEIHYHMHE BU/A

+ COV(_)’,_],E,)‘
D(y,)

Haiigzem peanunny (8.22) B ABHOM BHAe. B3AB AMcCnepcHH oT obenx
il pasedcTs (8.18) u (8.19) u ucnoassys (8.21), nonyyum:

Y (8.22)

62
D{er)= 1 —-p2 W (823]
D(y,) = v2D(y,) + 2yCov(y, ,, €) + D(g,). (8.24)
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Janee:

Cov(y,, £) = YCov(y, ,, &) + D(g,), (8.25)
Cov(y;.1, &) = Cov(y,,, pe, + €) =
= pCov(y,.,, £, ) = pCovly, €,). (8.26)

HUcxniovan Cov(y,, €,) U3 paseHcTs (8.25), (8.26), noayunm, HCHOAbL3YA
(8.23):

Cov(y,_1,€.)= __ 9% (8.27)
- - '
[oacTarass suipaxenue (8.23) B (8.24), noay1aem ¢ yueroM (8.27):
21
D(y,)= o +w) (8.28)

(1-pH)1-y)(A-w)
Ioacrasnas (8.27), (8.28) B (8.22), nony4aem, 4TO npeaea 110 BEPOAT-
HOCTH oueHKH (8.20) pasen
1+p
1+
QUeBHTHO, YTO HECOCTOATENLHOCTE oleHkH (8.20) Tem Gonble, YeM Ciib-
Hee aBToKoppeasauus omMbok €. Ha npakTHKe, 0JHAKO, 4aCTO BBITIOIHAETCH
yCI0BHE P < Y. B 3TOM caydae npeden oyenku Haumenbiuux keadpamoa Gydem
BAU3OK K UCTUHHOMY 3HAYEHUI NAPAMEMPA, XOITS U HE PABEH eMYy.
[IpuBeseHHbIE 31€Ch BBIKAAAKH MOXHO NOYTH AOCAOBHO NMOBTOPHTE
¥ B TOM CIy4ae, ecIH B MOAEIH NPUCYTCTBYeT OO bACHAIOas nepeMerHan X,
HE Koppeaupyias ¢ omubkamu perpeccnu. [IpMBesem MX oxoH4arens
Hbli pesyabrat. Onenka (8.20) cxoaMTea no BEPOATHOCTH K BETHYHHE BHA

op(1-v?)
B2D(x,)(1-p?)(1-yp)+0%(1+ )

Ecau yenoaue p < Y He 8biNOSHAEMCA, 00bIHHBIT MEMOO HAUMEHBLILX K6~
dpamos moxcern da8ams CYWECTNBEHHOE OMKAOHEHUE OM UCTMUHHOZO Pe3yab:
mama daxce Ha evibopxax Gonbuio2o o6sema.

AHaNOrMYHbIE BHIKJSAKH MOXHO Ipogenars W ausa mozeneH (8.15),
(8.16). Npuseaem koHeuHslil peayasrar. [1py yBeanyeHun obbema Bibopxi
OII€HKA napaMeTpa ¥ CXOAHTCH N0 BEPOATHOCTH K BEJIHYHHE

o’p(1-v%)
- 8.
T B2D(x,) + 02(1 4 2yp +p?) (8.5

v+

8.4. OueHnBaHKne mojenei ¢ pacnpefieneHHbIMK narami.
HenuxenHbid MeTO[ HAUMEHbLUNX KBaAPaToOB

PaccMOTpHM Mogenb (8.15) M sanuiueM ypasHeHHe MOJEAH B MOMEHT
BpeMeHHM ¢ — 1

Yo =04+Rx g+ Wea + 8. (8.30)
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Moacrarum Beipaxkenune (8.30) B (8.15). MNoayuum:

V'™ (1(1 + 7) + ﬂxt + B'Yxr-] + Yz}’r-z + El + Yfr-l' (831)

JAanee 3anuiem ypasHeHue (8.15) B MOMEHT BpeMeHH t — 2 U TNIOACTa-
BEM NOJyHEHHOE 3Ha4Yenue y, , B (8.31). Mpoaomkas ator npouecc Ao Gec-
KOHEYHOCTH, NOJYHHM:

Vo= o+ B+ BT Mxa+ T yhe s (8.32)
it | k=1 k=0

Mogens (8.32) HasbIBaeTCH MOAENLIO € pacnpedeneruem Koiika naropbix
06BACHAIOIMMX NepeMeHHbIX. Ee elle HHOrAa HasbiBalT MOOEIbIO ¢ 2e0Me-
mpuxeckuUM pacnpedenexuem, AMes B BUAY, YT0O KOdpPUIMEHTH npu saro-
BHIX TIEPEMEeHHBIX 00Pa3yloT reOMeTPHYECKYIO NPOrpeccHio Co 3HaMeHaTe-
aeM v, (Hanomuum, uto v, < 1). IlpeoBpasosarne mogeau (8.15) K puay
(8,32) nasniBaeTca obpamusim npeobpasosariuem Kolika.

3ameTnmM, 4TO NepemMeHHbie X He KOppenHpyloT ¢ cunbKamy €, Tak 4To,
npuMeHHB obpaTHoe npeobpa3zosaHue Koika, Mbl pemiwin npobaemy Kop-
PEAHPOBAHHOCTH PErpeccopoB Co CAy4YaitHbIMK1 wieHaMu. OgHaKo NpuMeHe-
e 06BIYHOrO METO/Aa HaMMEHbIIMX KBAAPaTOB K Mogenu (8.32) okaskipa-
€TCA Ha NNPaKTHKE HEBO3MOMKHBIM H3-32 HeckoHeuHo BoABIION0 KONTHYeCTBa
perpeccopos. Pazymeercs, B CHAY TOro, 9T0 KO3hGHIMEHThl BXOAAUIETO
B MOJeNb pAAa yObIBAIOT B reOMETPHUYECKON NMPOrpeccHu, 1, ctaao ObITh,
caM pAaa BLICTPO CXOANTCA, MOKHO ObU10 OBl OrPaHHYHTLCA CPABHUTENLHO
mbmHM YHUCIOM J1aros. OAHaKO H B 3TOM Cay4ae Mbl CTOJKHYTHCH
66l no KpalHel Mepe ¢ ABYMSA TPYAHO pemaeMbiMu npobseMami. Bo-neperix,
Bo3HHKIA Obl CHIbHAA MYIBTHKOJUIMHEAPHOCTD, TaK KaK €CTECTBEHHO OXKH-
JaTh, YTO JIaTOBbIE NePeMEHHbIE CHJILHO KOppeaHpoBaHbl. Bo-BTOpLIX, ypas-
HeHHe OKa3anock Obl HemAeHTHOHUHPYEeMBIM. B MOZEAH HAa camoM Jene
BPHCYTCTBYET BCETO HeThipe napamerpa. Mexay TeM Kak, B3fB BCEro Jnilib
TpH N1ara, Mul Okl IOIYYWIH OLEHKH NATH NapaMeTpos.

YpasHeHnue (8.32) MoxeT ObITh OLEHEHO C NOMOUILIO NPOUEAYPEI, KOTO-
past Ha3LIBAETCA HeAUHelIHbIM MemodoM HaumMenbuux keadpamoa. Onumem
31y npoueaypy.

1. C aocTaTouno MeakuMm maroM (Hanpumep, 0,01) nepebuparorcs Bee
3HAYEHHMA Y U3 BO3MOXKHOM obaacTu 3HayeHHH 3Toro nmapamerpa (ecau
HHKakoil anpuopHoit MHGOPMALMK He MMeeTcs, TO aTa obaacTh — HHTEp-
san (0, 1)). MNMoayuaercs NoOCAEAOBATENABHOCTE 3HAYEHHH Y@,

2. Jlna Kamaoro 3HaveHHA yf,"' BBIYMMCIAETCA 3HAUCHHE

k
iV =x+ 3 (FPx .
k=1
Mpeaen cymmuposanua K BoibUpaeTca Tak, 4TO AaJbHeHlIHe 4ieHb!
PAAA BHOCAT B €r0 CYMMY HE3HAYMTENbHLIN BIJ1aA (OYE€BU/IHO, €M MEHbIIe
pubpannoe 3HadeHne Y'¢), TeM MeHbIIe WIeHOB PAAA NPUXOAHTCH YYHUTHI-
BaTh).
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3. /s kaxaoro X'@ MeTosOM HAUMEHbUIIMX KBAJAPaTOB OUEHHBAETCA
VpaBHEHHE

Y. =a+px!? +u,. (8.33)

4. Beibupaercs To ypasHenue (8.33), kotopoe obecrieunBaeT Haubob-
mui koapduument gerepmunanun R2, CooTsercTayioliee sHaverne y'@
NPHHUMAETCA 33 OLeHKY NapaMeTpa Y. BelaHCAsIOTCs OUeHKH «, .

5. OUEHKH HCXOAHLIX TAPAMETPOBR HAXOAATCS CAeAYIOIMM 00pasom:

o =a(l-y), Bl =ﬁ'Y

ITpouesypa HEIMHEHHOTO METOAA HAMMEHBIIMX KBAJIPATOB PeaN30BaHa
B HONLIIMHCTBE KOMNbIOTEPHBIX AKETOB.

O6paTHM BHHMAHHE HA TO, YTO XOTA ¢ MOMOUILIO OOpaTHOro npeobpa-
3opaHuA KolKa yCTpaHeHa KOPPeJMPOBAHHOCT PErpeccopoB ¢ olnbKamMH,
HO aBTOKOpPpeIALMA OIHOOK NpHoGpeTaeT CIOKHYK) CTPYKTVPY, H YCTpaHe-
HHE €€ MOXKEeT OKa3aThCA NMPaKTUYECKH HEBO3MOXKHBIM. TaK 4TO XOTA Nosiyya-
eMble TAKHM 06pa3oM OLEHKH OKA3bIBAKOTCA COCMOAMeabHbMU, OHN obna-
AAIOT BCEMH TEMH HEJOCTATKaMH, O KOTOPBIX MOAPOGHO roBOPHAOCH B I, 7.

8.5. OueHuBanme mogenen c naroBbiMn nepemeHHbIMn. Metop
MaKcMManbHoro npaegaonono6us

BuoBb obpatimen k mogenu (8.15) u (8.16) ¥ UCKII0YUM M3 YPABHEHHI
CAYYaHHYIO BeJIMYMHY €, 3anueM ypasHenue (8.15) B MOMEHT BpeMeHH
t — 1, YMHOXMM €r0 Ha P U BHIYTEM H3 HCXOAHOTO ypaBHeHua (8.15). Yuu-
THIBAA, YTO €, — PE, ;| = &,, NOAYYUM:

Ye=0a+ fix; - Box; + (Y + PV —¥PVe2 + & (8.34)

Ecan cayuaiinble BeIHYMHBI § MMEIOT HOPMAJbHOE pacnpejaeieHue,
TO ypaBHeH#ue (8.34) MoxeT ObITh OLEHEHO METOAOM MaKCHMAJIBHOIO TIPaB-
ponoaobus (cM. § 2.7). Tak Kak B cliy4yae HOPMAIbHOIO pacipeaeneHusd
oWHOOK perpeccHH OUeHKH MaKCHMMAaJbHOrO npasaonoaobus copnajaior
C OLIEHKaMH METOAAa HAMMEHBIIMX KBa/PaToB, Ha NMpaKTHKE NPUMEHEHHe
3Toro Merosa K moaesan (8.15) cBOAUTCA K HEJMHEHHOH 3aja4e MUHHUMMH3a-
umu no «, B, y u p GyHknun

L(e, B, v,p)= E[.Yx o=, +f,_y +(Y+p)ye1 — W2 P, (8.39)
£=1

Kak H3BeCTHO, OLEHKH, NOyYaeMble METOAOM MAKCHMAIbHOI'O Npasio-
noaobus, okaseiBaloTca Hanboaee 3GPeKTHBHBIMK, OAHAKO NPUMEHEHHE
atoro metoaa Tpebyer 3HaHua auda pacnpedenexus omMOOK perpeccuu.
Tak, munumusupys gyrxyuio (8.35), mbt noayuum naubosee MouHbIe OUEHKY
napamempos, Ho AUls 8 MOM CAyHae, ecau Ima GyHKkyua dellcmeumensio
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feasiemes xozapudmom dyrxyuu npasdonodobus, m. e. owubku & deticmsu-
MENBHO UMEIO HOPMANbHOE pacnpedenenue.,

B HEKOTOPRIX CIy4anX HOPMAJAbHOE pacnpeeneHne ommnboK perpeccul
MOXET CNIEA0BATE U3 HEKOTOPBIX TCOPETHYECKHX cooﬁpaaxeuuﬁ, — HanpM-
Mep, MOXeT UCTIOAb30BaThCA [IEHTPalbHAA NpejeabHan Teopema. OAHaAKoO
Yane BCEro HOPMaJbHOE pacnpejeneHHe OWMG0K SBAAETCA MOJAENbHBIM
JONYIEHHEM, KOTOPOEe NPUHHUMAETCS B CHIY TOI'O JHIlb, YTO MY HET ABHBIX
NPOTHBOPEUHiA. B 3TOM (iiydae HCNONb30BaHHE METOAa MaKCHMalbHOro
npasaonoacbus Tpedyer onpeaeaeHHOl OCTOPOKHOCTH, U JyYLIe HCTONb-
30BaTh €r0 B COYETAHUH C APYTUMH METOAaMH.

OTMeTHM TaKke creayioulee oBCTOATENbCTBO. ECIM OCTaTKH psisa MOAETH
NOAYMHEHBI NMPOLECCY CKONLAAWIEH CPeAHEH, ypaBHEHHE ¢ HOPMAJIBHO pac-
npeeneHHBIMU OIKHOKaMu GyaeT coaepxarh GECKOHeYHOe YHCIIO J1aroBs
nepemenHoi# Y. KoapduumenTs npy HUX y6BIBAIOT B reOMETPHYECKOI TPo-
TPECCHy, H MOXHO OrPaHMYHTBLCA HECKOIIbKHMH NEPBLIMH WieHaMH. B aToM
Cyyae MeToJ MakKCHMaJIbHOro npamnnmoﬁus NPaKTHYE€CKH PaBHOCHJIEH
HETHHEHHOMY METOAY HaWMEHBIIMX KBaAPaToB.

B nocneayionmx naparpagax Mel pacCMOTPHM KOHKPETHBIE NPHUMEpbI
Mozenei M IPUMEHHM K MX OIEHMBAHMIO BCE NMEPeYHCIeHHbIE METOI.

8.6. Mogenb YacTHYHON KOPPEKTUPOBKH

B 3JKOHOMHYECKHX NIPHJIOKEHHAX YacTO BCTPEYAETCA CHTYAlMA, Korja
mog posaeiicTBuem obbsacHA0ILEN nepemennoit X opMmupyerca He cama
senHymMHa Y, a ee naeanbHoe, «xenaemoe» (desired) anauenue Ydes, Peansb-
_Hoe ke, Habutosaemoe 3HaYeHue y, npeacrapaseT coboi B3BELIEHHYIO
CYMMY KEJIaeMOro 3HaYeHHA B MOMEHT BpeMeHH { 1 HabaraaeMoro B npe-
ABAYTIHH MOMEHT [ — 1.

[lycth, HanpuMmep, HeKas GUPMaA BHIILIAYMBACT B MOMEHT BPEMEHH
t AMBHAEH/IH V,. ECTECTBEHHO CUMTATD, YTO CYMMA AMBHAEH/OB NpPEACTaB-
et coboit HeKoTopyio Aomo npubsLM GupMBE X!

Y =1, (8.36)

Ha npakTHke, oaHako, ypasHenue (8.36) noasepraercs YacTHYHOMN KOp-
pexTHpOBKe. EC/in PUOBLTL OKAXETCA MaJoH, Ha 0110 AHBHAEHAOB yilaer
Gfm.man qacTb, 4EM Y, nbo H3BECTHO, 4TO YMEHbILIEHHWE IHBHIACHAOB HAaHO-
CHT cepbe3HEbIi y1ap no npecTwky GupMbl. 1o 3ToH xe npHYMHe B CIydae
wei npubLLIH 4018 AMBUACHIOB OKAXKeTCA MeHblel — dupmMa npos-
OCTOPOXKHOCTS: BO3MOXKHO, B Oyaymem nepuose npubblib yMEHbUIHTCS,
B TOrAa NPHAETCH YpesaTh AMBHAEHAB (APYrMM CAEPKHUBAIOIMM POCT
eH/I0B PaKTOPOM MOXET MOCAYKHTL XKelaHue GUPMbl HHBECTHPO-
YacTh NPHOLUIM B paclIMPEHHE NPOU3BOACTRA). B peayibTaTe peanbHoe
HeHHe AMBHACHAHBIX BT Ay, opmupyerca cieayioumm obpasom:

Ay, =My -y, )+v, (0 <A < 1). (8.37)
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Ypasrenue (8.37) HaspIBaeTCA YPABHEHHEM YACMUYHOLL KOPPEKMUPOBKU
(COOTBETCTBYIOIAA MOAENb BhITUIATH AMBHAEHA0B Gbula nHanbonee noj-
pobuo paccmoTpena k. JluntHepom). Pasenctso (8.37) BMecTe ¢ paBeH-
cTBoM (8.36) AaloT CAeAYIONLYIO MOJEb:

Ay, =My +Q =Ny, )+ v, (8.38)

yie = a+fx,.

Moaens (8.38) nassiBaercs modensio yacmuuHnotll koppexmuposku. ([l
MOJIe/TH BBIILIAThH AMBHAEHA0B MOXHO CUMTATh, 4TO ¢ = (), B ob1em xe ciy-
yae cBODOAHBIN WI€H NPUCYTCTBYET B YPaBHEHHH GOPMHPOBAHUA Keslae-
MOI'O 3HAa4YeHHA.) 3/eChb BAXKHO OTMETHTb, YTO BEJMYHHA YU gBAeTca
nenabiodaemoil. (B ypasrerue ee GopMHPOBaAHHA TAKKe MOXKHO 106aBHTs
cBOOO/AHLIN YaeH, HO 3TO HHYEro He M3MEHHUT NPH PacCMOTPEHHH MOJAEIH
B LI€JIOM.)

OueBHAHO, PErpeccHOHHOE ypasHernHue Moaens (8.38) moxker GbITh 3anu-
CaHo B BH/E:

Ye=0A+BAx, + (1-A)y,; + V. (8.39)

Ypasnenue (8.39) npeacrasaser coboit ypasnenue ADL nopsaaka (0, 1)
U MoXxeT ObiTh OIlEHEHO HEJIMHENHBIM METOAOM HAHMEHBIUMX KBa/APATOB
nocae obparHoro npeobpaszosanus Koiika. 3aMeTHM, BIPOUYEM, YTO COCTO-
ATENbHBIC OLEHKH NapaMeTpos ypasHeHus (8.39) MOHO MONy4HTh M 006y
HbIM MeMOOOM HAUMEHLWUX Keadpamos, TaK Kak B ypaBHEeHHH OOBACHA-
101as nepeMeHHas Y, ; He KoppeaupyeT O 3Ha4eHHEM CJY4aHHOro WwieHa
£ B MOMEHT BpeMeHH t (cm. § 8.1).

8.7. Mogenb afanTUBHbLIX 0XUAAHUN

JpyriuM BaXKHBIM IPUMEPOM pezpeccuoHHoll Modeau ¢ pacnpedeneHHbMuU
Aazamii SBJISIETCA MOAETb aJaNTHBHBIX OKHUAAHMIL

Iycrs Y, = log(M,/P,), rae M — HOMHMHa/IbHOE KOJAHYECTBO AeHer B 00pa-
uernn, P— yposeHs ueH. Besimunna M / P HasnIBaeTCA peatbHbIMU OeHex-
HbMu ocmamkamu. [ycts Y2 — cnpoc Ha peanbHbie A€HEKHBIE OCTATKH.

@. Keliran, Haydas AMHAMHKY 3TOH BEJIHUHMHBI B NEPHOALI runepuHas-
KM, BHIABHHY/ NPEANOAOKEHHEe, YTO ee 3Ha'YeHHe B MOMEHT [ ollpeaens-
eTCH omudaemMbiM YPOBHEM MHQIALMK B MOMEHT ¢ + 1. Moaens, npeuro-
kenHas KeitfraHom, UMeeT BH:

Ye=0+pxf, +€; (8.40)

e X¥ — oxuaaeMulit ypopeHs HHpaauuKH. O4eBHaHO, 3TO HeHabmosaemas
peanuMHa. Keitran gonoaxmn ypasHenue (8.40) ypasHeHneMm

Axl, =Mx, —=x}), (8.41)
rne Axp, =xp, - xy.
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[lepenuuiem ypasHenusn (8.40), (8.41) B Buae:

X, =Ax, +(1-A)x¥, (8.41")

Y=o+, +&,. (8.42)

Tenepb CTAHOBUTCA NMOHATHBIM CMBICA ypaBHeHus (8.41°) — nepsoro
ypaBHEHHA cUCcTeMbl (8.42), cocToAMi B TOM, YTO OXKH/IAEMBIH YPOBEHD
DIAIMHY B MOMEHT t + 1 npeacTranaseT coboil B3BEMEHHYIO CYMMY OXH-
eMOTO M PEAIbHOIO YPOBHA B MOMEHT ¢.

Mozens (8.42) HazriBaeTcs modenbr adanmusHbix oxwcudanuil. (Moaens
unepuHpanun @. Keitrana, no-sHaAMMoMy, npeactapaser coboit Briepeble
PACCMOTPEHHBIN NpuMep Tako# mozean.) U3 ypasuenuit (8.40), (8.41)
okeT ObITE MCKIONeHa Henabuioaaemas BeaduuHa X¥, B camom Jeine,
sannuwem ypasHeHue (8.41) B MOMEHT BpeMeHH [ — 1:

Yea=a+fx +8 .
B 10 e Bpema umeem:
¥, =a+PAx, +(1-1)x*)+&, =a+Phx, +(1-A)Px¥ + &, =
=a+le] +(1_l)(yg_] "ﬂ";_l)*‘él.
OKOHYATENLHO TIONYIHM:

Ye=o+ BAx, + (1-A)y,; + €, (8.43)
g =& -(1-2)%._;. (8.44)

Moaeasb (8.43) ecTs MOaes € pacnipejesesHbiMH aramu ADL(O, 1), npu-
§eM JHHAMMWKA CIYMaHHOrO WIeHa No/IMHHEHa 3aKOHY CKOMb3A1leH cpeaiHei
MA(1).

Asuniit BHA (8.44) cayyalHOro wieHa rnokasbniBaeT, 4TO HMEET MecTo
KOppeIALIMA MEXKAY JaroBOH NEePeMEHHON Y, | m omnbKO# perpeccuy e,
T.€. OUEHKH MEeTO/1a HAMMEHBITUX KBAAPATOR He GYAYT COCTOATEIbHBIMM.
Moaenb (8.43) MOKHO OLEHHTH, NPHMEHHB 06paTHOE npeodpazoBaHne
iika M 3aTeM HeJIMHEHHBLIA METO/I HAMMEHBLIIHWX KBAaPaToB.

PaccmoTpum nipumep. [lycTs X, — LieHa Ha ChIpbe B MOMEHT BPEMEHH I,
1Y, — ueHa GopsapaHON CAENKH Ha TOBAP B MOMEHT BpeMeHH t + 1. Oue-
AKO, Y, 3aBMCHT B GOAbINEH CTENEHH OT OXKMAAEMOro 3HaYyeHusa XV,
a CHPbE B MOMEHT BPEMEHH { + 1, T. €. 3aBUCHMOCTE Y OT X MoxeT GbiTh
CaHa MOJENbIO a/JaNTHBHLIX OxkuAaHui (8.42) uau (B npeobpasosan-
BHze) ypasHeHuneM (8.43).

Hmeercs Beibopka u3 n = 250 nabaioaeHui, 1aHHble 0 KOTOPOH npea-
pieHbl Ha puc. 8.1, 8.2,
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+ Series: x
Sample 1 250
40 - Observations 250
Mean 41,28021
Median 41,37566
Maximum 47,65741
20 | Minimum 26,73767
Std.Dev. 2,590646
Skewness -0,894052
10 1 Kurtosis 6,636961
0 Jarque-Bera 171,0917
pes Probability  0,000000
25 Series Y
Sample 4 249
20 + Observations 246
Mean 325,4976
157 Median 325,7072
Maximum 362,2785
10 _{ Minimum  280,5822
Std.Dev. 14,78411
Skewness -0,245159
51 Kurtosis 3,106647
Jarque-Bera 2,580791

%80 300 320 340 360 | Probability 0,275162

Puc. 8.2

[TpMeHHM CHavasa K ypaBHeHHI0 (8.43) oOuYHBIH METO/L HAHMEH bIITHX
KBazpaTtos. [ToJy4uM ypapHeHnue puaa:

yl‘ =—0015+4578x: +0539.Y;-1, d = 2.55.
(3,32) (0,06) (0,01)

W3 ypasHenns (8.43) caeayer, uTo 3Ha4eHHs OLEHOK NapaMeTpoe o, f
A HaXOMATCA KaK pellleHus CHCTEMbI

ar=-0,15,
PL=4,78,
1-4=0,39.

Takum 06pa3oM, NoayHaeM CeAyIoine OLeHKH:
A =0,6;p =788 a=-0,248. (8.45)
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HacKoNbKO MOKHO /IOBEPATH NONYMEHHBIM pesynsratam? OueHHM npa-
Byio 4acTh (8.29). Mimeem D(X,) = 2,592 = 6,7. BubopouHaa aucnepcus
‘ocratkoB pazaa D(e,) = 4,516 — npumem ee 3a ouenky D(g). Toraa oueHkoi
D(E,) 6yaer Bermunna D(E,) / [1 + (1 - A)2). [Tonaraem takke p—(1-4) =
= -y = 0,4. TloacTarnas Bce 3TH 3Ha4YeHuA B (8.29), noayuuM OUEHKY s
‘mpesena y no sepoaTHocT: 0,97576y.

Orciona caeayer, 4To npu Ooasiux BuiBopkax 3HaueHnue y Oyaer
HECKOJILKO 3aHWKEHO, BIPOYEM, 3aHIDKeHUE 3TO HE OYeHb 3HAYMTENbHO.
Taknum 06pasom, Mbl MOXEM OKHAATE, YTO OLUEHKH OOBIYHOIO METOAa HaH-
MEHBIIMX KBAAPATOB HE OY€Hb 3HAYMUTEILHO OTIMYAKTCA OT HCTHHHBIX 3Ha-
4eHWH, XOTA, 6e3YCIIOBHO, ABAAIOTCH HETOYHBIMH.
llpumennum Teneps K ypasHenunio (8.43) ob6partHoe npeobpasosarne
Koitka:

y,=a+Bl[1+i(l—;\)“x,_,‘]+vr, (8.46)
k=0

mev, = Y (1-21)%€,_;, u oueHuM ypasHeHue (8.46) HeaMHEHHBIM METOZOM
k=0

HaUMEeHBIIMX KBAAPATOB. [ToayuyuM caeAyiouue 3HaueHHs OLEHOK napame-
TpoB «, 3, ¥ (3aech paa, croamuit B npasoi yacTu ypapHenns (8.46), npu-
ke nepseiMK 20 wieHamH):

=-2,2,8=793; A =0,61. (8.47)

Haubonee 3ameTHOe paznuyue oueHok (8.47) u (8.45) kacaercs KOH-
CTaHTHI (1, O/IHAKO K B TOM M B IPYIOM CJIYYae KOHCTAHTA ABIAETCA HE3HAYH-
Mot OnieHkH f§ M A OKa3bIBaIOTCA GAM3KMMH, HO BCE JKe Pa3nHaiomMMHCA.
BHAHO, y Hac Goable OCHOBaHUI JOBepATh olleHKaMm (8.47).

8.8. Mopentb notpebnexus Opupmena

Haubonee H3BECTHLIM NPHMEPOM MOAEAH aJanTUBHBIX OKHAAHHI ABAA-
Mozenab notpebrenua M. Ppuamena, PaccMoTpuM ee noapobHee.
H3yuas 3aBMCHMOCTL MeXay norpebieHneM U J0X0A0M HHAHBHAYYMOB,
. PpHAMEH NPEANONOXIL, YTO NPONOPUHOHANBHAA 3aBUCHMOCTD J0/DKHA
MTBCA HE MEXAY PaKTHYeCKMMH BEMYMHAMM, @ MEKAY MX NOCTOAH-
COCTABAAWMMH. [Tocmosiunbtil doxod — 3TO cymMMa, Ha KOTOPYIO
BEK MOYKET PACCYMTHIBATL B OTHOCHTENBLHO AOATOCPOYHBIN neproa (3apa-
forias niaTa, crabWibHbe NOHOPapPHI, MPOLEHTH € BKAAJA0B U T. A1.). PakTH-
SECKMH /10XO/1 B PACCMATPHBAEMbIH MOMEHT BPEMEHH MOKEeT 3HAYHUTENbHO
OUIMHATHCA OT NOCTOAHHOID. AHAJIOMHMYHO, NOCMOARKOE nompefaerue — 370,
110 CYTH, TIPUBLIYHEIA YpoBeHb notpebnenns. Ero pakTuueckoe sHaueHue
BAaeTCA CHIBHO OTIHYAKLIMMCA OT NMOCTOSAHHOrO B CJIy4ae KpynmHo#
WIHM HENPe/BUAEHHBIX Pacxoaos (noapobHee o NOHATHAX NOCTOSH-
¥ BPEMEHHOTO J0X0/a ¥ NoTpeHieHHA MOKHO 03HAKOMHThCA B [11]).
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M. ®pHAMEH HCXOAMA M3 NPEANONOKEHHA, YTO NOCToAHHOoe noTpebie-
HHE MHAMBWAA Y* NPONOPLUHOHANBHO €ro NOCTOAHHOMY A0X0oay X, T. €.

yE=Pxt. (8.48)

B T0 ke Bpema dakTuyeckoe norpebrenne Y U pakTHYECKHH A0X01
X npeacTasasior coboi CyMMy NOCTOSHHBIX M BDEMEHHBIX BEJIHYHH:

Y=Y+ Y X=X +XT, (8.49)

npuyYeM BpemeHHble Beanunusl X7, YT apngiorea caydaiHeIMH. ['HnoTesa
PpuaMEeHa 3aKII0YANIACh B TOM, YTO 3TH BEIUYHHB HE KOPPEJAMPYIOT B pas-
JUYHBIE MOMCHTBI BPEMCHH M MEXKY cobOoi, HX MaTEMaTHYECKHE OXHaa-
HUSI PaBHBI HYJIIO, @ AHCTIEPCHA TIOCTOAHHEI BO BPEMEHMU.

lMoacrasus Buipaxenue (8.48) B (8.49), noayuum perpeccCHOHHYK
Mozenkb

Ye=Bxf+y/. (8.50)

Ipo6reMa 3aKMI04aETCA B TOM, 9TO NOCTOAHHBIE A0X0A M NOTpebaeHHe
ABAAIOTCA CYOBEKTHBHBIMHE, a ¢JI€0BATENbHO, HEHABMIOAAEMBIMY BETHYH-
Hamu, M. PpuaMeH NPUMEHHA K M3YYeHHIO 3aBHCHMOCTH (8.50) moders
adanmusHeix oxudaxull, NPeANnoJOKHB, YTO MIMEHEHHUE OCTOAHHOrO
AOX0Za IPONOPLHOHANBHO PA3HOCTH MEXAY €ro pealbHbIM 3HAYeHWeM
H NpeAblAVIIHM IMOCTOAHHBIM 3HAYUEHHEM, T. €.

AX§ = A(x, - X5 ). (8.51)

ITO 03HAYAET, 4TO NPH YBEJIWYEHHH PeaJbHOro J0Xo1a WHIMBH/BL KOp-
PEKTHPYIOT CBOE NPEACTABICHHE O NOCTOAHHOM JI0X0/IE, HO HE Ha NOJHOe
3HAYEHHE NMPHUPOCTa, @ HA HEKOTOPYIO €ro 4acThb, NMOHHMAasn, 4TO NpHpa-
leHHe MOXeT oKa3aTbcd oOyC/IOB/IEHHBIM BPEeMEeHHOH, T, €. ciyqaiiHoi,
cocraponteit. Ypasuenue (8.51) moxer GbiTh 3aNMCaHO B CTAHAAPTHOM
dopMe MoaenH aJanTHBHBIX OKHAAHMH:

xf =hx, +(1=A)xe . (8.52)

INoBTOpAA yxe NpHBEJEHHLIE PaHee BhIKIAAKH, MOXHO 3aTlHCaTh MOJeb
afanTHUBHEIX oxuaanmni (8.50), (B.51) B Buae creayomero ypaBHeHHs:

yi - ﬂht + (i _;")xf_] + Ep (8-53)

rae & =[yf ~(1-)y/,]

Ouesnano, B moaenu (8.53) umeeT MeCTO KOppPeIHpPOBaHHOCTE perpec-
copa Y, ; co c/iyHaitHbIM WIEHOM.

Mogzgens (8.53) MokeT ObITh OlleHeHa ¢ MOMOUIBIO HEAUNETHO20 Memodd
Haumerbwux xeéadpamos (cMm. npeawiayme npumepsl). Takxe K Moaenn
(8.50) moxeT ObiTb NPUMEHEH METO/J MHCTPYMEHTAJIbHBIX NEePeMeHHBIX.
BeposiTHO, Bnepsrie 310 6bL10 caenano H. JleBMaTaHoM, KOTOPLIH HCTIONb
30BaJl B KAY€CTBE MHCTPYMEHTA/IbHBIX NepeMeHHbIX 1A X¢ GaKkTHYeCKHe
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AoxoA ¥ norpebieHHe Ha ApyroM BpeMeHHOM oTpeske (noapobHee o pas-
JIMYHBIX acnekTax mogead M. Ppuamena cm. [11]).

8.9. ABTOKOppenALMA oWK60K B MOZIENAX CO CTOXaCTHYECKUMM
perpeccopamu

BHHMaTebHbIH YMTATENL MOT OOPATHTL BHUMAaHHE HAa OAHO, Ka3aloCh
6b1, NPOTHBOPEYHBOE OOCTOATENBCTBO: B PACCMATPHBAEMBIX IPHMEPAX 3Ha-
yenne craTucTukH Jlap6uHa — YoTcoHa OKa3blBaNoch JOCTATOYHO BIH3KHM
K ABYM, YTO, Ka3anoch Obl, YKa3biBaeT Ha OTCYTCTBHE ABTOKOPPENAIHH.
Jlums B MOAEAM AANTHBHEIX OKMAAHMNA U3 § 8.7 3HaYeHMEe CTATHCTHKH
d nonasaer B KpUTHUECKYK 0DIACTD, 1a M TO HAa CAMYIO €€ IPaHMLLy.

OfpacHenne 34eck o9eHb npoctoe: mecm Japbuna — Yomcona Henpume-
HUM 8 TOM CAYMAE, ECAU LIMEETNCA KOPPeNAUUA Mew DY pezpeccopamu u outub-
Kkamu pezpeccuu. B camoM zenie, Haes TecTa 3akA04aeTca B TOM, 4TO Koppe-
auns OMMBOK perpeccus HMeeT MECTO B TOM M TOJIbKO TOM C/1y4ae, Koraa
OHA 3HAYMMO NPUCYTCTBYET B OCTAaTKax perpeccuu. Ho s Toro, ytobs 3170
6b10 1€HCTBUTENBLHO TaK, HEOOX0AMMO, UTOOK Habop 3HAYEHHIT OCTATKOB
Mo¥HO 6BUTO GBI HHTEpHIpeTHpOBaTh Kak Habop HabawoaeHuit omubox.
Mex1y TeM 3TO HE TaK, €C/I Perpeccopbl KOPpeaHpyIoT ¢ olIHOKaMy.

MoXHO TOKa3aTh, YTO B 3TOM cayvae 3xauexue cmamucmuxu /Jap-
buna — Yomcowra Gydem wacmo nonadams 8 obaacmes NPUHAMUA 2UNOME3bI
06 omcymcmeuu asMoKoppessyuY U 8 MOM cayuae, ecau Ha camom dene ama
aunome3a HeaepHa. ITO 0BCTOATEALCTBO M AenaeT TecT Jlapbuna — YorcoHa
HENPHMEHUMBIM U 00YCI0BINBAET HEOOXOAHMOCTL APYTHX HHCTPYMEHTOB
mis obHapyXeHUA aBTOKOPPEIALMH OIMBOK perpeccun B Moaennx co CTo-
XaCTHYECKHMMH perpeccopaMi.

B Mozenu ¢ pacnpeaeneHHEMHU aaramu ADL(0, 1) (zameTHMm, 4TO BCe
paccMaTpUBAEMBIE HAMH MOJICTH OTHOCHJIHCH UMEHHO K ITOMY THIY) s
BLIABJICHHSA aBTOKOPPEALNHN OMNOOK MOXKHO NpuMeHATs h-mecm Japbuna.
PaccMOTPHUM MOJIEND

Ye=a+fx +y,, +E. (8.54)

MpeAnoaokHuM, 4TO NOAO3PEBAETCA HATHYHE ABTOPErPECCHH MEPBOro
IOPA/IKA B AHHAMUKE E:

&= pE.+ & (8.55)
PaccMOTPHM CIIEIYHOILYHO CTATHCTHKY!

—
h=(1-0,5d) }———=, 8.56
( )fl_ 5 (8.56)

e d — 3HavyeHue cTaTHCTUKM JlapbuHa — YoTcoHa ypaBHeHus (8.54),
{ — OLEHKa napameTpa y, Nojay4eHHas npumenesueM k (8.54) obuuHoro
METOa HAMMEHBILNX KBA/JIPaToB.
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[pu cipaBeTMBOCTH rUMoTe3bl P = 0 pacnpeaeeHHe CTaTHCTHKH h IpH
yBeIMYeHHH o0beMa BHIGOPKM CTPEMUTCA K HOPMAJIBHOMY C Maremaruye-
CKHMM OKHAAHHEM, PABHBIM HYJIO, M AUCNepcueit, paBHON eanHuIe. TakuM
ofpa3om, runoresa ob OTCYTCTBHH aBTOKOppessiinu OlUBOK oTBepraercs,
ecnu HabogaemMoe 3Ha4eHne CTaTHCTHKY h okaxeTes Gosbine, 4eM KpHTH-
YECKOe 3HaMeHHe CTaHAaPTHOIO HOPMAZBHOTO pacnpe/eslenus,

Paccmorpum creayomuili MoaeabHbii npuMep. Meroaom MowTte-Kapno
(c™. § 14.2) Gera CBIMMTHPOBaHA MOJETD

Y =0+ YW, + & (8.57)
€ = pPE,; + & (8.58)

€ MOZAEJILHBIMHM 3HaYeHusaMH o = 10,y = 0,6, p = 0,3.
[pumenus K ypasHenuam (8.57), (8.58) oObyHBIH METOA HAMMEHBILIHX
KBaZpaToB, NOAYYHIH CCAYIOMIHE Pe3yabTaThl: y; = 5,257 +0,79y, 1, d = 1,7
X (1,15) (0,045)
ans ypapHeHus (8.57) n g, =0,15¢, ;, d = 1,96 a1a ypapuenus (8.58).
Taxum obpasom, MoayueHb! CIeAVIOIHEe OLEHKH:

a=5,257,7Y=0,79,p=0,15.

Kak Mbl 3HaeM, 3TH OLEHKH 3HAYUTENBHO OTIHYAIOTCA OT HCTHHHBIX
3HayeHW# napameTpoB. Tak Kak B pacCMaTpHBAEMOM MPpUMeEPE 3HAYEHUA
B M p BIIOJHE CPABHUMBI, MBI JO/IKHEI OXKHAATH, YTO METOA HAHMEHbBIINX
KBaJpaToB MPHBEAET K CYIECTBEHHOH HeCOCTOATE/ILHOCTH OLIEHOK, 4T0
Mbl 1 HabmoAaeM B IeHCTBHTENBHOCTH.

ObpaTtM ocofoe BHMMaHKE Ha A0CTATOYHO BAH3KOE K ABYM 3HAuYeHue
cratcTHKH Jlapbuna — YoTcoHa /s ypasHenus (8.57). Ha ator pas 3ua-
yenue d nonadaem 8 obaacmp NPUHAMUA 2UNOMEIbL, YTO, OYEBHAHO, NPO-
THBOPEYHT ypaBHeHuo (8.58). [IpaBuabHEIH pe3ysbTaT MOXKHO NOAYYHTE
¢ nomouibio h-recra Jlapbuna. Umeewm:

d =1,7; D(y)=0,045; n = 185.

IloacTasnas 3T 3HaveHnua B (8.56), noayuaem h = 2,64. Tak kak 310
3HaueHue Gosbiie KPUTHHYECKOTO Ry, o5 = 1,96, onpeaenseMoro A Hop-
MaJIbHOrO 3aKOHa, runotes’a 06 OTCYTCTBHM aBTOKOPPEAlHU owHboK
OTBEPraeTca, HMEeT MeCTO aBToperpeccus ommubox nepsoro nopaaxa (eme
pa3s 3aMeTHM, YTO A1 PACCMaTPHBAEMOH MOJEAH 3TOT BHIBOA ObUI anp-
OPHO OY€BH/EH).

B HaCTOAIEM NPUMEPE HIBECTHO, YTO CIYYaHHBIE BETHYHHBI § HMERT
HOPMAJILHOE pacnpejeieHue, TaK 4To Hanb60/1ee ToOYHbIE OLEHKH J1aeT MeTol
MaKCHMaJbHOro npasaononotus. [IpUMeHAs ero, NoJayyuM:

@ =9,338376, p=0,313694, 7 =0,627373.

OTH 3HAYEHHA VKe A0CTAaTOYHO ONM3KH K MOAeAbHBIM. BosbiueH ToYHo-
CTH MOXHO 6bU10 Gbl ZOGMTHCA, CHIMUTHPOBAB MOAENh Ha BhiGopke Hoxs-
wero obrema.
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8.10. GARCH-mopenn

3aeck Mbl OTMETHM €111 OAWH THII MO/EJIeH BPEMEHHBIX PAJOB CO CTIeLH-
PHyeCKOil 3aBUCHMOCTBIO OIIHBOK PErpeccHu.

TlveTh x, U y, — CTallHOHAapHbLIE BpEMEHHBIE paabl, t = 1, ..., n. Pacemo-
TPHM PErpeCcCHOHHYIO MOAETD

Y. =Bx, +¢, (8.59)

JAOBAETBOPAIOULYIO C/ICAYIOUIMM YCIOBHAM:

M, (e)=0, (8.60)

D, (e)=wy+0,07,. (8.61)

OuesnaHo, yonosue (8.61) o3nauaer, yto Goabliee oTKIOHEHHE 0T 00b-
ACHEHHOTO (NMPOrHO3UPYEMOro) 3HaYeHHA B npeaviayuleM HabmoaeHuH
NPHBOAMT K GosblICH BEPOATHOCTH 3HAYMTENLHOTO OTKIOHEHHA TaKxe
¥ B NocieayioleM HabnoaeHnH.

HceneaoBannAa NokasbiBaloT, 410 nogobHuele ABAeHMA YacTo Habaio-
JAOTCA AHATHTHKAMH GHHAHCOBOIO PHIHKA: N€PHOAbI «3aTHIbA», KOTAA
‘PUHAHCOBbIE MOKA3aTeNN ML HE3HAYHUTENbHO KONeOMIoTCA BOKPYT Cpea-
HEro, YEePeAYIOTCA C NEPHOAAMM «BCIUIECKA», XAPAKTEPHIYIOIMMHCA WHPO-
KHM pasMaxoM 3HaYeHHH Tex e nokasarenei. Ha puc. 8.3 npuseaeH npu-
MepHEIi1 rpadmk nosobHbIX Haba0AeHMIA.

y:'“ ® L ]
Y e ® @
. ™ L ] [ ]
L ] . L N L ] . .
gk S S e R e e e O T = ) ==
L] L ] [ ] L ]
L] P L ] & ° .-
. - -
L ]
0 t
Puc.8.3

O6patumcs K yerosuam (8.60), (8.61). U3 (8.60) creayet, uror(e, ,, €,) =
= (), T. €. aBTOKOPPEJISIINA OCTATKOB OTCYTCTBYET. M3 3TOro e YCI0BHA cie-
, 4TO

D(e,)=M(D,, (€,)),

D(e,) =0+ +€7,.
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Ecan

- uu
D(g,) T
TO
D(e) = D(g, ;)

¥ GesycaoBHas AMCHepcua omMGOK perpeccHi NoCToAHHA, T. €. MOAeNDb
roMoCKeJacTHuHa.

B 10 e Bpems cooTHOWweH e (8.61) 03HAYAET, 4TO HMEET MECTO YCN08HAA
zemepockedacmuxHocms omnbok perpeccuu. Moaens, yAOBAETBOPAIOLAA
yeaosusaM (8.60), (8.61), HaswiBaeTCs aémopezpeccUoHHOL YCA08HO 2emepo-
cxedacmuyHoll Modensio, win ARCH-modeasto (AutoRegressive Conditional
Heteroskedastic model).

OTa Mozens Jonyckaer obobienns. Ecan smecto ycaosus (8.61) sBo-
AHTCA VCUI0BHE

- 2
D, (e)=ag+oel ) +...+ a7,

t-1-Et—p

TO MOJeNb HasbiBaeTcs ARCH(p) (apu-moaens p-ro nopsajka). PaccMaTprsa-
1oTeA Takke Gonee obuxe GoOpMBI 3aBHCHMOCTH YCAOBHON AHCNEPCHH OIIH-
60K, @ HMEHHO 3aBHCHMOCTH CIEAYIOIEro BUaa:

q
D, . (&)=0p+ )E: ;e + Z1 Y07 -
= =

CooTBeTCTBYIONAA MOAENL HasbiBaeTea o6obuentoil asmopezpeccuon-
Holl ycroewo zemepockedacmuunoll modeaviwo (Generalited AutoRegressive
Conditional Heteroskedastic model) nopsaaxos p 1 q, win GARCH(p, q).

Kak xe onpeaenuTb, HMEETCA JIM B MOJAEIH YCIOBHAs reTepocKeld-
cTHYHOCTL? Kak 1 B caydae nposepku runoressl o6 oTcyTeTBHH 06bI4HON
reTepoCKEAACTHIHOCTH, BMECTO HeHabIioAaeMblX BEIHYHH — omubox
perpeccus — paccMaTpuBaloTcs octaTku. K Moaenu (8.59) npumensaerca
o6BIYHBII MeTO/| HAMMEHBIIUX KBAApaToB, BHIOMpaeTca NopAAoK p M pac-
CMaTpHBaETCA PerpeccHs

e =ap+uge? ; +..+ el .

Ecau npu 3TOM HNOTE3a 0 He3HAYUMOCTH PErpeccHH OTBEepraercd,
TO MOXHO CYHTaTh, YTO uMeeTca ARCH(p)-modens.

Monenu ARCH u GARCH yAOBIETBOPAIOT BCEM YCIOBHAM KAacCH4ecKol
MOZIEIH, H METO/ HAUMEHBIIIHX KBAJAPATOB 103BOAAET TONY4YHTH ONITHMATL-
HEIE AUHeliHble OUEHKH. B TO ke BpeMa MOXHO noayuuts Gonee sddex-
THBHBIE HeAUHeliHbie OLEHKH METOAOM MaKCHMaJbHOrO NpaBAoOnoao6us.
B omiHYmMe OT MOAEIH ¢ HE3aBHCHMBIMH HOPMAaJlbHO pacnpejesieHHbiMl
omubkamu perpecci B ARCH-MO/1€1M OLEHKH MaKCHMalbHOTIO npasao-
10A06HMA OTAMYAIOTCA OT OLEHOK, NOMYYEHHBIX METOJJOM HAMMEHbIUIHX KBa-

JApaTos.
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Hanpumep, ana ARCH(1)-moaenu norapupmuyeckan GyHKIHA npasao-
noaobus UMeeT BUA:

InL=-13 In(og+ee2 )15
nL= 2?;'_1 n uu+a1e,_,)-5§l P
Ee MMHMMHM3ALHA C NOAYYEHHEM COOTBETCTBYIOIIMX OLEHOK Ha3bIBaeTCA
oyenusanuem modeau memodom ARCH. CooTBeTCTBYIOIaA MIPOLEAYpa NpH-
CYICTBYET B 3KOHOMETPHYECKHX nakeTax. [Ipu ee KoMneloTepHoit pearnsa-
unn TpefiveTcs VKa3aTh MOPAJOK MOJIENH,

Henone3zopaune ARCH- m GARCH-mozieneit 0Ka3biBaeTca B pAje CIy4aen
IKOHOMHMKO-MATEMAaTHYECKOr0 MOAENHPOBaHHA (HanpHMep, NPoUeccoB
MHQMALIMA M BHEIHEH TOPI'ORIN, MEXaHH3MOB (OPMHUPOBAHHA HOPMBI NTPO-
IeHTa K T. 11.) Go/lee aAeKBATHHIM ACHCTBUTENLHOCTH, YTO NO3BOJAET CTPO-
Ut Gonee appekTHUBHBIE OLIEHKH NapaMeTPOB PACCMATPHBAEMBIX Mojesei
110 CPABHEHHIO C OUCHKAMM, TIONYYEHHBIMH OOLIMHEIM M Aaxe 06061meHHbIM
METOAOM HaWMEHbIIMX KBaJAPaTOB.

8.11. HectaywoHapHbie BpemeHHbie pAfbl

Jlo cux Op Mbl PACCMATPHBAHM PErPeCcCHOHHBIE Mogenu THA Y = XP + g,
B KOTOPHIX PAA OCTATKOB PACCMATPUBAICA KaK CTallHOHAPHLIN, a HecTanu-
OHAPHOCTb CAMHX PAJOB X, H ¥, O0YCIOBANBAIACh HAIMYHEM HeCTy4anHoN
KoMnoHeHThl (TpeHzaa). [locne BHAENEHNA TPEHAA BCE PAALI OKa3biBAJIHCh
CTAMOHAPHBIMM, NPHYEM CTALHOHAPHOCTL CYUTAIACH 3apaHee H3BECTHOH,
anpuopHOi. Ha npaxkTuke, OAHAKO, TaKas CHTYALUs PEAKO HMEET MeCTo.
Mexy TeM BKIIOYEHHE B MOJE/Ib HECTALIHOHAPHBIX PAJIOB MOXKET IPHBECTH
K COBEPIIEHHO HEBEPHBIM pe3yabTaTaM. B 4acTHOCTH, CTAHAAPTHLIH aHaNH3
CHOMOIIBIO METOAA HAUMEHBIUKWX KBaJAPaTOB MOAENH

Y,=u+fix +e (8.62)

MOKET NMOKAa3aTh HAJIMYHE CYIECTBEHHON 3HaYuMocTH Koadduunenra B
ke B TOM C/1y4ae, eCId BETHYHHEL X, U ¥, ABIAIOTCA HE3aBUCHMBLIMH. Takoe
eHHE HOCHT Ha3BaHHE JIOXCHOI peepeccit H UMEET MECTO HMEHHO B TOM
4ae, KOTAa B MOJENH HCHONb3YIOTCH HECTAIHOHAPHBIE BPEMEHHBIE PAALL.
Taxum obpasom, NpH MOAETUPOBAHMH KAKOH-THO0 3aBHCHMOCTH MEXLY
HHHAMH X, H ¥, ECTECTBEHHO BO3HUKAET BOIMPOC: MOXKHO JIH CYMTATD
LOOTBETCTBYIOIIHE BPEMEHHEIE Ps/Ibl CTALIHOHAPHBIMH?
B HacTosAlem naparpade Mkl PACCMOTPHM HEKOTOPBIE BONPOCH, CBA3AH-
be C HECMAYUOHAPHBIMU BPEMEHHBIMH pAZamMH. TIpH aToM Mbl He Oyaem
TaBUTL 3a/a4y OOCTOATENBHOrO H3NOKEHWA TCOPUH HECTAUHOHAPHBIX
10B, TaK KaK 3TO notpeboBaso 6u MCNONL3OBAHHA MAaTEMaTHYe€CKOro
annapara, CYIECTBEHHO BLIXOAAIETO 32 paMKH HaWEro pacCMOTPEHHH.
loaToMy Mbl OPPaHHYMMCA JIMILb TEM, YTO 3aTPOHEM OCHOBHbIE NpobaeMsl,
HUKAIOLIHE NPH 3KOHOMETPHYECKOM MOAENHPOBAHHM HECTAUlMHOHAPHbIX
EMEHHBIX PAZIOB.

2]

L

189



HTaK, nycTb MMEETCA BPEMEHHBIH PAA Yy,, IIPH 3TOM Mbl CHHTAEM, 4TO
B HEM OTCYTCTBYET HeCJy4anHas cocraBifoman, /ia npocTOTH TaKxe
OyaeM CYMTATh, UTO CPEAHEe ero 3HaYeHHe PaBHO HyMO (0YEBHAHO, PAA
OCTaTKOB PErPeCCHOHHON MOJENH VAOBRIETBOPAET ITHM YCIOBUAM).

Ecin paa ABASETCs CTAUMOHAPHEIM, TO B K&XKABIA CAeAYIOUIHA MOMEHT
BPEMEHH €r0 3HAYEHHE «CTPEMMTCA BEPHYTbCA K HYJIEBOMY CpPeAHeMY»,
WnniMu croBamu, ecin Mel Oyzem oObACHATL 3HAYEHHE Y, NPeALIAYIIHM
3HAYEHHEM Y, ;, TO OOBACHEHHAA YacTh Y, OyeT HaXOANTLCA BIHIKE K HYI0,
4eM 3HAYEHHE Y, ;.

MareMaTH4eCKH CTPOTro 3TO YCIOBHE MOKHO cHOPMYTHPOBATD CAEAYI0-
KM 00pa3soM: pacCMOTPHM PErPECCHOHHYIO MOJEIb

Y= PV % E.hr (863)

HcTuHHOE 3HaYeHHe napaMeTpa p AO/KHO YAOBIETBOPATH YCAOBHIO
|p| < 1. B cayuae, ecan p = 1, MBI MMEEM CHTYALHIO, KOTAA NOCTeAyIONee
3HAYeHHUE DJHHAKOBO JIerKo MOXeT Kak ﬂpHﬁJlH}KaTbCﬂ K HYJI€EBOMY Cpex-
HEMY, TaK ¥ OTAAMNTHCA OT Hero. COOTBETCTBYIONMH cyyaiHbli npoliece
Ha3kIBAETCH «CAyHatiHb Gaymdanuem». Q4eBUAHO, AUCTIEPCHA B ITOM CIIy-
yae pacrtet. B camom zene, u3 papeHcTra (8.63) umeem:

y D(}';) = D(y:—l)+ G?,

T. e. aucnepeun D(y,) HEOTPaHWYEHHO BO3PAcTAeT, a 3HAYMT, PAJL Y, He ARIS-
€TCs CTallHOHAPHBIM.

Pasymeertcs, B ciydae [p| > 1 psaa Tem 6osnee He OyaeT cTallHOHAPHEIM,
3HAYEHUA ero CTPEMHTEIbHO HAapacTaloT. COOTBETCTBYIOLIMIA TPOLIECC HHO-
I71a Ha3bIBAeTCH 83PbIBHBIM. OJIHaKO B peanbHBIX 3KOHOMHYECKHX 3ajavax
OH HHMKOI/la He BO3HHKAET.

[TpaKkTHKa nMoKasbiBaeT, 4TO Yalle BCero B IKOHOMETPHYECKHX HCCIea0-
BAHWAX HECTALlMOHAPHOCTL PACCMATPHUBAEMOr0 BPEMEHHOro Psila HOCHT
MMEHHO Xapakrtep caydaiHoro Gayxaanusa. Takum obpasom, Bornpoc
0 HECTalHMOHAPHOCTH PHAA ¥,, KaK NPaBWIO, CBOAUTCA K CJAEAYIOHEeMY:
BEPHO JIH, Y4TO B PETPECCHU ¥, = (Y, ; + & MCTUHHOE 3HAYeHHe NapaMerTpa
p paBHO eauHuLe? COOTBETCTBYIONIAA 3a/1a4a HaswiBaeTca npodaemoit edu-
HUYHOZ20 KOPHA.

Hrax, nycTs HMEETCA BPEMEHHOI pAA y,. PACCMOTPUM MOJENb aBTOpe-

I'PEeCCHH
Ye =Y + & (8.64)

Byaem npeanonaraTts, 4To omnbku perpeccuu £, He3aBMCHMBI M 00UHa-
K080 pacnpedenensl, m. e. obpadyiom beavim wym. Ilepexoas K pa3HOCTHHM
BEJIMMMHAM, Nepenuiem cooTHomenune (8.64) B suae:

Ay, =hy s + & (8.65)
raedy, = ¥ =Y A= p-1.
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Torpa npobaema eAMHUYHOTO KOPHA CBOANTCA K CAEAVIOUIEH: BEPHO JH,
410 B MoAenu (8.65) HCTHHHOE 3HaY€HHe napaMeTpa A PaBHO HyMO?

Ha nepsbiit B3rIAA KaXeETCa, 4TO BONPOC MOKET OLITE pelleH TECTHPOBa-
HHeM runotessl 2 = 0 ¢ noMoubio cratieTuky CteioaenTa (§ 3.6). OaHako
CHTYaUHUA OKa3biBaeTCsA CAokHee. B Tom cayuae, eciu psaa y, Ha caMoM
Aene HECTALMOHAPHBIN, T. €. €CIH Ha caMmoMm fene A = 0, craHaapTHas
{-CTATUCTHKA BUAA [ = A / G, He umeem pacnpedenenus Cmyrodenma!

PacnpeseneHue t-CTATUCTUKHN B 3TOM ciiyuae onucaHo JAuku u Qymie-
poM. MIMH ke nonydeHsl KPHTHYeCKHE 3HAY9eHHSA AIA OTBEPAKEHHA THNOTEe3bl
0 HECTALHOHAPHOCTH paAAa. OHHM CYIIECTBEHHO OTAMYAIOTCA OT KPHTHYe-
CKHX 3HaYeHHit pacnpegenerua CTbioAeHTA. B pesy/bTaTe OKashiBaeTcs, 4To
HCTIONB30BAHKE OOBIYHOTO (-TECTa NPUBOAHT K TOMY, YTO THIIOTE3a O HECTA-
IHOHAPHOCTH BPEMEHHOTO PAAa OTBEPraeTcs CIMILKOM YacTo, B TOM UHCIe
H TOrZa, KOIAa PAA AeHCTBHTEABHO ABAAETCSH HECTAIlHOHAPHBIM.

Takum obpazom, npobaemy eAHHHYHOrO KOPHA CIEAYET PelaTh ¢ oMO-
wpio mecma Juxu — Pyanepa, KOTOPbii peann3osaH B GONbIIHHCTBE
COBPEMEHHBIX PErpeccHMOHHbIX naxkeroB. B «Econometric Views» npucyT-
CTBYET TaK Ha3biBaeMbli nonoaxnennbiit mecm Jquxku — Pyanepa (Augmented
Dickey — Fuller test — ADF). OH sapnsierca obobuienueM obLYHOTO TecTa
Juxkn — Pyanepa: B npasylo 4acTh BHpaxkenus (8.65) aobapasawTea cia-
raembie BUAA Ay, y, ..., 4y, T. €. TeCTHpyeTca runotesa A = 0 Ana Mojeu

AY, =AYy + MAY ey + oo + MY, + &,

ITO COOTBETCTBYET TOMY, YTO BMECTO ypaBHeHus (8.64) mbl paccmaTpH-
BaEM ypaBHEHHE

Ye=Peaa TPz T oo t pp+ V2 n

1. €. NbITaeMcA MACHTHGHIMPOBATL PAA KaK aBTOPErPeCcCHOHHBIN NopsAaKa
p + 1. /lobasrenue npupauteHuit Ay, ; NPOH3BOAUTCA ANA TOro, 4TOOBI
¢ BO3MOXHO Boablieit A0CTOBEPHOCTHIO H30aBUTHCA OT aBTOKOPPENALHH
omubok. (Hanomuum, gto pacnpeaenenne Jlnku — Pyuiepa t-CTaTHCTHKHN
HMEET MECTO Wb B TOM CJIyYae, eciM olnbxu suisiores GensiM urymom!)
Onxako pobaBneHue NpHpamIeHHH B NMPABYIO YacTh CHMKAET MOIIHOCTh
recra Jluku — Qymnepa.

Yro AenaTh B TOM Ciydae, eCiM pajay, Oka3aaca HectaruoHapHueiM? Yacto
IpH 3TOM OKAa3bIBAETCA, YTO CTALMOHAPHBIM ABIACTCA PAA NpUpAIleHni Ay,.

Ecau paa Ay, Aradercsi CTaIlMOHAPHBIM, TO HCXOAHBIA HeCTalHOHAPHBIH
pAa y, HaswiBaerca unmezpupyemvirm (Mam odnopodrsim). B 6onee obumem
CIyuae HeCTalMOHAPHBIN PAA Y, HaskiBaeTcs unmezpupyemsim (00xopod-
KbM) k-20 MopAAKa, ecH nocie k-KpaTHOTO Tepexo/a K NpHpauieHuam

diy: = d*-ly, -dk-ly, ,,
me d'y, = Ay,, nony4aerca crauuoHapHsii paa dty,.
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Ecau npH 3TOM CTalMOHAPHEIN paa diy, KOPPeKTHO WAeHTUHIHpYeTes
Kak ARMA(p, g). To HecTanMoHapHeii psia y, obosznauaetcsa ARIMA(p, g, k).
Mozenas ARIMA(p, g, k) o3navaeT Mofenb asmopezpeccull — npouHmezpu-
POBaMHHOL ckoabaawet cpedrell (AutoRegressive Integrated Moving Average
model) NOPAAKOB p, ¢, k B H3BeCTHA KakK M00eab bokca — Jxwenkunca, Jra
MOZIENB MOKET JOCTATOYHO YCHEHIHO ONMCHBATH [TOBEJEHHE HECTALHO-
HAPHBIX BPEMEHHEIX PAAOB (B TOM YHIE COAEPKAIMX CE30HHYIO M (JIH)
HHKJHYECKYIO KOMIIOHEHTY), 4To Ho3BoaseT ek THBHO NCNobL30BaTh ee
B 3a/la4aX KPATKO- M CPEAHECPOYHOTD aBTONporHosa. [poueaypa noabopa
Moaenn ARIMA peannsoBaHa BO MHOTHX JKOHOMETPHYECKHX MAKeTaX.

ApyruM NpHEMOM VCTPAHEHHS HECTAHOHAPHOCTH SABJASAETCH KOMHTe-
IpalHAa HECKOJABKHMX HECTATHOHAPHEIX DAJIOB B HCKOTOPYIO CTALHOHAPHYK
JAHHelHyo KoMOuHaLMo, OnumeM 3Ty IpoueAypy Ha [IpOCTOM NpHMepe
ABYX HECTAIMOHAPHEIX PAIOR.

HecTauuoHapHbie DAL X, M V, HA3LIBAIOTCA KOUHME2PUPYEMBIMU, ECTH
CYIMIECTBYIOT YHCAA A, M A, TAKHE, MTO PAA A.X, + A,V, ABIAETCHA CTAIHOHADP-
HEIM, TaKk KaK YMHOKEHHE Ha HeHYICBOH MHOKUTE b, O4EBHAHO, HE BINACT
HA CTALHOHAPHOCTD, A/TA KOWHTErPHPYEMBIX PAJ0B CYIECTBYET CTAMOHAP-
HBIA paa Buaa y, — fix,.

OKa3kBAGTCH, eCIN PAAKL X, U Y, HA CAMOM JieJie SBAAKTCH KOMHTerpH-
PYEMBIMH, TO COCTOATEALHAS OlleHKa MapamMeTpa [} noayyaeTcs Kak oenka
OOBIYHOTO METO/1a HAMMEHBIINX KBA/IPATOB, NPUMEHEHHOIO K MOAETH

Yo =fx, e (8.66)

Kasanock 0w, 4TO pas Tak, TO BONPOC O HAAMYHHA KOMHTErPaliu MOXKET
GbiTh pemen cieayonm obpazoM. METOAOM HAMMEHBITHX KBaAPaTOB Olle-
HWBaeTca ypaBHeHue (8.66) u k paay y, =—fx, npumensercs tect JMkn —
Qynnepa.

Oanako okaseiBaeted, uto TecT Jlukn — dyuiepa B 3TOM ¢iiy4ae HenpH-
meHuM! TIpH ero Uenoab3oBaHUH THIOTE3a 0 HeCTALMOHAPHOCTH KOMOH-
Hauuu OyJeT OTBepraThed CAMIWIKOM 4acTo. Ha camoM Jese KpUTHYECKHe
3HAQYEHUA ANA (-CTATHCTHKM B 3TOM cayyae Apyrue. OHM GbTH OLICHEHH
MeTOA0M cumyaauun (Metoaom Mounrte-Kapao, cM. . 14). CpaBuenue
HabIIAaeMOro 3HAYEHHA (-CTATHCTHKN ¢ 3STHMM YTOYHEHHBIMU OlLl@HKaMH
KPHTHYECKUX 3HAYEHWI COCTABIACT CYTh KOUHMEZPAYUOHHOZO Mecma
(Cointegration Test), KOTOPHI TAKKE, KAK MPaBUIO, PEASHIYETCA B IKOHO-
MCTPHYCCKHX NaKkeTax.

[TonpobHee BONMpPOCHl, CBA3aHHBLIE ¢ HECTAMOHAPHLIMY BPEMCHHBIMH
pAgaMH, uanoxkensl B [17], [21].

YnpaxHenua

8.1. OuenmBaertcs Mojeb Y = AX + € OOBIYHEIM METO/I0M HAHMEHBIIHX KBapa-
Tob. Todyyaercs ypasnenne suaa

¥=1.2%
(0,3)
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H3pecTHO, OAHAKO, YTO H3MEPeHHA perpeccopa X NPOH3BOAATCA ¢ OWMOKaMH,
HCNepCHA KOTOPBIX OlleHHBaeTes Kak 10. MOXHO J1H PH 3TOM CHYHTATh, YTO HCTHH-
Hoe 3naveHne KoadhduuMeHTa B NONOKHTEABHO, ecan: a) aucnepceusa X pasHa 100;
6) ancnepcus X pasHa 10?7

8.2. lns OUEHKHM J1aroBOI0 YPABHEHUA Y, = (¥, ; + £, NPUMeHeH 0BbIMHBIR MeToa
HMEHBIIMX KBA/PAaTOB H NOJYYEHO YpaBHeHKe

¥, =09y, i,d = 1,95.
(0,1)
Cumraercs, 4T0 OKUOKKU PErPeccHH NpeACTaRIAoT cOG0H CTallHOHAPHLIH aBTO-
SrPECCHOHHBIN NPOollece NEPBOro NopsaAKa. MoXHO JIn ¢/IeAaTh BbIBOA, YTO KO-
‘Quupent A: a) 6oaswe 0,5; 6) Gonpwe 0,7? O6bem BHBGOPKN A0CTATOYHO BEJHK.
. 8.3. PaccmaTpHBaeTcs MOJenb NapHOH PerpeccHy

Y=XB+e. (8.67)

B creaytomeii Tabanue npusoastes AaHneie wabmoaennit nepemennnix X, ¥
M HHCTPYMEHTAILHOMN nepemeHHo# Z:

X; Yi 2i i X Yi %
10,0 20,5 11,0 7 11,5 23,2 11,5
10,1 20,6 10,1 8 11,1 224 111
10,2 20,6 10,2 9 11,5 23,9 11,5
10,3 21,5 10,3 10 10,2 20,7 10,2
11,0 22,2 11,0 11 10,1 211 10,1
11,6 23,4 11,6 12 11,9 24,3 11,9

Haitti onerikm napamerpa 3, npuMeHaAs K ypasHenHio (8.67) obwvHbIi MeTOA
HaMMEHBIIMX KBAAPATOB ¥ METOA HHCTPYMEHTATbHEIX NepeMeHHbIX.
8.4. lloce npUBeAeHNA MOJEAH aJaNTHBHBIX OKMAAHHH K AaTHPOBAHHOH MOAeTH
i £e OLIEHKH METOA0M HaHMEHBIIMX KBA/IPaToB NOJYYEHO YPABHEHHE!

¥ =1,2+0,2x, +0,3y, ;.

HaitT olleHKH MapaMeTpoB MCXOAHOI MOJIEIH AZaNTHBHLIX OXKHAAHHA.
- 8.5. MeTo/1oM HaHMEeHBIIHX KBAJIPaToOB NOJIYYEHO CIeAYIOllee ypaBHEHHE:
5’: =2-0,2x, +0,1y, .

(0,03) (0,04)

3uavenue cratuctukn [JapbuHa — Yorcona d = 1,9. Kakoit creayer caenars
BHBO/ O HATHYHH ABTOKOPPENAIMN B MOAeAN?



maBa 9
CUCTEMbI OAHOBPEMEHHbIX YPABHEHUM

9.1. 06wymit BUAL CHCTEMbI OHOBPEMEHHDBIX YPaBHEHMUIA

Moaens cipoca H peioKeHHA

OaHOM M3 NPHYHH KOPPEJIHPOBAHHOCTH PErpeccopoB CO CAYYaitHBIMH
WIeHAMH MOTYT CIYKHTh GaKTOPH, A€HCTBYIOUIHE OJHOBPEMEHHO M Ha CaMH |
perpeccopsl, ¥ Ha OOBHCHAEMBIE TEPEMEHHBIE TPH PUKCUPOBAHHBIX 3HaYe-
HUAX perpeccopon. MHLIMK CJIOBAMH, B PaCCMaTPHBAEMONH SKOHOMHUYECKOH
CHUTYaUMH 3HAYEHHUA OOBACHAEMBIX IIEPEMEHHBIX H Perpeccopos Gopmu-
PYIOTCS 00HOBPEMEHHO TIOZ BO3ACHCTBHEM HEKOTOPBIX sHeHUX GPaKTOpos.
3TO 03HAYAET, YTO PACCMAaTPHBAEMan MOJE/b He MOJIHA: ee CJIeyeT 0ol
HHUTb YPaBHEHHAMH, B KOTOPBIX OOBACHACMBIMH TI€PEMEHHBIMH BbICTYTIANH
6nl camu perpeccopel. TakuM 06pa3soM, Mbl NPUXOAUM K HEOBXOAUMOCTH
PaccCMaTPHUBATh CLCMEMbL 0OHOBPEMEHHBIX HIIH PE2PECCUOHHBIX YPasHeHull.

Knaccuieckum nNpHMEpPOM ABAAETCA OAHOBPEMEHHOE GOPMHPOBaHHE
cripoca Q4 1 npeanokenus QF ToBapa B 3aBHCHMOCTH OT €0 LeHH! P:

Q=P + PP + Byl +£y;
Q =P, + PP + £, (9.1)

3aeck | — poxoa.

Ecam npeAnosioknTh, YTO PHIHOK HAXOAMTCA B COCTOAHHM PABHOBECHA,
TO B paBeHcTBax (9.1) caeayer nonoxute Q4 = Q° = Q. B atom cayvae
HabaoaeMoe 3HaYeHHe P — 3T 1ieHa paBHOBECHSA, KOTOpas GOPMHUPYeTCa
0OHOBPEMEHHO CO CIIPOCOM M npeatoxkeHneM. TakuM o6pa3om, Mbl JIO/DKHN
cquTaTh P 1 Q 06BACHAEMbIMU NEPEMEHHBIMH, a BEIHYHHY Aoxoaa | — ofs
AcHAmuell nepeMeHHOMH.

PasseneHne poseid MexAy NepeMEHHBIMH B CHCTEME OJHOBPEMEHHbIX
YPAaBHEHHH MOXeT OBITh TPOMHTEPIPETHPOBAHO CIEAYIOLIMM 00pa3oM: nepe-
MmeHHble Q ¥ P GopMHPYIOT CBOM 3HAYEHMA, NOAYMHAACH YpaBHEeHHsM (9.1),
T. €. sHympu modenu. Takue riepeMeHHbIe Ha3biBaIOTCA IHO02eHHbIMU. Mexay
TEM nepemeHHas | cuuTaerTcs B ypasHeHuAX (9.1) 3agaHHOM, ee 3Ha4YeHHA
$opMupyIOTCA 8He Modeau. TaKue NepeMeHHbIC Ha3hIBAKTCH IK302EHHbIMIL

C MaTeMaTHYeCKOH TOYKH 3PCHHA, IMIABHOE OTIMYHE MEXAY IK30reH:
HBIMH ¥ JHJOT€HHBIMH NEPEMEHHBIMHU 3AKII0YAETCA B TOM, YTO 3K302¢H-
Hble NEPeMEHHbIE He Koppeaupyom ¢ owubkamu pezpeccuu, MEXy TeM Kak
3HJOTEHHBIE MOTYT KOPPeIUpoBaTh (U, Kak NMpasuiIo, KOppeaupyior). Ecre
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CTBEHHO NPEANONOKHTD, YTO CXOKHE CaydaiiHble GaKkTophl AEHCTBYIOT Kak
Ha LeHY PaBHOBECHA, TaK M HA CNPOC Ha ToBap. [IpHYMHHAA 3aBMCHMOCTh
MEKAY NEPEMEHHLIMH M NPHBOAHT, OYEBHMAHO, K KOPPEIHPOBAHHOCTH
HX CO CIy4aNHHBIMH WIEHAMH.

HaGop 3K30reHHbIX NePeMEeHHBIX MOXKeT BbiTh padiHYHbBIM. Tak, Hanpu-
MEp, B MOAENH CIIPOCa M NPEIOKEHHA B KaYeCTBe 3K30reHHBIX NepeMeH-
HEIX K 20XO1y MOrYT ObiTh A06aBAeHbLl NPOUEHTHAA CTABKA, BPEMEHHOMH
TPeHA M T. A.

lMpusesem obuMi BHA CHCTEMBI OAHOBPEMEHHLIX ypaBHeHuil. [lycTs Y,
iy Yy — BHAOTEHHBIE NEPEMEHHBIC, X, ..., X; — 3K30reHHbIe NepeMeHHEIe,
Beesem Gaounnie MmaTpuiikl B u I' BHaa:

Bii - Bim Y o Yu
Bt s Pam Y1 - Ymi,

Toraa oBmuid BHA CHCTEMEI OAHOBPEMEHHBIX YPABHCHHN MPEACTABIA-
| €TCA B MAaTPH4HOI opMe Kak

B=

BY + X =¢, (9.2)
Y, X, €
meY= .. [X=|. [[e=|..
Ym Xl' €y

Kpome perpeccMoHHbIX ypaBHeHHH (OHM Ha3bLIBAIOTCA TAKKE NogedeH-
YecKkumu y‘panueummn) MOJIENTb MOKET COAEepKaTh mm!cdecmsa, KOTOphIE
npeACTaBAAoT cob0M anrebpanyecKkue COOTHOWEHUS MEKAY IHAOTEHHBIMK
nePEMEHHBIMH.

Hanpumep, 1A Mojean GOPMUPOBAHHUA CIIPOCa W NPEVIOKEHHA H LEHbI
PaBHOBECHA HMEEM /ABa NoBejeHYecKHX ypaBHeHHA (9.1) M oAHO TOXKIE-
ctBo (F = Q4.

ToxaecTBa, Boobuie roBops, NO3BOAAKT HCKIIOYHTL HEKOTOPBIE 3HI0-
TeHHhIE IePeMEeHHbIE U PacCMaTPHBATh CHCTEMY PErPeCCHOHHBIX YPaBHe-
HRi MeHbIIeH pa3MepHOCTH. Tak, B MOAGTH CIPOCa M NPEATOKEHHA MOKHO
NOAOKHUTL QF = Q4 = Q M paccMaTpHBaThL CTPYKTYPHYIO dopmy (9.2), rae!

el prleele)

(1 B2 (B —ﬁg]
B‘(l -ﬁsJ”‘ (-54 0 f

B HacToAWIEH I11aBe Mbl OFPAHHYMMCA CyYaeM JABYX YPaBHEHUH C ABYMA
3HAOF€HHBIMM NEPEeMEeHHBIMH. JTO He NPHBEJET HM K KaKOH COAepKaTelb-
HOM moTepe — BCe HEOOXOAMMBIE aCNeKThl TEOPUH MOXKHO NPOCAEAHTH

1 B marpune-cronbue X eanunua osnaqvaer GUKTHBHYIO IEPEMEHHYIO, YMHOKAEMYIO
#a cBoBoHEIE WieHbl YPaBHEHHIl CHCTEMEL.
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Ha 3TOM TIpocTeHIeM cayviae. B To e BpeMs Takoe OrpaHHYeHNe TTO3BOIHT
HaM H30eKaTh M3IHIITHEN TPOMO3JKOCTH B BEIYHCICHUSX.

OYEeBHAHO. YTO MBI BCerza MOKEM BRUIETHTEL B JJ@BOH 9aCTH CHCTEMH
AHAOTCHHBIC [IEPECMCHHEIE, T. €. 3aHCaTh YPaBHEeHHA B BHIE:

Y=oy + BX, + 7Y, + €y (9.3)

I

Yy = oy + BaXp + ¥, + € (9.4)

HaGopn nepemeHHBIX X; H X; MOTYT ObITh NPOH3BOALHEIMH. [Tapame-
TpH 3, BOOOIIE rOBOPA, BEKTOPHLIE. ECIH IPHMEHHTD K ypasHeHuaMm (9.3,
(9.4) oOBMHBIA METOJ HAUMEHbIIUX KBa/APAaTOB, TO, KAK IOKA3aHO B I 8,
NOAVYATCS HECOCTOSTE/IbHBIE OUEHKH TTapaMeTpos o, [, v. Takum o6pazom,
OIEHNBAHHE CHCTEM OJHOBPEMEHHBIX YPaBHEHHH TpebyeT cneuudibHbix
Memodos, KOTOPLIM M NOCBAILCHA HACTOANAA IM1aBa.

9.2, KocBeHHbIi MeTO HaMMEHbLUMX KBapaToB

B ocHOBE npeararaemMoro MeToa JeXWT NMpocTas WAeH. [10CKOAbKY
IpensTCTBMEM K [IPHMEHEHHIO MeTo/Ia HAMMEHBITHX KBAAPATOR AHIHCTCA
KOPPEAUPOBAHHOCTL JHAOTEHHBIX TEPEMEHHBIX CO CIVIaiiHBIMK WIEHaMH,
cleAyeT pPa3pelluTh CHCTEMY VPaBHEHMH OTHOCHTENLHO Y, Tak, 4TOOH
B IIPaBbIX YACTHX VPABHEHHH OCTABAINCH TONBKO AK30T€HHBIE TIEPEMEHHBIE
X. OueBnaHo, uTo /15t ypapHenui (9.3), (9.4) 210 Beerga MOXKHO C/€AaTh.
3aTeM NPHMEHHTb OOBIMHBIH METOJl HAMMEHBIIMX KBaJpaToB K MOJyYeH-
HBIM YPABHEHHAM M MOJAVYHTL OLEHKH HEKOTOPHIX BLIPAKEHWH OT HCXOA-
HBIX TAPAMETPOB, M3 KOTOPHIX MOTOM HaHTH OLEHKU M CaMUX NapaMeTpoB.

Takaa npoueaypa HasbIBAETCH KOCBEHHBLM MEMOOOM HAUMEHBIIUX K6a-
dpamos. [TpozeMOHCTPUPYeM ero Ha npuMepe cuctemnl (9.3), (9.4).

Paspemas ypasHenus (9.3), (9.4) ornocureasto Y, Y,. sanumem ypas-
HEHHA B BHIE:

(9.5)
rae
a1=ﬂ1+\’1(12,a2:‘12+72a1. = B, . _ Y2bi
1-71:172 1-1172 1-1172 1-v172 9.6)
6= 11B2 S0y = B2 _M,I:‘{1Ez+£1_v2=‘fz€1+€2 '
1-717, 1-7nv2 1-v172 1-17Y2

(MHAEKC t 19 TPOCTOTH] ONYIIEH).

Js pasnpHeiiniero ynpoieHus Oyaem CUMTATh, 4TO Tepemennbe ¥
OTLEHTPUPORAHH, T. €, a = 0. ([Ipu npakTHIECKOM NIPHMEHEHHHU METoaa
370 abCOMOTHO HECYIECTREHHO.) TTpUMeHHB K (9.5) oObMHBINH MeTo/ Han-
MECHBILTHX KBaJpaToB, NOAYYMM ONEHKH MapaMeTpos b, ¢
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s (XX )(Xi¥y) = (X, X5 )(XoY) |

ol (X X1>(szz)—(x,xz)2
_ (XX ) (XY ) = (XX ) (XY
(XX, )(X2X5) = (X1 X,)?
5, - (XaXa) (%2~ (X X5) (Xs¥s) (9.7)

(XX ) (X2 Xp) - (X, X, )

o XX (XY ) - (X0 X,) (X,Y5)
(XX, )(X2X,) ~ (X, X, )’

rae (XJ'X;') = ilxn'xq'- (Yin)= i{yri)’q: <X,-Y, > = ilxtiytj, Xiis Xijs Yeip Yy — 3HAYE-

A nepemenHbx X;, X, Y;, Y,
Mexay TeMm paseHcTBa (9.6) NO3BONAIOT OAHO3HAYHO BHIPA3HTHL MCXOA-
Hble mapaMeTphl o, B, y uepes a, b, c:

W R
BI“ ‘:_2 'BZ— Bl

¢ s B
> o (9.8)
h= C: 'I' bl

Takum obpaszom, ucnoas3ys (9.6), noayuaem:

s (X)) {(XoYe) - (XX ) (XiYa) |

SN FAEAR A FAAL
- (XY )(XaYa) = (X1 ) (X Vo) |

(X2X2)(X: V1) = (XX, )(XoYy)'
. _ (% X,)(XZYZ)-(Xlxg}(Xle).
B (XX )(Xoh) = (X, X, )(X0Yh)
4 =<X2X2)<X Yy) = (X, X3 )(X,Y2)

(X2X2)(X 1Y) = (X1 X2 (XY )

Ouenkyu (9.8) HA3BIBAKOTCA OUEHKAMU KOCBEHHO20 MemOda HAUMEHBILLX
Kksadpamoe. B 0TAMYKE OT OLEHOK NPAMOTro NPUMEHEHHA METO/1a HAMMEHb-
WHX KBaAPaTOB oueHkH (9.9) cocmosamenvunt.

PaccMOTPHM npuMep HcciesoBanua cueremsl (9.3), (9.4). Ilycts ume-
Tes Aanubie no n = 200 Hab6a10AeHHAM IePeMEHHBIX.

Ha puc. 9.1 npuBeaeHbl TMCTOTPAMMEBl W OCHOBHBIE YHC/IOBBIE XapakTe-
KH COOTBETCTBYIOIIMX BhIGOPOK.
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Series: X1

Sample 1 200
Observations 200
Mean 5,019551
Median 4,967329
Maximum 6,715498
Minimum 3,589654
Std. Dev. 0,611454
Skewness -0,001757
Kurtosis 2,589694
35 40 45 50 55 6,0 6,5 Jarque-Bera  1,403028
a Probability  0,495834
Series: X2
Sample 1200
Observations 200
Mean 12,00998
Median 11,98016
Maximum 13,12772
Minimum 10,95409
Std. Dev. 0,403707
Skewness 0,111117
Kurtosis 2,590569
11,0 11,5 12,0 125 13,0 | Jarque-Bera 1808515
6 Probability  0,404842
14 ~ =
Series: Y1
12 4 Sample 1 200
] Observations 200
8 - Mean 1712,685
Median 1708,201
1 Maximum 2545,273
4 4 Minimum 896,9183
Std. Dev. 346,7838
4 Skewness  -0,088008
0 || Kurtosis 2,486183
1000 1200 1400 1600 1800 2000 2200 2400 Jarque-Bera  2,458246
B Probability  0,292549
Series: Y2
Sample 1 200
Observations 200
Mean 1255,944
Median 1257,273
Maximum 1916,141
Minimum 583,9797
Std. Dev. 279,9589
Skewness 0,092848
Kurtosis 2,482940

600 8O0 1000 1200 1400 1600 1800

2

Puc. 9.1

Jarque-Bera  2,515282
Probability  0,284324




[IpMeHnM cHavana ofbuHbIl METOA HAMMEHBLIMX KBaApaToB. [Toay4um
CIeAVIOIHE Pe3ybTaThl:
¥1=3153,451+15,73x; -1,2y,; d = 1,894, R2 = 0,9999;
(5,127) (0,687) (0,001)
¥, =2606,23+12,88x, -0,83y,; d = 1,893, R? = 0,9999.
(1,75) (0,581) (0,001)

B 060HX c/iyyasx Mbl MMeEM NPaKTHYECKH CTONPOLEHTHYIO NOATOHKY:
K03pPHUMEHT AeTePMHHALMK PaBEH €AHHHIE C TOYHOCTDIO A0 YETBEPTOro
sHaka. O/lHAKO, KaK Mbl 3HAEM, NMOJYYEHHbIE OLIEHKH HeCOCTOATE/NbHBI, H,
C1eA0BaTENbHO, HX 3HAYEHHA MOTYT 3aMETHO OTKJIOHATHCA OT MCTHHHBIX
3HauYeHHH napaMeTpoB.

TIpUMEHUM TeNepb KOCBEeHHbII METO/ HANMEHBIINX KBAAPATOB: OLEHHM
perpeccHOHHYI0 3aBMcHMOCTh Y, no X u X;:

¥, =2242,755+471,19x, -241,07x,,d = 1,96, R? = 0,778;
(361,2) (19,04) (28,83)
¥2=727,7-376,37x, +201,29x,; d = 1,96, R? = 0,769.
(297.35) (15,67) (23,74)

Taxkum o6pasom, nosyqaem:
b, = 471,19; ¢, = -241,07; b, = -376,37; ¢, = 201,29;

a, = 2242,755; a, = 727,7, (230)
0TKyZa, Hcnosb3ya (9.8), nonydaeMm:
o, = 3114,286; o, = 2519,134; B, = 20,43; §, = 8,73;
(9.11)

Y, =-1,198; v, = -0,8.

Kak BuaHO, noayveHHbie TAKUM 00pasoM OLIEHKH 3aMeTHO OTIHYAIOTCH
OT NOMYMEHHLIX MPAMBIM METOAOM HAWMEHBIIIHX KBA/JIpaToB.

9.3. Mpo6nembl HAEHTUOULMPYEMOCTH

B paccMOTpeHHOM NnpuUMepe ypaBHeHHA (9.6) GbUH OAHO3HAYHO pa3-
PEWMMBI OTHOCHTEJNbHO MCXOAHBIX NapaMeTpos, YTO MO3BOAWIO HAHTH
X COCTOATEIbHBIE OLleHKH, OYeBHAHO, YTO TAKad CUTyallHd HMEET MeCTo
e sceria. PaccmoTpum 3ty npobaemy 6osee noapobHo.
®opma (9.2) HaswiBaeTcas cmpykmypHot Gopmoll CUCTEMBI YPaBHEHHH.
ciy4ae ABYX YPaBHEHUH C ABYMs HEHM3BECTHBIMHM CTPYKTYPHOH GopMmoit
fyzem HaswIBaTh Takke ypasHeHua (9.3), (9.4). [lapaMeTpsl CTPYKTYPHO#M
Mbl HA3bIBAIOTCHA cmpykmypHbimu napamempamu. Popma (9.5) Hasel-
npusedennoli opmoli cucremsl. TlapaMeTprl npUBeAeHHONH GOpMBI
HUBAIOTCA € OMOLIBIO METOAA HAHUMEHbLIMX KBaapaToB. OAHAKO 3KO-
YeCKHI CMBICA M MHTEpeC A AHANU3A NPeACTaBAAIT napamempsbl
ypHoll dopmsl. UMEHHO CTPYKTYPHas Gopma pacKpbiBaeT 3KOHO-
eCKMI MeXaHH3M GOPMHPOBaHHSA 3HAYEHHI IHOTEHHBIX TEPEMEHHbIX.
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CmpykmypHsill napamemp Haasieaemcs udeHmu@uuupyemsim, ecau
OH MOXcem Bbimb 00HO3HAYHO OUEHEH ¢ NOMOWBLIO KOCBEHHO20 Memoda Hau-
MeEHbLULUX K8adpamos.

YpasHenue udeHmuduyupyemo, ecau udenmuduyupyemst 8ce 8xodaujue
8 Hezo cmpyKmypHble napamempbi.

Cmpykmypiblil napamemp HA3bIBAeMCcA HeUdeHMUPUUUPYEMbIM, €CAL
€20 IHAYEHLE HEBOIMONHO NOAYHUMD, 3aMe IHAS MOYHbIE IHAYEHUA napame-
mpoe npugedennoll Gopmsi. Hakonel, napamemp Hassieaemecs céepxuden-
Mu@PuUUUPYEMBIM, eCAU KOCBEHHBII Memod HaUMEHbLULX K8adpamos daem
HECKOILKO PA3IUMHBLX €20 OUEHOK.

[ycTh, HANPUMED, B paCCMATPHBAEMOI MOAETH Mbl NpeAIIosaraeM, 4To
nepeMeHHaa Y, 3aBHCHUT OT JIBYX 3K30r€HHbIX NepeMeHHbIX X, X,, Mexay
TeM Kak AMHAMMKa Y, ONpeAensieTcs TONLKO IHAOTEHHO! NepeMenHon Y,
T. €. CHCTEMa YPaBHEHUH UMeeT BHJ:

(9.12)
Y= 05 + oY1,
B npupeaennoit popme ypasHenus (9.12) umesor Bua (9.5), rae
B Bivz
b = —. b, = X
1-1172 1-1172 (9.13)
6= B2 = Bav2 :
1-1Y2 1-1172
YTO MOXeT OBTh NEPenucaHo B BU/E
By B,
=b, =0, (9.14)
1-1172 -1y,
b, ¢
=2=-2 9.15
Y2 ey (9.15)

OueBnaHO, 4TO TpH KoadduuuenTa B, f,, v, Moryr 6uTh HalAeHH
M3 ABYX ypaBHeHu# (9.14). DTo o3Hauaer, yTo cywecmsayem OeckoHeuHoe
MHONCECTNBO UX BOIMONHBLY 3HAUEHULT, NpuBodawux K 00Hol 1 moil ¥e npu-
gedenHoll gpopme. Takue Ko>GOHUHEHTH Ha3bIBAKTCA HeudeHmuguuupy-
eMbLMU 1, COOTBETCTBEHHO, HeudeHmu@uuupyembiM Ha3bIBAETCS ypaBHe-
HHe, CoepiKallee DTH NapaMeTpPhl.

B TO Ke BpeMA JViA ONPEAESEHNA Y, Mbl HMEEM /IBE PA3/IHYHBIE BO3MOK-
HOCTH, 3ajaBaemsle cooTHowenneMm (9.15). [Tpu 3ToM 3aMeTHM, 4TO Heol-
XOAMMO BHITIOJIHEHHWE PaBEeHCTBA

b a
b o
Ho XOT# 3TO pPaBEHCTBO BHINOAHAETCA A8 HCTHHHBIX (HeH3BeCTHHIX)
3HAYEHW NapaMeTpoR ¢ U b, VIR UX OUEHOK OHO, KOHEYHO, BBINOAHATLHCA
He Oyzer.
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B kayecTse npuMepa paccMOTpPUM Moaens (9.12) ¢ ZaHHBIMH M3 NpPH-
mepa 1 (cm. § 9.2). OneHkH napaMeTpoB MPHBEAEHHOH MOAE/IH HMEKT 3Ha-
genua (9.10).

O1ciona uMeem:

by 0,8,%=-0,835.
b, G

Hapamemp, dns KOMOPO20 cyuiecmayem HECKOALKO cROcob08 BbIPaAmeHU
yepea koaduuuenmet npusedennoil popmol, 2easemes caepxudenmuduyu-
pyemuim, TakOB NapaMeTp Y, U3 paccMaTpHMBaeMoro npumepa. Lis ceepx-
MEHTHGUIIMPYEMOrO NapaMeTpa MMeeTCA HeCKO/IbKO, BoobiLe rosops, pas-
AMYHBIX OLIEHOK.

3ameTHM, 4TO npobsiema CBEPXMACHTUPHIMPYEMOCTH — 3TO npobaema
koauvecmea kabarodenud: ¢ ypeanyenneM obbema suIGOpPKH BCE pa3IHYyHbIe
COCTOATE/IbHBIE OLEHKH NMapaMeTpa CTPEMATCA K OAHOMY U TOMY K€ UCTHH-
HOMY 3HaueHH10. Mexay Tem npobiiema HeHAeH THOHLIHPYEMOCTH — 3TO NPo-
Brema cmpyxmypst Moaenn. HeMAEHTHRHIMPYEMOCTb HE HCYE3AET ¢ POCTOM
KonuyecTsa HabMOAEHUH M 03HAYAET, YTO CYLIeCTBYET HECKOHEYHOEe YHCI0
CIPYKTYPHBIX MOAE/IEH, HMEIOWMX OZHY H Ty Ke NpHBeAeHHY1o dopmy.

HenaeHTHOHUMPYEMOCTD BOBCE He ABISIETCA PEAKHM ABAeHHeM. B camoM
aere 1A WaeHTHNIHPYEeMOCTH, rpybo roBops, HaAo, YToObl KONHYECTBO
OLleHHBAEMBIX CTPYKTYPHBIX napaMeTpos Obuio 6bl paBHO KOAHYECTBY
OlleHEHHBIX MMapaMeTpoB npuseseHHol Gopmel. OUeBHAHO, OAHAKO, 9TO
B obuem cyyae CTPYKTYPHEIX TapameTpos Golie.

OueBHAHD, HEMACHTHDHLMPYEMOCTD MOJAEIH O3HAYAET, YTO KOCBEHHLIH
METOA HAHMMEHBIUIHX KBaJAPaTOB HENPHMEHHM, B NnocaeAyuiHx naparpa-
$ax MBI PACCMOTPHM /IPYTHE METO/bl ONCHHBAHUA CHCTEM OHOBPEMEHHBIX
YpaBHEHHMH.

9.4. MeToA MHCTPYMEHTaNbHbIX NepeMeHHbIX

Memod uncmpymenmansHblx nepemennsix (M. 1. 8) — OAMH M3 Hau-
Bonee pacnpoCTpaHEHHLIX METOAOB OLEHHBAHMA YPaBHEHMI, B KOTOPBIX
perpeccopel KOppenupyloT co CBOGOAHEIMK wieHaMu. HMeHHO 21O ABse-
HHE OKa3hIBAETCH XaPaKTEPHLIM LISl CHCTEM OAHOBPEMEHHBIX YPaBHEHMMA.
Mbl paccMOTPHM OTAENBHO ABa CAy4ad — HACHTHOUIIMPYEMON ¥ HEHJEH-
THOUUMPYEMOil CHCTEMBI.

1. Cucrema naeHTHHIMpPYeMa.

Pacemotpum Moaenb (9.5). s ee kKoabOHITHEHTOB METOA HaUMEHBIIHX
KBagpaToB Aan oueHku (9.8). Jlerko yBuaeTb, 4TO 3TH OLIEHKH COBNAAAIOT
COUEHKAMH, NOJMYYeHHBIMH METOJIOM WHCTPYMEHTANbHEIX NTEPEMEHHBIX UIA
YpaBHEHMI

Y=o, + B X, +1:.X; + €y;
= (9.16)
Y, = uy + BoX; + 1K, + €,
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Takum 00pazoM, IK30reHHble NepeMerHbie X, 1 X, HCIONB3YITCH KaK
HHCTPYMEHTA/IbHBIE JUIS1 nepeMeHHbIX Y, Y, DTOT peayibTaT. NoJyvYeHHbH
HaM# B § 9.2, BepeH M B oblleM cly4ae:

Ecau npu ouenke udeHmuuuupyemMozo ypasHeHUA 8 KAUECMEe UHCMpy-
MEHMANBHBLX NEPEMEHHBIX UCTIOABLIYIOMEA IK302EHHDIE NEPEMEHHbLE, TO NOXY-
YaeMbie NPU 3MOM OUEHKI Co8nadaiom ¢ OUeHKAMU KOCBEHH020 Memodd Hau-
MEHBULLY KBadpamos.

M3 3TOTO CAEAVET, YTO KOCBEHHBI MEMO) HAUMEHBWUX K8AOPAmos
A6ASAEMCH HACTMHBIM Cayudem Memodd UHCMPYMEHMANbHbIX NePeMeH-
Hbix. Ha npakTHKe MeTO/ HHCTPYMEHTAIbHBIX NePeMEeHHEIX NPHMeHAeTCA
B dopMe ABYXIMIATOBOrO METOAa HAHUMEHBIIHX KBAaAPAaToOB, NoApobHO Ony-
CaHHOIO B 171. 8. A UMEHHO, B Ka4eCTBe WHCTPYMEHTAAbHBIX 11€PEeMEHHbIX
HCMOMB3YIOTCH 00bACHEHHBIE (ITPOTHO3HbBIE) 3HAYEHHUA ¥y, ¥, IIePEMEHHBIX
Y,, Y,, noaydeHHsIe NPy OlleHUBaHHH NPHBEACHHOH GOpMBbI. 3aTeM 3TH 3Ha-
YeHHA NMOACTARIAIOTCA B NPaBylo YacTb CTPYKTYPHOR dopmbl (9.5).

Ecnu cucmema udenmuduuupyema i KoAUHECTNB0 IKI02EHHBIX NEPEMEH-
Huix X coBnadaem ¢ KoAuuecmaoM 3HO02eHHBLY nepeMeHHbix Y, oueHKi 0gyx-
wazogozo memoda cosnadaion ¢ OUCHKAMU KOCBEHHO20 Memodad HAUMEHb-
HILX Keadpamos.

[Iponeaypa ABYyX1IaroBoro MeTo/la HAMMEHbILKX KBAAPaTOB PEANTN30BaHA
B DOJIBILHHCTBE KOMITBIOTEPHBIX MaKeToB. Tak, NPH HCWISAOBAHUHY MOJEIH
13 § 9.2 npu NPUMEHEHHUH 3TOTO METO/A NOMYIHIHCh Dbl ypaBHEHHHA:

v, =3114,286+20,43x, -1,1987,; d = 1,96, R2 = 0,778;
(462,53) (57,53) (0,14)
¥ =2519,134+8,73x, —0,87,; d = 1,96, R2 = 0.769.
(326,42) (25,2) (0,08)

Kak u eneg0Bano oxuaaTh, NoJVYEeHHBIE OEeHKH COBIIaZainT ¢ OLCHKAMH
(9.11), nONMYIEHHBIMH KOCBCHHBIM METO0M HaMMEHLIINX KBAJAPATOR.

2. Cucrema HenaeHTHOHLHpYEMA.

B aTOM ¢ayuse MeTo/| MHCTPYMEHTaIbHBIX [TePEMEHHBIX, BO0b1Ie ropops,
TOXKE NPUMEHHM, O/IHAKO JUIA €70 HCNOJIb30BAHNA HE0oHX0AMMO pacnoia-
raTh «BHCIIHUMH» HHCTPYMEHTANLHBIMH NEPEMEHHBIMH — 3K30ICHHBIX
nepeMeHHbIX He XxBaTaeT. (O4¥eBHAHO, 3TO HE YTO HHOE, KaK Apyras WHTep-
npeTana HeUASHTHPHIHMPYEMOCTH MOEIH.)

[IpeAnonoKHM, HMEeTCH M30BITOK MHCTPYMEHTANLHEIX NePEeMEHHBIX
B KOJAMYECTBE [, M MMEEeTCH BO3MOKHOCTb MCTIOAb30BATh HX PA3AHUYHbE
Habopkhl. B 3ToM ¢ilydae AByXIHaroBbiii METO HAMMCHBIIMX KBa/paToOR mpe-
AocTariseT onTHManbHbii Buibop. Tyets {£} — Habop MHCTPYMEHTATBHBIX
NePeMeHHBIX (KaK «BHYTPEHHMX», DK3OTEHHBIX, TAK H «BHENIHHUX»). [TycTh
f} — NMPOEKLUH IHAOTEHHBIX NEPEMEHHBIX HA IPOCTPAHCTBO Z (15 MX 1Oy-
YeHHSA CIeAYET OCYIEeCTBUTE PErpeccHio

. I
Y:- = +Zh,,z.,

1

s
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00BIMHBIM METO/I0OM HAHMEHBIINX KBAAPaTOB). O4YEBHAHO, IEPEMEHHbBIE Y,
npeacTaBaAloT coDOH JHHeHH e KOMOHHAIIHM HHCTPYMEHTAJIbHBIX fepe-
MEHHbIX, Hanbo/1ee TECHO KOPPEAHPYIOIIHX € NIepeMeHHbIMH Y.

3ameny B CTPYKTYPHO# popme cucTeMul Y, Ha Y, MHOIAA HA3LIBAIOT «OY L~
WeHueM» IHAOMeHHOH nepeMeHHOH. [1pH 3TOM yaanaeTcs Ta «4acTb» nepe-
MEHHOH, KOTOPasA KoppeaupyeT ¢ omubKaMu perpeccu.

B KauecTBe NpHMepa pacCMOTPUM MoJeb

Y=o, + X +y,Y,+¢€y;
Yz - (12 . 2 ‘(ZYI + 82
¢ HHCTPYMEHTAAbHBIMH nepemMeHHbIMH Z, U Z,. Ha puc. 9.2 npeacrasieHsnl
rpadguyeckne U30O6pakeHHs COOTBETCTBYIOIMX BPEMEHHBIX PA/IOB,
28 . 14

13L

24
| 12

20} 11
16 10
9
121 8
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i
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[puMenas K Moaeny OGBIYHBIH MeTO/, HaUWMEHBIITMX KBaJApaToB, Mnojy-
4aeM OLEHKH

&, =4,837; B=0,263; 7, =0,206;
(9.17)
b, =1,116; ¥,=0,385,

KOTOPBIE, KaK H3BECTHO, HECOCTOATENbHAL, H, C1€40BaTE/NbHO, HX 3HAYEeHHA
MOTYT CYIIECTBEHHO OTIHYATBCS OT MCTHHHEIX 3HaYeHWH napameTpos. [1pu-
MEHHM TENEPL METOJ HHCTPYMEHTAIBHBIX NnepeMeHHbIX, BHﬁpaB B Ka4decTse
HHCTPYMEHTANbLHLIX nepeMersbie X, Z,, Z,. [losydeHHBIe NIPH 3TOM OLIeHKH
HUMEIOT BH!

&, =3,65; p=0,239; ¥, =0,518; (9.17)
b, =-1,795; ¥,=0,675

M, KaK BHIHO, 3HAYHTENBLHO OTIHYAKTCA oT oueHok (9.17). Hawayyuine
OIIEHKH MOKHO NOJAY4UTH ¢ NOMOUIBIO ABYXIIAroBOro MeToja HanMeHbIIHX
KpaapaToB. OHM HMEIOT BHA:

&, =3,632; p=0,241; ¥, =0,522;

G, =~-1,783; ¥2 =0,675.

9.5. OpHOBpemMeHHoe OLEHHBAHNE PerpecCHOHHbIX YpaBHeHHH.
BHewiHe He (BA3aHHble ypaBHeHUA

KoceeHHBIH MeT0/| HAWMEHBIIMX KBAAPATOB M0 CYTH CBOAUTCH K OLEHH-
BAHMIO 10 OTAEALHOCTH YPaBHEHHUH NpHUBeAeHHOH GOpMBI.

Y, =a; + bX; +vy; (9.18)
Y, = a, + bX, + v,. (9.19)

Ipu 3TOM, BooGIe ropops, Cov(v,, v,) # 0. OTcroaa creayer, 9To ahdex-
THBHOCTh OLEHUBAHHUA MOMKHO MOBBICHTb, ec/iM 00bEeAHHNTDL ypaBHEHHA
(9.18), (9.19) B 02HO ¥ IPUMEHHTD K HeMy 06001IeHHBIH MEeTO HAUMEHb-
KX KBAZAPATOR.

Iycts
[ X, 0 ] Y By "
X= Y= e EB=) i B¥=liw Ji
¢ &
Y, B2 V2
Torza ypaeserns (9.18), (9.19) MokHO 3anucaTh B BHAC:
Y=XB+v. (9.20)

204




[lycts
2.1,=Cov(v,v3), 3.,,=Cov(y, 2),25,=Cov(vy,v,). (9.21)

Ecau ypasHenua (9.18), (9.19) no o1aensHOCTH YAOBJIETBOPAIOT YCIO-
BHAM KJ1ACCHYECKOH MOAE/H, MATPULLLL 3, — CKAJAPHbIE.

Toraa
5- {_E_l_f_ ' Z-_Iz]

eCTh KOBapHalMOHHAA MaTpHua owHOOK perpeccuu ypasHeHus (9.20).
CoOTBETCTBEHHO, OIleHKa 06061EHHOIO METOAa HAMMEHBIIMX KBA/JPaTOB
ypaBHenus (9.20) umeer Bua (7.7):

b'=(X"Y 'X)1XYY.

Ui npakTHYECKOro NpuMeHeHHA 0606UIEHHOro MeToAa HaHMEHbBIINX
KBA/IPATOB CAEAYET OLUEHNTh MATPUILLY Y . 3TO MOXKHO CAeNaTsh, IPUMEHHB
MEeTOJ HAMMEHBIIMX KBa/JpaToOB CHaYasa K ypasHenuam (9.18), (9.19)
N0 OTAENABHOCTH, HAHNTH OCTATKH PErPeCcCHM M NPUHATD B Ka4eCTBE OLEHOK
Matpui Y ; BeiGopounsie koBapuauuu Cov(e;,e;). OUEBHAHO, ITH OLEHKH
ByayT COCTOATENBHBIMH.

anMEHHH METOn OJHOBPEMEHHOIO OLUEHHBAHHA, MOXHO NMOBLICHTHL
3 PEKTHBHOCTD KOCBEHHOIO MET0Ja HAaWMEHbIINX KBaJAPaTOB. 3aMeTHM,
OAHAKO, 4TO €U HABOPbl 3IKIOZEHHBIX NEPEMEHHBLY 8 000UX YPABHEHURX
coanadaiom, mo OyeHKa 0OHOBPEMEHHO20 OYeHUBAHUA cosnadaem ¢ OUeHKOU
MeMOOa HAUMEHBIUUX KEAOPAMOS, NPUMEHEHHOZO0 K YPABHEHUSM NO omoens-
wocmu. Tak, Ans paccMoTpeHHoro B § 9.4 npumepa 04HOBPEeMEHHOE OLIeHH-
BAHME He YIYHIIMT KaYeCTBO KOCBEHHOIO METO/la HANMEHbIIHX KBaAPaTOB
(w1K, YTO B JAHHOM CJIyHae TO JKe caMoe, ABYXILIAroBOro MCTOAa HAMMEHb-
IIHX KBaApaToB).

[Tpoueaypa OAHOBPEMEHHOI'O OLEHHBAHHUA PErpecCHOHHBLIX YPaBHEHHH
CHCTEMbI KaK BHENTHE HE CBA3AHHBIX Pea/IM30BaHa B CTAHAAPTHBIX KOMITbIO-
TEIJHHX nakerax. B 3anajHeIx BKOHOMETPH‘-IECRHX nakeTax COO’I'BC'ICTB}’!O-
mMii METOA OLeHHBaHKMA HasbiBaeTca Seemingly Unreleased Regression (SUR)
(BHEIIHE He CBA3AHHLIC YPABHEHHA).

PaccmoTpum npumep M3 ra. 8. Tam 6su1a paccmoTpena Moaens Buaa

Y=a+yX +¢, (9.22)

e X — cronmocTh noaydabpukara; Y — 1leHa KOHEYHOH NPOAYKLHH.
TpumeHss MeTO/L HHCTPYMEHTAJBHEIX IePEMeHHBIX, NONYYHIN CIeAYIO-
liee ypaBHEHHE:

v=16,72+1,408x. (9.23)

B 3TO# 171aB€ MBI YCJIOKHHM MOEIL, COCTABMB CHCTEMY PErpecCHOHHBIX
ypaeteHnil. ByaeM CYHTaThb, 4YTO CTOMMOCTh nonydabpukara X 3aBucuT
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OT CYMMBI LIEH Ha ChIpbe, T.€. OT BetnyHHn W = 7, + Z, (npeancaaraerca,
4T0 00a BH/IA CHLIPLS PACXOAYIOTCA B PABHOM NPONOPLUHH — OYEBHAHO, 3T0
He ecTb OrpaHHYUeHye, a Juib Borpoc Bubopa eanuull uamepenus). Iycte
TaKKe Z — 0600meHHbIH GakTOp NPOM3BOACTBA KOHEYHOr o npojykTa. Cre-
AYIOINAN AHarpaMMa noKa3sBaeT BelbOpoYHoe pacnpejesneHne npusHaka Z,

10 x
Senes: 2
Sample 1 60
81 Observations 60
6 Mean 63,48370
Median 62,47043
Maximum 8441166
41 Minimum  47,02579
Std. Dev. 8957910
o] J Skewness 0,293139
Kurtosis  2,425195
0- Jarque-Bera 1,685308
45 50 55 60 65 70 75 80 B85 |Pprobability 0,430566

Puc. 9.3

PaccMoTpuM MOzens BUAA

x=(¥1 +B1W+€1,
9.24
Y=0,+B,Z+yX + €, 5

TIpH 3TOM €, €, KOPPEIHPYIOT (Ha HUX AeHCTBYIOT 0OHe GaKTOpPLI, CBI-
33aHHBIE CO CTOMMOCTBIO NIEPEBO30K), TaK 4TO X — 3HAOTeHHas NepeMeHHas.
lNpuBeaenHas dopma cucremsl (9.24) nmeer BHA:

X=o,+B/W+e,
Y= (o +yay) + BoZ + YBW + (ye, + €5).

KocBeHHEIH METOA HaUMEHbIUX KBaapaTos (ypasHeHus (9.25) ouenu-
BAKOTCA 110 OTACIBHOCTH) JAET CASAYIOUHE 3HAYEHHA OLICHOK:

(9.25)

@, =19,31; B, =1,77;
é, =18,0; B, =0,55; (9.26)
¥=1,325.

Teneps onenum ypasHenna (9.25) 0AHOBPEMEHHO KaK BHEIIHE HE CBA-
3aHHBIe. Pe3y/IbTaTOM OKa3biBAIOTCA CICAYIONHE YPABHEHHS:

x=19,31+1,77W,d = 1,9, R? = 0,984;
(6.98) (0,03)

¥=44+0,077Z+2,47W,d = 2,0,R? = 0,97.
(13,01) (0,1) (0,06)



OI'CIOAa noJay4aem CIeAylLHe 3Ha4eHHA OLlEHOK:
@, =19,31; B, =1,77;
&, =17,0; B, =0,08; (9.27)

¥=1,40.

OueBHAHO, MBI JIO/DKHBI CYUTATL OUEHKH (9.27) Gonee TouHBIMH. 3ame-
npy 3ToM, 4T0 Ko3dpunmnenT i, He3HaUMM.

9.6. TpexwaroBblid METOA HAUMEHbLUMX KBAApPaTOB

Haubonee apdextupnas npoueaypa oneHNBAHNA CHCTEM PErPeCCHOH-
HBIX YPaBHEHMH COYETAET METO/ OJAHOBPEMEHHOIrO OLIEHUBAHMSA W MeTOA
HHCTPYMEHTANbHBIX NepeMeHHBX. COOTBETCTBYIONMIA METOA Ha3biBaeTcs
MPexuazosbIM MemoodoM Haumenbluux keadpamos. OH 3aKNIO4AETCH B TOM,
YT0 Ha NEPBOM IHare K MCxoAHou moaeau (9.2) npumensierca obobuernnbll
METO/l HAMMEHBIIHX KBAZPATOB € LI VCTPAHEHHA KOPPEIALMH Caydai-
HBIX WIEHOB. 3aTeM K MOJYYEHHBIM YPAaBHEHHAM NPUMEHAETCA 08yXulazo-
gbil METO/I HANMEHBLIMX KBAAPaTOB.

OyeBHAHO, YTO eCIK CIYYaitHbIe WieHbl (9.2) He KOPPeaUpyIOT, Tpexiua-
TOBBIH METO/L CBOAMTCSA K ABYXIIATOBOMY, B TO e BPEMA, €CIM MaTpuia B —
SIMHWYHAA, TPEXIAroBhii MeTO/ npeAcTarideT coboil npoueaypy oAHOBpe-
MEHHOr0 OL€HUBAHHUA YPABHEHHH KaK BHEIIHE He CBA3aHHBIX.

[lpuMeHHM TpexumaroBelii MeTOJ K paccMaTpuBaeMoi Moaenu (9.24):

t, =19,31; B, =1,77; a, =19,98; B, =0,05; y=1,4.
(6,98) (0,03) (4,82) (0,08) (0,016)

Tak kak xoadpduiKeHT [}, HEIHAYUM, TO YPABHEHHE 3aBHCHMOCTH Y
oT X UMeeT BHUA:

¥=16,98+1,4x.

3aMeTHM, YTO OHO NPAKTHYeCKH COBNAJAET C ypaBHeHHeM (9.23).

Kak M3BECTHO, OUMIIEHHE YPABHEHUA OT KOPPENflMH CAYYalHBIX wie-
HOB — MPOLECC umepamuensiii. B COOTBETCTBHH € 3THM NPU HCNO/B30BA-
HHM TPEXIIAroBOroO METO/1a KOMITBIOTEPHAs MPOrpaMMa 3anpaiiMBaeT Yucao
wrepanuit win Tpebyemyio To9HOCTb. OTMETHM BaXKHOE CBOMCTBO Tpexiua-
TOBOTO MeToAa, obecneynBalonero ero Hanbonemyio 3hpHeKTHBHOCTS.

IMpu docmamouno GoabwoM wucae umepayull OUeHKU MPeXuIazos802zo
MEMOQAA HAUMEHBILUX K8AdPAmMos co8nadarm ¢ OUEHKAMU MAKCUMANLHOZ0
npasdonodobus.

Kaxk M3BECTHO, OLIEHKH MaKCHMaJbHOro mpasaonogobusa Ha GoabmMX
BbBOpKaX ARIAIOTCA HAHJAYYITHMH.
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9.7. IKOHOMMUYECKH 3HAYUMbIE NPUMEPDI CHCTEM O[IHOBPEMEHHbIX
YpaBHeHHH

3aech Mbl PACCMOTPHM KIACCUYECKLUE NPUMEPbI CHCTEM YPAaBHEHHH, KOTO-
pbie NoAPO6GHO U3YyHarTCA B CTAHAAPTHHIX IKOHOMHYECKHMX Kypcax.
1. Keilincuanckas modens dopmuposanus 0oxodos:

C,=a+fY, +¢; (9.28)
Y,=C +1, (9.29)

rae Y, C, I COOTBETCTBEHHO TIPEACTARAAKT COBOM COBOKYIHBIH BBIMYCK,
obbem norpebaenuit U uHBeCTHIMHA. 34ech | pacCMaTPHBAETCA KaK IK30-
reHHas nepeMeHHas, a Y — Kax sHjoreHHas. Xopolio H3BECTHO, YTO TakKas
MOJENb ONMCHLIBAET 3aKPLITYI0O IKOHOMHUKY 6€3 rocyAapcTBeHHOro BMella-
TEJAbCTBA.
Mozesnb COAePARHUT OAHO NOBEAEHYECKoe ypapHeHHe (9.28) H 0AHO TOX-
Aectso (9.29).
Ouesnano, Moaens (9.28), (9.29) asasercs HACHTHOHUMPYEMOH.
Ee npuseaenHas ¢popma umeeT BHA:
Y= Es : I+ : 5
1-p 1-p 1-P
2. Modens popmuposarus cnpoca 1 npedoNeHA.
B npocreiimem Buae 3ta Moaeab paccMaTpuBanach B § 9.1, 3aeck Ml pac-
CMOTPHM HEKOTOpHIE ee MoAHpHKALMH.
Yyem mpenda. ECan npeAnoAokHTh, YTO NPUBBIYKH MEAIEHHO MEHs-
I0TCA CO BPEMEHEM, TO B YpaBHeHHe GOpMUpPOBaHHA CTIpOca caeayeT A0ba-
BHTL BpeMeHHoH Tpesa. Toraa mozens 6yaer uMeTs BHA:

Qi=0, +BP+ Bl + pt + ¢y (9.30)
Q =By + BsP + ¢, (9.31)
lpuBeseHHas GopMa 3aNUCHIBACTCH B BUAE:
Bl - PB4 By p 3 i )
P= I :
Bs—B, Bs—B: Bs—Bs  Bs-P:
Q- BiBs —BoBs | BaBs ;. pPBs  Bsei—Boey

Bs—-B2  Bs-B2  Bs-B s — B2

OTKY/AA CIEAYET, 4TO CHCTEMA He ARIAETCA HACHTHUUHPYEeMO#, B TO %e Bpemsi
napametp [}5 okassiBaerca ceepxuAeHTHOHIMPYeMbIM. B caMoM Aene, 3amny-
CaB ypaBHEHHA PErpeccuy B BHE

P=a+bl +ct;
Q=d+el+ft,

(9.32)

f

e
JIerKo 3aMeTHTh, YTO b H = JIal0T OEHKY f3s.
€
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Yuem wanoza. IIpeAnonoxuM Teneps, YTO Npojaslkl ToBapa obaara-
HOTCA cneiuanbHeiM Hazorom T. BesmvnHa Halora MEHAETCA CO BPEMEHEM
i B BBIOOPKE NPeACTaBAeHa BPEMEHHKIM PAJIOM, T. €. ARIAETCA 3K30MeHHOM
nepemeHHOM. Toraa ypasHeHHe cripoca He MeHseTca (crnpoc onpeaens-
eTCA ML OAHOH 3HAOTEHHON NnepeMeHHON — PBIHOYHOM LeHO#H ToBapa),
a B ypaBHEHHE NpeUToKeHnA 206aBIAeTcd COOTBETCTRYIOMMA YaeH. Toraa
MOZE/Ib NIPHMET BHA:

Q=B +B,P+ Byl +¢;
Q =By + BsP + pT + &,

OueBnAHO, B 3TOM cay4ae Moaens 6yaeT HaeHTHGHIUPYeMOil.

[peanonoxum Teneps, 4To A0XoA [ CHHTAETCA NOCTOAHHBIM Ha MPOTAKE-
HHHM JUTHTENBHOTO BpeMeHu. Tora B ypaBHEHHH CTIPOCa CIeAyeT HCKAI0YHTh
nepeEMEHHYIO I, ¥ TOy4aTCcs yPaBHeHHA:

Q= Bl + ﬂzp + £y (9.33)
Q =Py + PP + pT + €. (9.34)

Cuctema (9.33), (9.34), oueBHAHO, HE ABAAETCA HAEHTHOHIIMPYEMOH.
K Heit MoxkeT OBITb MPUMEHEH METOA HHCTPYMEHTANbHBIX NepeMeHHBbIX.
[lpu 3TOM OAHA IK30reHHan nepemenHas T, paccMaTpUBaeMas Kak HHCTPY-
MEHTAbLHAS, NO3BOAAET, BOOOHIE rOROPH, HALHTUDUUMPOBATH TONBKO Ypas-
HeHue (9.33), B KOTOpoe oHa He BXoAMT. /s uaeHTuduKkanuu (9.34) Tpe-
fyercs «BHCIIHAA» HHCTPYMEHTa/IbHAA NepeMeHHasn,

JlpyruM cnoco6oM noayunTe HAeHTHGHUMPpYeMOoe ypaBHeHue GopMH-
POBAHMA NPEAIOKEHHA OKA3BIBACTCA OIPAHUYEHHE Ha CTPYKTYPHBIE KO-
duunenTsl: B = —p. CMBICA 3TOTO OrPaHUYEHHA OYEBH/ICH: Mbl CYMTAEM,
YT0 NPOAABIEI UCXOAAT M3 CYMMBI, KOTOPYIO OHM NOAYHAIOT NOCIE YIUIaThl
Hanora, 1. e. P* = P - T. Torzia cucteMa MOKeT OBITh Nepernucana B BHAC:

Q=P+ PP +ey;
Q=84+ BsP" + €y

H 3K30reHHan nepemeHHas T MOXeT ObITh MCIOJb30BAHA KAK HHCTPYMEH-
TabHAsA V1A aeHTHOHKaUKMK 0BOHX YPABHEHMIH.

YnpaxHeHus

9.1. PaccmaTpHBaeTcs CHCTEMa ypaBHeHHH Braa
{yl =fX+ 7Y, +g,
Yz = EY‘ + E!'

lpoBepuTh, ABJIALTCA JW JaHHAsA CHCTEMA HAeHTHHUHUpYeMOH. M3MeHnTCA
1M OTBET, €C/IA B YHCAO PETPECCOPOB BTOPOTO YPaBHEHHA BEJIIOYHTL: @) KOHCTAHTY;
) nepemennyio X ?
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9.2. K cHcTeMe ABYX ypaBHeHHI BUAA

{Yl =g Xy + Y2 +8,

(9.35)
Yo =P Xy + oY, +€,

NPHMEHEH KOCBeHHBIH MeTOl HAHWMEeHbIHX KBaapartos. s koadduumenron npu-
BEAEHHOH (opMEl

Yi =X + Xy + vy

Yy =Xy + X, + v,

NONyYeHb! CIeAYIOUHe OlleHKH: ¢; = 2.2, ¢, = 0,4, ¢; = 0,08, ¢, = -0,5.

HaiiTi oUeHKH ABYXIIAroBOrO MeTo/1a HAMMEHbIIIMX KBAAPATOB, NPHMEHEHHOro
K cucteme (9.35).

9.3. IlpH o1leHHBaHHH cUcTeMbl (9.35) ABYXIIATOBRIM W TPEXIIATOBLIM METOL0M

HauMeHbINNX KBAJIPaTOB NOJYYEeHbl OAMHAKOBLIE OLIEHKH. ByAyT A OUeHKH, noay-
geHHble OOBIMHEIM METOAOM HaMMeHbIIMX KBAaJAPAaTOB, COCTOATENLHBIMH?



masa 10
NMPOBNEMbI CNELLUOUKALIUA MOAENU

K npobiiemam cneyudurxayutt TpPaAULMOHHO OTHOCAT d8a muna 3ajay.
[lepabiit — 310 BBIGOP CTPYKTYPhl YPABHEHHA MoeNn. Bmopoll — 3To onpe-
Jenenvie Habopa 0O BACHAIOUIMX NEePEMEHHBIX, B HaCTOAILEH I71aBe MBI OCTa-
HOBMMCH Ha npobieMax BTOPOro THNAa, OCTaBasCh B PAMKaxX JHHEHHBIX
MOJeJIeH.

®opmaabHO ¢ npobaemaMu cneundHKalMK NPHXOAMTCA CTATKMBATHCA
HOCTOSIHHO TPH AHAJIM3€ MOJENN, HANPHMED NPH TECTHPOBAHHM HIOTE3
0 3HAYMMOCTH TEX WM MHBIX perpeccopoB. OfHAKO, KaK MBI VBUIMM 34€Ch,
NPHHATHE WIH OTBEPKEHHME IMIOTE3bl CaMo Nno cebe He TOXKAEeCTBEHHO
NPHHATHIO PEIICHHA, KAKYIO HMEHHO MOJEIL HCTIONL30BaTh. B 4aCTHOCTH,
MB YBHAMM, YTO AIA MakcuMaabHO 3GdekTHBHOro oneHuBaHua napa-
METPOB NMpH Hanbosiee BaXKHBIX PErpeccopax BOMPOC O BKIIOHEHHM WM
HEBKJTIOYEHHH OCTAIBHBIX PErPeCccOPOB pPemaeTea ¢ NOMOULLI 0py2020 KPH-
Tepus, HEKENH NPOCTad NPOBEPKa rUnoTe3sl 00 UX HE3HAYMMOCTH.

10.1. BoiGop opHOM U3 ABYX Knaccuyeckux mopenen. Teopetuyeckue
acneKTbl

B 3rom naparpade mMbl paccMOTPUM npobiemsl crientuprKalHy KaaccH-
YECKON MOJETH, YAOBAeTBOpAoLeH npeanocsuikam 1—6 (cMm. § 4.2). Coot-
BETCTBYIONIAA 3aa%a MoKeT OuTh chOopMyIHpOBaHa CAEAYIOIHM 06pasoM.
MycTe perpeccops! pa3ieneHbl Ha ABe rpynnbl — X U Z, IPUYEM Perpeccopsl
X ARNAIOTCHA BAXKHBIMM, U NAPAMETPhl TPH HUX TpebyeTcs OLEHUTH ¢ MaK-
CHMATBHO BO3MOXHOHW TOYHOCTBIO, MEXAY TEM, KaK pPerpeccopsl Z npei-
CTABAAIOT 3HAYMTENBHO MEHBIUHHA WHTEPEC, U OLEHKH COOTBETCTBYIOUIMX
HM MapaMeTpoB caMu 1o cebe 1A Hac He BakHbl. CreayeT BuIOpaTh OAHY
W3 MozieNen:

Y=XB+2Zy+e (10.1)
Y=XB +e¢. (10.2)

Mozeas (10.1) npu peleHny 3aja4u cneuudUKaund HasbiBaKT «ATHH-
HO#», @ Moaens (10.2) — «kopoTkoii». [IpH 3TOM HCTHHHOE 3HAYEHHe Ko3d-
‘puunenTa ff B 06enx MOAEAAX OAHO M TO e, HMEHHO 3TOT napameTp HaM
i pebyercs OLeHHTE.
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Juis Toro, yrobsl caenats BeGOp Mexay moaenamu (10.1) u (10.2), npe-
AJe BCero Haao ONpeAenuTh kpumepuu npednoymenus. TAKMX KPUTEPHEB
MOKeT OuiTb JBa.

1. B cayyae papeHcTBa KO3QOHUHEHTOB Y HYII0 HCTHHHOE 3HAa4YeHHe
napameTpa B 0O4HO M TO XK€, HO 3HA4YEeHHUA OLEHOK b, MOAYYEHHBIX C NOMO-
b0 METO/a HaUMEHbWMX KBaApaToB M3 moaeae (10.1), (10.2), 6yayr
pasnuuHBIMK. CleayeT NpeAnoyecTs Ty OUEHKY, KoTopas «bauke» K UCTHH-
HOMY 3Ha4yeHH10. Takoil XapakTepHCTHKOM «BiH30CTH» ABAAETCA CPEAHHA
KBaJpaT OTKJIOHEHHA

u(b) = M[{(b-P)(b-P)].

3aMeTHM, 4TO U npeacTasaseT coboH KBaApaTHYIO MATPHILY NMOPAAKA
p, rae p — umciao perpeccopoB X. (Hanomuum (cM. § 12.8), uTto kBaapar-
HaA MaTpuua A HasuiBaerca «Dosbueit», weM KBagpaTHas MaTpuua B, eciy
MX Pa3’HOCTL A — B €CTh NOJOKHTENLHO ONPE/ie/ieHHas MaTpHLa.)

Taxkum obpasom, u3 asyx moaenei (10.1), (10.2) wieaver BuOpath TV,
JUIS1 KOTOPO# NONY4aeTcs OleHKa f§ ¢ MeHbInel BeTHIHHON WU.

2. TTyCTb ¥,,., — NMPOTHO3HOE 3HAYEHHE, KOTOPOE MONYHAeTCA W3 MOAEH
A1 ewe He HabaoaaeMbIX 3Ha4eHHH perpeccopos. BeanunHa M(¥,.; = Yo P
MOJKET PACCMaTPUBAaTLCA Kak cpeanas omubka nporuosa. Creayer suibparth
Ty MOJ€eJb, U KOTOPOH 3Ta omnbKa MeHblle,

MOX#HO NOKa3aTh, 4T0 KpuTepuu 1 1 2 (T.e. BHI6OP MOAEIH 110 MHHH-
mymy u(b) win M(y,.; — ¥,.1)?) paBHOCHIBHBL. X YCI0BHA 3aMMCHIBAIOTCA
C MOMOWIBIO OAHOI'O M TOTrO e COOTHOWEHMWA, nonyueHHoro 5. Marny-
com B pabore [21]. B HacToseN IMaBe Ml NPUBEAEM COOTBETCTBYIOLIHE
pesyabTaThl B HECKOJIBKO YNPOUEHHOH dopme.

[ycts by, § — OUEHKH napaMeTpoB P 1 Y, MoJyueHHble C NOMOLIBIO METOa
HaUMEHbIIMX KBaApaToB M3 mozean (10.1); B, — ouneHka B U3 MoaeaH
(10.2). TIpumenerue oburaHbIX hopmya (4.8) aaer creAyOUHA BHA 3THX
OLEHOK:

b, = X'MX)'X'M,Y; (10.3)
g = (Z'MZ)-'Z'MyY; (10.4)
b, = (X'’X)-1X'Y, (10.5)

rae My, M; — Matpuun BHAa:
My=E-X(XX)'X',M,=E-2(Z2)"Z (10.6)

(E — eamuuunas matpuua). OTMeTHMm, 410 MaTpuubl My, M, apasioTes
udemnomenmusimu (cm. § 13.8).
HMimeeT mecTo coOTHOLIEHHE

X'MX) XX - (XX)'XZ(ZMZ)'ZX = E,
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B CTIPABE/TMBOCTH KOTOPOIo JErkKo ybeAnThea HenocpeaAcTBeHHO. Mcnoab-
3ys 3TO COOTHOIIeHHe, paBeHCTBO (10.3) MOXHO nepenucars B BUje:

b, = XX) XY - (X'X)Z(ZMZ)'Z'M,Y,
1. e. (cm. (10.4)):
b, = b, - (X'X)"'X'Zg. (10.7)

O6o3naunm (X'X)-1(X'Z) = b,,. (3ameTHM, 4TO BUA MaTpHLLl b,, TakoH
Ke, KAaK Y OLEHKH napaMeTpa 3KOHOMETPHYeCKoH Mozenun. [lpu 3Tom,
oAHaKo, GOpMaNbHO b, HENb3A HAa3BaTh OLEHKOH, TAK KaK BEIWYHHBI X,
Z — Hecay4aiHule.)

lepennmenm pasexctso (10.7) B BUAe:

b, =b, + b.g. (10.8)

[IpuBesem Teneph (ONYCKas NPOMEXYTOYHBIE BHIYHCAEHHA) GopMybl
A1 BEIYMCIEHHA KOBAPHALIMOHHBIX MAaTPHIL OLIEHOK by, b,, gt

Cov(b,) = o?[(XX)! + (XX)XZ(ZMZ)'Z’X(X'X)');

Cov(g) = o*(Z'MZ)';

(10.9)
Cov(b,) = o2(X'X) 1,
rae 6?2 — AMCTIePCHA €.
Ucnonways dopmynsl (10.9), nonydaem:
Cov(b,)=Cov(b,)+b. . (Cov(g)b,). (10.10)

lpoananusupyem nonyveHHsle pesyasrarhl (10.8) 1 (10.10). B cuay
BHINIO/IHEHUA YCIOBHH KAACCHYECKON Mojenn oleHka b, B mobom cayyae
ABnAeTCs HeemeweHHoN (M npu y = 0, u npu y # 0). Mexy TeM paBeHCTBO
(10.8) nokassiBaeT, 4TO €CIM HCTHHHOE 3HAYEHHE Y HE PABHO HYJIO, OLleHKa
b, Hme?'cﬂ CcMelleHHOI co emeutenneM b, y. TIpH 3ToM ABHBIH BHA cMele-
HHSA YKa3BIBAET Ha TO, 4TO OHO ByeT NONOKHUTENbHBIM, eciu Z «OAHHAKOBO
HATPABJEHBI» 110 OTHOWEHHUIO K X U Z, M OTPUILATENLHO B POTHBONOIOK-
HOM CJIyuae.

B 1o e Bpems pasencTso (10.10) o3HavaeT, 4To ollenka b, B aobom cry-
qae UMeeT OOABINYI0 KOBAPHALIMIO, Y€M OlleHKa b,.

W3 dopmyn (10.8)—(10.10) nonydaem:

u(by)—u(by)=b,, Ob,, (10.11)

© = Cov(g) -Yy. (10.12)
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Taxum o6pazom, Mbl MOKEM CAE1aTh BEIBOA!

Ecau mampuya (10.12) g8asemcsa noaomumensHo onpeodenenHoil, m. e.
UMeem moabko NOAOHUMENbHbIE coOcmaBeHHble IHAUEHUSR, MO MOOens
(10.2) aywwe oyenusaem napamemp 3, daxce ecau na camom dene aepHa
modeas (10.1),

Ecau matpuua (10.12) uMeeT Kak NoNOKHTENbHEIE, TAK H OTPHLIATEIb-
Hble coOCTBeHHbIe 3HAUYE€HHA, TO BONPOC He pemaeTced CToAb 0AHO3HAYHO.
BO3MOXHO, B ATOM CJIY4ae HMEET CMBICA MPEAnoyecTb KOPOTKYIO MOJEb
(10.2), ecan cnep matpuusl (10.12) noaoxureneH.

ObpaTtumca Tenepb K KPUTEPHI0 MUHUMANBHOCTH OMKMOKH NpOruosa.
[TycTs umeeTcs HAOMIOACHHE X, 4, T. €. (X, , Z,,,) B cay4ae mogenu (10.1)
M X, ., B caydae moaenu (10.2). IIporHo3nbie 3HaY€HUs B 3THX Caydanx
paBHBL

YV =Xpby + 2,185 (10.13)
Yo =X,.,b,. (10.14)

3ameTum, uTO CaydanHas BeanduHa (10.13) umMeerT TO ke MaTeMaTHye-
CKOE OWIaHHe, 4TO ¥ HabnogaeMoe 3HaYe e CIyYailHON BEIMYMHEBL Y, , 1.
HenocpeAcTBEHHBIC BRIYHUIEHHA AAI0T CISAYIOUME 3HAYEHHA 1A CPEAHHX
omubOK nporyHo3a:

M(Y, = Yna1 P2 =062 + 02, (X'X) " x7., +vCov(g)V';
M(Y; = Y1 )? =02 +02x, (X X) T xpy VWYY,

TaAe vV = Xy, 1boy = Znsr-
CnenoBaTennLHo,

MYy = Yni1 P =M(¥3 = Yni1) = vOV’, (10.15)

rae ©® — marpuua (10.i2).

Takum o6pasom, ¥ 34€Ch NONOKHTENbHAA ONPEAETEHHOCTE MATPHLB
(10.12) o3nauaer 6OABMIVIO NPEANOUNTHTENLHOCTh KOPOTKOH MOAENH
(10.2) — paxe, ec1¥ HCTHHHOE 3HAYE€HHE NapaMeTpa Y HE PaBHO HY/H.
Ecam ke marpuua (10.12) uMmeer Kak NoJOKHUTENbHbBIE, TAK M OTPHIA-
TeAbHEIE COBCTBEHHbIE 3HAYEHHS, TO MOXHO BHIOPATh «KOPOTKYIO» MOJAEN:
(10.2), ectn nonoxuTeneH caea matpuisl (10.12),

MoxHO nokKasaTe, YTo MaTpuna euja (10.12) asisercs noaioKuTeNbHo
ONpeAEIEHHOM B TOM M TOJBKO TOM CJIyMae, €C/IM BIIIOTHAETCA YUIOBUE:

8 = y(Cov(g)) 'y < 1. (10.16)

Taxum obpasom, modeas (10.2) OKa3bLIBAETCH C MATEMATHYECKOH TOYKH
3penus npednoumumensree modeau (10.1), ecau 8winoaHsemcs ycrosue
(10.16).
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10.2. Boibop ogHOM M3 ABYX Knaccuyeckux mopened. lpakruyeckue
acnekTbl

Bennuuna 6, crosman B nesoi uactu pasedcrea (10.16), sasucur
0T HEM3BECTHOIO NapaMeTpa Y, T. €. ABAAeTca Henabaodaemoll, TaK ¥TO
nonyyeHHLIA B § 10.1 KpuTEpHH elle He AaeT OTBETa Ha BOMPOC, KAK OCY-
WECTB/IATEL aabTepHATUBHLIA BEIGOp Mexay moaensmu (10.1) u (10.2)
Ha NPaKTHKe,

B peasibHOCTH € Mbl PACTiONaraeM Juillb 3HA4YE€HHEeM OleHKH:

8=_g'(Cov(g))'g.

[lpeobpaayem BeaH4HHY 6. Jl1a atoro npeAcTaBMM OleHKH g u Cov(g)
8 yao6Hoit s Hac dpopme. Umeem:

g = (ZMZ) ' ZMY = (ZMZ) ' ZMy(XB + Zy + €).

HenocpeacTBeHHO NepeMHOKas MaTPHILEL, JIETKO ybeauTsed, 4To uMeer
mecto paseHcTBo MX = 0. Takum oBpasom, nosyvaem:

g =Y+ (ZMZ)'ZM,¢. (10.17)
B To xe Bpems
Cov(g)= g Cov(g)=0%(2Z'My2)",
e1e;
n—-p-

Beu ocratkos perpeccun (10.1). Takum o6pa3oM, UCTIONB3YS PABEHCTBO
(10.17), nonyyaem:

e 6% = — oueHka napamerpa o2 (cm. (4.21)). 3aecs ¢, — croa-

[« » 13

=glz-[y‘+£‘MXZ(Z‘MXZ)“](Z‘MXZ)[Y+(Z'MxZ)"Z’Mxe]=

1
- &izyz'szy +$(y‘2’ng +e'MyZy)+ 63£’MXZ(Z'M,‘-Z)" Z'M e
WIH
- 1 ’
B+g+-6—2£ Be, (10.18)
rae

1
E= —gz-(?'Z'st +e'My2ZY);

B = M\Z(ZMZ)-'Z' M.

MOXHO NOKa3aTh, YTO BEJINYMHA & NPUHUMAET C PABHOH BEPOATHOCTHIO
KaK NO/IOKUTEIbHBIE, TAK M OTPUIATENbHBIE 3HAYEHHA, B TO BPEMA, KaK
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1
BEJIMYHHA oy £'Be NpMHUMAET JINIIb MOJOKHATENBHBIE 3HAYEHHA. Ecnau uneno
G

HabaoAe K n AOCTATOYHO BEJIMKO, 3HAYEHHUA 02 M OLIEHKH G2, KaK 1pa-
B0, Gausky. TakuMm 006pasoM, HCNob3ys paBeHcTso (10.18), MBI MOXkeM
CUMTATh MaJible 3HaYeHus HabaogaeMoli BeTHYHHE B A0CTATOYHOM npearno-
CBUIKOH ManocTy ¥ napamerpa 6. B wacTHOCTH:

FeruB <1, pas3ymuo npeonoaoxums, umo u 6 < 1, (10.19)

OxkasmBaercs, peanansa F=0/1 (rae | — umucao perpeccopoB Z) ecTs
HE 4YTO MHoe, KaK HabaoJaeMoe 3Ha4YeHWe CTATUCTHKH NpH OOLIYHOM
TECTHPOBAHHM IMMNOTE3bl O PABEHCTBE HYMO KO3QPUUMEHTOB ¥ B MOJAEIH
(10.1). Eciv napaMeTp Y Ha caMOM /Jie1e paBeH Hy10, F HMeeT pacnpeaene-
Hue Gumepa — CHegexopa.

B camoM aesie, ABHBIA BHJ 3TOM CTaTHCTHKHM (cM, HanpuMmep, [13])

1
(3592 '31'51)
Pl . (10.20)

- %3
B 1O e Bpems, ucnoabsys (10.9), noayyaem:
e, =Y-Xb,=Xb, + Zg +¢,-Xb,-Xb_g = e, -M,Zg.
Orcrona
ese, —ejey =62g"(Cov(g))'g, (10.21)

M yTBEDKAEHHe foKaswBaeTes nojctadosxo# (10.21) 8 (10.20).

Takum ob6pazoMm, MOXKeT ObITh NPEUIOKEH CJIEAYIOMIHMHA 1OAX0A K alb-
TepHATHBHOMY BeIOOpY Moaenn: BeOMpaeTcs HeKoTopoe 3Ha4yeHue ¢. Ecim
Habaoaaemoe 3HaveHne F-CTATHCTMKM MEHBINE €, TO MPEANOYUTAeTCA
moaens (10.2), ecniu Gonsiue ¢ — 1o mogens (10.1).

[Tpn aTOM noporosoe 3Havenue ¢ uibupaeTcs, BoobmEe roBOpA, NPOH3-

[

PaccmoTpiM Gosee noapobHo cayuai [ = 1, T. e, UMEeTCs OAUH Perpeccop
Z, OTHOCHTEJIBHO KOTOPOTO CTABHTCA BOMNPOC O BKJIIOYEHHH WIH HEBKJIIOYe-
HHH ero B Mostenb. B aTom cayydae F = 6. Mcnoas3ya (10.19), noayyaem cre-
JAYIOIHA KPHTEPHA NTPeANIOYTeHHA:

B cayuae | = 1 (Haauuue 00Ho20 «cnoprozo» pezpeccopa) modeas (10.2)
okaabigaemcs npednoymumensuee, ¥em modeas (10.1), ecau Habarwdaemoe
3nauenue F-cnamucmuxu npu mecmuposanuu sunomeast Y = 0 oka3visa-
emcs MeHblle eOUHUUbL.

TMoayuum erie oAHY GOpMyJIHPOBKY NPHBEAEHHOIO KpuTepusa. Mcnoms-
3yem Beipaxenue (4.34) ana ckoppekTHpoBaHHOro kKoadduinenTa aerep-
MHHanuH R2.

| 1
BO/ILHO, KaK IPaBWIO, B rpaHHIax —< c< F,. 1. ,_, 1y, rA€ 06b4HO o = 0,05.
|
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CootsercTBeHHO Ans perpeccuit (10.1), (10.2):

181?1 €26,
fp=1-TTPTl gpg nop
n'_l.Y)' n_l)'Jf
e y=Y-Y.
OTciona
- - —_— : - 4 i 2
Rf-—R%:n 'l[eze‘! . elei ]_: (n I)G’ (F_l]- (10'22)
yyin-p n-p-1] (n-plyy

Taxum obpasom, modeas (10.2) oxaswiéaemca npednoumumenshee
modeau (10.1) ecau ckoppexmuposanubill koadPuyuenm demepmurayuu
npu ydanexuu pezpeccopos Z yseauvusaemcs (3amMeTHM, YTO NPOCTOM
ko3 dunmnenT gerepmunaunu mogenu (10.1) scezda Goavuie, yem MogeaH
(10.2)).

10.3. Cneunukauua moaenu npocTpaHCTBEHHON BbIGOPKK
NpPY HANWYMM TETEPOCKeACTUUHOCTH

B cayyae Mogenu npocTpPaHCTEEHHON BLIDOPKYU NoKa3aTeleM HeBKIloe-
HHA B MOJIe/b CYIIECTBEHHBIX NePEMEHHBIX MOXET CIIVKHTD HEYCMPAaHAe-
Mas 2emepockedacmuynocms. BenoMHuMm, uro Hanbonee vacto ynotpetise-
MBle IIPOLEAYPh! YCTPaHEHHS IeTEPOCKeAaCTHYHOCTH TaK WM HHave Gbuin
OCHOBAHBI HA NPEANON0KEHUH, YTO AUCTIEPCHS OLIHMOOK Perpeccuu o2 Apas-
erca GyHKUMEH OT KaKHMX-TO perpeccopoB. ECu 02 CylecTBEHHO 3aBHCHT
0T perpeccopa Z, a npu crneuuduKaiumn Mojean perpeccop Z He 6bul BKIIO-
YeH B MOAEJIb, CTAHAAPTHBIE NPOLEAYPH MOFYT HE NPUBECTH K YCTPAHEHHIO
eTEPOCKENACTHIHOCTH.

PaccmoTpum caeayiomdi npumep. [lycts X, Z — perpeccopel, Y — 06b-
ACHAEMAs BEJHMHUHA, THCTOPAMMBI KOTOPHIX H OCHOBHBIE YHC/IOBLIE XapakK-
TEPHCTUKM pacnipejenenus npusesessl Ha pue. 10.1.

OueHHM JHHEHHYIO PErpeccHin 3aBUCHMOCTH Y oT X, T. €. paccMOTpHM
MoZenb

Y=o+ pX +e& (10.23)
[Tpumensna oOBIMHEIN METOJ HAMMEHBIIMX KBAAPATOB, NOAYYMM YPaBHE-
Hie:

y=3,42+15,23x,R2=0,38
(77) (1,37)
(KaKk BMAHO, KOHCTAHTa OKA3bIBAETCA He3HauuMoi). [IpuMenenue K nomy-
YeHHOMY YPABHEHHIO TecTa YalTa Ha IeTepoCKeJaCTUYHOCTh JAaeT CIeayio-
WHI Pe3y/IbTaT:
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F=9,62> F0.05;1:99!

T. €. MOAENb OKA3kIBAETCHA reTEPOCKEAaCTHYHOM.

25 -
Series: X
2 Sample 1 200
0+ Observations 200
15 - Mean 5,195996

Median 5,268873
Maximum  10,73293
Minimum -1,027981
Std. Dev. 2,074334
Skewness -0,092822
Kurtosis 2,774372

104

Jarque-Bera 0,711430
Probability  0,700672

| Series: Z
Sample 1 200
Observations 200

Mean 4431256
Median 4,560596
Maximum  11,60499
Minimum -5,329318
Std. Dev., 2,742161
Skewness -0,124551
Kurtosis 3,439803

Jarque-Bera 2,128989
Probability  0,344902

| |Series: Y
Sample 1 200
Observations 200

Mean 82,54515
Median 72,35885
Maximum  296,2910
Minimum 3,940009
Std. Dev. 51,11656
Skewness 0,870211
Kurtosis 3,827002

' Jarque-Bera 30,94170
0 40 80 120 160 200 240 280 Probability  0,000000

Puc. 10.1

[IpHMEHHM K YPAaBHEHHIO MOJAEAH B3BEINEHHBIH MEeTO[ HaHMEHbIIHX
KBaApaToB. Torla ypasBHEHHE PETPECCHH NIPUMET BHJL:
¥=5.98+14,67x.
(4,92) (1,11)
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[Ipumensan K HeMy TecT YailTa, nosydaem:
F=3,6 > Fy05.1.90

T. €. FUTIOTE3a 0 FTOMOCKEAACTUYHOCTH BHOBb OTBEPraeTcs.
Ilonpobfyem HCnpaBUThL NOJAOKEHHE, BIJIIOUHB B MOJe/Ib TaKKe H perpec-
cop Z, T. €, OLIeHHUM MOJeNb

Y=a+BX+vZ+¢e

O6LIYHEIM METOAOM HAMMEHBIIWX KBAJPaTOB MOAYYaeM ypaBHEHHE
perpeccuu:

y= 4,98 +8,53x +7,50z,R2 =0,47.
(7,15) (1,73) (1,31)
Ora MoAeab TAKKe ABIAETCA IeTepOCKeJacTHYHON, TaK Kak Tect YalTa
AaeT cieAyiollee 3Ha4eHHne F-CTaTHCTHKH:

F=9,62> Fj 051,99

OAHAKO Tenepk, Nocae NPUMEHEHHsA B3BEIEHHOIO METO/Aa HAMMEHbIIMX
KBA/IPATOB, Mbl TIOJIy4aeM ypaBHEHHE:

¥=15,04 +7,54x +6,19z,
(364) (1,08) (1,03)

ana KO’TOPO!‘O runorTesa 0 roMoCKe1acTH4YHOCTH y)xe HPHHHMGBT CH, TAK Kak
HCNOIb30BAHME TECTa YaiTa JaeT 3Ha4yeHHue F-CTaTUCTHKH:

F=1,17 < Fy 05,1,99-

10.4. CneunduKauma perpecCMOHHON MOJIeNI BPeMeHHbIX PALIOB

B MoZiensax BpeMeHHbIX PAAOB HeBepHas crieludHKauUA MOKET CIYKUTh
IPHYMHON aBTOKOPPENALNH OIHOOK perpeccuu.

PacamoTpum caeayomuii npumep. [ycts X — a0X04 CEMBH, THIC. A0,
Y — ee pacxo/ibl Ha OTABIX B 3apyOeXHBIX CTPaHaXx, ThIC. Ao, Ha puc. 10.2
NpeACTARA€Hbl AHAT'PAMMBI PACTIPEAEC/IEHHA H OCHOBHBIE KOJHYE€CTBCHHBIC
XapaKTEPUCTHKH pacripeAeieHus BesnauH X u Y.

[Tpu aToMm ClreayeT NOMHHTE, YTO X U ¥ — BpeMEHHbIE Pslbl, MO3TOMY
KpoMe AMarpaMm pacrpeseneHus BakHbl U KOpPeno2pammst, NPUBEACHHBIE
8 Tabanuax 10.1 1 10.2.

Tabnuya 10.1
Koppenorpamma X
T r(r) Fuacr(T) Q, PQ>Q)
1 0,750 0,750 114,34 0,000
2 0,547 -0,036 175,46 0,000
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Okoxyanue mabn. 10.1

T r(v) Teace ™) Q, P(Q=>Q,)
9 0,097 -0,051 214,72 0,000
10 -0,126 0,068 218,11 0,000
e Series: X
Sample 1 200
Observations 200
Mean 7.694558

Median 7,271874
Maximum 19,60816
Minimum  0,015868
Std. Dev.  3,446309
Skewness  0,563900
Kurtosis 3,545364

Jarque-Bera 13,07794
Pr:g;;giliry 0,001446

0
0 2 46 8101214161820

167 SeriesicY
Sample 5 200
124 Observations 196
Mean 2,019982
Median 1,978781
8 Maximum 4,196202

Minimum  0,594095
Sid. Dev.  0,658371
Skewness  0,503230
Kurtosis 3,322962

Jarque-Bera 9,124338
Probability 0,010439

4-

0-
051015 2025 30 35 40

Puc. 10.2
Tabnuua 102
Koppenorpamma ¥
T r(r) Tasnri®) Q, P(Q>Q,)
0,813 0,813 131,55 0,000
0,629 -0,094 210,78 0,000
0,191 -0,098 271,43 0,000
10 -0,227 0,056 282,20 0,000
OueHdM Moaent BHaa
Y=a+fX+¢ (10.24)

3aBUCHMOCTH PACX0/I0B Ha OTABIX B 3apybexbe Y oT A0xoa08B X, [TpuMenss
OOBIYHBIH METO/ HAMMEHbIIUX KBa/IPATOB, NOAYYHM YPABHEHHE PETPECCHH:

¥=0,745+0,17x, R*=0,69, d=1,28.
(0,066) (0,008)
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CymecTBeHHO OTAHYaPIeecs OT ABYX 3HaueHue craTHcTukM d Jlap-
funa — YoTCOHa yKa3blBaeT Ha TO, YTO UMEETCA NOJOKHTEIbHAA aBTO-
koppensauua omubok perpeccun. OAHa U3 BO3MOKHOCTEH — nonpoboBaTh
WieHTHOHIIMPOBaTL PAJ OCTATKOB Kax paa moaean ARMA(p, q). Ipu atom
caman npoctas moaeab AR(1) okasbiBaeTCA BIOJHE aJAeKBaTHOI:

£, = 0,35¢, ,, R = 0,125, d = 2,03.

Ha aror pas sxHavenue cratucTuku d JlapbuHa — YoTcoHa OKasmiBa-
eTed I0CTaToYHO GAM3KHM K ABYM. Takum obpa3oM, B KauecTBe MOAETH
Mbl MOAKEM MPHHATH MOAENb ABTOPErPECCHH NEPBOTo NOps/ika

Y=o+ BX, +¢,¢ =pe,_, +V,

C OIlEHKAMH 3HAYE€HHH NTapamMeTpon B =0,17,p=0,35.

OaHAKO €CTECTBEHHO NPEANOJI0KHTD, YTO PACXOAL Ha AOPOroCTOAUIMMA
TOBap — OTABIX Ha 3apybeXHbIX KypPOPTaX — 3aBHCAT HE TOABKO OT TEKy-
WMX OXOA0B, HO M OT A0XOA0B B NpeALLYIIHE NepHOAbl. M3MeHHM cneru-
DUKALMIO MOJIETH, BK/TIOHHB B KAYECTBE PErpeccopos /1aroBble nepeMenHbie X.

Jlerko ybeauTtbed, 4To Hanboaee afeKBaTHOH OKa3bIBAETCA MOAENb
C YeThIPbMA BKAKYCHHBIMM 1araMH. COOTBETCTBYIONIEE YPaBHEHHE perpec-
CHH MMEeT BHA:

§.= 0,32 + 0,08x, +0,07x, ,40,037x, ,+0,017x, 5+0,012x, 4,
(0,044) (0,0066) (0,008) (0,008) (0.008)  (0,006)

R2=091,d = 2,09.

Kak BuaHo, 3Ha4eHmne craTuCcTUkH d Jap6uua — Yorcona ouenb 6,M3ko
K AByM, TaK 4YTO B HOBO# Mozesn nmpobiaemMa aBTOKOPPENALHH owmnboK
perpeccuu oTcyTcTBYeT. OTCIOAa CAeAYeT, YTO ee NpUYMHa Obu1a B HeBepHOH
cnenmduKauy Moaead. CTOMT Takke obpaTUTL BHUMaHKe, 4To Ko3ddrun-
EHT PETrPecCHy TPH X, YMEHbUIHACA BABOE — Ha TOBapbl POCKOWIH, noaob-
HBIC IOPOrOMY OTABIXY, PACXOALI «PACCPEAOTOMHBAIOTCA» MO HECKONbKHM
GmpKaiuIMM rojiaM.

10.5. BaXHOCTb 3KOHOMWUYECKOro aHanu3a

B mobom cayuae npu peibope cneuudukanuu Mogenu cieayer B nep-
BYIO OU€Peih PYKOBOACTBOBATHCA IKOHOMHYECKHM aHanusoM. Heobxoaumo
NOMHMTB, YTO BHIOOPOYHEIE AaHHBIE — 3TO BCEro JHIIbL COBOKYNMHOCTb
undp, ¥, MAHHNYIHPYA MMH, HHOT/a MOMXKHO NOJYYHTE YPe3BEIYaHHO XOPO-
Wy, ¢ TOUKH 3PEHHA MATEMaTHKH, MOJAEIb, THINEHHYH), OJHAKO, KAKOro-
mbo cmbicaa.

Paccmotpum npumep. X — npouasoactso 6aHanoB B bpaswinn, Y —
NPOM3BOACTBO WHH Ha ApocaasckoMm 3aBose. Ha pue. 10.3 usobpaxens
rpapHUKH BpeMeHHBIX Ha0MI0AeHHI 3THX BEJTHYHH.
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PaccMOTPHM PErpecCHOHHYI0 MOAEND 3aBUCHMOCTH Y OT X ¥ oueHuM
ee 0OBIYHBIM MEeTOZA0M HaUMEHBIIHX KBaAPaToB:

y=-83,8+1,93x, R?=0,97,d=1,96.
(7,31) (0,035)

C mMaTemMaTH4ecKol TOYKH 3PEHHA 3Ta MOAEIb BEJIMKOJENHA 10 BCeM
napamerpam! B TO xe Bpema IKOHOMMYECKH O4eBHAHA BECCMBICIEHHOCTD
Takoro pesyabrata. O6bACHEHHE 3/1€Ch OU€HDb NMPOCTOE — B pacCMaTpHBae-
Mblif IepHOA BpeMeHH 06e BeTHUMHEI MMEIH BPEMEHHOH TPEHA, KOTOpbIi
¥ TIPMBE K BHICOKOMY 3HAYEHHIO KOppeasiut Mexay X u Y.

360,

320 - ’,._...f““"'mﬂu”"
i

280¢

240,

160

“J0 20 30 40 50 60 70 80 90100
Puc. 10.3

OcsoboanM paccMaTpuBaeMble BETMIHHEL X U Y OT BAMAHHA TPeHaa. A
3TOr0 PacCMOTPHM YPaBHEHHS PErpeccHH:

%, =198,92+0,2r, R2=0,97,d=2,12;
(0,186) (0,003)

¥, =300+0,4t, R? =0,994, d= 1,885,
(0,175)(0,003)

TTocTpoHM OCBOCOX/ICHHEIE OT TPEHAA BEIUYMHbL
Xgerr =X -0,2t,
Yier = Y-0,4t.
Ecau Teneps Mbl pacCMOTPHM MOJENb
Yoy = A+ BXgory + €
¥ NPHMEHMUM K Heill 0ObIMHBIH METO/ HAUMEHBIIHX KBAaApPaTos, TO MOAYYHM

CIeAYIOWHHA Pe3yIbTaT:

Vaerr =312,6-0,05x,,, R? =0,004.
(0,09)

Tereps Mbl MOAY4aeM 3KOHOMHYECKH OCMBICIEHHBIH pe3yabTaT —
perpeccus He 3HauMMa.

222




MaTeMaTHYeCKH 3TO O3HAYAET, YTO HaCTHRIH KOApDUIMEHT KOppeasiiu
MEK/Y BeIMIHHAMK X ¥ Y paBeH HY/I10, MEXAY TeM Kak JuHeHHBIH koaddu-
IMEHT KOPPEIALHH JOCTATOUHO BEIHK,

B paccMOTPEHHOM NPHMEPE Mbl OTKA3aJHCh OT BRIBOAA O 3HAYMMO-
CTH nepemMeHHOH X HeCMOTPA Ha TO, YTO MAaTeMaTHYeCKHe coobpameHus
(Ha nepsbIi B3IAA!) CBUACTEABCTBOBAIH 00 0OpaTHOM. AHAJNOIHYHO, ECAH
IKOHOMHYECKHE CO0DPaXeHHA NPHBOAAT K BHIBOAY O TOM, YTO 3aBHCHMOCTD
0T NepeMeHHO CYUECTBEHHA, BO3MOKHO, €€ CIeAYeT BKAIOYHTE B MOAE/Ib,
AAXKeE eC/IM MATEMATHYECKHE CROWCTBA MOZCIH YXVAAKTCH, W MTOUCKaTh
MaTEMaTHYECKH aJCKBATHYIO GOPMY MOJEIH.

Taxm 06paszom, npu cnenpdpUuKayi MOAETH JQDKHO OBbITh HAMHIeHO MaTe-
MaTHYECKOE pellleHHe B PAMKAaX, ONPEACTICHHBIX DKOHOMHYCCKHM aHAJINAOM,

YnpaxHenua

10.1. MimeioTea Asa perpeccopa X u Z W oana ofbacnsemas nepemennan Y.
OBBMHBIM METOIOM HAHMEHBIITHX KBAAPATOR NOAYYEHR CAEAYIINE PErPECCHOHHbIe
YPaBHEHHA:

y=12+11,4x - 0,2z; (10.25)
02) (08 (012)
y= 11 +11,9x; (10.26)
02) 0,7)
z= 2,7 +0,8x.
0,3) (0,1

Bubpano ypasenue (10.26). B kaxyio cTopoHY cMelliena olleHKa NPH Perpeccope
X B TOM cayuae, e Ha CaMoOM JIeAe BePHa Moaedb, BKAIYAlonan perpeccop 27
(CauTaTh, 4TO YOUIOBHS KJACCHYECKOH MO/IENH BRINOJHEHEL )

10.2, PaceMaTpHBaOTCH IBE AALTEPHATHRHEIE MO/EIH, VAORICTBOPAIONIHNE YCAO-
BHSIM KAACCHUECKOH MOeIN:

Y=XB+Zy+e¢ (10.27)
Y=XB +¢. (10.28)

TTpH 3TOM CYMMEI KBAAPAaTOB OCTATKOB pasHbl 1010 ara mozean (10.27) n 1075 —
i moean (10,28), a koanuectro Habmogennii pastio 2000, Kakyio 13 AByx Mojenei
CreIyeT NPeANoYecTs Uit foiee TOUHOTO MPOTHOGUPOBAHHS 3HaYeHHIl nepeMeHHOH 17

10.3. llycTh cnpapeianBa CAeayionas Moaedb, VAOBICTBOPAIIAA YCAOBAAM
KA4CCHYECKOH MOASTH:

Y=a+ X3 +yt +¢
1€ 3KCIePUMENTAIbHBIC JaHHBIC TIPEACTaRIAIOT coboil BpeMeHHbIe PAAL, 4 TPETHH
WIEH B IPABOM 4acTH 3aaeT Tper/L. [TyCTh IPH HTOM OLEHHBACTCA «HEeNPaBWIbHas»,
KOPOTKAs MOAEb
Y=a+XB+v (10.29)
fes Tpenaa.
BYAYT A1 BRIIOAHEHB! Cleyiomme yerosud 418 moaenu (10.29):

a) Miv,) = 0;
£) CYMMa OCTATKOB PErPECCHH PaBHA HY/10?



asa 11
MOZAENN C PA3JTUYHBIMU TUTAMU
BbIbOPOYHbBIX JAHHbBIX

CTaHAapTHHIE MOJEIH 3KOHOMETPHKH C HENPEPLIBHBIMH AaHHBIMH B BH/E
MPOCTPAHCTBEHHOH BHIOOPKH WIH BPEMEHHOIO psijia HE BCEraa Nno3BOJIAKT
AJAEKBATHO OLICHHTDL NPEACTABIAIIHE HHTEPEC NapaMeTpPhl. B paae ciyuaes
nonyuatrcs HeabpekTHBHbIE, HHOTAA CMELIEHHBIE U HEeCOCTOATENbHbE
OUEHKH. B HEKOTOPBIX CTyuasX NPUMEHEHHE CTAHAaPTHOH MO/ENIN M BOBCE
OKA3BIBAETCA HEBO3MOXKHBIM. B HACTOAINEH r1aBe Mbl PACCMOTPHM JPYIHe
THIEL BHGOPO‘]I]HX AaHHBIX U CBA3aHHBIE C HHMH SKOHOMHYECKHE MOJETH,

OCHOBHAA YaCTh ITOH [7IABLI NMOCBAINEHA RAHEALHBIM OAHHLIM, KOTODbIE
B HEKOTOPOM POZE OKa3biBAKTCH 00beAUHEHHEM NPOCTPAHCTBEHHBIX aH-
HBIX H BPEMEHHBIX pA0B. Tarxe Mbl PACCMATPHM OrPpaHHYEHHA HA BO3MOK-
Hble 3HaYeHHA 3aBHCHMOM nepeMeHHON 1 oTbop HabaoAeHNH B BLIGOPKY.

11.1. GraTucTHYECKWe MOfIeNH C NaHeNbHbIMN AAHHbIMK

B 3KOHOMHYECKHX HCCAEAOBAHMAX HEPEAKO NPHXOAHTCA PaccMaTpH-
BaTh 6ONBIINE MACCHBhHI JaHHBIX B NI0C/IEI0BATEIbHEIE MOMEHTH BPEMEHH.
310 MOTyT OBITE MHANBUAYYMDI, IOMAIIHUE XO34HCTBA, PETHOHLI, CTPaHH,
Y KOTOPHIX OTCAEKHBAETCA AMHAMMKA HEKOTOPBIX KONWYECTBEHHBIX MOKa-
3aresneid. Takue JaHHble, coyeTalomue B cebe NpocTpaHCTBEHHBIE BLIOOPKH
M BPEMEHHBIE PA/LbI, HA3LIBAIOTCH NAHEABHBIMU OAHHBIMUL.

[Mycts umeetca n 00bekToB, T BpeMeHHbIx HabmoaeHUl. PacemaTtpusa-
€TCA 3aBUCHMan nepeMeHHas Y co snavenmamun y,, raet = 1,...,T,i=1,..,
n; u k perpeccopos X co snavenuamu X, ., j=1,.. .k t=1,...,Ti=1..,n

Bo MHOTrMX cly4asaxX AONYCTHMO NpPeANnosokeHHe, YTo Habaoaenus
B Pa3/IM4YHbIE MOMEHTHl BPEMEHH HE KOPPEIUpPYIoT Apyr ¢ Apyrom. Coor-
BETCTBYIOLIME MO/EIH HA3bIBAKOTCA CIMAMUNECKUMLUL.

BosmoxkHE ABE KpaWHHME TOYKH 3PEHHMA Ha TaKyl CTPYKTYPY Habmoae-
HHI: UX MOXKHO PacCMaTpPUBATh KaK €AMHBIN BPeMEHHON PAJ C «TOJACTHM
ceyeHHeM», B KOTOPOM Hab/lioAeHnsa NpeAcTarIsioT coboil n 3HaveHni 06
ACHAEMOM NepeMeHHON. B 3ToM ciyuae Mojens pHHUMAeT BH/

k
yﬁ:a+2ﬂj1j_rf+€ﬁ (11‘1)
j:]
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ncoaepxuT k + 1 napamerp. [lo cyTH 3Ta MOAENb ABJIAETCA KJIACCHYECKOIH,
H ee clesyeT ONeHUBaTh ODBLIYHBIM MEeTOAOM HAWMEHBIIUX KBAAPaTOB.
B 3T0# MoAenn 0OBeKTH NaHeaH NHIIEeHb KaKoH-THO0 HHAWBHAYAIbHOCTH
1 npeacTasanior coboit HabnoAeHHs OAHOPOAHOH BHIOOPKH.

[TpOTHBONONOKHAA TOYKA 3PEHHUA 3aKIK0YaeTca B TOM, 4To6n paccma-
TPHBATh JAHHBIE KaK N Pa3zM4HBIX BPeMeHHBIX pagos. To ecth Bce 00b-
eKThl CUHTAIOTCA aBCONOTHO HHAWBUAVAILHBIMH, U ICHCTBHS PErpeccopon
Ha HUX PasIMYHBIMH, TorAa ypaBHeHHe MOJEH HMeeT BH/

k
Yo =0 + EIB;':XJ. ti T €
j=
H COAEPAHT kn + n napaMeTpos.

Moaenu ¢ naHeJIbHLIMH JaHHBIMH MO3BOJAAIOT COYeTaTh 06a 3THX NoA-
x0Aa: OOBEKTH CYMTAIOTCA HHAMBHAYANIBHBIMH, HO U3yyaeTca olulee aei-
CTBHE PErpeccopos Ha 3TH 00bekThl. OAHH M3 BO3MOKHBIX MOAXOA0B 3aKJ110-
YAeTCA B CIEAYIOLEM: PErpeccopsl AeiCTBYIOT Ha BCe OOBEKTH OJHHAKOBO,
HO KPOME PaccMaTPHBAEMbIX BEIWYHH X), €CTh ellle — Kak NpaBwio, HeHa-
tmopaeMmble — dakTopel Q,, KoTOphie, COOCTBEHHO, H OBYCAOBINBAIOT
pasnnuua Mexay obvexTtamu. Ecau cuuTaTh GakTOph Q, NOCTOAHHBIMH
10 BPEMEHHW, MOXHO PACCMATPHUBATh YPaBHEHHS

k A
Ya=Ca+ ZBJxJ.n’ + Z Yabai + €
j=1 a=)

n"
O6o3HAYMB O+ 3 V,qu =0,
a=l]

NOAVYHM MOOENb ¢ NAHEALHBIMU OQHHBIMU B BUAE

k
yll:al+ZBjx‘f.n+£ﬂ‘ (11.2}
j=1

11.2. MexrpynnoBbie 1 BHYTPUTPYNNOBbie OLEeHKN MOAenu
C NaHeNbHbIMM AAHHBIMMU

[TaHenbHbIE AdHHBIE XaPAKTECPH3YIOTCH ABYMA HHACKCaAMH: t (MDMEHT
speMenu) U i (Homep obbekTa).
PaccMOTPHM C/IeAYIOLIHE YCPEeAHEHHA:

1T 1T

Vi=— :_-I'=_ i 11.3

yi T{Eyrl x_l T';lx_l.tt ( )

- L I -

J’zz_ZYﬁ:x}i=—ZI,,n- (11.4)
Nz N

225




Beanyunsl (11.3) Ha3BLIBAIOTCA 8HYMpPUZpYNnosbiMu CpeaAHUMH (cpea-
HUMH 110 BPEMeHH /A oaHoro obbekTa), a (11.4) — mexzpynnossimu
(cpeanuMu o BCeM OOBEKTAM B KaX/Ablii MOMEHT BPEMEHH).

Jins cpeaunx (11.3), (11.4) ypaBHeHHA NPUHUMAIOT BH

k
Vi=o+ 3 BiX;+E, (11.5)
j=

k
Ve=0+Y X, +&. (11.6)
j=1
Buuwras u3 ypasuenui (11.2) ypasnenua (11.5), noayyaem:

k
J’n'_yi=zlﬁj(xj.ri_sz)+(en_a')- (11.7)
j=

Ypasueuus (11.6), (11.7) umeror no cpasaenuio ¢ (11.2) To npeumy-
HIECTBO, YTO YHIO OLCHHBAEMbIX NAapaMeTPOB B HUX HeBEAHKO — k + 1
H k COOTBETCTBEHHO.

Ouenku napameTpoB [, nosyyaeMmbie NPHMEHEHHEM K yPaBHEHHAM
(11.6), (11.7) o6mIYHOro METOAA HANMEHBIIMX KBAAPaTOB, HA3bIBAIOTCA
COOTBETCTBEHHO MeX2pynnossimu By 1 sHympuzpynnossimit iy, olleHKaMH,
HenocpeacTsennbic BerancacHua (e, [20]) AaioT creayonHi uxX BUA:

3 ‘n T <1 7
Bw[ZZ(xn—f.)(xn--f.)} 3 2 (x5 (v - ¥i); (11.8)

i=lr=1 i=1t=1

n -1,
B,;:[Z(x;-f)(x,—f)’J Y (i =X)(y; = ¥), (11.9)
i=1 =1

_ YE_ . TR
rae y=—2 yi; X=—XY.X;;
LU i=1

X! — TPaHCIIOHHPOBAHHBIA BEKTOP pasMepHOCTH k + 1.

11.3. Mogenu ¢ PUKCMPOBAHHDBIM W CTy4alHbIM 3 pexTamu

WHAWBHAVAJLHOCTE OOBEKTOB B NaHe W JaHHBIX MOXET HOCHTh pas-
JUYHBIA XapakTep. O0BexkTH MOryT GmThH CYHIECTBEHHO Pa3siHYHLIMH,
M X HEeAb3A paccMaTpUBaTh KaK BIGOPKY H3 HEKOTOPOil reHepabHOl
COBOKYNMHOCTH. TAKOBEIMM, HalpUMeEpP, MOryT ObiTh roCyJaapcTBa, peru-
OHBI, KPYTIHEIE NPEANIPUATHA. B 3TOM C/1yyae BEIHYHHB (f; CIEAYET CHUHTaTh
NOCTOAHHBIMH napameTpami. Takue MOAENH HA3BIBAIOTCA MOJEAAMU C Puk-
CUPOBAHHLIM 3P PexmoM.
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B Apyrux cay4asx WHAWBHAYANLHOCTE OOBLEKTOB HOCHT CAy4YalHBINA
XapakTep, T. €. 00BEKTh NAHEH CUYMTAIOTCA BRIOOPKOH 13 HEKOTOPOH reHe-
PaibHON COBOKYNHOCTH. B 3TOM ciiyyae XapakTepH3ylomHue HHANBHIYA b-
HOCThL BEJAMYHHBI (f; PACCMATPHBAIOTCA B BHAES

o = o+ U,
e u; — CAy4aHHbBIe BeTUYHHBI, HEKOPPEJUPYIOIIHE C €£; H PerpeccopamMu,
nM(u,) = 0.

Taxue MoenH Ha3BIBAIOTCA MOAeAIMU CO CAYHATIHBIM IPPEKMOoM.

C MaTeMaTU4eCcKoil TOUMKH 3peHHA THNL 3QOEeKTOR pasInialoTes cIeiy-
0NN 00PA3OM: B MOJIEIAX CO CTydai HbIM (PPEKTOM CUMTACTCH, YTO HH/AN-
BHAYabHbLIE GAKTOPEI He KOPPEAHPYIOT C perpeccopamu, T. €.

plu. Xj.j) =0, (11.10)

MEHAY TEM KaK B MOAEIX ¢ QuKkcupopanHbiM 3¢gdexTom pasencreo (11.10)
HE BLITIONHAETCA.

PaccMOTpHM Creayiomui npumMep (3aumcreoBad U3 [18]).

OueHnBaeTCH MOAEAE IIPOU3BoAcTBeHHO dyHKIMM Ko6b6a — Jlyrnaca
Q = AK“Lf} TONIMBHO-IHEPreTHYECKUX NpeAnpuaTUii: Q — Beinyck, K —
KanUTaNOBAOKEeHNA, L — Tpyao3aTpaThl, ¢, [} — cooTBETCTBYIOIME 3/1a-
CTUMHOCTH, KOTOPHIE W TPeOYETCs OlIEHHTD.

JUist 37010 CAEAVET PACCMOTPETh YPABHEHHSA

]nQIi = Im{ + uann r Ij]n!‘rf (1111)

KaK perpeccuio Ha ofbACHAEMY0 nepeMeHHyYI InQ u obbiacHAIME nepe-
meHHbie InK, InL. TIpu aTOM naHejbHble JAHHBIE COAEPKAT AaHHbe ¢ = 1,
W 81=1, ..., 48 466.

Ecan cumrath A NOCTOAHHON 418 BCeX NPEANPHATHH BEJIUYHHOHN,
10 MoAens (11.11) onennBaeTcs ¢ mMoMonikI0 OOLMHOrO METOAR HANMEHB-
WMX KBaApaToB. [1pH 3TOM NOAYyYaeTcs CAeAVIoiee ypaBHeHne

InQ = -2,48807 + 0.32957InK + 0,92838InL.. (11.12)

Bee perpeccoprl 3Ha4MME1 U R? = 0,5805.

OAHAKO NMPEANPUATHS, OYEBH/IHO, CYIIECTBEHHO PA3IMYAIOTCA B TIO Pa3-
Mepam. ¥ 1o ApPeKTHBHOCTH, U 110 KavecTBy ynpasaedns. Tak 4o npei-
crapieHne o6 OAHOPOAHOCTH 0OBEKTOR NAHEJH CKOpee BCero Hemnpa-
BOMOYHO, W MOJCHb CACAVeT OLEHHBATH C YYETOM HMHIAMBUAYANBHBIX
spdpexToB. MBI NPOAOIKUM PACCMOTPEHUE ITOIO PHMEpPa B MOCAEAYI0-

mux naparpadax.

11.4. OyennBanne Mofieny ¢ PUKCUPOBAHHBIM IPPEKTOM

Beesem obosHaueHun
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(Y11 rxl.n X211 | | Xk,
Zﬂ‘. X1 | X210 | o | Xk, Tn
Y2 Xy, 21 | X2,21 | o | Xk, 21
vl “ logpe] = [l * (1L13.1)
Yon Xy,2 | X220 | oo | Xk 20
E Xy, | X211 | e | Xke,11
yTn) k,x'l.Tn X rn | e xk.Tn)
1 \ €11 W
01010
1 €1n (ot )
1 €21
0 010 o o
I= 1 ;€= ;[ ]= == 1. (11.13.2)
€ [\B) | By
1 En anJ
0(0]|0
\ 1 ) \Erm )

o

B

Mmodenb ¢ Ppuxcuposannsim sdPexmom Moxer GbiTh 3anucaHa B BUAE

3neck Y(Tn x 1), X(Tn x k), I{Tn x n), €(Tn x l),[ ] (n +k, 1). Toraa

Y=.i’[g]+e, (11.14)

rae X =(I| X)—(nT x(n+k))marpuua.
[puMeHAs MeTO] HAWMEHBIIMX KBa/PaToB K ypasHenuio (11.14), noay-
YHUM:

[g]:f{'(ff?'f)"i’. (11.15)

COOTBETCTBYIOIME OLEHKH HA3BKIBAIOTCH OUEHKAMU ¢ PUKCUPOBAHKBIM
afpexmom. Kak npasuio, HanGonbIHil HHTEPEC NPEACTABAIOT OLEHKH

Bge napamerpos f.
HenocpeacTBeHHBIM BRIMMCICHHEM MOXHO NPOBEPHTD YTBEPHAECHHE:
Brs =Pw- (11.16)
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Takum 06paszom, UCTIONB3OBAHHE BHYTPHIPYNINOBOTO YCPEAHEHHUs M03BO-
AT NOAYYaTh OLEHKH NapaMeTPoB MOAENH ¢ GUKCHPOBAHHBEIM 3ddekTom,
OrmeTHM, 4TO Mcnoab3oBaHHe ypaBHenusa (11.7) cymecTeenno npoine
ypasHenus (11.2), Tak Kak COLEPKHT ropasso MeHslle napamerpos. [lapa-
METPBI (1, B CBOKO OUepe/b, MOTYT ObITh OLleHEeHb! CeAYIouMM obpa3om:

k .
a; =¥~ X BireXji-
=1

[ToauepkHeM, 0AHAKO, elle pas, YTo, Kak MpaBuao, HanboabIIHiA HHTe-
pec NpejCTaBIAT HMEHHO OIEHKH NapaMeTpos fi.

Ouenum ypasuenus (11.11) npumepa u3 § 11.3, ucnoaways moaens
¢ purcnpoBanibim dgdexrom. Monyuum:

InQ = 0,75995 + 0,11421InK + 0,60393InL. (11.17)

OueBuaHo, pesyaetar (11.17) cyniecTBeHHO OTIMYAETCA OT pe3yakTaTa
(11.12).

11.5. OuenuBanne monenu co cny4yailHbim Ipdextom

Modenw co cayuaiineim addexmom (M. § 11.3) umeer caeayiomui BuAa:

k
Ya =0+ 2 Bix; o+ +Eq. (11.18)
j=1
O6o3Ha4ymnm
(u] A
Uy
uy
U=|"|—cronben (nT x 1).
Un
u
\un J
Toraa B obo3navenusnx (11.13) ypasuenne (11.18) sanuchiBaeTcs B BHAE!
Y=o+XB+ (u+e¢) (11.19)

Ypasuenue (11.19) npeacrasaser coboi 06061eHHy0 Modens NMHEHHOM
PErpeccHmn: MaTpHila KOBapHallMH OHOOK Perpeccuy u + € UMEeT BUA:

(0 +62)E; O2Er oZE;
oZE (62 +062)E; | ... oZE
e u*™T u s~ T T (1 1.20)
UEE}' UEET o (O'E + G%)E‘r
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3aech E; — eanunyuHas Marpuua nopaaka T; 2(nT x nT).

Ja onenneanua mogenn (11.19) MoxHO NpUMEHHTH METO/ HAUMECHB-
wux KkpaapaTor (cM. §7.2). CooTBeTCTBYIOUIHE BRYHCIEHUA MOKHO HAWTH
B [20]. [TpuBesem ML OKOHYATE/IbHLIH KAYeCTBeHHBIH PE3YILTAT: OlleHKa
napamMeTpa f§ B MoAeNH co caydanHeIM IpheKToM HMeeT BH/L

Bre =W, +(Ex =Wy, (11.21)

rae W — maTpuua, nponopiinoHaabHas ofpaTHOM MaTpHIle KOBapHallUH
OlleHKH Pg.

3Ta OUEHKA NPEACTABNAET «CPeIHEB3BEIEHHOe» MEKTPYINOBOH ¥ BHY-
TPHIPYNINOBOH OLEHOK.

1A NpakTHYeCcKoro Uenoas3opadusa Gopmyasl (11.21) caeayer oueHnTs
maTtpuny (), T. e. napameTpnl 02 u 02, Kak 06bIYHO, 1A OIIEHOK OMKBOK
perpeccHH HCNoab3yioTCa CYMMbl KBaJAPaTOB OCTATKOB:

n T .
8 = 3.3 (T G~ BB
Ay 1 5 (F. <8 - )2
O -mg Yi—op-XgPs),

. %
» {—
au-aﬁ-?og.

Ouenum Tenepe ypaBHenune (11.11) ¢ noMOLBIO MOAENH CO CITyHaiHBIM
adpdexTom. Moayunm:

InQ = -1,13749 + 0,246711InK + 0,77544InL. (11.22)

Kak BHAHO, noay4aeTcs CYIIECTBEHHOE Pa3ivyie KakK ¢ ypaBHEHHEM
(11.17), Tax u ¢ ypapHeHuem (11.12),

11.6. pobnema BbiGopa Moaeny ¢ naHeNbHbIMU AaHHbIMMU

PaccMOTpEHHBIH BhILIE MPUMEP NOKAa3biBAeT, YTO Pe3yabTaT OLEHHBaA-
HHMA B 3HAYMTENIbLHOM Mepe 3aBHCHT OT BHOOpa MOAEIH, T.€. OT CTPYKTYpPH
BLIGOPKH.

[Tpu Beibope cTaTHYeCKOH MOJAENH NMaHEeAbHBIX AAHHBIX MCCIE10BaTeh
NOJIKEH ONpeAeNHTh, CYUTATh U 0OBEKTH CYIIECTReHHO WHAMBHAYATL-
HBIMH, C1Y4aifHO BHIOPAaHHEIMH U3 OAHOPOAHOH reHepabHOH COBOKYITHO-
CTH K60 ke TUIIEHHBIMH BCAKOHW MHAMBHAYAJILHOCTH. HeBepHBIH BhIGOp
MOKET NIPUBECTH MO0 K MCKRKEeHHIO Pe3yIbTaToB, 160 K 3HAYHTENbHOH
norepe 3pPeKTHBHOCTH.

Cpasy cleayeT 3aMeTUTh, Y4TO OLEHKH MOJAenH ¢ PpUKCHPOBAHHHM
apdpexTom (Bge ) B 1060M CyHae ABAAIOTCA COCTOATEABHBIMH H HECMEIIEH
HBIMH. [loaTomy B caydae goctatoyHo Goasiuoi Bubopky (npu Goabmom
T) ux MOXHO MCNONb30BaTL Beerga. OAHAKO, €CH Perpeccoprl He Koppe-
MUPYIOT ¢ MHAUBHAYANbHBIMU 3ddeKTaMu — Tak oOCTOMUT AeN0 B MOJe-
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AAX €O CAydalHBIM 3PPEKTOM — OHEHKH Pry OKasbiBaloTCs HeahdeKTHB-
HBIMH, M 3TO O4€HBb CYINECTBEHHO AN BHOOPoK Heboabmoro ofbema.
B To ke Bpems, e B MOAEASX NPUCYTCTRYET GUKCHPOBaHHLIH addekT,
OLEHKH Ppr OKA3BIBAIOTCS HECOCTOATEIbHBIMH,

ITpobaemy srbopa Mozenn MccaeJoBaTeNb pellaeT HHAUBHAYAILHO,
4acTo HA OCHOBAHMH HHTYHUMH, [IpH 3TOM, 0JIHAKO, MOKHO HCIIOAR30BATH
CTATHCTHYCCKHE TeCTHI.

Wtak, mycTh pacemarpuBaeTcs Mogeab W Tpebyercs caenats Bumbop
MENLY MOAEABIO ¢ HKCHPOBAHHEIM U CIyYaiHBIM 3 dekToM (3ameTum,
9TO KJACCHUECKYIO MOAEIb MOXKHO PACCMaTPHBaThL M KaK 4aCTHBIA caydail
Mozean ¢ GUKCHPOBAHHBEIM 2QPEKTOM, €CITH BCE (f; PABHBIL, H KaK YaCTHBIH
Cay4an Moaeau co caydaiiHeiv adperTom, ecan ol =0).

Bubop acnaeres B nons3dy cayqaiiHoro adgdekra, ecin npuHuMaeTcs
runoresa H;:

rio, + X J, i =

IIpoBepKy runotessl Hy MOKHO OCYUIECTBUTE € IIOMOIIBIO mecma Xayc-
maua. Ero e OCHOBAHA HA TOM, UTO B cydae cnpasesmsocti Hy obe
OlLCHKH ﬂn HBR, SIBJIAKTCA COCTOATEIbHBIMH, & C1€40BATENbHO, HE A0JDKHEI
CYIECTBEHHO pasanyaThed, T. €. MaTpula Cov([i_;r ﬁm) He J0KHA OhTh
cIHKoM 6onbion. CTaTHCTHKA

(Brr ~Bre) CovBrs ~Bre) ' (Bre ~ Bre) (11.23)
HMeeT ¥ -pacnpejeneHue ¢ k cTeneHaMu csodoak.
JUist MCnonb30Batua CTaTHCTHRH (11.23) HEOOXOAMMO NOJIYYHTD OIIEHKY

maTpuubl Cov(PBrr —Bpy ). MOXKHO NOKa3aTh, YTO NPH BLINIOIHEHHHA HYAEBOH
THIIOTC3k! BRITIOJHAETCA ACHMIOTOTHYCCKOE PABCHCTBO

COV(E‘;}? - Bﬁf )= COV(ﬁn) = COV(ﬁM ).
Ipu atom (cm. [21]):

-1
fDV(BRﬁ) 5‘[22(3’:1 x)(x:. X)' O-r ’,Z(X f}(.‘l‘ f) ] !
i=1t=1 67 +T6¢ i

F n T <
Coveye) =67 £.3 0x-000x -5
i=lt=1
rae

n T
G':=~——'£nyn Fi—(x =X By 2 .
=]

Tect XaycMaHa peain3osal B 60MbIIHHCTEE COBPEMEHHBIX AKOHOMETPH-
YECKHX MPOIPAMM.

IIpuMeHuM TecT XaycMaHa B pacCMaTpPHBAEMOM B IaHHOI rnase npu-
Mepe OLEHKY IACTHYHOCTEH NPOH3BOACTBEHHOH PYHKIMK (VPaBHEHHA
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(11.11)). BeruncneHHoe 3xHauenune craTMcTHKM (11.23) pasHo 2 = 141,01,
ITpu 3TOM %3 os. 2(X) =5,99, %301 2(X)=9,21, T. e. runoTe3a oTeepraerca
11pH 11060M pa3yMHOM YPOBHE 3HAYMMOCTH. ITO O3HAYaEeT, 4TO NPH oLe-
HUBaHWH ypaBHeHHuA (11.11) crexyeT BoIOMpPaTL MOZAEb ¢ PUKCHPOBAHHBIM
apPeKTOM U NPUMEHATH B Ka4eCTBe oleHkH ypasHenue (11.17).

Brllue Mbl pacCMaTPHUBAAM TOJBKO CTATHYECKHE MOJeIH, JIMHaAMHYecKHe
MOZIE/H, YYUTHIBAIOLINE KOPPeNSALMIO MEX /1Y BPEMEHHBIMH HaOMKAeHHAMH,
OKA3bIBAIOTCH 3HAYUTENIBHO GoJiee CIOMKHBIMY, U HX PACCMOTPEHHE BRIXOAHT
3a paMky GOILUIMHCTBA CTAHAAPTHBIX KyPCOB.

11.7. BUHapHbie MOAENM C AMCKPETHLIMMU 3aBUCUMbIMM
nepemMeHHbIMK

PaccMOTpHM Teneph 3aBHCHMbIE TIEPEMEHIBIC, TPHHUMAIIIHE KOHEY-
HOoe YHC0 3HaveHnid. Kak npaeuio, 63 notepH o61HOCTH MOMKHO CYHTATh,
4T0 370 3Ha4eHua 0, 1, m. [NTogoOHEIE CUTYALlHH BO3HUKAIOT B TEX CAy4anX,
Korja 3HadeHns OObACHAEMON NepeMeHHON COOTBETCTBYIOT BIOOpY penie-
HuA U3 Habopa m + 1 BO3MOMKHBIX PeLIeHHIA.

Haunbonee mpoCcThIMUA MOJENAMM OKa3bIBalOTCA Modeau OuHapHozo
abibopa. B atom wiyuae obvAcHAeMan NepeMeHHas NPUHUMAeT BCero Asa
3HayeHnud — O 1 1. MOXKHO CHYHTATH, YTO 1 COOTBETCTBYET NONCKUTEIbBHOMY
pemennio, a 0 — OTpHIlaTENbHOMY.

Ilycts Y, — obbacHAemas BeanynHa, rae y; = 0 wm y; = 1. Beanuuxa
Y, TPHHUMAET O/IHO M3 CBOHMX BO3MOXHBIX 3HAYEHHWH NMOJ BO3AEHCTBHEM

(dakTopos X, ..., X;, KOTOpPHIE MOTYT HIPHHHMATh HENPEPhIBHBIC 3HAYCHUA.
PaccMaTpHBAaeTCs PErpeccHOHHan MOAEIb
y,-=F(Xh-,...,Xh-; B]""'Bk) +E', (11.2‘4)
B KOTOpOH P, ..., B; — napaMeTpsl MOAENH, COOTBETCTBYIONIHE Perpecco-
paMm X, ..., X;.

Haubosiee npocToil SABAAETCA JIHHEeHHas MOAeIb perpeccHu
k
.YJ=ZB;x_;:'+£i° (11.25)
j=1

Tak kak B ypasHennu (11.24) nonaraercs, uro M(g;) = 0, To M(y,;) = F(x,
). B 1o %xe Bpems
My)=0-Ply,=0)+1-P(y; =1) =P(y, = 1),
OTKYAa CIEAYeT, YTO
P(y;= 1) = F(x, B). (11.26)
YpasHenue (11.26) HasnBaeTCA ypasueHuem modeau bunaprozo svibopa.
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B yacTHOCTH, /Ui AnHeHHoR Moaenn (11.25) umeem:
k
P(y;=1)= 3 Bjx;. (11.27)
j=1

HUcnone3osanne ypasHeHua (11.27) conpsueHo CO 3HAYHMTEILHBIMM TPYA-

n .

HOCTAMM. B nepBy1o 04epeb, 3TO CBA3AHO C TeM, 4TO BEIMHMHBI 3, B,X ;, mony-
j=1

YaeMble OLlEHHBAHHEM NapaMeTpoB [, MOTYT He NonajaTh B NPOMEKYTOK

[0, 1]. Kpome 3TOro, HENPaBOMOYHO NPEANOIOKEHHE O TOM, YTO OMOKH £,
HMEIOT HOpMaJIbHOE pacnpeaeaeHue. JINHeHHYI0 MOAeNb MOKHO HCTIONb30-
BaTh B pAe cayqaes npu 6oabmom yucae HabMAeHUH U J0CTATOMHO TOu-
HO# crieMHKaIMK MOAETH. B OCHOBHOM e OHa MCTO/Ib3YeTCs JIMIlb Kak
rpyObId MHCTPYMEHT NepBHYHON 06paboTKH JaHHBIX.

11.8. Probit- u logit-mopenn

[lepeuncienHbie B npeasaymiem naparpade TpyAHOCTH JETKO NPecao-
aMMbl, eciH B KavecTse Gynkuuu F(X, B) B pasedcrse (11.26) suibupaercs
byHKIMA pacnpese]eHns HEKOTOPOH Cy4aiHOH Be/IMYHHbI.

[ToaoBHEIH BEIGOP CTAHOBHUTCA €CTECTBEHHLIM, €C/TH NPEANIONOKHTD, YTO
3HAYEHHE AUCKPETHOH nepeMeHHoi Y ckaukooBpazHO M3MEHAETCA B 3aBH-
CHMOCTH OT 3Hau€HH# HEeKOTOPOH — Kak npasuno, Henabawaaemon —
KONH4ecTBEHHON nepemenHoit Y. Haubosnee npoctoi cay4ai coorser-
CTBYeT HAAMYHIO MOPOroOBOro 3HAYEHWA, T. €.

l,ecn y; 20,
i - -
0,ecin y; <0.
BeMYHHY ¥, MOKHO HHTEPNPETHPOBATL KAaK PA3HOCTH NONE3HOCTEH

arpTepHaTHBhl 1 # 0. [IycTh KoAMUYECTBEHHAN NepeMeHHas y, YAOBAETBO-
PAET PErpecCHOHHOMY YPaBHEHHIO

k .
yi = X Bix; +e, (11,28)
j=1

npHYE€M KOHCTAHTA BKJIKOYEHa B 4Hcao perpeccopos (11.28), a omnbkn
£ — HE3aBMCHMBbI U OIMHAKOBO Paclpese/]eHbl ¢ HYJE€BbIM CPEAHUM M JHC-
nepcHei 02 Hyr:'rh $yukuma F(t) — GyHKUMA pacnpeseseHns cay4anHoM

mnqunu —. Toraa
o
P(J"j=1)=*°()'f20)=P(i"u5;“"5:20]= [ i B]
= =
k. k. f_i,
=P(E,Z—lej[3,,-]=}’[slSZxUBj] [Ex,j—’—]
Jj=1 J=1 j=1 o
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O603naumus = —g-, noayyum ypasHenue (11.26) B popme
k
J=1

Ypasrenue (11.29) npeacrasaser coboi cranaapTHYIO GOpMy MoAenH
6unapuoro seibopa.

Haunbonee ecrectBesHo B KavecTse dyHkuun F(t) Bubpath GyHKum0
CTAHAAPTHOrO HOPMAJBHOIO pacrpefeneHua. ITO COOTBETCTBYET TOMY,
yro (11.28) npeacrasafeT coO0H KAACCHYECKYI0 HOPMaAbHYIO JTHHEHHYIO
Moziesb. CooTBeTCTBYWOIAsA AUCKpeTHaa mozens (11.29) B aTtoMm cayuae
HasbiBaeTcs probit-modenbio.

Takke HCNoNb3yeTea GYHKIHMA TOTHCTHYECKOrO pacnpeaeneHus

e.t
Fi)=A(t)=— oy (11.30)
M cooTBeTcTBYIOmAas Moaeas (11.29) npu takom Buibope HasbiBaercs logit-
MOOenbio.

Buibop dyukumum (11.30) obbsacHsAeTCA TEM, MTO €€ BH/A CYHIeCTBEHHO
npouie, YeM y GyHKUMH CTAHAAPTHOrO HOPMaJbHOrO pacnipeaeneHus. [1py
aToM A8 HeBoabmx (M0 MOAY/I0) t 3TH GyHKIIMK JOCTAaTOYHO GIIH3KK ApyT
K APYTY, ¥ Ka4e€CTBeHHbIe BHIBOABI, CeNaHHkble no probit- u logit-Mozeaawm,
B OCHOBHOM COBNajaloT. B 1o ke BpeMa Ana HoabIIMX 3HAUeHUI perpecco-
POB BO3MOXHEI M 3HAYMMbIE Pa3iMyHi.

BaXXHO OTMETHTE TO O0CTOATENBLCTBO, YTO MoAens (11.29) HeauwHen-
Has. ITO NPHBOANT K TOMY, 4TO NpeAeNbHbIN 3QPeKT Kaxaoro paxkropa X

dP(y=1)

(nponasoaxas ) ABAAETCS NEPeMEeHHBIM M 3aBHCHAIIMM OT 3Haye-

HUH Beex octanbHbiX GakTopoB. Tak uTO V1A MOJAYYeHHs NpeacTaBAeHHA
0 «CpefiHeM» npeaenbHoM 3gdeKTe cresyer BEINHCINTD NPOH3BOAHBIE

dP(y=1)
ax‘ _F[EBJ lj']Bt

ANA CPeAHMX Mo BHIGOPKE 3HAYeHWH He3aBUCUMBIX nepeMeHHbIX X. [Uis
OIIEHMBAHHUA MOAENH HCNONBL3YETCA METOA MAaKCHMAZbHOTO NPaBAoNnoa0-
6una. Ecm Habnioaenws y,y, ..., ¥, HE3aBHCHUMBI, TO GYHKUMA TpaBaonoobus
HMeeT BHA:

L= n [1 F[ZBJX,,

=1

]n FE B -TTF| 6% ][wzﬁ]

¥ J=1 ] j=1

Toma

InL= E[y,lnF[Zﬁjx ]+(I y,)ln[l FE?‘; ,]].
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Yenosus npasaonoao6usi HMET BU/L:

dinL
a_B—O-

Orcioaa nojydaem CIeAyollee ypasHeHue Ui onpeaenesns f:
k . k '
yf‘p[Zﬂjxi;] (l_yi)q)[zﬁjxsj]
- - = X, =0, (11.31)
F[zﬂ;xu] ]“F(ZB;'XSJ]

J=1 j=1

n
i=1

rae @(t) — IIOTHOCTEL BEPOATHOCTH, COOTBETCTBYIOIANA GYHKUHH pacrpe-
aeaenus F(t).
Jina logit-moaean ypasaenus (11.31) npuobpetaior 6osee npocToil BHA

i[yi _A[ iﬁjxsj]]xl =0,

i=1 j=1
4T0 ¥ ABNAETCA OHON M3 NPHYHH €€ NOMYISPHOCTH.
MoXHO A0Ka3aTe, ¥TO Ans probit- i logit-Moaeneit Gpynkuun npasaono-

Ao6ua In L BOrHyTHI, M CA€A0BATENbHO, ypaBHeHHa (11.31) AaloT oUeHKH
MaKCMMAaJIbHOTO Nnpasjonoaodusn.

11.9. IucKpeTHbie MOAENH ¢ NAHeNbHbIMKU AAHHBIMK

[lycTs paceMaTpHBaloTCs NaHeabHble JaHHbe (1 06bekTOB U T MOMEH-
TOB BPEMEHH) ¢ MHAWBUAYAIbHEIMU 3ddekTaMu o, Moaeas GuHapHOro
suibopa umeeT BUA

Ply,=1) = F(le tis ﬁj' ;). (11.32)

[Moaxoa k MOCTPOEHHIO YPaBHEHWH MO, HCNOAb3YeMbIH A1d 06bI4-
HBIX MPOCTPAHCTBEHHBIX JaHHBIX (CM. § 11.3), MoXeT ObITh NPHMEHEH H 1A
NaHeNbHBIX AaHHBIX. [TycTb ¥, — HeHabaogaeMan nepeMeHHan, obyc10BaH-
BAIOLIAA CKAYKOOOPa3HOe H3MEHEHHE y, ;!

Yi=1npn y; 20,

Yu=01pn y; <0

k
Y=+ Y Bix; i+,
j

YpasHenue (11.32) moxeT O6bITh OIlEHEHO METOAOM MAKCHMAaJIbHOIO
npasaonofobus, ecan GyHkiua F(t) apnserca GpyHKIHel pacnpeaeneHus
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HEKOTOPOit cayuaitHoit BeanynHbl. TlpobreMa, oAHaKo, B TOM, 9TO JUIA I0NY-
YeHHUs A/IEKBATHBIX OLEHOK napameTpos Tpebyercs, uto6ul T GbUI0 BEJINKO
(coCTOATENBHOCTL HMeeT MecTo Npu T — = ). OAHAKO HA NPAKTHUKE NaHeIb-
Hble JaHHbIe OLBAIOT ¢ BOMBIIMM KONHYECTBOM OOBEKTOB N U HE CIHIIKOM
BOABIIUM YHEIOM BPEMEHHBIX H3MeHeHHH T. MeXay TeM, ¢ poCcToM i yBe-
JAMYHUBAETCA M KOAHYECTBO OLEHUBAEMBIX NAPAMETPOB O, T. €. IPH N — =
OLIEHKH HE OKa3bIBAIOTCA COCTOATEbHbBIMH.

B otan4He OT IMHEHHBIX MOAENEeH BHYTPUIPYTINOBOE H MEXTPYNNoBoe
yCpe/HEHHE 34eCh He A4€T BO3MOKHOCTH HCKIIOUYHTE NapaMeTpal ;.

[IpeoaoaeHne ITHX TPYAHOCTEH MOXET NPeACTaBIATh COOOM CIOKHYIO
3agavy. HexoTopbie METO/IbI ONTHCaHBI B [20]. ITpu 3TOM OKa3BLIBAETCH, HTO
AN MOAEIH ¢ GUKCHPOBaHHEIM 3ddeKrToM yao6Hee HCNoNbL30BaTh PyHK-
1HI0 pacnpeaesieHns JOrMCTHYECKOIo 3aKoHa (logit-mozens), a A MoaenH
co caydaiHbM 3GpekToM — GYHKIHIO CTARAAPTHOTO HOPMAJIBHOrO pac-
npeaenenun (probit-mozens).

11.10. Bbi6OpKK ¢ OrpaHMyeHUAMK

[ToMHMO OrpaHHYeHHN Ha TM JaHHBIX B MOJEJSX BCTPEHAIOTCA Takke
orpaHudenus Ha BeiGopouHbie HabmoAeHns. Haie Bcero uCroab3yoTed
OTpaHWuEHHMA B BHAE YPE3aHUA U IeH3YPHPOBaHUA BHIOGOPKH.

Bhi6OpKa Ha3LIBAETCA ype3anHoil, eciy oTOpackiBaloTCs Hab/IOAeHN,
HE YAOBAETROPAIOWIME HEKOTOPBIM ATPHOPHBLIM OTPaHHYEHHAM — vaie
BCEro eCIM 3HAYEHHsT 3aBUCHMON NepeMeHHOH MEHbILe HEKOTOPOH 3aJaH-
HOW BeAMYMHEL. Hanpumep, npH MCCI€A0BaAHWH 3aBUCHMOCTH 3aTpar
Ha OTAHX OT A0X0a MOKHO UCKAIOUMTE TEX HHAWBHIYYMOB, 10XOA KOTOPEX
MEHBIIE POXHTOYHOIO MHHUMYMA.

BLIGOpKA HAa3LIBAETCA UEHIYPUPOBAHHOIL, €CIN LISt 4acTH HabmoaeHui
GUKCHPYETCH HE UCTHHHOE 3HAYCHME 3ABUCHMON NEPEMEHHON, & HEKOTO-
poe ee yceueHHoe 3HaueHue. OCHOBY M3YueHHA NOJOGHBIX Mojesel 3a10-
xmn Jix. To6ud (1958). O neeneaoBan 3aBUCMMOCTD 3/1aCTHHHOCTH CIpoca
Ha aBTOMOGHAM OT A0X0Aa. TIpK HTOM Ui HEKOTOPHIX ceMel (Kak npaswio,
€ HM3KHM JIOXOZIOM) PacXoAbl Ha aBTOMOOHIH PABHAINUCH HYTIO.

TobuH npeanoaoxwl Mojelb BU/a:

_ | ¥t ecm y; >0,

= . (11.33)
0,ecin y, <0,

Yi

rae y; — HenabiloaaemMan BEJIMYHHA, YAOBACTBOPAIOMAA CTAHAAPTHOMY
YPaBHEHUIO PErPeCCHM;

Y =x{B+e,. (11.34)

Moaens (11.33), (11.34) HassiBaerca tobit-modensr.
Tak KaK CTaHAAPTHLIN METOZ HANMEHBIINX KBAAPATOB B MOAE/SAX C YPesaH-
HBIMH H II€H3YPHPOBaAHHBIMH BHﬁOpKaMH aeT cMelllaHHbIE H HeCOCTOATE b~
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HEle OLIEHKH NapaMeTpoB, UIA UX OLEHUBAHUA MCTIONBL3YETCA METO/l MaKCH-
MalbHOTO Npaponootus. bosee nogpobHo 3TH Bonpockl ocsenleHs B [20].
B 3ak/t04eHHE I1aBbl OTMETHM, 4TO BO3MOXHOCTH OLEHHBAHUSA MOACIEH
¢ NaHebHBIMM JAHHBIMH, AUCKPETHBIMH JIAHHBIMH, 8 TaKkKe C YPe3aHHBIMH
H [[eH3YPHPOBAHHBIMK BbIOOPKAMH HMEIOTCA B COBPEMEHHBIX KOMITBIOTED-
HEX IPOrpaMMax no sakoHoMerpuke. Buibop logit-, probit- u tobit-mozaenein
NPHCYTCTBYET B TAKMX NPOrpaMMax Kak CaMOCTOATENbHbIE OMLHH.

Ynpaxuenus

11.1. Hceneayercs 3aBHCHMOCTD M3MeHEHHA CTIOPTHBHOTO pe3ynsrartay (B yeios-
Hbix 6a11ax) ¥ TPEHHPOBOYHBIX YACOB B MecAnax x. B tabauue npuBeaeHs! faHHble
Habmogennit 1o 10 cnopreMeHam B TeueHue 5 Mecsies.

Y1 2 3 4 5 6 7 8 9 10

10 110~ |88 96 126 108 112 108 110 105
13 10 8 14 10 8 6 4 B 4

95 136 |96 114 130 120 126 120 100 120
7 12 12 8 8 -2 -1 -2 6 12

98 146 120 |90 146, | 100 105 120 100 140
3 -2 -4 10 -6 10 10 3 2 -2

120 130 100 96 120, 100, 100 130 100 120
-1 8 18 -2 12 2 6 -1 1 6

100 138 100 98 120 10 105 118 100 110
2 10 3 3 3 4 8 2 -2 3

OueHHTL IMHEHHYIO MOJETb NAHEIbHBIX JAHHBIX Y = ¢ + fix, HCcnoab3ya: a) ofby-
Hbil METO/I HaNMEHbIINX KBaApaTos; 6) Moaens ¢ pukcHpoBaHHEIM dddexToM;
B) MOAENb €O cay4aiHbIM 3gdeKToM.

Kakaa mofens okaseiBaercss 60/ee afekpaTHON B Cily4ae, ecaM ClOPTCMEHbI:
a) Mactepa cniopra; 6) paspAaHUKH?

11.2. MceaeayeTces 3aBUCHMOCTD OTKA3a ReHIHHB T paborsl: y = 1, ecan oTKas
npoHsOlIen M3-3a poxaenua pebenka; d = 1, ecin pebeHok poanica.

Pacemarpueaetca moaens P(y, = 1) = Fla + fd). Hike npuBeaeHs! peayibTaTsl
100 n3mepeHmii:

¥y 0 1

d
0 50 6
1 | 18 | 26

Ouenwurb napameTps tt, § ucnoasaya probit- u logit-mozenn.
11.3. PaccmaTpusas Moaenb GHHapHOro BuBOpa ¢ NaHeNbHBIMH JaHHbIMH:

Yo =0y +PBx; + €4
Yi=lecm y; 20;
Yi=0,e0m y,; <0,

'
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rae X,; — AOXOA i-ro AoMauHero xoasmicrsa (i = 1, ..., 10) B neproa HabaioaeHHs
t(t=1,..,5),y, — ysactue b naesom onze (y, = 1, B ciydae yuacTnsa). JlanHbie
HCCNEAOBaHHA NPHBEAEHBI B Talnuue:

1 2 3 4 5 6 i 8 9 10

300 180 1200, 11400, |280 130 1500,/|1200,{300 |560

0 0 1 1 0 0 1 1 0 0|
500 1200 1300,/ /1500, {300 140 1600 1200,/ ]300 680

1 0 1 1 0 0 1 1 0 0
520 1300 |0 1500,/ |380 160 1500711200, (300 /{700

500 /|500 /|0 1500, 380 180 1500711200300 |700

400 500 800 1500, |380 200 1400,/ (1200, {300 650
5 |
1 1 0 0 0 0 1 1 0 1|
MocTpouTts $yHKIMIO NTPABAONOAOGHA A8 MOACTH.
11.4. UmewTca caeayiollide JanHbie Habuogenuit o 3aTpataM WHAHBHAYYMOB
Ha nprobpeTeHHe akiuil ¥ NOAYYaeMBIX N0 HUM AOXOAAM:
Barparer | 100 | 85 | 90 | 500 | O 0 300 0 200 | 300

Joxoa 1050 | 980 | 960 | 5600 | 300 | 280 | 3200 | 340 | 2500 | 3600

CoctasuTs tobit-Moaep M 3anucars A1a Hee PYHKUMIO NTPaBAoNoaobus.



fmasa 12
JKOHOMETPUYECKWUE MOAENU OUHAHCOBOIO
PbIHKA

Kaxaas uenHas Gymara — akuus, obaurauus, KOHTPaKT ¥ Ap. — B Kax-
Abl MOMEHT BpeMeH# 06J1a1aeT CTOMMOCTBIO, KOTOPas Ha3biBaeTCs KYPCOM
H YCTAHARIMBAETCA PLIHKOM (OOBIMHO KaK pe3yibTaT GMPXKEeBLIX KOTHPO-
BOK). Jlaxe obaasasn Bcel NoaHOTON HHGOPMALKMK O BbINycTUBIIEM Oymary
IMHUTEHTE, OJJHO3HAYHO ONPEAETHTL €€ KypPC B 3a1aHHBI MOMEHT BPEMEHH
B OyaymieMm, Kak npaBuio, HEBO3MOXHO. B aTOM ciyyae Hanbonee ecre-
CTBEHHO PacCMaTpHBaTh KYPC HEHHOH OyMaru Kak 3HaueHue Cay4yanHou
BeIHYHHbI X.

Mycte X, — Kypc ueHHoH Oymar# B MOMeHT Bpemenu t, a X,,, —
B MOMEHT BpeMeHH ¢ + 1 (0ObIYHO eAHHHIA BPEMEHH — 3TO NPOMEKYTOK
MeKAY KOTHPOBKaM#u). O6paTHMCA K CIy4alo, KOrla MOMEHT BPEMEHH T yiKe
HaCTYIIWI, @ MOMEHT [ + 1 ee HeT. PACCMOTPUM BETUYHHY

X,.; = X, )

=
! 2

Tak kax X,, , — cayyaiiHas BeJIHYMHA, TO U I — TOXKE CIy4aiHas Beiu-
yrHa. OHa HasbBaeTCA JoXOOHOCMbIO tenHoll Bymazu.

O4yeBHAHO, YTO 3HAUECHHE HMEHHO 3TOH BeJHMHMHBI ONpeJeAeT NpuBie-
KaTeabHOCTh LEHHON Gymaru /uis MHBecTOopa. M 0HA W3 IIaBHBIX 33444
dJI!HaHCOBOFO AHAa/U3a COCTOUT B BO3MOXHO Bonee TOYHOM npeacKasanvu
IHAYEHHA BEJIHUHHBI T

12.1. PerpeccnoHHbie Mogenu

Mozaenn, paccmatprBaemble B (PMHAHCOBOM aHa/IM3e, CBA3BIBAIOT CIyYai-
HYIO BEJIMMHMHY I' C BETHYHHAMH, KOTOPbIe 00BeKTUBHO XapaKTepH3yioT puHaH-
COBbIif PHIHOK B 1e/IoM. Takue BeIMYHHBI HadbiBaloTeA axmopamu. B 3aBHCH-
MOCTH OT NOCTAHOBKH 33124 GaKTOPbl MOTYT CHYMTATLCA KaK CAYHAHHEIMMH,
TaK ¥ IETEPMHUHHPOBAHHBIMM, T. €. TOUHO M3BECTHBIMH B&ITHYHHAMM,

B camoM npocTom ciyvae sbiensiercs oaus ¢paxrop. Toraa cratueruye-
CKada MOJenb UMeeT BHMA:

r=uo+ fF +e. (12.1)
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3aech ¢ ¥ f — NOCTOAHHBEIE (HEM3BECTHLIE NNaPAMETPLI), € — CaydaitHas
BEJIMYMHA, YAOBIETBOpAOLAA YCI0BHIO: M(¢) = 0, rae My(e) — ycnos-
HOE MaTeMaTHYECKOE OXHIaHHe CIy4aHHOH BEJIMYMHBI € OTHOCHTEBHO F.
M3 3TOro npeAnocaoxeHns caeayer, 4To ¥ 6e3ycIoBHOE MaTeMaTHYecKoe
OXHJaHHE BEJHYNHE] € TAKOKe paBHO Hymo. Ha camoMm aexne:

M(e) = M(My(e)) = 0.

OTclofa TaKke Caeayer, 4To e $akTop F paccMaTPpHBAeTCA Kak cay-
YaiHaA BeMYMHA, TO €€ KOBApHaLuA C € paBHa HY/O, JeHCTBUTENBHO,
HCTIONb3YA CBOMCTBA YCAOBHOTO MaTeMaTHYECKOro OXKHAAHMA, TIONyYaeM:

cov(F, €) = M(Fe) - M(F)M(e) = M(Fe) = M(M(Fe)) = M(FM(¢)) = 0.

3HaveHns KOG OHIHEHTOB ¢ W B HETPYAHO BLIPA3NTH YEPe3 YHCIOBLE
XapaKTEePHUCTHKH r 1 F:

cov(r, F) = ficov(F, F) + cov(e, F)

cov(r, F) = Becov(F, F).
Orcroaa

B= cov(r,F) _ cov(r,F)_
“cov(E,F)  D(F)

[lepeitasn B ypaBHeHUH Mozenu (12.1) K MaTeMaTHYECKHM OXHAaHHAM,
TOJYIHM!

M(r) = o + BM(F) + M(&).
Ho M(g) = 0, noatomy

cov(r,F)
D(F)

KoadduiueHT B HasbiBaeTca wyscmeumennHocmbio 00X0OHOCMU LEHHOM
6ymarn k ¢paxropy F. KoapduumeHnT o HassiBaeTcs cdsuzom.

B KJIaCCHYECKOM PErpecCHOHHOM aHau3e 3HaveHns GpaxTopos F cyuta-
H0TCA ICTEPMHHUPOBAHHBIMY BEJTHYHHAMM, T. €, Moeas (12.1) umeer BHA:

o =M(r)-BM(F)=M(r)- M(F).

r.=o+pF, +¢,.

3aecb t = 1, ..., n — MOMEHTHlI BPEMEHH — UHTEPIPETHPYIOTCA Kak
HoMmep Habmogenusn; F,, ..., F, — u3BecTHbIEe 3Ha4YeHHs GaKkToOpos; r, —
Habmoaaemble BHIOOPOYHBIE 3HAYEHUA CAYYailHOM BEAWYHHBI I 0 ¥ —
HEHU3BECTHBIE napaMeTphi. MX olleHKH! MOXHO NOCTPOHTE METOLOM HaH-
MEHbIIHX KBajpaTos (cMm. 1. 3):

! Ouenkn napamerpep 0603HATaEM CO 3HAKOM .
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cov(r,F) ~ ]
=M()-22 NF)==Fr-—| TF
(-1 (F) = z, [z

=1

Pa3usle Mozenu GUHAHCOBOrO PHIHKA PACCMATPHBAIOT PAalIMYHEIE BEIH-
YHHbI B KayecTse pakTopa F. PAaCCMOTPHM Jla/iee OCHOBHBIE M3 3THX MOJEEH.

12.2. PoiHouHas mogenb

OaHa M3 caMBIX PacnpOCTPAHEHHBIX MOJAENEN MCNIONB3YET B KavecTse
daxTopa F doxodHocms PHIHOYHOTO MHACKCA 'y, PoiHOUHBIM UHOEKCOM HA3bI-
BAETCA B3BEIIEHHAA CyMMa KYPCOB aKuuil Hanbosnee 3HaYHTENbHBIX 3MH-
TeHTOB QPuHaHCOBOTO paiHka. Hanpumep, B CIIA nanbosee pacnpoctpa-
HEHbI CJIEYIONINE MHAEKCHI:

DJ (undexc Loy — Jxconca) — paccuutuiBaetes no 30 Haubosee sHaum-
MBIM KOPHopauuaMm, TakuM kak Microsoft, Coca Cola, General Motors u 1. 4.;

unodexc S&P 500 (Standard and Poor’s) — paccunTeiBaercs no 500 Hau-
Gonee KpynHBIM KOMTIAaHHAM;

ce00ubtil undexc NYSE — A1d ero pacdera uCnosib3yloTea KYPChl akimid,
3aperucTpupoBanHHbIX Ha Huio-Hopkckoit donaosoit 6upxe.

O4eBUIHO, PHIHOYHBIA WHAEKC B ONpeJeNeHHOH CTENeHH OTpaxkaer
COCTOSTHUE 3KOHOMMKH B Lie10M. Tak 4TO PhIHOYHAA MOAEIb NOKA3biBAET,
HACKOJIBKO AOXO/HOCTh UEHHOH OymMaru cOOTBETCTBYET 3KOHOMHYECKOH
AMHAMHKe CTPaHB! (WK Aaxke coobLIecTBa CTpaH).

CryvaitHas BEIMYHHA € OTPAXAET 3aBHCUMOCTH JAOXOAHOCTH LEHHOM
Gymaru oT o6CTOATENBCTB, CnelHpUYECKHX MEHHO /IS €€ 3IMHUTEHTA.

Ob6cyanm cmbica KoadduumenTa [3 B cayvae peHOYHONH MOAEIH.

JIOXOAHOCTE PRIHOYHOIO MHAEKCaA, TIO CYTH, npeacTasaieT coboi yepea-
HEHHYIO ZOXOJHOCTH Pa3THUHBIX LeHHBIX OyMar. Ecau paccMaTpHBaTh MHO-
KECTBO BCeX LleHHEIX Bymar, Gurypupylomux Ha peiike, 1o koadduumnent
B Hayaaudy BuibpaHHOH LeHHON Oymaru npeacrapiseT co00H 3HaYeHHe Cay-
4anHoM BesmunHbl (0603HaunM ee Toil ke Gyksoi ). Ecau uennan Gymara
BK/JIIOY€HA B MHAEKC, TO [0 CAMOMY OIPEAENIEHNWI0 HHAEKCA HMEET MeCTo
pasencTso: M(f}) = 1.

Ecnu xoHkpeTHoe Habniogaemoe 3Hadenue 1eHHoH Hymarn Goabine
eIMHMLIbI, 3HAYUT, €€ JOXOAHOCTb PACTET B CpesHeM BLICTpee, 4eM PHIHOK
B uesoM. Takue Oymaru Has3biBaKTCA «azpeccusHbiMu»; Gymaru ¢ koadpdu-
WHEHTOM [}, MEHBIINM €AMHUIIbI, HA3bIBAKOTCH «060POHUMENLHBIMU».

P Mpumep 12.1. 3xauerns A0X0IHOCTH akunit Widget Manufacturing w aoxoa-
HOCTH HHJeKca AaHbl B Tada. 12.1.
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Tabnuya 12.1[33]

—_l‘o.u Keapraa | Joxognocts WM | JloxoanocTs HEAEKCA
1 1 -13,38 2,52
2 16,79 5,45
3 -1,67 0,76
4 -3,46 2,36
2 5 10,22 8,56
6 7,13 8,67
7 6,71 10,80
8 7.84 333
3 9 2,15 -5,07
10 7.95 7,10
11 -8,05 -11,57
12 7,68 4,65
- 13 475 14,59
14 7,55 2,66
15 -2,36 [ 3,81
16 4,98 7.99

OueHHTE 3aBHCHMOCTD A0XOAHOCTH aKIHA OT ZOXOAHOCTH MHAEKCA.

Pewserive. MeTo HAHMEHBIIHX KBAAPATOB AA€T CAEAYIONIME PE3YABTATh:
B=0,63, @=0,79. CranaapTHbie omnbKn 03 =0,28, 04 =2,03, Ko3bdHUHEHT
AeTepmuHas R? = 0,27. [onyueHHble XapaKTePHCTHKH CBHAETENbCTBYIOT O TOM,
4TO AOXOAHOCTE akuuil Widget Manufacturing cyiniecTBeHHO 3aBHCHT OT PBIHOY-
Horo uHaekca. Kak Buano, axuun Widget Manufacturing apnsioTes «0G0pOHHTENb-
HEIMH», P>

Ha GpuHaHCOBOM PHIHKE MPHCYTCTBYIOT H OyMaru ¢ Hy1eBbIM Koabduuu-
eHnToM 3. B aTOM Ci1yuae HMeeT MEeCTO COOTHOWEHME I = rf, OTKYAA CeAyerT,
YTO OXKHAaeMan A0XOAHOCTD LieHHOH GyMarn QUKCHPOBaHHAA U HE 3aBHCHT
OT COCTOAHMA PHIHKA B Ues1oM. Takas cuTyallua XapakTepHa, Hanpumep, UiA
obauranmi,

12.3. Moaenu 3aBUCMMOCTH OT KacaTelbHOro noprpens

Jpyrum GakTopoM, HacTO HCMOAb3YEMBIM B IMHHEHHBIX PEIPECCHOHHBIX
MOZENAX, ABAAETCA AOXOAHOCTD HEKOTOPOTO BRIAEJICHHOTO noprdens 1ex-
HbIX Gymar, KOTOPhIH Ha3bIBAETCH KACAMENbHLIM. DTO NOHATHE ObUIO BBE-
aeno . Mapkosuuem B 1952 r. Onuuiem 310 NOHATHE.

Ilyers Ha PHUHAHCOBOM PHIHKE OGpalaeTcs n UeHHbIX Oymar ¥ kanuTaz,
paBHLIH €AMHULE, UHBECTUPYETCA B 3TH Dymaru Tak, 4To X, — Kanuraz,
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HMHBECTHpYeMbIH B i-10 Oymary. Habop uncen p = xy, ..., X,, VIOBIE€TBOPA-
IOMMA YCIOBHIO X + X, +... + X, = 1, Ha3oBeM nopmdenem uenHbix fymaz.
Pasymeercs, HeKoTopble YMcaa {x;} MOryT OHTE HyeBLIMU. (Ha camom aene
HEKOTOpBIE X; MOTYT OLITH ¥ OTPHIIATEIBHBIMH: COOTBETCTBYIONLAA CUTYA-
uMA HasbiBaerca npodaxceil yenHotl bymazu 6e3 nokpsimusd. Mel, OAHAKO,
He GyaeMm yraybaaTheA B 3TO NOHATHE.)

Kaxzaomy noproeio p COOTBETCTBYET CIy4ailHas BeAHYHHA I, — JIOXO/-
HOCTB, KOTOpaA ONnpeiensaercd aHaJorMIHO AO0XOAHOCTH OAHON LEHHOH

n

Oymaru. OueBHAHO, 1, = Y x;r;. PaccMOTPHM KOOPAHHATHYIO IUIOCKOCTD,
i=1

Ha KOTOPOH 1O OCH OPAHHAT OTKJAAJAbIBAETCA MaTeMaTHYeCKOe OHAaHue

AOXOAHOCTH (OXHAAEMASA AOXOAHOCT ), @ 110 0CH abCInCe — CTaHAApPTHOE
OTKAOHEHHE AOXOAHOCTH — O, = JD(rp). BeawunHa 0, Ha3LIBAETCA pUCKOM
nopm@enn. Toraa KaxaoMy noprdenio MoxeT ObITh NOCTABIEHA B COOTBET-
CTBME TOYKA HA TaKOH KOOPAHHATHOM IUIOCKOCTH, a BCE MHOXECTBO J0My-

CTHMBIX NIopTdeneit orobpaxkaeTca B HEKOTOPYIO ABYMEPHYI0 GUrypy, Hasbl-
BaeMy:0 donycmumbim mHomcecmseom (puc. 12.1).

r a

B

Puc. 12.1

Mex a1y MHOXECTBOM Bcex noprdeneld H A0NyCTHMBIM MHOXKECTBOM, pa3-
yMeeTcs, HeT B3aHMHO-0IHO3HAYHOI'O COOTBETCTBUA. KOHEYHO, ABa paziny-
HBIX TIOPTQENA MOTYT HMETh PABHbIE 3HAYCHUSA T, U O),.

EcTecTBEHHO NPEANON0XKHTb, YTO HHBECTOP NPEANOYHTAET NONYYHTD
fonblIyio JOXOAHOCTL € HAMMEHBLIIMM PHCKOM, T. €. U3 ABYX noproe-
neit ¢ OAMHAKOBEIM 3HAYEHHEM T, OH BribepeT TOT, 3HaYeHHe 0, KOTOPOTO
MeHbIIEe. ITO 3HAYMT, YTO Haubosee NPeAnoYTHTENLHOMY NOPTHETH COOT-
BETCTBYET TOMKA HA Kycke rpaHuisl AB (em. puc. 12.1). Jlununsa AB HasbiBa-
eTCs IPPHeKMUBHBIM MHONECTNIEOM.

[Mpo6aema Bribopa TOUKH 3PPEKTUBHOTO MHOKECTBA PEIIAETCHA KaXKALIM
HHBECTOPOM HHAMBHAYAJIBHO H, Ka3aJ10Ch Obl, 3aBHCHT OT €ro CKAOHHOCTH
K pucKy (naun, HaoGopoT, K u3berannio pucka). OKasselBaeTCa, OJHAKO, YTO
3ddeKTHBHOMY MHOKECTBY NPHHAAIEKHT TOYKA, KOTOPas ABIAETCA Bbljie-
J€HHOMW U1t BCEX HHBECTOPOB.
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Mpeanonoxum, 410 KpoMe npuobpeTeHus leHHbIX Gymar wHBecTop
MMEET BO3MOKHOCT BE3PUCKOBOro MpeJocTARIEHHs U NOAYYeHNsa 3aiMOB.
Takoe MpeAnoNOkKEeHHE BNOJHE COOTBETCTBYET ACHCTBHTENBHOCTH, ECIH
HHBECTOP MMEET BO3MOXHOCThL MOKYNaTh roCyAapcTBEHHEIE obanuraunu
n Gparte Kpeaur. Mel caenaeMm eule oAHO npeanonoxenue (yxe oTHIOAb
He cTons HecenopHoe), 4To Ge3PHCKOBOE NMPEAOCTARNEHHE U MONydeHHe
3aiMOB TIPOMCXOAMT € OAHOM M TOM e NMPOUEHTHOH CTaBKOH ry, KOTOpas
HaswBaeTcs Ge3puckosoll cmaexoil.

PaccMOTpHM nNpaMyIo [, NepeceKalonlyio 0ch OPAMHAT B TOYKE I'j, M Kaca-
TeABHYIO K 3hGEeKTHBHOMY MHOXKECTBY.

- - - -
Ypasrenue npamoi | umeer Bua 1 =ry +—(ry —ry).
Om

PaccmoTpum noprens p = (X5 Xy), rA€ X; — 6Ge3pHCKOBLIE BAOKEHHA
(nonoxuTeNbHbIe B Ciyyae npHobpeTenus obauraumii ¥ OTpHUATEAbHEE
TIpH 3aeMe CPeACcTB) ¢ PUKCHPOBAHHOMN CTABKOM Iy Xy — BIOXKEHHE B NOPT-
dean, cooreTcTBYIOMMIT Touke M. Toraa

o =Xpry + Xyl = (1 =2y )1y + XpyTyy =15 + X3y (Fy —17); 0, = X Oy,

OTKyAA I, =1y +§-:’;(FM =T¢), T. €. TOUKa (0,,7,) NIEKAT HA NPAMOii [.

OuesuaHO Takxe, 4To N06asn ToUKa NOAYNpAMOH [, 1exauias B nepson
HeTBEPTH, AOCTHAKHMA C IOMOUIBIO KOMOHHALMK (X5 Xy).

Takum obpaszom, NpH HaIWYHH BO3MOXKHOCTH BE3PHCKOBOrO Ipejo-
CTaBAeHHUsE M NMONYHEeHHA 3aMMOB J0NYCTUMOE MHOKECTBO PacClIHPAETCA,
a 3 peKTHBHBIM MHOKECTBOM CTAHOBHTCA npsamas .

Moprdens, cooTBeTCTRYIOWMKA TOYKe KacaHua M (puc. 12.2), Ha3mupa-

eTCA KacameabHuiM nopmgenem.

T, T l
M

rj.

y

0 o
Puc, 12.2

Taxum o6pa3oM, ONTHMAAbHON AnA M060ro WHBECTOPA CcTpaTeruei
OKa3biBAETCA MHBECTHPOBAHME YAaCTH CPEACTB B KacaTeAbHBIH nopTdes,
a yacty — B Gespuckosbie obauranud. Jlubo naobopor: nosyyenue 3aima
A151 AOTIOTHUTENBHOTO HHBECTHPOBAHMSA B KacaTelbHbil noprdes.
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PazymeeTcs, Ha NpakTHKe TOYHOE HAXOKAEHHE KacaTelbHOro noprdes
HEBO3MOXKHO. Ho U151 MHOTMX NPaKTHUECKUX I1e1eH OKA3bIBAeTCA MoNe3HoH
Mozenb, B KOTOPOH B KavecTse ¢akTopa BeibpaHa JOXOAHOCTh KacaTeb-
Horo noprdess, a TOYHee — Pa3HuLA MEXAY ry, 1 DE3PHCKOBOI CTaBKOI Iy
Takum o6paszom, F = ry - r; ¥ MOZENTb MMEET BUA: '

r =ui+ﬁi(ru —rfJ+£”

rae i — HOMep LeHHOW Oymar.

12.4. HepaBHoBecHble U paBHOBeCHble Moaenu

OueBHAHO, YTO AOXOAHOCTH LIEHHBIX ﬁwar, oﬁpamatonmxcn Ha PBIHKE,
MOXHO PacCMaTpHBaTh B 3aBHCMMOCTH OT BpeMeHH. [IpH aToM 6}’).'I'.YI' 3aBH-
CeTh OT BPEMEHHW HMHCJIOBBIE XAPAKTEPHCTHKH cnyqaﬁuoi'i BEJIHYHHBL T,

P
Taxxe, Booﬁme rosops, ﬁyﬂ.y'r 3aBHCETh OT BPEMEHH H 3HAYEHHA Napame-

TpOB | f.

Mozgenb $HMHAHCOBOro PHIHKA HA3bIBAETCA PABHOBECHOL, €CIIH YHCI0-
Bbl€ XAaPAKTEPUCTHKH BXOAAIIMX B Hee Cy4alHBIX BEJHYHH NMOCTOAHHLI
BO BPEMEHH. DKOHOMHYECKHH CMBICA NOJ0OHOrO NPeAnoNOKEeHUs O4eBH-
A€H: PHHOK CYMTAETCA «yCTOABUIMMCA», cOaNlaHCHPOBAHHBIM. B aTom ciy-
4a€ MOAHO TINIYYHTh HEKOTOPLIE KOHKPETHHIE Pe3y/ILTaThl, CYLIECTBEHHO
yIpouaomme CUTyauuio.

Byaem paccMaTpMBaTh MOAEND 3aBHCHMOCTH A0XOAHOCTH LIeHHO# Gymaru
OT AOXOAHOCTH KacaTeabHoro noprdens (npeanonaraerces, 4To 6e3pucKoBas
CTABKA IMOAYYEHUA H NPE/IOCTaB/ICHHA 3aHMOB /UIA BCEX YYACTHUKOB PhIHKA
OAHA M Ta ke W paBHa ry). Ecau modens pasHosecnas, T. €. puinok cbaran-
cuposaH#bill, mo kacamenvkstll nopmdens ydosaemsopsem caedyrowemy
cgoticmay: 0onA Kaxdoil yerHotll Bymazu e xem coomaememayem ee OmHoOCU-
measHoll puiHourotl cmoumocmu. Takoi noprdenb Ha3bIBACTCA PhIHOYHBIM
1 onpeaenseTca 04Ho3Ha4Ho, Takum obpazoM, paccMaTpuBas PaBHOBECHbIE
MOJENH, MBI DyeM OTOXKAECTBIATE NOHATHA KACATEJbhHOIO W PHIHOYHOIO
noptdens, A0XOAHOCTh KOTOPOro 0603HaYMM I'y,.

HUtak, perpeccHoOHHasA MOAeNb A i-il 1leHHON Gymaru umeer BHA:

r=o+ Bm(rM~rf) + €.

OxaspiBaeTcs, B pABHOBECHOM CJIy4ae HMEEeT MeCTO CIeAYHIIas TeopeMa.

Teopema. Jl1a acex yennsix Bymaz, o6pauiaowuxca Ha poinke, Koagddu-
yueHm o; 0OuUH U Mmom xe u pasex beapuckoaoll cmaske,

Hmeem

F, =u;+ BI.M(FM o l'f}‘*' Ej

PaccmoTpum noptdesb p, COCTOAUMA U3 i-il HeHHOH ByMaru ¥ peiHOY-
Horo noprdens M B Nponopiuu x; 1 1 — x; cooTseTcTBeHHo. Oxuaaeman
JOXO/AHOCTB TAKOro NOpPTdeNns COCTaBUT:
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FP=II-F,-+(l—x,-)FM, (]2.2)
a CTAHAAPTHOE OTKJIOHEeHHe GyaeT
o, =Jx,—20,-2 +(1=x;)26%, +2x,(1 - x;)a - (12.3)

Bee Takue noprdenn oTobpakaloTcs Ha KPHUBYIO, COSAMHSIOWYK) TOUKH
iuM (puc. 12.3).

rp '
M
l
7
0 o,
Puc. 12.3

M3 pasencrtsa (12.2) noayqaem:
dr,

B _

dx- M

1]

a u3 paseHcTna (12.3):

do,  x,0?-0% +x,0% +0y —2X0uy
dx; |Jx?o? +(1-x)20f +2x,(1-x)0py

OTKy/a

dr, (f-Ty Wx20? +(1-x,)20% +2x,(1-x, )0
da,, ) x70f — 0% +0p —2X Oy '

B Touke M x; = 0, OTCI0/1a HAKJIOH KPUBO# B Touke M:

dr, (5 -Ty)oy

; 124
do, Oy —0% o
Ho kpuBas kacaetca nNpAMoii {, noaToMy
dF‘ —_— . —_—
T2 AT (12.5)
do, oy
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INpupasnsas npaswlie yacTH paseHcTs (12.4) 1 (12.5), nonyuum

_ T —r
r.-=r;+{ f]“m-

o
Taknm 06pa3oM, eOUHCIMBEHHBIM NAPAMEMPOM, XAPAKMEPUIVIOUWUM daH-

HY10 UeHIy10 Gymazy, AGAACMCA ee YYBCMBUMEALHOCME «Bema» K peiHOHHOMY
nopmdeni.

12.5. Mogenb oueHKu GpuHaHCOBbIX aKTUBOB (CAPM)’
VpaBHCHHE
n=ry+(fy = )Bm (12.6)

HA3RWBAETCA PHIHOYHON AuKUell eHHoN Oymarn. OHO onpeaendeT 3aBHCH-
MOCTE OHKHAAEMOH JIOXOAHOCTH IEHHOH GYMAaru 0T ee 4yBCTBHTE/IbHOCTH
«beta» (Boy =0 / 0%).

PacemoTpum nopréens

15, w0 Xk, ix,- =1.

=1
JoxoaHocTh nopTdens
n
rp=2 X
i=l
Orcioga UMEEM, UTO OKHAaeMast J0XOAHOCTh

n fl n
Fp = E{X,r, :leir‘f +(FM *i"}:)z]'xl‘ﬁw =T +{FM _rP)BPM'
i= i= i

3aech
n
- cov(r, ) E x;cov(r.ry)
e ok
VYpaBHeHHe
5, =rp +(Iy =1,y (12.7)

HA3LIBAETCH YPABHEHUEM MOOEAU OUEHKU DUHAHCOBLIX akmusoa. [lis
£€ HCTIOJIB30BAHHA HeOOXOAUMO MOJAYYHTh OLEHKH NapaMeTpoB KacaTelb-
H0r0 noprdens — oKHAZeMOH JOXOAHOCTH M PHCKA, a TAKKe KoBapHauui
JOXOAHOCTEH UEeHHBIX 6yMar, BXOATMNX B P, ¢ AOXOAHOCTHIO PHIHOYHOTO

noprdens.

1 CAPM — Capital Asset Prising Model.
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B KauecTBe annpoKCHMALMK PHIHOYHOro (HeHabmoaaemoro) noprens
06LuHO BRIGHpaeTCs HHAEKC, BIUTIOYAOIMA B ceba AocTaToMHO Boabuoe
yucao akiuui (Hanpumep, S&P 500).

B peanbHOM CHTYallHH WHBECTOPY AOCTYIHA OUEHKa PErpeccHOHHOro
ypaBHEHUA

rp=1p= o+ Blry—ry). (12.8)

3naveHue napamerpa B ypabHeHHH (12.8) coBnajsaeT ¢ TAKOBLIM B ypas-
Henu (12.7). [ToaToMy npoBepka aIeKBaTHOCTH Moaean CAPM ceoauTes
K TECTHPOBAHHIO rUnoTe3sl o = 0 B ypapHeHnH (12.8).

Ecau runoresa o = 0 orBepraercs, TO CJ€AyeT, 4TO PhIHOK npebbiBaer
B HEPaBHOBECHOH cHTyalluH. MMEHHO B 3TOM (JIyyae NpaKTHYeCcKoe 3Have-
HUe Mojen PUHAHCOBLIX aKTHBOB Haubosiee OUeBHAHO.

Tax, ecId AOXOAHOCTb LIEHHOM OyMaru Bbillle TOH, KOTOpas 3a1aeTci
ypaBHenueM (12.6), To ymara spaseTcs nepeoyeHeHHoll, B IPOTHBOMNOIOK-
HOM C/Iy4ae — HeO0OUEHEHHOIL.

12.6. (BA3b MeX Ay OXKMAAEMON JOXOAHOCTHIO M PUCKOM
ONTUManbHOro noprdens

IlycTe ANf BCEX YYACTHHKOB DBIHKA HMeeTcs eAHHas 6e3pHCcKoBas
CTaBKa Iy OJYYEHNS M NPEAOCTaRNIeHHA 3aiMOB. Toraa onmumansHbIM oka-
awisaemca nopmgens, npedcmasasiowuil coboil KOMOUHAUUIO KACAMEABHO20
u 6eapuckosozo. ONTUMaNbHBIH NOpPTdeas HMEeT BHA:

Porr = (xosxpxg, -...Xﬂ).

3zeck x, — 4acTh (015) CPEACTB, BAOKEHHEX B Ge3pucKoBbie Gymarn
(kasHaueHcKHe BeKceas), ecau X, > 0, HAH X, — 33aeMHBIE CPEeACTBa,
HCTIONIb30BAHHEBIE IS BIOKEHHA B KacatelbHbld noprdens, ecan x; < 0.
Yuena x,, Xy, Xy, ..., X,, HAXOAATCA B TOM € COOTHOIIEHHH, B KOTOPOM Haxo-
JATCH KOMIOHEHTHI KACATEeAbHOTO Nnoprdens.

O4EeBHAHO, YTO JAOXOAHOCTH ONTHMAJIBLHOTO M KacaTeabHOro noproenei
CBSI3@HBI JHHEHHBIM COOTHOLIEHHEM:

Tp = Xgly + Ary,
OTKyZAa creayer, 4o KoadpduumeHT Koppeasuuu p(r,, ry) = 1, T. e.

cov(r,,ry) (o]
pr'M _Yp
—-7=l HBPM..—-—U 5

CpOm M
Takum obpazom, ypasHerne CAPM umeeT BUA:

Ny -,
Opm

(12.9)

Cp.
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OHo 3agaeT 3aBUCHMOCTL OXKHAAEMON JOXOZHOCTH ONTHMAJILHOrO NOPT-
denst oT ero pucka.

PaccMoTpuM 2eomempuueckull cmbica ypasHenus (12.9). Ipu caenan-
HBIX NIPEANOJIOKEHHAX 0 BEe3PUCKOBON CTaBKe re abdexTHBHOE MHOKECTBO
npeacrasaner coboit npamyio [ (puc. 12.4).

r ot
4 1
P )
—_— pul‘.l T
T
7 \/
0 o, Oy o,
Puc. 124

M3 oueBMAHOTO NOAOOHA TPEYTONLHUKOB CeAYeT:

=Tr _ Ty =Ty
GP Ty

YTO IKBHBAJIEHTHO paBeHcTRy (12.9).

12.7. MHorodakTopHbie moaenu

OanodakTOopHbIe MOAEIH BO MHOTHMX CAYYanX ABAAKTCA BNOAHE afek-
BaTHBIMH, OJHAKO HAllle BCEI0 OHM OKa3bIBAIOTCH CIHIUKOM YIIPOLIEHHbIMH,
M TOT/AA TIPUXOAMTCA PACCMaTPHBATL 3aBHCHMOCTb AOXOAHOCTH LEHHOH
6ymaru oT HeckonbKux (m) $axKTOpOB, T. €. JHHEHHBIE PErPeECCHOHHBIC
MOZENH BUAA:

m
L =0‘+Eﬂkﬁ(kj+ﬁa-
k=1

3aech o, 3, — napameTpsl, F(k) — daKkTophbl, onpeaeasione CoCToAHHE
puitka (i — Homep HabmoaeHun).

Takumu dakropamu MOryr O6bITh, HaNPUMEP, YPOBEHb HHQAALUNH,
TEMIIBI IPHPOCTA BAIOBONO BHYTPEHHEr0 NMPoAyKTa 1 Ap. Ecaun JaHHad LeH-
Has GyMara OTHOCHTCA K HEKOTOPOMY CEKTOPY IKOHOMHKH, TO, He3yC/I0BHO,
crelyeT paccMaTpuBaTh GaxkTophl, cnenuduyeckue Ui AaHHOTo CEKTOpa.

» Mpumep 12.2. B taba. 12.2 npuseaensl JaHHLIE 32 WECTD AT O TEMME
pocTa, yposHe HHQAALHK i JOX0AHOCTH aKunit komnanui Widget Manufacturing.
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Tabnuua 12.2 (40)

l'ox | Temn pocta BBIL, % | Yposeub uudasumum, | J0XOAHOCTb aKIMH,
(temp) % (inf) % (Widget)
1 57 1,1 143
2 | 64 44 19,2
3 7.9 4.4 234
4 7.0 4,6 15.6
5 51 6.1 9,2
6 | 2,9 1 3,1 13,0

Pacemarpupaetes pakTopHas Moaens Buaa:
Widget = o + P temp +fp,temp.

C noMouibio MeTo/la HauMEeHbIIMX KBAZPATOB NOAY4aeTCd YpaBHEHHe
BHAA:

Widget =5,77 + 2,17temp—0,67inf.

I]pu 3TOM CpejilHHEe KBajJpaTHHeCKHe omunbKu OUEHOK nmapaMeTpos
B, u B, paBuam 1,125 u 1,162,

CreayeT CTPEMHTBCH K BO3MOXKHO MEHbLIEMY KOJIHYECTBY OOBACHAIOLIAX
nepeMeHHbIX (PaKTOPOB), MOCKOABKY KPOME YCAOKHEHHA MOAENH «THI-
Huer» GaKTOPH MPHBOAAT K YBEAHUYEHHIO OIINOOK oueHoK. Tak, B pacemo-
TPEHHOM TIpUMepe CTaHAapTHas omnbKa oleHKH napamerpa [}, okazanace
Gonbuie ee 3HaYeHWA 1o abCoAOTHONH BEeAIMUHHE. ITO HABOHUT HA MbICIb,
YTO YeTKOH 3aBHCHMOCTH JOXO/IHOCTH aKIMi KoMnauuu Widget oT undua-
MK HeT. B aToM caydae ectecTBeHHO yAanauTh GakTop MHGAALMK H pac-
CMaTpHBaTh 3aBHCHMOCTH A0XOAHOCTH Widget ToNbKO OT TeMna pocta BBIL
CooTBeTCTBYIOlIIEE YPABHEHHE pPerpeccum

Widget = o + 3, temp,
OLIEHMBAEMOE C MOMOLIbIO METO/IAa HAMMEHBITHX KBAaAPaTOB, UMEeT BH/L:
Widget =4+ 2temp.

Ipn aTom ommbka napamerpa §; YMEHBIIAETCA U CTAHOBHTCA PABHOM
1,002.

OaHako B peajbHbIX CHTYalUAX NMOPOH MPHUXOAMTCA paccMaTpUBaTh
MO/AEH 3aBHCUMOCTH OT JECATKOB M jlake coTeH GaKTOpOB.

12.8. MHorogakTopHan mofienb OLeHKM PUHAHCOBbIX aKTHBOB

OaunH K3 NpUMEPOB MHOTOGaKTOPHON PErPeCCHOHHON MOJETH GHUHAHCO-
BOTO PHIHKA ABAAETCA MOAENb BHAA
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m
rp =77 =X Buln —ry), (12.10)
k=1
rjie r, — AOXOAHOCTH HEKOTOPBIX BhUIENIEHHBIX nopTdenei. U3 ypasHenns
(12.10) cneayer:

=Ty =£Bk(ﬁ =ry),

4TO, OYEBMHO, NpeACTaBIseT MHOrodakTopHoe 0606menne mogenn CAPM.
Kak u B ognodakTopHoit mogenu, napameTps 3, OLEHHBAIOTCA € NOMO-
b0 yPaBHEHHA

rP_rf=a+§ﬂk(rl:"rf)- (12.11)
k=1

Ilpu aTom B caydae moaenu CAPM a = 0.
B HEpaBHOBECHOM K€ ciIy4ae

=T, —[rf + Eﬁk(ﬁ—ff)]
k=1

€CTh NPEeBLIEeHHe AeHCTBUTENLHO HabloaaeMol cpeaHel J0XOAHOCTH
AKTHBA HaJl «HOPMAJIbHOH» JOXOAHOCTBIO.
MOXHO NOAYIHTh OLEHKY O, olleHnBaa KO3pOHUHEHT perpeccuu o
B ypasHenuu (12.10) no npeasicropun. Takad OUEHKAa HasblBaeTCH
u-koadpduyuenmom Hencena.
Ecau (>0, aKTHB CHMTAeTCA ycnemHbM (éro A0X0AHOCTE TIPEBbIIaeT
HOPMAJILHYI0), H TOI/1a €10 CTOMT BKII0YaTh B NOpTheb.
JIpyruM nokasaTesem, 4acTo MCNosb3yeMbIM /UIS OlleHKH GpuHaHcoBOro
aKTHBA, ARAAETCA KoaPduuuenm [apna:
Shir)="—"1. (12.12)
G.l
Koaddpuuuent llapna — a0 okugaeMoil 10XOAHOCTH Ha €AMHHLY
pHCKa.
WHBecTOp, Kak npasuno, CTpeMUTes BuIOGMPAaTh aKTHBL ¢ 66ALIIMM
koapdunuenTom lapna. Kak creayeT U3 puc. 12.2, MAKCHMaJIbHOE 3Have-
Hue koadpdunmenTa (12.12) aocTHraeTcs Ha KacaTelbHOM noprdene.

12.9. Ap6utpaxHble cTpaTeruu

[lop apbumpaxnoil cmpamezueii TOHUMAETCH CTPATErMA, KOTOpas
rapasTHPOBAHHO NPHHOCHT JOXOA HE HIKE, a NpH YAAYHBIX 06CTOATENb-
CTBaX CTPOTO Bhillle HE3PUCKOBOM CTABKH. B peaibHOH CHTYallHK CTpaTerus
cyuTaeTeAa apbumpaxcHoil, eCM B pe3yabTaTe A0XOAHOCTD Bhillle PIHOYHOM
0Ka3BLIBAETCS C AOBEPHUTENLHON BEPOATHOCTLIO Py, (Hanpumep, P, = 0,95).
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Ha npaxTuke apOuTpaKHBle CTPATErHu MUIVTCA € MOMONILIO 3KOHOME-
TpHYeckux moaeneit. Iyers Fy, ..., Fp — dakTopsl, onpeaensiomme A0Xoa-
HOCTH R, ..., R, aKTHBOB (n 3HauHTeAbHO npessiaer k). PerpeccHonbie
YPaBHEHHUSA UMEIOT BH/A!

k
R =0+ Y B,F +¢,. (12.13)
s=1

TIycTb CHMTAIOTCA BhITIOJHEHHBIMH YCIOBHA:

1)F, 1 £, He KOppeaHpyIoT;

2) AMCrepCHy €; HAMHOIO MEHbIIEe AUcnepcHid R,.

Ha npakTuxe ycaosue 2 o3HavaeT, yTo ypaBHenue (12.13) uMeer Bhico-
Kuit KoaddununeHT getepmunauui. [ycrs noprdens w = {w,, ..., w, } nogo-
6pan Tak, uyTo «yOMBAETCA» 3aBUCUMOCTD OT (PaKTOPOB, T. €. BHINOIHAKTCH
paBeHCTBa

n
Y w, =0 unaBeexs =1, ..., k. (12.14)

Toraa A0XOAHOCTE K AUCNIEPCHA TIOPTHEIIs HMEIOT, COOTBETCTBEHHO, BHA

u:E(R,,]:ia,-w,-; (12.15q)
i=1

n
0?=D(R,)= ¥ wiw,. (12.166)
i,j=1

ApbHTpax A0CTHIAETCA, €CIN BLINOIHEHO YCIOBHE:
A=p-r-to>0. (12.16)

Ha npakruke, oqHako, BMECTO napameTpos «,, P, (1; umeiorea aums
MX OUEHKM a;, by, s;. Toprdens, Takum obpaszom, noabupaerca Tak, ¥To
BBINIOJIHACTCH YCIOBHE:

Zwibj_‘:O. (12.17)
=1
OueHky napamMeTpoB nopThess NpH ITOM HMEKOT BUA:
m=ER,)=Y aw;; (12.18a)
=1
s2=D(R,)= ¥ WiS;W;. (12.186)
1

ij=

W smecTo yeaosus (12.16) nposepsaeTca yciosHe:
l=m-~-r—ts>0. (12.19)

252




Hackoanko yenosue (12.19) rapaiTHpyeT BuToaHeHHe yeaosu (12.16)?
ECTECTBEHHO OMAATD, YTO YEM BhIE KOIPPUIMEHT JeTePMUHALUN ypas-
HeHus (12.13), Tem BeposTHee BHIIIOJIHEHHE 3TOro yciaoeus. Metolom
KOMITBHOTEPHOIO MOAENHPOBAHUA MOMKHO NOATBEPANTE, YTO TIPH JAETEPMH-
Hauuax B rpanunax (0,9—0.95) nvepapercerso (12.16) BhNoAHAETCS Npak-
THYECKU BCETAA, N BRINOJHEHO yeaoBHe (12.19).

Mozaeas biaoka — Jinrepmana. OZHUM U3 CAMEBIX 3HAMUTEIbHBIX PE3Y/IL-
TATOB KJAACCHYeCKOii PUHAHCOBOI IKOHOMUKH ABIAETCH NOpThesbHaA Teo-
pua Mapkosuua — Hlapna, KOTOpada, B YaCTHOCTH, VIBEPKAAET, YTO UMe-
ETCH ONTHMAIBHBIN (U1 BCeX MHBECTOPORB) NOPThENs, KOTOPLIH HMEET BH/:

w =10 (u—ri), (12.20)

rae W= (fy, ooy My,) — BEKTOP OMMAAHUH A0XOZHOCTEH, (! — maTpHila
KOBapualMi JIOXoAHoCTeH, r — Ge3puCKoBasA CTaBka, T — TOJCPAHTHOCTH
K PUCKY. JIETKO MOJYYHTD, 4TO

1_E(R,)-r
t  DR,)

Ha npakruke, 04HaKO, 3Ha4EHUA NAPAMETPOB HEM3BECTHRI. Bosiee Toro,
OIEHKH JIOXOAHOCTCH m, BOoDIe roBopA. He MOTYT OHTL NOAYMCHE 00BIY-
HBIMJ METOZAMM CTATHCTHKM W3 BPEMEHHBIX PAJOB, TaK Kak BHIOOPOYHbIE
CTAHAAPTHLIE OTKJOHEHHs Ha JABa NOPALKA NPEBOCXOAAT BRIOOPOYHbIE
cpesHue,

Moaeas baska — Jlumepmara npeanonaraet odpaTHed nogxoa. Oua
HCXOIMT M3 TOTO, YTO M3BECTEH KAaK pa3 PEIHOMHLIA noprdens, Ha camom
JIeJ1¢ BAPHAHTHL PHIHOYHHIX NOpTdeael nNpeaaraloT aHAIHTHUECKHE areHT-
cTBa. Takue NpeilaraeMuie BAPHAHTLl HA3BIBAKTCA DeHuMapKamu.

MrTak, npeanonaraeTcs, 4To U3BECTeH DEHUMapK wy M aJeKBaTHhIE
OUEHKH OKUAAHUA |1y ¥ AMCTIEPCHH OF €ro 0XOAHOCTH Ry TlycTh Taike
nosayvucHa oleHka Q MmaTpunn kopapuanuu (). Toraa U3 paseHcts (12.20),
(12.21) MOXHO NMOJVYHUTEL OLEHKH J0XOAHOCTEH BXOAAILWX B DeHUMapK
aKTHBOB

(12.21)

m_‘,,z.i!_f;j’"qwﬂm. (12.22)

Ouenky (12.20) HA3LIBAIOTCA PHIHOYHBIMU.

Mozeas baska — JluTepmana npejocTapigeT HHBECTOPY BO3MOMKHOCTh
NOMNBITKH «TIEPEUTrPaTh DEHUMAPK». DTO MOKET HOAYUHThCA, €CIH YAACTCH
NOJVIUTh OUEHKH A0XoAHOCTeH fojee TOYHBIE, YeM phiHOMHbIE. Lid 3TOro
HHBECTOP MOMKET BOCHOAb30BATHCH MHEHMAMH BHEIIHHX DKCIIEPTOB,

[IpHMEpH! AKCTIEPTHBIX [IPOrHO30B:

1. JloxoaHocTe akTHEBa I, coctasut 1,2%.

2. JIOXOAHOCTH AKTHBA I, IPEBBICHT JOXO/IHOCTL aKTHRA I, Ha 0,5%.

3. JloXoAHOCTh AKTHBOB [, [5 NPEBRICHT AOXOAHOCTHL aKTHROB I, I,
Ha 0.4%.
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[1pu 5TOM IKCNEPTHAA OLUEHKA COAEPKHUT TakKe OLEHKY AOCTOBEPHOCTH
NPOrLo3a.

[Tporrossi 1, 2, 3 MOXHO 3anKcaTh CleAyomMM o6pasom:

1.R, = 0,012,

2.R,—R; = 0,005.

3.R; + Rs - R - R, = 0,004.

O6mmi MOAXOA K PACCMOTPEHMIO IKCIEPTHBIX OLEHOK CICAYIOUIHH.
[Tycte R — HeKOTOpBI# PHIHOYHBIH BEKTOD CAyYalHBIX BeJHYMH (HanpH-
Mep, aoxoaHocreit) — RT = (Ry, ..., R,). DKcneprHbie OLEHKH 3aaloTcs
B Buae Matpuust P(k, n), KoTopas HasmBaeTca «cbopouHoi» (pick matrix).
B Hamem npuMepe MaTpHulia HMeeT BHA:

100000 000
Plka)=[0 1 -1 0 0 0 0 0 O

000 11-1-100

PR~ N(M ey Q). (12.23)

B namem npumepe ml,, =(0,012;0,005;0,004). Marpuua (2, onpeaens-
€TCA HCXO/ U3 OLIEHOK 0CTOBEPHOCTH NPOrHO30B,
ITycTh HMEIOTCH PHIHOYHBIE OUEHKH: My, Q. [lpeanonaraercs, 4ro:

R ~N(my, Qy). (12.24)

OcHoBHas npeanocsuika Moaenu baska — JluTepmaHa: poIHOYHBIE
AOXOAHOCTH CaMH 1o cebe ABIAIOTCA cnyqaiiuhmu BEJIHYHMHaAMH, VIOBJICT-

BOPAIOUIMMH YCIOBHIO!
mM=n+¢, (12.25)

rae mn — «MCTHHHBIE» JOXOAHOCTH, a

e~N(0,X ). (12.26)
3azaya NOAYYHT OLEHKY 7. [IpH 5TOM npearnonaraercs:
Y. =AQu, (12.27)

e A — HeKOTOpbli Koad)HILHEHT NPONOPLHOHAIBEHOCTH, 110 IOTHKE HEKO-
TOpOE Majioe YHCI0.
TTpOrHO3bl IKCNEPTOB 3aNHUCHIBAIOTCA B BHAE:

g=Pn+§ (12.28)

e
E=NI(0,} ), (12.29)
Cov(e, &) = 0. (12.30)
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Ypasuenus (12.25), (12.28) MOXKHO 00BEHHATD B O/IHY PErPECCHOHHYIO
moaes. Onpeaennm sektop Y(n + k, 1): YT = (i, ¢"); maTpuuy perpecco-
pos X(n + k, n): XT = (l,, PT); BexTop omunbok perpeccun — nin + k, 1):
N’ = (€7, £7) ¢ HyneBbIM CpeAHNM U B10YHO-AMATOHANBHON MaTPULIEH KoBa-
puanuu (2. Toraa ypasHenus (12.25), (12.28) npuHUMAIOT BUA:

Y=Xn+n. (12.31)

[Tpumensasa k (12.31) obobuweHHBIH METOA HAMMEHLIIMX KBAAPAaTOB,
NOAYYHMM:

R=(XTQ 1 X1 XTQYY, (12.32)
T. €.

k=(Z, +PTE Py I 'my + PTE ), (12.33)

myy =R =[(1Qu) + PTQLP] " [(1Qu)my + PTQLq].  (12.34)

M3 (12.24), (12.25), (11.28), (12.29) cieayeTR = 1t + € + & ¥ M3 HEKOpP-
PETMPOBAHHOCTH €, & CreayeT Q=Quy + 3 i

Martpuua koBapuaumn obobuwesHoi mogenn perpeccuu (12.31) umeer
BHA: Q = (XT01X)-!, Takum obpasom:

Qu = Qg = Qu +[ Q) + PTQLP] (12.35)

loprdens, COCTABAEHHBIA ¢ Y4€TOM MHEHHS JKCNEPTOB, HAXOAWTCA
no gopmyane (12.20), B KOTOPYIO HAA0 NOACTABUTL My, Q.
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masa 13
NMEMEHTbI TUHEAHOW ANTEBPbI

Annapar JIMHeHHOH, H B YaCTHOCTH, MATPHYHOH anrebpr! AapiseTcs Heob-
XOAMMBIM HHCTPYMEHTOM JUIA KOMNajaTHOro ¥ 3dpdexTuBHOro onucanus
M aHANW3a IKOHOMETPUYECKHX Mojdese U MeToa0B. Huke (Kak npasuio,
fe3 10Ka3aTeNLCTE) NPUBOAAT KPATKHE CBEAEHHA M3 TMHeHON anrebpsl,
HeoOXoAUMEIe /1A M3YyYeHUA aKkoHoMmeTpHuKH. Bosee noapobuo ¢ meto-
JAaMu IMHEHHOH aaredpbl MOJAEHO TO3HAKOMHTLCA, HaNnpUMep, B NoCo6HAX
[6—8], [17].

13.1. Matpuubi

MarpHueit paamepa (m x n) win mn-mampuuetl Hazsigaemes mabauya
yucen, codepxawyas m cmpox u n cmoabyos. Matpuisl o603HaqaloTcs npo-
NHCHBIMM JIATHHCKUMM ByKBaMM, Hanpumep,

ayp @z e @y e Gy
21 Q2 . @5 o Qg
Aml 56 W 6w m A (13.1)
@G QG .. G .. G
Omi Gmz o+ Guj ov» Gun

Wi A, = (a;), rae a; — 3neMeHT MaTpuubl. Hapsaay ¢ KpyrabiMu koG-
KaMH HCTIONB3YIOTCA M Apyrue obosHavenns: [ 1, || | |.
Budst mampuy

Ecnmm = 1,10A,,, = (a,, @), ... |Ecmn=1,10
a,,) — mampuya (Wi eexmop)- a
cmpoka pasmepa n. 3

a3
Apa = — Mmampuua

@y,
(uam eexmop)-cmonbey pasmepa m.

Ecam m = n, 10 A, , — K8AOPanHaa Mampuya n-20 nopaoka.
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Emua{j=0rrpui;=j, Ecau Ecjmal-,-=0(i=l,...,
T0A, =D — a;=0npuizj; |n),ToA,, =0y, —
JuazoHanbHAS MAMPUYa; Hyae8as mampuua,

a; =lnpui=j,
S e WIH HYTb-Mampuya:

T0 A, = E, (wm E),
edUHUYHAs mampuya

n-ro nopaaxa:
a; 0 .. 0 10 ..0 00 .. 0
0 ag .. 0 01 ..0 00 ..0
D= =| E,= O = .
0 0 .. a, 00 .. 1 0 0 .. 0

=diag(a;; az; ... Ay, ).

Paserncmeo mampuy
Marpuubl A, ., = (a;) u B, = (b;) pasum, T. €. A = B, ecin a; = b,
i=1.,.mi=1 .0

OnepanMu HaJ MaTpHuamM#u
1. lIpouseedenue mampuubi A, ., = (a;) na wucro A ectb MaTpuua B, =
= (by):
B=Alecmb; =gz i=1,..,mj=1,..,n (13.2)

B yactHoctH, A- 0 = 0.
2. Cymma dsyx mampuy A, ., = (ay) n B, ., = (b;) ecrs matpuua C,,,, =
= (e

C=A+B,eumcy=a3+byi=1..mj=1..n, (13.3)

B gactHoc™i, A + 0 = A,
3. lpou3sedenue mampuybt A, ., = (ay) na mampuyy B, ., = (b;) ects
marpuna Cy,., = ()

n
C=AB,ecnuc;= Y aghy, i=1,...m;j=1,..,n. (13.4)
k=1

W3 onpeAeneHna CAeAYET, 4TO JUIA YMHOKEHHUA MaTPHLBl A H B I0/DKHB
BbITh CO2NACOBAHKBIMUL HUCAO N cMOABY08 Mampuybl A dOANHO Bbimb pasko
YUCAy cmpoK n Mampuust B.

> Ipusmep 12.1. Jlans: MaTpuiib:

A-F : B—[z Y B]
- e 20
5 6
Haitri AB u BA.

Pewenue. Pasmep MaTpUilbl NPOH3BEACHHUA Ay, , " B, 3 = Cs,a1



32+4-9 37+4-2 3-8+4-0) (42 29 24
Cos=AB=[1.2+29 1.7+2:2 1.8+20/|=[20 11 8|
52+46.9 57462 58+60) \64 47 40/ -

AHAMOTAMHO By 3 * Az s = Cayas

o —Ba- 23471485 24+7.2+8:6) (53 70
P27 9.342:140°5 9.4+42.2+40.6) (29 40/
Monyunan, 9T0 NPOH3IBEAEHHA MaTpul AB 1 BA CYIIECTBYIOT, HO ABAAIOTCA
MATPUIIAMM PasHEIX pasMepoB (Nopasxos). '

B 4acTHOM caydae
AE = FA = A (13.5)
4. lenaa noroxcumensnar cmenens A™ (m > 1) KBaapaTHOM MATPUIIE
ecte A" =A A A,
\_\f_‘
m pas

[lo onpeaeneHHIO,
Al = E, A = A, An Ak = Am+k,

(Amk = Amk_ - (13.6)

Ocobennocmu onepayuil Had Mampuyamu.

B obuiem crysae AB # BA, T. €. YMHOKCHHE MATPHL HEKOMMYTaTHBHO.
Ecan Am= 0 i1 AB = 0, TO 2TO €1ig He o3HagaeT, auro A = 0w B = 0.

TpaxcnoHuposaHue MamMpuysl — nepexod om mMampuyst A K mampuue
A" {(vnu A7), 8 xomopoil crmpokl U cronbuysbt NOMEHAMICH MECTAMU C COXPa-
HeHUeM ux nopadka,

Ecnn A, x, = (a3, TO Apyn =(a;;). Hanpumep, ecau

25

a=(2 3" a3 s
“ls 2 oy T :
4 0

Ceoticmea onepayuy MPaxcnOHUPOBAHUR:

1. (&Y =A. 3{A+B)Y=A"+P.
2, (AA) = »A" 4. (AB)" = B'A’, (13.7}

3ameTHM, ecn Ay, = (gy), T0 AA" n A’A ecTb keadpammete MATPHUEI
COOTBETCTBEHHO M-TO H N-TO TOPAJKOR,
B yactHocTH, ectH A = (@, a; ... a,)” ecTe MaTpuLa (BexTop}-cToNGeL,

n
10 A’A=) af — KBaZpaTHas MaTpuua 1-ro mopsagka, T. €. Yucao; a
i=1
at aa a ' SR e
{ 1Az e g
AA'=|aye, af ... @0, |— KBaApaTHas MaTpHla n-ro 1nopajxa.
a,a, auap .. a2
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13.2. Onpegenurens U cnep KBaApPaTHOW MaTPULbI

Onpedenumenem (wiu demepMUHAHMOM) KEadpamHoil mMampuust
n-20 nopadka (iu onpedenumenem n-20 nopadxa) A, = A, = (a;) Ha3si-
saemcst yucao, oboanauaemoe [A| (mim A, detA) u onpedensemoe no caedy-
HOWUM NpasiLIam;

npun =1 A = A = |ay| =ayg; (13.8)
a, a

npun =2 Ay=|Ay|= R ™ =@y Ay —dg10p2; (13.9)
Gz G

dyy Q2 ‘113|
npun =3 Ay=|Azl=lag; ap ayl=
d3; A3z dag|
=d1App033 + 0203303 + 303,033 —

— 030,073y —Ay207,033 — Ay 1033, (13.10)
P [Ipumep 13.2. BH4ncAuTL OnpeaensTenn:
5 -8 7
4 7
a)A;= 3 B) A =-3 4 5.
-6 3 2
Pewenue:

a) [No dpopmyane (13.9)

4 7
A, =J3 431:4 (-8)-3.7=-53;

6) Mo ¢popmyne (13.10)
5 -8
A.‘i =-3 4 =
-6 3
=54-2+(-8)-5:(-6)+7-(-3)-3-7-4-(-6)-(-B)-(-3)-2-5-5-3=262
(INpu sEYHCIeHnK onpeseanTend 3-ro nopaika A, HCNOAb30BARH NPAGUAD
Mpey2onbHUKOE, COMTACHO KOTOPOMY COOTBETCTBYIOULINE MPOU3BEJEHHA TPeX aje-
MEHTOB MaTpHLbl HEPYTCA CO IHAKAMH «+ » K «—n!

® @

@y, @ @y
Gy @y 4y ). »

@y Qa3 ay

Onpedeaumens keadpamuoll mampuust n-20 nopadxka (wiu onpedenu-
mens n-20 nopadka) npu aobom n onpenensercsa bonee c10xHO. OH MOKET
HLITE BHIMMCAEH € NOMOUIBIO PAINOMEHUS NO IAEMEHMAM CMPOKU UAU
cmoabya (meopemst Jlannaca):
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n

|Al= Y a5y, j=1,...n(i=1,..n), (13.11)
=1
(j=1)
rAe a; — 3IeMeHThI aroboi crpokn (croabua), Ag— anreSpandeckoe J0no-
HEHHe 3/1eMeHTa a,:

Ay = (-1)M; (13.12)

M;; — muHOp dreMeHTa a; — onpeAeanTenk MaTpuusl (n - 1)-ro nopaaka,
TIOAYHYEHHOI M3 MaTPHILI A BEIYEPKHUBAHHEM i-I1 CTPOKH M j-TO croabia,
P Tpumep 13.3. BuaneauTs onpegesutent A, MaTpuiln 13 npumepa 13.2,
PA3JIOKHB €r0 NI0 AAeMeNTaM CTPOKH {cTonbua).
Peuwtenue. Packnaaksan no ajleMeHTaM, HanpuMep, 1-i CTPOKH, NOAVIHM
no dopmyae (13.11) ¢ ywerom (13.12):

5—87’

-3 4 5=

6 3 2

4 5 \ -3 5| |3 4
—SAH—BA}EV?AU.—5{—1)""3 QJ*(—B){—U“ & 2{+?{"I}M-ﬁ 3‘:

= 5(-7) + (-8)(-24) + 7-15 = 262.p»

Caotiemsa onpedeaumenet:

1. |A] = |A).

2. Mpu nepectaHoBKe A06RIX CTPOK MATPUIIEL MEHAETCA TOJALKO 3HAK
ONPEACTHTENA MATPHILBI.

3. |A] = 0, ecan aneMeHTH ABYX CTPOK (MM CTOABLOB) NMPOHOPIHO-
HaJbHBl (B YACTHOM CJlyyae — paBHEI).

4. 3a 3HAK ONpeeNHTeNs MATPHILH MOXHO BBIHOCHTE OBIIMH MHOXH-
TeAb ANEeMEHTOR JIoO0H cTpoku (cToabna).

5. OnpedeanTens MaTPHIEI HE M3MEHHTCA, €ClTH K weMeHTam siobok
CTPOKH (1K cTOAGILa) NpHOGABHTE 31€MEHTBI APYTroi cTpokH (Ham cToabua),
VMHOMKEHHBIE Ha OAHO M TO %€ YHeI0,

6. |AB| = |BA| = |A| - |B|, rae A, B — kBaapaTHbie MaTPHILEL,

7. |2A| = At|A|, rae X — uueao, n — NOPAAOK MaTpHILsl A.

8. |diag (ayy Qg v Gpy) | = @41 A5 .. Uy

g |E | = 1.

Caedom xeadpamuotl mampuyst A n-20 nopsaka (oboznauaerca tr(A)
(o1 aHMMICKOTO C0BA «trace»)) HA3LIBALMCS CYMMA €€ OUA2OHAABHBIX ANe-
MEHIMOB:

n
tr(A) =0y, + @y +... 4+ lpy = 3, Qi (13.13)
i=1
Ceolicmea ceda mampuiy:

1. tr(E,) = n.
2. 1r(AA) = Atr(A).
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3.tr(A7) = tr(A).

4. tr(A + B) = tr(A) + tr(B). (13.14)
5. tr(AB) = tr(BA).

B wacrrHocTy, e A — (n x 1) Bekrop-cronbern, B = A', To

tr(AA") = tr(AA), (13.15)

rae, HanoMHuM, AA" 1 A’A — COOTBETCTBEHHO KBa/I|paTHblE MaTPHLUH
n-ro U 1-ro NOpAAKOB.

13.3. O6parHas maTpuua

Mampuua A Hassisaemca HeesipoxcoenHoil (Heocobennoil), ecin |A| #
# 0. B npomusnom cayuae (npu |A| = 0) A — sbipomdennan (ocobennan)
MaTpHIia.

Mampuua A-' nassieaemea obpamuoil no OMHOWEHUIO K K8adpamHoil
Mmampuue A, eciu

A1A = AA- =E. (13.16)

Js cyuwecmeosanus obpamuoil mampuyst A #eobx00umo u d0CmMamo4Ho,
umobbi |A| # 0, m. e. mampuya A 6bi1a HeabIPONOEHHOI.
Ob6paTHaa maTtpuua MoxkeT 6bITh HaieHa 1o popmye

Al=—A, (13.17)
[A]
rae A — NpHCOeJMHEHHasA MaTpyua:

Ay Az .. Ay Ay Ay o Ay
il ;o g A Ap o« Ag
Anl An? wee Ann A]n AZn s Am: y

T. €. MaTpuLa, 31IeMeHTh KOTOPoil ecTh aarebpanyecKue AONONHEHUA Ay
3JEMEHTOB MaTPHLBI A’, TPAHCTIOHUPOBAHHOM K A.
» [pumep 13.4. Jlana maTpuna

4 3 6
A=|-1 0 -3,
3 -1 2
Haitti A,
Pewexne.

1. |A| = =27 (perancasem no popmyae (13.10) wan (13.11)). Tak kax |A| = 0,
To A-! cylwiecTsyer.

4 -1 3|
2. A=[3 0 -1.
6 -3 2!




3. A=

-3 -12 -
-7 -10 6/,
11 13 3|

r€ 3MEMEHTH eCTh anrebpandeckne A0NOTHEHHS A, 21eMeHTOB MaTpHibl A', onpe-
Aensemsie no (13.12).

1 -3 -12 -9) ( 1/9 4/9 1/3°
4. A":? -7 <10 6 (=| 7/27 10/27 -2/9|.W
1 13 3 -1/27 -13/27 -1/9
Csoticmsea o6pamHoll Mampuysi:
1
LA '=—,
|Al
2.(AN)=A

3. (Am)1 = (A-1)m.

4. (AB)' = B''A'!, rae A, B — KBaZIpaTHLIE MATPULBL.
5.(A1)'= (AL

6. (diag(a;, az;... a,,))' =diagla;] a3} ...a;}).

(13.18)

13.4. PaHr maTpuLbl ¥ NWHEHHAA 3aBUCMMOCTb ee CTPOK (cTon6uoB)

Panzom mampuyst A (obosHavaercs rang A wan r(A)) Hazwieaemces Hau-
gbicuLll NOPROOK €€ MUHOPOB, OMAUNHBIX OM HYASA.
P IIpumep 13.5. HaiiTi pair maTpHus

40 2
2 01
6 0 3
(8 0 4

-

Pewserue, Jlerko y6eguTHCA B TOM, YTO BCE MHHOPHI 2-ro NOPAAKA PaBHBI HYTIO
4 0 4
(nHanpumep, 12 j = D.IO j: 0, 16 ;’ =0, N T. A.), a CIE0BATENLHO, PABHBI HY/TIO

MHHOPE! 3-TO NOPAAKA ¥ MHHOP 4-T0 NOpAAKa.
Tax xaK cpean MHHOPOB 1-10 NOpAAKa €CThb He paBHble Hyal0 (Hanpumep,

|Al #0uT.a), TO0r(A) =10

Ceoticmea paxza Mampuybl:

1.0 < r(A) < min(m, n).

2.r(A) = 0 Toraa ¥ ToABKO TOrja, Koraa A — HyJAeBas MaTpHUa, T. €.
A=0.

3. s KBaApaTHOHW MaTpMilbl A n-ro nopaaka r(A) = n Toraa 1 TOJAbKO
TOI/1a, KOTAa A — HEBBIPOKACHHAA MAaTPHLA.

4.r(A + B) = r(A) + r(B).

5.7r(A + B) = |r(A) -r(B)|.

6. r(AB) < min{r(A), r(B)}.

7. r(AB) = r(A), eciin B — KBajipaTHasi MaTpHIla n-ro NOPA/AKa paHra n.

8. r(BA) = r(A), ecn B — kBajipaTHas MaTpHI@ m-ro nNopajaKa pasra m.
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9.1(AA") = r(A’A) = r(A), rae AA" u A’A — KBajpaTHbBIE MaTPHILBLI COOT-
BETCTBCHHO M-'o 1 nN-ro ITDPHJLKDB.

10, r(AB) = r(A) + r(B) - n, rae n — YMCA0 CTOABIOB MAaTPHILLI A HAH
CTPOK MaTpuub B,

TloHATHE paHra MaTPHIbl TECHO CBA3AHO C MOHATHEM JMHENHOM 3aBUCH-
MocTH (He3aBHCHMOCTH) ee CTPoK (WM ¢Toabuos),

[lycTb CTPOKHM MATPHIH A:

€ = (a” 012 ras ﬂ]n), 82 = (nzl ﬂzz ves aZI'I)’ weny em = (el‘l'l'i emz e emn).

Cmpoka e Hasbiéaemcs AuHelnoll xombunayuel cmpox e, e;, ...,
€,, MaTPHLBl, €C/TH

e=Ae; + Axey + ... + Aqeq, (13.19)

TAE Ay Agy Ay — Kakue-mo uncaa. (Pasencrso (13.19) nonuMaeTcs B cMbicae
noaneMeHMHo20 CIOKEHHA CTPOK, T. €. paBeHCTBY (13.19) coorBeTCcTBYET
n PaBeHCTB /UIA 3JIEMEHTOB CTPOK ¢ Homepamu 1, 2, ..., n.)

Cmpoku Mampuusl €y, €,, ..., €, HA3LIBAOMCH NUHEUHO 3ABUCUMbBIMU,
eCAU CYUWECMBYIOM MAKUE HUCAQ Ay, Ay, vy Ay, U3 KOMOPBLX X0MA bt 00HO
OMAUHHO OM HYAR, WMo AuHellHas xombunayus cmpok paeHa Hynaesoll
CMpoKe:

.A-Ie] + Azez + iie ¥ 1383 - 0, (13.20)

rae 0 = (00..0).

Ecan pasencTso (13.20) BLIMOAHAETCA TOTAA H TONLKO TOTAA, KOTAQA Ay =
= Ay = .. = Ay = 0, TO CTPOKH MATPHIILI HAa3bIBAIOTCA AUHEIIHO He3aeu-
CUMBIMU.

Pane MaAMpuybl paseqd MAKCUMAAbHOMY YUCAY ee JIUHETIHO He3ABUCHMBIX
cmMpoK uau cmoabyos, yepea KOMopbie AUHEIHO BbPANCAKMES BCE OCMAAb-
Hble ee cmpoku (cmoabuybt).

13.5. Cucrema nuHenHbIX ypaBHEHWH

CucreMa m JIMHEHHBIX YPaBHEHHH € N NepeMeHHBIMH HMEET BH/:

anx; + GpXp + ..+ GX; + ..+ GpX, = by

dzlxl + 0221'2 *+ o * (12,,.1'}- P aw W ag,,xn = bz:

@GuXy + GpX; + .. + @GiX; + .. + apX, = b;

ApyX; + AmaXp + o+ AiX; + e+ GpXy, = by,

WJIH B KPATKOH 3aIMCH ¢ MOMOIIIBIO 3HAKOB CYMMHPOBaHHA:

T
Za,jA,3=bf,f= I....,m. (1322)
j=1



B maTpuuHoit popme cucrema (13.21) umeer Bua:

AX = B, (13.23)
rae
Q. @z e Gy X b,
a a S
A=| @ 22 2n X = X B= b, ]
Ay Q2 e Oy Xn bn

Ec/iM 4HCIo ypapHEHHWH PaBHO YHCIY NePEMEHHBIX, T. €. M = n, ¥ K8a-
Opamuas mampuya A — nesbipoxcoennas (|A| = 0), mo cucmema (13.21)
UMeem eOUHCMBEHHOE PellerlLe:

X =A"B. (13.24)

OTO JKe pelIeHHe, T. €. NEPEMEHHBIE X, X, ..., Xj, ..., X, [IPH M = N, MOTYT

OpITE HaWaeHk no dopmyram Kpamepa
A,
X; =Z’,1 = L, (13.25)

rae A — onpesenuTens MaTpuubl A, T.e. A = |A;

A; — onpeaenuTeNb MAaTPHULI A;, TONY4AEMO# M3 MaTPHIlEl A 3aMEHOH
J-ro cronbua cTonbuom cBo6oAHBIX YIEHOB, T. €. A = |A].

P [pumep 13.6. PetinTs MeToAOM OBPATHON MATPHIBI CHCTEMY YPABHEHHH

4x, +3x, +6x3=12;

-X; —3x3=0;
3x; -x3+2x3=5.
Pewenue. [lycte
4 3 6 x; 12
A=|-1 0 -3|X=|x; ;Br—[f} 5
3 -1 2 X3 5

Ypaprenune B MaTpuuHOi dopme npumer eua AX = B. Haiiaem obpathyio
MaTpHLLy:

-3 =12 -9
A-’=—El_7 -7 =10 6 ]fm. npumep 13.4).
1 13 3
Mo dopmyne (13.22)
-3 -12 -9)(12 -81 3
-2 o s o]:-%[~54]:{2
1 13 3,5 27 -1

rex =3,x=2x=-1LP

Cucmema AuHeilHbx 00HOPOOHBIX ypasHeHull, T. e. cuctema AX = 0
€ HVJIEBBIMH CBOGMHHMH HNeHaAMH, UMeem HeHynesoe pelueHue mozda
u moasko mozda, kozda mampuua A — asipomdennas, 1. e. |A| = 0.
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13.6. BexTopbi

N-MEPHBIM BEKTMOPOM HA3EIBAETCA YIIOPAAOYEHHAS COBOKYITHOCTE I JIeil-
CTBHTEIbHBIX YHCE], 3aMHCLIBAEMBIX B BHAE X = (X}, X, ..., X,), TAe X; —
-1 KOMITIOHEHTA BEKTOpa Xx.

Pasencmso sekmopos

BeKTOpbI X My PaBHBL, T. €. X = ¥, €U X; = ¥, i = 1, ..., .

Onepauyuu Had eexmopamu

1. YMHoMceHUe 8eKMOPaA HA HUCAO:

u=xhecmuy =A,i=1,.,n
2. Croxcerue d6yx geKmaopos:
z=x+y,ecmz=x;+y,i=1,...,n.

Bexmophsim (AuHeiIHbIM) NPOCMPAHCMBOM HA3LIBACMCA MHONCECTNAO
geKmopos (3zemeHmos) ¢ delicmsumenbHbiMU KOMNOHEHMAML, 8 KOMo-
pom onpedenensl ONEPAUUU CAOKEHUR BEKTMOPO8 U YMHONEHUS 8eKMopa
HQa yucno, ydoanemsopawue credyluum ceolicmeam:

lLx+y=y+x

2. (x+y)+z=x+(y +2).

3. a(fx) =(up)x.

4. 0(x +y) = ax + ay.

5. (o + B)x = ox + fx.

6. CymecTyeT HyneBoii BekTop 0 = (00 ... 0) Tako#, yrox + 0 = x daa
moboro BeKTOpa X.

7. lna nroboro BEKTOpa X CYUEeCTBYET NPOTHBOMOAOKHBIH BeKTOp (-x)
Takoi, yto x + (=x) = 0.

8.1 x = x i moboro BeKTopa Xx.

TMousTHe AUHelHol KomBuHauuy, AUHelHOL 3a8UcUMOCMU U He3asU-
CUMOCTIU BEKTOPOB €, €3, ..., €,, AHAIOTH4HBI COOTBETCTBYIOUIMM NOHATHAM
JAA CTPOK MAaTPHIHI €4, €5, ..., €, (§ 13.5).

Jlunellnoe npocmpancmao R™ HA3LI6AEMCR N-MEPHBIM, €CAU 8 HeM Cyle-
cmayem n MUHeHO He3as8UCUMBIX Bekmopos, a mobble us (n + 1) sexmopos
yae asatiomea 3asucumbimu. Muade, paameprocms npocmpancmea —
MO MAKCUMANBHOE HUCAO COOPHAULUNCA 8 HEM NUHETIHO HE3ABUCUMDBIX GEK-
mopos, T. e. dim(R") = n.

Co80OKYNHOCMb N NUHEIHO HEIABUCUMBIX BEKTIIOPOS N-MEPHO20 NPOCMPAH-
cmea R" Hassieaemes 6asucom.

Kaxcdntil sexmop x nuwelinozo npocmparcmeaa R moxcno npedcmasums
eduncmeerHHbM cnocobom 6 sude aunelinoll kombunayuu sexkmopos basuca:

X=Xy + Xp83 + ... + Xz, (13.26)
TA€ Xy, X3y +eey X, — KOOPAMHATHI BEKTOPA X OTHOCUTEILHO Ba3nca ey, €y, ..., €,
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Cxanaprsim npoussedenuem dayx aexmopos X = (X, Xp, .., X,) HY =
= (V1, Y2 ++0s ¥n) HA3BIBACTNCA YUCNO

n
(X, Y) =211 + X2Y2 + oot Xp Y = 3 XiVie (13.27)
=1

EskaudoesiM npocmpaHcmeom Hassisaemcs sekmopHoe (aumetlnoe)
NpoCMpPaKcmMao, 8 KOMOPOM 3A0AHO CKANAPHOE Npoudsedenle BEKMOpos,
ydoaaemaopsaiolee caedylouim caoiicmaam:

1. (x, ¥) = (y, x).

2.0y +2)=(xy) + (x, 2).

3. (o, x,y) = alx, y).

4. (x,x) z0,eammx#=0; (x,x) =0,eciux = 0.

Anunoil (Hopmoil) sexmopa x 6 e8Kaud080M NPOCMPAHCMEE HAILIBAENCA
KOpeHb K8adpamHsill U3 €20 CKANAPHO20 Keadpama:

]xi-__—— J{x'x)= x2+x2+_.,+x3. (13-28)
1 2

Zlea sexmopa HA3bLIBAMCA OPMOZOHANLHBIMUL, ECIU UX CKANSPHOE Npo-
uzsedeHue pasHo Hyamw.

BekTopH €, €,, ..., €, N-MEPHOTO €BKIMAOBA NPOCTPAHCTBA 06pasyior
opmoHopMupoeannsiil Gasuc, WIK OPMOHOPMUPOBAHHYIO cUCMEMY
8eKmMopo8, eCM 3TH BEKTOPE! NONAPHO OPTOrOHANbHL M JUIMHA KaKAOTO
M3 HHX paBHa 1, T. e. ecan (e, ¢) =Onmpui # ju lg| = 1,i=1,..,n.

13.7. CobcTBEHHbIE BEKTOPbI W COOCTBEHHbIE 3HAYEHNA KBAAPaTHON
MaTpUubI

Bexrop x # 0 Haawieaemes cobecmeenusim sexkmopom keadpamuoil
Mmampuust A, eCIm HalAeTCAa TAKoe YUCA0 A, 4TO

Ax = Ax. (13.29)

Hucno 2 wassieaemcs cob6cmeeHHbIM 3HaveHueMm (Win cobcmeaeHHbIM
YUCAOM) MATPHILEL A, COOMBEMCMBYIOWLUM BeKMOPY X.

CobCTBEHHBIH BEKTOP X ONPEAENeH ¢ TOYHOCTBIO 10 KoaddHinenTa npo-
NOPUHOHANIBHOCTH.

1 cylecTBOBaHMA HeHyeBoro pemenus (x # 0) ypasHenus (13.29)
WIH PaBHOCHILHOTO €MY YPaBHEHUSA

(A-AE)x =0 (13.30)
HEOOXOAMMO H A0CTATOMHO, 4TOOBI OonpeaeanTens cuctemsl (13.30)
|A-AE| =0, (13.31)
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Onpesenntens |A — AE| HasniBaeTCA Xapakmepucmu4eckum MHOZOWIe-
Hom mampuuyst A, a ypasHenue (13.31) — ee xapakmepucmuyeckum ypas-
HEHUEM,

» Tpumep 13.7. Haiiti cobcTpennibie 3HaveHusn 1 cOBCTBEHHBIE BEKTOPH

MaTpHLbI
1 4

A= ;

[9 1]

Pewenue. CocTaBuM XapakTepucTHieckoe ypasHenne (13.31)

1 -4 4

2 1 -

win A2 - 22 - 35 = 0, oTKyAa COBCTBeHHBIe 3Ha4YeHHA MaTpHUBI A: 4, = =5, 4, = 7.
Iipu A, = -5 ypasHenne (13.30) npumer BuA:

|A-2E|= =0,

x
=0,
X2,

(A—XIE)[
[6 - [X; ]_ 0
HWIH 9 GJ X, _,l_ 0

xl1) = (¢; -1,5¢) npwn mobom ¢ # 0 ABAAIOTCA COBCTBEHHBIMH BEKTOPaMH MaTPHIIL
A ¢ coGCcTBeHHBIM 3HAMEHHEM A, = -5,

]omy;xa x, = -1,5x,. [Tonowus x, = c, NOIYHHM, YTO BEKTOPHI

2 \
AHAOrMYHO MOXKHO TIOKA3aTh, YTO BeKTophl x'2) = [Eq ] J; npu aobom ¢, # 0
ABAAIOTCA COOCTBEHHBIMHY BEKTOPAMH MaTpHibl A ¢ COBCTBEHHBIM 3HAYEHHEM
iy =7.

Paanbim coBcmaeHHbIM 3HAYEHUAM MAMPULbL COOMBEMCMBYIOM AUHEUHO
Heaaaucumble cobcmaenible BEKIMOPLL.

13.8. (ummeTpUyecKHe, NONOXKUTENBHO ONpefeneHHble,
OpTOrOHaNbHbIE U MAEMNOTEHTHbIE MaTPULbI

Ksadpamuas mampuya A Ha3sigaemcs cummempuHeckoil (cummempuy-
Holl), ectH A" = A, T e.az=api=1,.,nj=1,..,n

Cummempuueckana mampuya A n-20 nopadka HA3bIBAEMcs NOAOKU-
mensHo (HeompuyameasHo) onpedeaeHHoll, ecau ONA N0b020 HEHYEE8020
sexmopa x = (x,, Xy, ..., X,)" 8bINONHALINCA HEPABEHCMBO

X'Ax > 0 (xXAx = 0). (13.32)

Hanpuwmep, MaTpuua A’A HEOTPHLATENLHO ONpeJeNeHa, TaKk Kak s
moboro BekTopa xx’ (A’A)x = (XA)Ax = (Ax)’Ax = Yy = 0, ubo Y’y npea-
CTaB/AET CKAJAPHLINA KBaJpaT BeKTopa y = AX.

[TousTHe NONOKHUTENBHO (HEOTPHIATENBHO) ONPEAENEHHOH CUMMETPH-
Y9eCKOW MaTpHilbl A TECHO CBA3AHO C MOHATHEM NOJOKUMENBHO OnpedeneH-
Hotl (nonyonpedenenmoll) keadpamuuroti Gopmet.

nn
LOxy,Xp,.000 X )= XAx =} ¥ a;x;x;(L >0 wan L20).
i=1 j=1
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1 MONOKHTENBHO (HEOTPULATENBHO) ONPeAeICHHBIX MAaTPHIL HCTIOb-
avercs sanuce A > 0 (A = 0).

CootHomenne A > B (A = B) o3Hawaer, yto matpuiia A—>B Noaoxu-
TEABHO (HEOTPHIIATENLHO) ONpeeneHa,

Caolicmea noAOKUMENbHO (HEOMPULAMENLHO) onpedeaeHHbIX Mampuy.

1.Ecan A > B, toa; > b, i = 1, ..., n, T. €. AHATOHANbHEIE /IEMEHTHI
MaTpHILl A 601€€ COOTBETCTBYIONHX JHATNOHAIBHEIX WICMEHTOB MaTpHIL B.

2.EcmA>B,C=0,T0A + C > B,

3.Ecmm A > B, rne A u B — HeBHIPOKAEHHBIE MATPHIIEL, TO B-1 > A-1,

4. Ecan A > 0 (A = 0), 10 Bee cOBCTBEHHEIC 3HAUEHUA MAaTPHILL A 11010~
KUTETEHEl (HEOTpHIIATEABHB), T. €. &; > 0 (A, =2 0),i = 1, ..., n.

Ceotlicmaa cuMMempuHeckoll NOAOHUMEAbHO onpedeaeHKoU mampuysi A
n-20 NOpsioKa.

1. Ecam n = m, rang(B, .,.,) = m, 10 B'AB — NOAOKWUTEILHO ONPEACTCH-
Hasi MATPHILA.

2. Matpuua A-', oOpaTHas K A, TAKKE CHMMETPHYCCKAA W [TONOKHTEABHO
onpeaeseHHan.

3. Onpegesmrenn |A| > 0, a 3HAYKUT, U BCE 2AABHBIE MUHOPBI, MATPHILL
A (noay4aembie 415 TOAMATPHLL, 06pa3soBaHHBIX M3 MATPHLIBLI A BRIMEPKUBA-
HUEM CTPOK M CTOABIOB ¢ OAHHAKOBLIMHA HOMEPaMH) NOJIOKHTEIbHEL.

4. Caea MaTpHLLL A paBeH CyMME e¢ cOOCTBEHHBIX 3HAYEHMIA:

n
tr(A)=A +Ag+. 4 Ap =3 Ay (13.33)
1=]

Keadpamuas mampuuya C Hasuieaemess OpmozoHAAbHOU, ecail
Cl=C. (13.34)

Caolicmeda opmo2oHaAbHOU mampuunst C:

1.CC=E.

2. Onpeaesmreas |C| = 1 wm |C| = -1,

3. B opTOroHaabHOH MaTpHIE KaK CTPOKH, TaK W cTonbusl obpasyioT
OPTOHOPMHPOBAHHYIO CHCTEMY BeKTopos (§ 13.6).

4. C noMOMLbI0 OPTOTOHANBHOI MaTpuubl C CUMMETPUYHAs MaTpHIa
A MoxeT OBITh IPHBEAECHA K AHATOHAILHOMY BHAY

C’AC = A, (13.35)

e A = diag(Aqy, Ay, ..oy Ay);

Aps Aoy cens Ay — CODCTBEHHBIE 3HAYEHHA MATPHILL A,

5. CHMMETPHYHAA MAaTPHIA A MOKET ObITh TPEACTABIEHA YEPe3 OPTOTo-
HAJIbHYIO W AMATOHATBHYIO0 MaTPHILY B BUAE

A = CAC, (13.36)

rae A = diag(i,, Az, ..., A,);
Feys Py veny Aoy — CODCTBEHHBIE 3HAYCHUA MATPHIBL A,
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Cummempuueckas’ mampuua A Hasbiéaemcs UOEMNOMEHMHOIL, eCAL OHA
coenadaem co ceoum Keadpamom, T. €,

A=A2 (13.37)

Ceoilcmea udeMnomeHmMMbIX Mampuy:

1. Ak = A, rae k — HaTypanbHoOe 9MC0.

2. CobecTBeHHBIEC 3HAYEHUA udeMnomeHmHoll MaTpUibl A paBHul aubo
HyM0, 1160 eaunnue: A = 0w A = 1.

3. Bce WaeMnoTeHTHbIE MaTPHUIBI HEOTPHLATEIBHO ONpeAe/IeHb.

4. Panr naeMInoOTEeHTHOW MaTPHLbLl PaBEH €€ CIeay, T. €. YHUCTY HeHye-
BBIX COBCTBEHHBIX 3HAYCHUM,

13.9. bnouHble maTpuubi. lponsseaexne Kporekepa

B psae cayyaeB MCXOAHYIO MaTpHUy A,,,, YA00HO pa3buTh Ha 610KH,
Hanpumep,

Ay Ap }
A= (13.38)
(AZI A,

rae Ay, — (m, X n)-marpuua; A, — (m; X ny)-matpuna; Ay; — (my X n,)-
Matpuua, A,, — (m; X n,)-MaTpHua.

B aTOM cayyae cama mMaTpuua A HasbiBaeTca 6aouHoil.

Onepaunu CI0XKEHHUA M YMHOXKEeHUA ONOYMHBIX MAaTpHll NPOBOAATCA
110 TpaBXIaM COOTBETCTBYIOUIMX ONepaluil Hay MaTPHIIAMKU, €CTH 3aMe-
HHTB MX 27eMeHTBl O10KaMHu:

A+B=(A“ Au}_i_[Bu Blz]=[Au+Bn Au'*Biz],
Ay Ap By, Bp) \Ayn+By Ap+By)
AB:(A“ Alz][Bn Blz]z[AllBII+AI2BZI AliBlz"'Alszz]
Ay Ap )\By By) \ApBy+ApB, ApBjp+ApB,)
IlycTs MaTpuia A pasbura Ha G1OKM Takue, 4TO A,; HA,, — KBaZpaTHble

MaTpHLBL,
Toraa onpeaennTeN b MaTPULBI A:

IAn Ay -1 .
[Al= |A2, Ay Z‘An | lAzz—AzlAuAlz|=lAzz| |An = AppAz Ay |
B qacTHOCTH, 1A 6a0uHO-Oua2OHANBLHOT Mampuybl A:
All 0 {
1f’ll=’0 i ‘=IA11IIA22I- (13.39)
22

! Boobue roops, TpeboBaHHe CHMMETPHYHOCTH MATPHLLl A He CTPOI'o 06A3aTeNbHO
JUIA ONpeAeNeHHA HASMIIOTeHTHON MaTpHilbl, HO HMEHHO CHMMETPHYECKHE WIEMITOTEHTHEE
MATPHIbI BCTPEYAIOTCH B 3KOHOMETPHKE.
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Marpuua, obpaTHas 6104HO-0UAZOHAILHOL:

-1
A, O Al 0
'1= =
A [ o A22] [ 0 Az (13.40)

Ilpoussedenuem Kponexepa deyx mampuu A,, ., ¥ B, ., HaspiBaeTcs
6aounas maTpuua A ® B pasmepa km x In:
ayB a,B .. a,B

anB a»B .. a,,B
A®B=| " "2 = (13.41)

amIB amZB e amnB

> 1l 13.8. Jla A—34B*lﬂ
pumep 13.8. Jlako -‘2 0}, -[6 7]_

Haitru A ® B.
Pewenue.

3[10] []0” 3 0 4 0
6 7 6 7) 18 21 24 28

2[1 0) (10 y
6 7] La 7]
Ceolicmea npoussedenus Kponekepa:

1. EciM A M B — HEBBIPOXK/IEHHBIE MAaTPHILLL, TO

|A®B|-1 =A1® B!

2. Ecam A u B — KBazpaTHbie MaTPULbl COOTBETCTBEHHO M-TO U N-TO
nopsakos, 10 |A® B| = |A|™|B|".

3.(A®B)Y =A"®B.

4.tr(A @ B) = tr(A) - tr(B).

2 0 0 o
12 14 0 0,

13.10. Marpuuroe audppepeHunposanue

Mpouszeoduoil ckaraproil Gynkyuu @(x) om eeKkmopHozo apaymexma
(sexmopa-cmonbua) x = (x,, x5, ..., X,)" Ha3vieaemcs sexmop (8exmop-
cmpoka)

dg(x) _[&p(x) d(x) awfx)} (13.42)

| o ow o,

Ipouseodnoil sekmopHoil (m x 1) Pynxuuu f(x) om sexmoprozo (m x
x 1) apeymenma x = (x,, Xy, ..., X,,)" Ha3bieaemcsa mn-mampuya:

dfi(x) df,(x) df; (x)

a(p(x)_ ax} 3.1'2 o ax"
o ) (13.43)
a-xl axz = ax."

(Mampuya Axobu, onpeaenuTens KOTopoit — akobuan).
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Onpeaenenye (13.42) apaserca YacTHEHIM caydaeM (13.43) npum = 1.

Hacmubte cayuau:

1. Eom o(x) = a'x, tae a = (a,, dy, ..., 2,) 1x = (x1, Xy, ..., X}  — BEK-
TOPHI-CTOABLBL, TO

dolx)_dax)_ ,
ox’ ax’ '
2. Ecnn 9(x) = X’Ax , rle A — CHMMeTPHYeCcKas KBajpaTHas MaTpuLa
n-ro nopaaka, To

‘ dplx)  d(x'Ax)
e’ ox’
3. Ecu f{x) = Ax, rae A — mn-MaTpHIa, TO

of (x) _ o(Ax) _
a ox’  ox

=2x°A.

A,

YnpamHenus

13.9. BRIUHCANTD MaTpHLUY D = (ABY - C2, rae

] 3 4 2 1 3
> A= ,B=|[1 3|.C= .
105 0 4

13.10. Belyycnure NpouaBesente ¥ HAtiTH cnef MaTpHL, AB 11 BA, eC/IH:

4
‘ A=(2 -3 0),B=(3|
1
13.11. BHIYHCTHTE OTPEASNHTENN MATPHIL
11 1 0123
a2 -3 1 ;6)1 01 2.
4 -1 -5 2101
3210
13.12. Haiit MaTpHLy, o6paTHYIC AaHHOIH:
4 -8 -5
a) [_58 _64);6] -4 7 -1l -
-3 5 1
13.13. HaitTis paHr MaTpHIIEL
1 2 1 4 b2 3
4 5 6
ay | 0 5 -1 46) .
B 6 7 8 @9
134 10 11 12
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13.14. PelunTh CUCTEMY YPaBHEHWII:

) "‘12*'2";“"3:8' 5;6) & ! X x93
= -+ —_— == = .

R entsgreRrEeStly 5)™ is 1.3
3x1—4.\'2+51'3=10: '

13.15. Peurnts MaTpHuHoe ypasaenne AXB = C, ecin

1
A—23B—?:7c—11°
“\5 8)7 e 3 Af
6 5 9

13.16. fABagioTca aM AMHEHHO 3aBHCHMEIMM BeKTOphl @, = (2; -1; 3), a, = (1;
4, -1), a5 = (0, -9; 5)?
13.17. Haitty coberBeHtble 3Ha4YeHus W COBCTBEHHBIE BEKTOPEI

12 -2

(
a) (—21 _t]];ﬁ) 10 3
13 0

13.18. Haiiti cobcTBeHHBIe 3Ha4eHNA H COBCTBEHHbBIE BEKTOPH MATPHILBI
A= (1-a)E, + ass;

e S = (1,1, .., 1) —n x 1-sexTop.
HapecTHO, YTO MaTPUIla A NAEMNOTeHTHAA. YOeAHTLCHA B TOM, YTO MaTpula B =
= E - A TaKxe HAeMNoTeHTHas u BA = 0.



nasa 14
JKOHOMETPUYECKUE KOMITbKOTEPHbIE
MAKETbI

14.1. OueHuBaHWe mofleny ¢ NOMOLLbI0 KOMNbIOTEPHbIX NpOrpamm

Ha npakTHke COBOKYNHOCTb BBIDOPOYHBIX JAHHBIX COAEPHHT Boabinoe
KOAW4ecTBO HabmoAeHHit (MHOrAa HECKONBKO THICHY). Pasymeercs, «Bpyy-
HYIO» TIPOM3BO/IMTL BHIMHCIEHHA TAKOrO 00 beMa HEBO3MOKHO.

KomneioTepHbie 3KOHOMeTpHYECKHe (MX TaKXKe Ha3blBaKT perpeccu-
OHHBIMH) TTaKeThl COAEPKAT B KAYECTBE IOTOBBIX MOAMPOrPaMM OCHOB-
Hble, HauboIee YacTO BCTPEYAIOUIMECH BEIMHCAEHUA, KOTOPHIE ITPUXOAUTCA
BBHINOJHATD HCCAEA0BATENIO.

B nocaeaHne rojbl NOABHAHCH JAECATKH 3KOHOMETPHYECKHX NaKeToB!,
B TOM 4Mcae U paspaboranrsie B Poccun. B HacTosmem yue6HUKe Mbl pac-
CMOTPHM B KadecTne npumepa naket «Econometric Views», KOTOPBIH UCNONb-
ayeTcs, Hanpumep, A1a obyvyenusa B Poccuickoit SxoHoMmuyeckoi Llkone.

[lepeuncauM OCHOBHbBIE BOIMONMHOCMU, NPEAOCTABAAEMbIE NAKEeTOM
«Econometric Views».

1. AHanu3 JaHHBIX,

[lepBbiM 3TaNOM 3KOHOMETPHYECKOr0 MOACTHPOBAHHA ABNACTCA aHa-
JIU3 SKCNEPUMEHTANbHLIX (BRIOOPOYHLIX) JaHHBIX, KOTOPbIE NMpPeABapH-
TeNbHO AOMKHBI OBITh BBeAeHbl B pabounii dain («Workfile»). Tam oHu
XPaHATCA B BHJE NOCAEAOBATENbHOCTEH YHCea, NpUYeM Kaxaana Bubopka
MMeEeT CBOE MMA.

MMeeTca BO3MOXKHOCTD NPEACTABUTE aHHBIE IPadUIECKH, NOTYIHTE 3HA-
YeHHA OCHOBHBIX KOJIMYECTBEHHLIX XapaKTEPUCTHK BEIOOPOYHBIX aHHBIX.

B KauecTBe npuMepa pacCMOTPHM MoOAeAIMpPoBaHHE GOPMHUPOBAHMA
LIeHBl Ha AaBTOMOOWIM Ha BTOPMYHOM PhIHKE B 3aBHCHMMOCTH OT I'0Aa Bbily-
CKa MalllMHbl K ee npobera. [lycTs X, — CpOK 3KCILIyaTallHy aBTOMOOHIA —
Pa3HOCTE MEXAY TEKYIIMM rOAOM H rOAOM BHINYCKa aBTOMOGHAA, X; —
npober (B ThiC. KM), Y — nena (B y. e.). Pabounil ¢paitn nakera coaepxur
OCHOBHBIE YHCJIOBBIE JaHHble — BhIDOPOYHBIE 3HAYEHHA BCEX NePeyrC/IeH-
HBIX TIepeMeHHBIX. YTOOB! NOAYYHTE IKCTIEPHUMEHTAILHBIE JAHHBIE B BUAE
CTOAOIOB YHCEN, HAZO BHIMOJIHHTD KOMaHay «Open». IKCNepUMeHTalbHbie
JAaHHBIE MOTYT OBITE IONYYEHB! Ha 3KPaHe B BUAE CTONOLOB:

I O BO3IMOKHOCTAX HEKOTOPLIX M3 HHUX CM., Hanpumep, [21], [27].
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Obs X, X, ¥
1 6,000000 91,00000 14800,00
2 7,000000 116,0000 14200,00
3 2,000000 34,00000 17000,00
48 5,000000 90,00000 15300,00
49 14,00000 217,0000 10400,00
50 4,000000 64,00000 15800,00

I'padmueckoe uaoGpaxeHne JaHHLIX NPEACTABICHO Ha puc. 14.1.

IpH *enaHuM MOMKHO NOJYYHUTh BCE TPAPUKH HA OHOM PHCYHKE.

PerpeccHOHHbIE NPOrpaMMbl A0NYCKAIOT Npeobpa3oBaHus IKCIEPUMEH-
TaAbHBIX AAHHBIX. TaK, HANPUMED, UMEeTcsi KOMaHa, NO3BOAAIONIan yro-
psgounTh BeIBOpOUHbIe HabNOAEHNWA N0 BO3pacTaHUO Kakoi-1hbo nepe-
MeHHON. OGBIYHO 3TO UMEeT CMBIC/ B CAyYae NPOCTPAHCTBEHHOH BEIGOPKH.
Takke UMeETCHA BO3MOKHOCTD «PeJaKTHPOBATL» JKCIIEPHMEHTANbHBIE JaH-
HBIE: HANPUMEp, HCCIEAOBATENb MOKET YAATHTD CAHIIKOM «HETHIIHYHEIe»
HabM0AeHUA, KOTOPBIE MOTYT HEaeKBAaTHO HCKA3HTh MOAEb.

Bonee noapobHoe npeacTaBieHne o0 pacnpeaeleHd BbIOGOPOYHBIX AaH-
HBIX A310T FTHCTOrPaMMBI.

B «Econometric Views» HMEIOTCA KOMaHAbI, C TOMOIILIO KOTOPBIX Cpasy
NOYYAIOTCA OCHOBHBIE KOJWYECTBEHHBIE XapaKTEPUCTUKH BEIOOPOYHEIX
pacnpegenennii. BoT Kak BBIIJIAAWT COOTBETCTBYIOUMHA pe3ysbTaT Ans
Haluero npumepa:

X, X, Y
Mean 7,560000 117,9400 13918,00
Median 6,500000 103,5000 14450,00
Maximum 24,00000 373,0000 17500,00
Minimum 1,000000 15,00000 5000,000
Std. Dev. 5,107657 78,26470 2783,530
Skewness 1,127798 1,157630 -1,123340
Kurtosis 3,994277 4,115747 3,973437
Jarque-Bera 12,65896 13,76109 12,48990
Probability 0,001783 0,001028 0,001940
Observations 50 50 50

Boytaercs mateMaTHueckoe oxuaaHue (mean), MAaKCHMYM, MMHHUMYM
M Me/IHaHa pacnpeleNeHus, CTaHAapTHoe OTKAoHeHH e (Std. Dev.), acuMmume-
TpuAa (Skewness), akcuece (Kurtosis). Cratucruka Jarque-Bera — 370 cTa-
THCTHKA NPOBEPKH IHNOTE3bl O TOM, YTO COOTBETCTBYIIAA BRIDOPKA B3ATA
M3 HOPMAaJbHO pacnpejeseHHON COBOKYNHOCTH. Hike npuBoanTCes cooT-
BETCTBYIOIIEE 3HaYeHne BeposTHOCTH (Probability). B ctpoke Observations
(nabmoaenus) yKassiBaeTca YHI10 HabroaeHui n.
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2. OueHHBaHHe MO/IeJIH,

TNocse TOro, KaK aHaJu3 AAHHBIX 3aBepIlIeH, MOKHO TIPUCTYNATh K cob-
CTBEHHO MOAENHUPOBaHUI0. JIONYCTHM, Mbl XOTHM OLEHHTh 3aBHCHMOCTD
Y or X, n X; ¢ noMomip MeToAa HAMMEHbBINUX KBaapaTtoB. /s atoro
B «Fconometric Views» HMEETCs CreldajbHas KOMaHAa, pe3yasTaT BeINOA-
HEHHS KOTOPOH HMEET CAeAYIOUMH BHA!

LS // Dependent Variable is Y

Sample: 1 50
Included observations: 50
Variable | Coefficient | Std.Error | tstatisic |  Prob.
C 18046,09 14,98877 1203,974 0,0000
X, -483.3643 32,93229 -14,67752 0,0000
X, -4,017735 2,149205 -1,869406 0,0678
R-squared 0,999614 | Mean dependent var 13918,00
Adjusted R-squared 0,999598 | S. D, dependent var 2783,530
S.E. of regression 55,83376 | Akaike info criterion 8,102882
Sum squared resid 146518,2 | Schwarz criterion 8,217603
Log likelihood -270,5190 | F-statistic 60869,03
Durbin — Watson stat. 1,924701 | Prob. (F-statistic) 0,000000

B croabue «Coefficient» HAXOZATCH 3HAYEHMS OLUEHOK COOTBETCTBYIO-
IMX TIAPaMeTPOB PerpeccHH, B croabue «Std. Error» — MX CTaHAapTHBIE
OTKJIOHEHHA, B cTonbue «t-statistic» — 3Ha4YeHus t-xpumepua CThIOAEHTa
IIPH TIPOBEPKE IHIOTE3bI O HE3HAYUMOCTH COOTBETCTBYIOUIMX PETPECCOPOB.
B nocneanem croabue npUBOAKXTCA BEPOATHOCTL P (t > t,,4.).

Huxe OCHOBHOW TabiuIlbl NOMEWAIOTCA HEKOTOPLIE KONHYeCTBEHHbIe
XapaKkTepUCTHKH PErpecCHOHHON MoenH: KOdpOHIUMEHT AeTepMUHALIHK
R2 (R-squared), ckoppekTupoBanubiii koadduiuenT rerepMuHanun R
(Adjusted R-squared), cranjaprHas ownbKa perpeccun — OUeHKa O B npea-
NOJAOKEHWH, YTO BLINONHAIOTCA YCAOBHA KAacCHYecKoH Moaeau laycca —
Mapkosa (S.E. of regression), cymma KBaapaToB ocTaTtkoB (sum squared
resid), norapudm pyukumn npasgonogodbus (log likelthood).

PerpeccoHHas nporpaMma UMeeT €10 ¢ Habopom YKces, OHA He MOKeT
NOHUMATL X TIPUPOAY. [103TOMY NPH HCNOAB30OBAHMM METOAA HAMMEHb-
HIMX KBaApaTOB BBLIAKWOTCA pe3yabTaThbl, HMEIOLHE CMEICT, BOO&I.ILE ropops,
TOABLKO ANA BpeMeHHBIX pasoB. Takoshl cratuctuka Jlapbuna — YorcoHa
(Durbin — Watson stat.) ¥ elle HEKOTOPhIE XapaKTEPHCTHKH, KOTOPhIE
Mbl HE PACCMAaTPHUBAJIH B JAHHOM YueOHHKeE.

B KOHULE BbIAETCA 3HAYE€HHWE F-CTATHCTHKH NPH NPOBEPKE I'MIOTE3hl
0 HE3HAYHUMOCTH PETPECCHH B LIEJIOM H 3HAYEHHE COOTBETCTBYIOUEH BEpO-
ATHOCTH.
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Kak BMAHO, Ha NATHNPOLEHTHOM YPOBHE 3HAYMMOCTH perpeccop X,
(npober aBTOMOOH/IA) OKA3a/ICH HE3HAYHMMBIM (XOTH OH 3HAYMM HA JIECATH-
NPOLEHTHOM YPOBHE, MO 1, gs. 45 = 2,01; ty 945 = 1,67). [IpuunHOI 3TOrO
MOXeT ObITh BbICOKasA KOPPEAIHPOBAHHOCTL MEXAY ABYMA BeIHUYHHAMH X,
M X, 1 Maabiit 06beM BEIGOPKH.

OO6BIYHEIH METO/I HAUMEHbINNX KBAAPATOB ABAseTca Hanbojiee pacnpo-
CTPAHEHHBIM, HO, KaK H3BECTHO, JaJIEKO HE BCEI/Za HAWIYYIIHM METOA0M
OlIEHHBaHHA. PerpeccHonHas nporpaMma no3poiser BubpaTh METOA Hau-
Gonee oTBEYAKOUIMN XapaKTepy 9KCIEPUMEHTANbHEIX JaHHBIX H MX B3au-
MO3aBHCUMOCTH, [IpH 3TOM B OAHOM MEHIO Ha BHIGOP npeanaranTcs Kak
MEeTOABI, CelHdUYecKHe, KaK NpasuiIo, Ui NPOCTPAHCTBEHHOH BbIGOPKH
(HampuMep, B3BEMEHHBIA METOJ HAMMEHbIIMX KBaJApaToOB), TAK M NPH-
MEHHMMbi€ HCKJIIOYHTENBHO LI BPEMEHHBIX PAAOB — HanpHMmep, ARMA.
OTmeTHM enle pas, YTO NporpaMMa He pasz/IMyaeT XapaKTepa 3KCIIepHMeH-
TaJbHHIX JAHHBIX, U €€ HEOCO3HAHHOE MCTIONB30BAHHE MOXET NMPHBECTH
K abcomoTHO 6eCCMBICICHHOMY Pe3yJTbTaTy.

Jlna olleHHBAHHA CHCTEM PErpecCHOHHBIX ypaBHEHHH npeziaraerca
OT/IEILHOE MEHIO, B KOTOPOE BXOAAT OOBIYHLIA MeTOA HAMMEHBIIHMX KBa-
ApAaToB, ABYXIIATOBBIA M TPEXIWIAroBblil METOALI HAMMEHbLIMX KBAAPaTOB,
a TakkKe MEeTo/ OJJHOBPEMEHHOr0 OllEHUBaAHHUA ypﬂBHCHHﬁ KaK BHellHe
He cesizanHBIX. [Ipy BOOPE BYXIIATOBOrO WK TPEXILATOBOIO METOJA NTPo-
rpaMma 3arnpoCHT TAKKe BBECTH HMEHA HHCTPYMEHTA/ILHBIX EPEMEHHBIX,

3. AHAIM3 MO/IeIH.

[Mocne nonyyeHns aleKBaTHONO PErpecCHOHHOIO YPABHEHHS, YAOBIeT-
BOPAIOMIEr0 UCCIEA0BATENA HAa AaHHLIH MOMEHT, HACTYNaeT 3Tan aHalu3a
Mozaenu. OGLMHO NPH 3TOM NPOBEPAIOTCA HEKOTOPHIE IPEATIONIOKEHHA —
IMIOTE3k!, OMUCAHHBIE B OCHOBHOM TeKcTe nocobus. [Tpu 3TOM NpUMEHs-
I0TCSl OCHOBHBIE TECTH — TAKHE, KaK TecT Yaiira, tect Yoy, 1nHeHHbIA TeCT
¥ Ap. BOABIMHCTBO M3 HUX (YTO TaKKe GbUIO OTMEYEHO B OCHOBHOM TEKCTE)
BHITIOJHAKTCA CIEHATBHON KOMaHA0M.

BoT KaK BHIVIAAMT, HAIPUMEP, NPUMEHeHHe TecTa YaiTa A paccMa-
TPHBAeMOro npumepa GOPMHPOBAHHA LEHbl aBTOMOOHIA:

White Heteroskedasticity Test:

F-statistic 0,146329 Probability 0,963694
Obs*R-squared 0,642001 Probability 0,958284
Test Equation:
LS // Dependent Variable is RESID ~ 2
Sample: 1 50
Included observations: 50
Variable Coefficient Std. Error t-statistic Prob.
[ 2027,021 2099,532 0,965463 0,3395
X, -3481,328 6934,929 -0,501999 0,6181
¥ 192,2855 449,3960 0,427875 0,6708




OxkoryaHue mabnuus

Variable Coefficient Std. Error t-statistic Prob.

X, 238,8914 451,6586 0,528920 0,5995

X;~2 0,846622 1,871088 ~0,452476 0,6531
R-squared 0.012840 | Mean dependent var 930,364
Adjusted R-squared 0,074908 | 8.D. dependent var 4618,038
S.E. of regression 4787,878 | Akaike info criterion 17,04232
Sl;;_ sq_u:red resid 1,03E+09 | Schwarz criterion 17,23353
Log likelihood 492,0050 | F-statistic 0,146329
Durbin — Watson stat. 2,006108 | Prob. (F-statistic) 0,963694

Kak BHAHO, HH3KOE 3HAYEHUE F-CTaTHCTHKK M COOTBETCTBYIOLIEE BLICO-
KO€ 3Ha4YeHHe BEPOATHOCTH NMO3BOMAET NPHHATE M'MNOTE3Y O FOMOCKeAa-
CTHYHOCTH.

[IpUBeAeM TAKKE NMPUMED NMPOBEPKH MMNOTE3bl O BHINOTHEHHH HEKOTO-
poro ycnoBuAa, 3ajlapaeMoro JIMHEAHBIM PABEHCTBOM.

Hexortopbie HIepbl CHUTAIOT, YTO IO/ «KH3HH» HE CIMILKOM J0POroro
ABTOMODOH/IA YMEHBIIAET €ro CTOUMOCTD NpUMepHO Ha 500 ponn. [Npose-
PMM IHNOTE3Y O TOM, HTO HCTHHHOE 3Ha4YeHue (1o abcomoTHOH BeMdHHE)
napamerpa f; pasno 500 (pasymeercd, 3Ha4€HHE OLEHKH OyAeT npu Kax-
JA0M BbIGOPOYHOM HabMIOAEHHH HECKOAbKO APYTHM).

BOT KaK BHIMVIAAMT TECTUPOBAHHUE TUIIOTE3khI B KOMIbIOTEPHOM IdKeTe
«Econometric Views».

Null Hypothesis: C(2) = -500
F-statistic 0,255174 Probability 0,615816

Chi-square 0,255174 Probability 0.,613455

'HnoTesy o BLINOJHEHHH THHEHHOTO YCIOBUA MOXKHO IPOBEPATD C IIOMO-
bio F- 1 y2-tecta. KomnbioTepHas nporpaMma npuBOAMT 3HaY€HUA COOT-
BETCTBYIOIMX CTATHCTHK U 3HAYEHHA COOTBETCTBYIOIMX BEPOATHOCTEMN.
Kak BuaHO, pe3y/ibTaThl TECTHPOBAHHSA MO3BOJNAKT NPHHATE COOTBETCTBY-
IOUIYIO FMTIOTE3Y.

14.2. Metoa MonTe-Kapno

IKCnepUMEHT no Metoay MoHTe-Kapao — 370 3kCcnepuMeHRT, OCHOBaH-
HBINA Ha KOMNBLIOTEPHOM MOJENTHPOBAHHH CIYMAHHbBIX BEJIHYHH.

PerpeccuoHHble nporpaMMel (B yacTHOCTH, «Econometric Views») nosso-
AAIOT reHepUPOBaTh BHIOOPKH PABHOMEPHO PacnpeiesieHHOH CaydaiHoN
BENUYHHEI, 8 TAKKE BEJHUYHHEI, pacnpeaeneﬂﬂuii HOPMAaJIbHO C IIPOH3BOJIb-
HBIM MaTEMaTHYECKHM OXHAaHHeM M aucrepcneit, Tak Kak OCHOBHbBIE pac-
npeaenedns (x2, t, F) onpeaensioTcsa yepes HOPMalbHOE, TO KOMIIbIOTEPHBIE
NPOrpaMMel MO3BOJIAIOT FEHEPUPOBATL BHIGOPKH M 3THX pacnpeaeneHuil.
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Cyte MeToaa MoHTe-Kapno 3akio4aeTes B TOM, 94TO € NOMOHIBK KOM-
NbIOTEPa MOKHO MHO2OKpAMHO HabNOAATh CIYYAHHYIO BEIHYHHY C 3apa-
HEEe U3BeCMHbIM pacTipesesieHHeM. 3TO NO3BOJAET NOMYyYUTh (MIH IpoBe-
PHUTB) CTATHCTHYECKHE Pe3y/IbTaThl IKCIEPUMEHTAILHO.

MeToj WHPOKO PUMEHHM HE TOJNBKO B IKOHOMETPHYECKOM MOAETHPO-
BAHWM, HO W BOODIIE B CTATUCTHYECKOM HecaeAoBanun. Tak, ¢ ero noMo-
LK MOXHO OLEHUBAThH BEPOATHOCTH COOBITHH, CBA3AHHBIX CO Ciay4ai-
HBIMM BEJITHYMHAMH.

[IpuseaeM npocreHmwni npumep. Ilycts X uMeeT paBHOMEPHOE pacripe-
Aenenue Ha orpeske [-1; 1], Y — HopMaabHOe pacnpejesieHHe ¢ Marema-
THYHYECKHM OXHW/IAHHEM, DABHBIM HY/IHO, H ﬂHCI‘IEpCHEﬁ. panuoﬁ EeJIHHHLE.
Tpebyercsa OLEHUTEL BEPOATHOCTH TOTO, YTO CIy4aiHaa senwyuna Z = XY?
npUMeT 3HaveHue Ha otpeske [0; 1].

PerpeccHOHHas NporpaMma no3Bo/JNUT CreHEPUPOBATh CEPHIO BLIBOPOY-
HBIX HaOM0AeHNH BETHYHHEI ITPOH3BOABHOrO, 3apaHee BuiOpaHHOro obb-
ema. BoT Kak, HanpuMep, BuIIAAXT FHCTOIPaMMa pacnpejeaeHuns Z, noiy-
YeHHas ¢ MOMOIIbIO nporpaMmmsl «Econometric Views» (puc. 14.2):

Series: Z
120 . Sample 1400
Observations 400
1 Mean -0,065866
B8O Median -0,000289

Maximum 4,703745
Minimum -3.703901
Sud. Dev.  0,821835
40 Skewness  (,039280
Kurtosis 10,44784

Jarque-Bera 924,6088
0 Probability 0,000000

-4 -2 0 . 4

Puc. 14.2

B cepun n3 400 Habaroferni BetMdnHa Z NPHHAIA 3HAYEHHEe Ha HHTep-
sane [0; 1] 173 pasa. Takum 06pa3oM, IKCIIEPHMEHTANLHON OLEHKOH BEpo-
ATHOCTH MOXHO cuMTaTh 173 / 400 = 0,4325.

B 3KOHOMETPHYECKOM MOAEIMPOBAHHM 3HaYeHHe MeToaa MonTe-Kapao
ocobeHno pesMKo. C ero NoMoulbi0 MOXHO NOCTPOUTH MOJENb C 3apaHee
13gecmHbIMU NapaMeTpamMH (OTMETHM elle pa3, YTO B peajbHbIX MOJEJAX
napamMeTphl HUKOr/a He ObIBalOT H3BECTHBI).

MeToa MoHTe-Kap/o no3poiseT NPOBEPHTD IKCIIEPHMEHTAIBHO Pe3yib-
TaTel, NONYYCHHBIE TEOpeTHYeckH. B KavecTse npumepa paccMOTPHUM
3agavy Buibopa cneunduxaumun Moaean. Iycts umeTea GUKCHPOBaHHbIE
BHIOOpKH nepeMeHHbIX X, Z, a cydaiiHble BBIOOPKH epeMeHHOH Y reHepu-

pyiores no opmyne
Y=12+8X+Z + ¢,
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I/le € — HOPMAJILHO pacnipejeneHHas cydanHas BeMuHHa ¢ MaTeMaTHye-
CKHUM OKMIaHHEM, PaBHLIM HYJII0, H CTAHAAPTHBIM OTK/IOHEHHEM, PaBHEIM
NATH.

MeToa0M HAMMEHBUIHX KBAJAPAaTOB OLEHUBAKOTCA MOAETH, BKIOYalolUHe
nepeMennyio Z ¥ He Bonovatomue ee (em. (10.1) u (10.2)).

JKCnepHMEHT NoBTOpAeTcA YeTwipe pa3da. [loaywalorca caeayiommue
perpeccHOHHbIE ypaBHEeHHA:

y=12,3+7,8x+0,72; y=121+79x;

(0,09) (0,08)
y=11,6+8,1x+1,2z; y=118+8,15x;
(0,09) (0.08)
y=11,4+8,08x+1,3z; y=11,8+8,12x;
(0,09) (0,08)
y=12,8+7,93x+0,82; y=12,1+7,99x.
(0,09) (0,08)

Kax BMAHO, OLIEHKA NapaMeTpa 1pu NePEMEHHON X B KOPOTKON Moaenn
OKa3bIBAETCA CMEIeHHOH BBEpX. B TO ke BpeMs TOUHOCTH OlLEHOK OH3Ka
B 060MX caydasnx.

Pasymeercs, B peanbHON MPaKTUKE SKCNIEPHMEHT AO/IKEH MOBTOPATLCA
He YeThIpe pasa, a 3HAYUTeNbHO 6o/bIlee KOMHYECTBO pas.

C nomoutbio Metoaa MonTe-Kap/io MOXHO HariaqHO A€MOHCTPHPOBATDH
pe3yabTaThi NPUMEHEHHA TECTOB, a TAKKE IKCTIEPUMEHTANBHO OLEHHUTH
NOCAE/ACTBUA HAPYUIEHUA TeX WIH HHBIX YCIOBHH,

Hakonen, oTMeTHM OCODEHHO 3HAYUMYIO POJb IKCNEPUMEHTOR
no metoay MouTe-Kapao B npouecce ofiyuenus. UIMEHHO € TOMONIBIO TAKHX
IKCNEPHMEHTOB MOXHO YBHAETH PaziHuus MEXAY METOAaMH OLEHUBAHUA
mozaenei, HabnoaaTs 3PPeKTh, BEI3BAaHHBIE HAPYIIEHHEM TEX WJIH HHbBIX
YCAOBHHA, U T. 4.

Ynpaxuenns
14.1. C nomompio MeToaa MoHTe-Kapio noCTpoHTDb CAE/IYIOIINE BENHYHHDBI:
x, =10 + 0,5i, ¥, =24 3x+ i,

rae £ — HOpPMAJbLHO pacnpejeneHHas caydaiHas BeJHYHHA C MaTeMaTHYECKUM
OKWIAHWEM, PABHEIM HYIIO, H AWCHiepcHed, paBHoi eanunie (Geantit mym). Oue-
HUTh MO/EIh

yi=a+fx +e,
C noMonkio Tecta Yaira ybeAuThca B HATHYHH reTepoCcKeacTHYHOCTH. CpaBHUTL
OueHKH 0BBMHOIO H B3BELIeHHOIO METO/1a HAHMEHBLINX KBAAPaToB NPH perpeccope
X. TToBTOPHTH 3KCTIEPUMEHT HECKO/IBKO pas. YOeauThed, YTO OLeHKH B3BELIeHHOro
MEeTO/a HAHMEHDBILUHX KBAAPaToB B OCHOBHOM G/IHKE K 3Ha4eHHIo 3.
14.2. MeToaom MoHTe-Kap/io creHepHpoBATh CAeAVIONHE BPEMEHHBIE PA/ILI:
X;=2+¢gy;

X, =14 2¢;;
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Yl = 0,5 + 1,2X1 ""0,3X2 + 363; (14.1)
Y, = 1,5 + 2,0, + 0,7X, + 0,5¢,, (14.2)

TA€ £, — HOPManbHO PacTpeeleHHEIe CAYYAHHbIC BETHYHHB! ¢ HYEBHIM MaTeMaTH-
YECKHM OAHAAHHEM W eAHHMYHON AHCnepeuei.
PaccMoTpeTh CHCTEMY OJIHOBPeMEHHBIX YPABHEHHH:

{ Y =04 +Bi X, + 101,
Y2 =0t + Xy + ¥2Ys.
TTIpHMEHHTD K VPaBHEHHAM CHCTEMBI OOLIMHEIN H KOCBEHHBIA METOIB HAWMEHBLITHX

KBaApaToB. CpaBHUTh NOIYYEHHbIE OlleHKH. CPaBHHTH NOJIYHEHHbIE DEIPECCHOHHbIE
ypaBHeHuaA ¢ Mmoeabibivu (14.1), (14.2). TToBTOPHTD IKCNEPUMEHT HECKOIBKO pas3.
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0,4778

0,4843

0,4907

0,4971

0,5035

0,5098

0,7

0,5161

0,5223

0,5285

0,5346

0,5407

0,5467

0,5527

0,5587

0,5646

0,5705

0.8

0,5763

0,5821

0,5878

0,5935

0,5991

0,6047

0,6102

0,6157

0,6211

0,6265

09

0,6319

0,6372

0,6424

0,6476

0,6528

0,6579

0,6629

0,6679

0,6729

0,6778

1.0

0.6827

0.6875

0,6923

0.6970

0,7017

0,7063

0,7109

0,7154

0,7199

0,7243

1,1

0,7287

0,7330

0,7373

07415

0,7457

0,7499

0,7540

0,7580

0,7620

0,7660

1,2

0,7699

0,7737

0,7775

0,7813

0,7850

0,7887

0,7923

0,7959

0,7984

0,8029

1,3

0,8064

0,8098

0,8132

0,8165

0,8198

0,8230

0,8262

0,8293

0,8324

0,8355

1.4

0,8385

0,8415

0,8444

0,8473

0,8501

0,8529

0,8557

0,8584

0,8611

0,8688

1.5

0,8664

0,8690

0,8715

0,8740

0,8764

0,8789

0,8812

0,8836

0,8859

0,8882

287



Oxoxyarue mabnuysi |

easie u pecn-
Thi€ JOOH X

CoTnie foam x

1,6

0,8904

0,8926

0,8948

0,8969

0,8990

0,9011

0,9031

0,9051

0,9070

0,900

0,9109

0,9127

0,9146

0,9164

0,9181

0,9199

0,9216

0,9233

0,9249

0,9265

1,8

0,9281

0,9297

0,9312

0,9327

0,9342

0,9357

0,9371

0,9385

0,9392

0,9412

1.9

0,9426

0,9439

0.9451

0,9464

0,9476

0,9488

0,9500

0,9512

0,9523

0,9533

20

0,9545

0,9556

0,9566

0,9576

0,9586

0,9596

0,9606

0,9616

0,9625

0,9634

2,1

0,9643

0,9651

0,9660

0,9668

0,9676

0,9684

0,9692

0,9700

0,9707

0,9715

2,2

0,9722

0,9729

0,9736

0,9743

0,9749

0.9756

0,9762

0,9768

0,9774

0,9780

23

0,9786

0,9791

0,9797

0,9802

0,9807

0,9812

0,9817

0,9822

0,9827

0,9832

24

0,9836

0,9841

0,9845

0,9849

0,9853

0,9857

0,9861

0,9865

0,9869

0,9872

2,5

0,9876

0,9879

0,9883

0,9886

0,9889

0,9892

0,9895

0,9898

0,9901

0,9904

26

0,9907

0,9910

09912

0,9915

09917

0,9920

0,9922

0,9924

0,9926

0,9928

2.7

0,9931

0,9933

0,9935

0,9937

0,9939

0,9940

0,9942

0,9944

0,9946

0,9947

2,8

0,9949

0,9951

0,9952

0,9953

0,9955

0,9956

0,9958

0,9959

0,9960

0,9961

29

0,9963

0,9964

0,9965

0,9966

0,9967

0,9968

0,9969

0,9970

0,9971

0,9972

3,0

0,9973

0,9974

0,9975

0,9976

0,9976

0,9977

0,9978

0,9979

0,9979

0,9980

3:1

0,9981

0,9981

0,9982

0,9833

0,9983

0,9984

0,9984

0,9985

0,9985

0,9986

3-2

0,9986

0,9987

0,9987

0,9988

0,9988

0,9989

0,9989

00,9989

0,9990

0,9990

33

0,9990

0,9991

0,9994

0,9991

0,9992

0,9992

0,9992

0,9992

0,9993

0,9993

34

0,9993

0,9994

0,9994

0,9994

0,9994

0,9994

0,9995

0,9995

0,9995

0,9995

3.5

0,9996

0,9996

0,9996

0,9996

0,9996

0,9996

0,9996

0,9996

0,9997

0,9997

3.6

0,9997

0,9997

0,9997

0,9997

0,9997

0,9997

0,9997

0,9998

0,9998

0,9998

317

0,9998

0,9998

0,9998

0,9998

0,9998

0,9998

0,9998

0,9998

0,9998

0,9998

38

0,9999

0,9999

0,9999

0,9999

0,9999

0,9999

0,9999

0,9999

0,9999

0,9999

39

0,9999

0,9999

0,9999

0,9999

0,9999

0,9999

0,9999

0,9999

0,9999

0,9999

4.0

0,9999

0,9999

0,9999

0,9999

0,9999

0,9999

0,9999

0,9999

0,9999

0,9999

288




Ta6nuua Il

Yucso crene-
Hei csoboast k

01 02 03 /04|05 06 07 0809 095098 099
1 |0,16/032|051|0,73|1,001,38|196|3,086,31|12,71 31,82 63,66
2 | 14| 29| 44 | 62 |082| 06 | 34 |1,89/292| 430 | 6,96 | 9,92
3 |14 |28 42|58 |76 |098| 25 | 64 | 35 | 3,18 | 454 | 584
4 |13 |27 |41 |57 |74 |9 |19 |53)| 13 |278]375 | 460
S | 13|27 |41 |56|73|92)| 16|48 |01 | 57 | 36 | 03
6 |0,13/026/040|055|1,72|1,91|1,13|144|194| 245 | 3,14 | 3,71
7 |13 (26|40 | 55| 71 |9 | 12|41 |8 | 36 | 00 | 50
8 | 13|26 |40 | 55| 70 | 89 | 11 | 40 | 86 | 31 | 290 | 35
9 | 13|26 |40 | 54|70 | 88 | 10 |38 |8 | 26 | 82 | 25
10 | 13 | 26 | 40 | 54 | 70 | 88 | 09 | 37 | 81 | 23 | 76 | 17
11 |0,13/0,26|0,40|0,54 0,70 | 0,88 | 1,09| 1,36 1,80 | 2,20 | 2,72 | 3,11
12 | 13|26 | 39 | 54|69 | 87 | 08|36 |78| 18| 68 | 05
13| 13| 26| 39| 54|69 |87 08|35 |77| 16 | 65| 01
14 | 13 | 26 | 39 | 54 | 69 | 87 | 08 | 34 | 76 | 14 | 62 | 298
15| 13 | 26 | 39| 54|69 |87 |07 | 34| 75| 13| 60 | 95
16 |0,13|0,26|0,39|0,53| 0,69 | 0,86| 1,07 | 1,34 [ 1,75 | 2,12 | 2,58 | 2,92
17 | 13| 26 | 39|53 |69 |8 |07 |33 |74 11 | 57 | 9
18| 13| 26| 39| 53|69 |8 |07 |33| 73| 10| 55 | 88
19 | 13| 26 | 39 | 53|69 |8 |07 |33| 73| 09 | 54 | 86
20 | 13|26 |39 |53 |69|8 | 06|32|72| 09 | 53 | 84
21 0,13 0,26 0,39053|0,69| 086 | 1,06 1,32| 1,72 | 2,08 | 2,52 | 2,83
22| 13|26 |39 |53|69|8 | 06|32|72| 07 | 51 | 82




OkoHYaHue mabnuuiei il

BepoATHOCTD ¥

010203 04 0506|0708 09]095 098 099
23 | 13 | 26 | 39 | 53 | 68 | 86 | 06 | 32 | 71 | 07 | 50 | 81
24 13 | 26 | 3% | 53 | 68 | 86 | 06 | 32 | 71 06 49 80
25 | 13 | 26 |39 | 53 | 68 | 86 | 06| 32|71 06 | 48 | 79
' 26 | 013|026 039|053 068|086 1,06] 131 1,71 2,06 | 248 | 278
27| 13|26 | 39 53|68 |85 |06|31|70]| 05 | 47 | 77
28 | 13 |26 |39 |53 |68 |8 [06|31 7| 05 |47 6
29 | 13 | 26 | 39 | 53|68 |85 05|31 |70 04 | 46 | 76
30 [ 13|26 |39 |53 |68 |8 | 05|31 |7 | 04 | 46 | 75
40 |0,13|0,25/0,39 0,53 | 0,68 | 0,85 | 1,05 | 1,30 | 1,68 | 2.02 | 242 | 2,70
60 | 13 | 25 | 39 | 53 | 68 | 85 | 05 | 30 | 67 | 00 | 39 | 66
120 | 0,13 | 0.25|0,39 | 0,53 | 0.68 | 0,84 | 1.04 | 1,29 | 1,66 | 1,98 | 2,36 | 2,62
= | 13| 25 | 38 | 52 | 67 | 84 | 04 | 28 | 64 | 96 | 33 | 58 |
Tabnuua il
3uavennn 32, kpuTepus Niupcona
of g,
- o
gé BeposTHOCTh €
4
§§ 0,99 0,98 0,95 0.90|0,80 0,70 0,50 0,30 0,20 0,10 0,05 0,02 0,01
.
1 |0.00/000|000|002|006|015| 045|107 1,64 2,71 |3.84|541 6,64
2 0,02 0,04 0,10 (0,21 |045|0,71|1,39 | 2,41 [ 3,22 | 4,60|5,99 | 7,82 |9,21
3 011|018 0,350,558 | 1,00 [ 1,42 | 2.37 | 3.66 | 4,64 | 6,25 | 7.82 | 9,84 | 11,3
4 030043071 |1.06|1,65|220(336|488 599|778 |9,49 11,7 | 133




OxoHuarue maénuus! Il

Yucao cremne-
Hel ceoboast k

0,99

0,98

0,95

0,90

0,80

0,70

0,50

0,30

0.20

0,10

0,05

0,02

0,01

0,55

0,75

1,14

1,61

2,34

3,00

4-35

6,06

7,29

9.24

111

13,4

15,1

0,87

1,13

1,63

2,20

3,07

3,83

535

7,23

8,56

10,6

12,6

15,0

16,8

1,24

1,56

2,17

2,83

3,82

4‘67

6,35

8,38

9,80

12,0

14,1

16,6

18,5

1,65

2,03

2,73

3,49

4,59

5,53

7.34

9,52

11,0

13,4

15,5

18,2

20,1

o o N

2,09

2,53

3,32

417

5,38

6,39

8.34

10,7

12,2

14,7

16,9

19,7

21,7

2,56

3,06

3,94

4,86

6,18

7,27

9,34

11,8

13,4

16,0

18,3

21,2

23,2

3,05

3,61

4,58

5,58

6,99

8,15

10,3

12,9

14,6

17,3

19,7

22,6

24,7

3,57

4,18

5,23

6,30

7.81

9.03

11,3

14,0

15,8

18,5

21,0

24,1

26,2

4,11

4,76

5,89

7,04

8,63

9,93

12,3

15,1

17,0

19,8

224

255

27,7

4,66

537

6,57

7,79

9.47

10,8

13,3

16,2

18,1

21,1

23,7

269

291

523

5,98

7.26

8,55

10,3

11,7

143

17.3

19,3

223

25,0

28,3

30,6

5,81

6,61

7,96

9,31

11,1

12,6

153

18,4

20,5

235

26,3

29,6

320

6,41

7.26

8,67

10,1

12,0

13,5

16,3

19,5

21,6

248

27,6

31,0

334

7.02

7,91

9,39

10,9

12,9

14,4

173

20,6

22,8

26,0

28,9

323

34,3

7,63

8,57

10,1

11,6

13,7

15,3

18,3

21,7

23,9

27,2

30,1

33,7

36,2

8,26

9,24

10,8

12,4

14,6

16,3

19.3

22,8

249

28,4

314

35,0

37.6

8,90

9,92

11,6

13.2

154

17,2

20,3

23,9

26,0

29,6

32,7

36,3

389

9,54

10,6

123

14,0

16,3

18,1

213

24,9

27,1

30,8

339

37,7

40,3

10,2

11,3

13,1

148

17,2

19,0

223

26,0

284

32,0

35,2

39,0

41.6

10,9

12,0

13,8

15,7

18,1

19.9

233

27,1

29,6

33,2

36,4

40,3

43,0

11,5

12,7

14,6

16,5

19,0

20,9

24,3

28,2

30,7

344

377

41,7

443

12,2

13,4

154

17,3

19.8

21,8

25'3

29,2

31,8

35,6

38,9

42,9

45,6

12,9

14,1

16,1

18,1

20,7

22,7

30,3

329

36,7

40.1

441

47,0

13,6

14,8

16,9

18,9

216

23,6

27,3

314

34,0

37,9

413

454

48,3

14,3

15,6

17.7

19.8

225

24,6

28,3

325

35,1

39,1

42,6

46,7

49,6

14,9

16,3

18.5

20,6

234

25,5

29,3

35.5

36,2

40,3

43,8

48,0

50,9

29




Tabnuua IV

k, a = 0,05

kkN\] 1 [ 2 [ 3| 4| s | 6| 7] 8] 910121522034/ 6 [120] »

1| 161 | 200 | 216 | 225 | 230 | 234 | 237 | 239 | 240 | 242 | 244 | 246 | 248 | 249 | 250 | 251 | 252 | 253 | 254
2 [185] 190 [192]192]193]193] 193|194 [ 194 194|194 ] 194|194 194|195 195 | 195 | 195 | 195
3 [ 101 955 [928]912]901]894|889 885|881 |1,79(874|870]866|864]862]859]857]855] 853
4 |771] 694 | 653639626616 609)| 6046005096591 ]586]580]577]575 572569566563
5 | 661 579 | 541519505495 | 488 | 482|477 | 474 | 468 | 4,62 | 4,56 | 4,53 | 4,50 | 4,46 | 4,43 | 4,40 | 4,36
6 |599| 514 | 476 | 453 | 439|428 | 421 | 415 | 4,10 | 4,06 | 400 | 3,94 | 387 [ 3,84 | 3,81 | 377 | 374 [ 3,70 | 3,67
7 | 559| 474 [435| 412|397 387|379 3,73 | 3.68 | 3,64 [ 357 | 351 | 3,44 | 3,41 [ 338 | 334 [ 3,30 | 3,27 | 3,23
8 |532] 446 | 407|384 369]358|350] 344339335328 [322]315]312]308]304]301]297]29
9 | 512 426 | 386363348337 |320]323(318]3,14]307]30 [294]290 2862827927527
10 | 496 | 4,00 | 371 | 348 | 333 | 322 | 3,14 | 3,07 | 3,02 | 298 | 291 | 2,85 | 2,77 | 2.7a | 2.70 | 2,66 | 2.62 | 2.58 | 2.54
11 | 484 | 398 [3593.36]320]300]301]295|290285|279|272]265]261] 257253249 245] 240
12 | 475 | 389 [ 349|326 311 300291 |285 | 280275269262 254 251 | 247 | 243 | 238 | 2,34 | 2,30
13 | 467 | 3,81 | 341 |3,18|303 292283277271 267260253 246 | 242 | 238 | 234 | 2,30 | 225 | 2.21
14 | 460 | 3,74 | 334|311 (296 | 285|276 | 270 | 2,65 | 2,60 | 253 | 2.46 | 2,39 | 235 | 2,31 | 227 | 2.22 | 2,18 | 2,13
15 [ 454 | 368 | 329|306 290 | 279271264 259|254 248 [240[233]229]225] 220216211207




£67

lpodonxerue mabnuyb: IV

k, a = 0,05

k] 1| 2 [ 3] 4] s 6| 78] 91012152 24|3]/40]60]120/

16 | 4,49 | 3,63 | 324|301 | 285|274 | 266|259 | 254|249 242|235 228224219 215] 211206 201
17 | 445 | 359 | 320 296 | 2.81 [ 270 | 2.61 | 2,55 | 249 | 2.45 | 2,38 | 2.31 [ 223 | 219 | 2,15 | 210 | 2,06 | 2,01 | 1,96
18 | 4,41 | 3,55 | 3,16 | 2,93 | 2,77 | 2,66 | 2,58 | 2,51 | 2,46 | 2.41 | 2,34 | 2,27 | 2,19 | 2,15 | 211 | 2,06 | 202 | 1,97 | 1,92
19 | 438 | 352 [ 313 ] 290|274 | 2,63 | 254 | 248 | 242 [ 238 | 231 | 223 | 2,16 | 2,11 | 2,07 | 2,03 | 1,98 | 1,93 | 1,88
20 | 435 | 349 [ 300 287 [ 271 | 260 | 251 | 245 | 239 | 235 | 2,28 | 220 [ 2,12 | 2,08 | 2,04 | 1,99 | 1,95 | 1,90 | 1,84
21 | 432 | 347 | 307 | 284 [ 268 | 2,57 | 249 | 242 [ 237 | 232 | 2,25 | 2.8 | 2,00 | 2,05 | 2,01 | 1,96 | 192 | 1,87 | 1.81
22 [ 430 | 344 | 305282266 255|246 240] 234 | 230] 223 | 215 [ 207 [ 203 [ 1,98 ] 194 | 1,89 | 1,84 | 1,78
23 | 4,28 | 342 [ 3.03 | 280 [ 264 | 253 | 244 [ 237 [ 232 | 227 | 2,20 | 213 | 2,05 | 2,01 | 1.96 | 191 | 1,86 | 1.81 | 1,76
24 | 426 | 340 | 3,00 | 278 | 262 | 251 | 242 | 236 | 230 | 225 | 218 | 211 [ 2,03 [ 198 | 1,94 | 1,89 | 1,84 [ 179 [ 1,73
25 | 424 | 339 | 299 | 276 | 2,60 | 249 | 240 [ 234 | 228 | 224 | 2,16 | 209 | 201 [ 196 | 192 | 187 [ 182 | 1,77 | 17
26 | 423 | 337 | 298| 274 | 259 | 247 | 230 | 232 [ 227 [ 222 ] 215 | 207 [ 199 [ 195 | 1,90 | 1.85 | 1.80 | 1,75 | 1,69
27 (421 335 | 296 | 273 | 257 | 246 | 237 [ 231 | 225 | 220 | 213 | 206 [ 1,97 [ 193 | 1,88 | 1,84 | 1,79 | 1,73 | 1,67
28 [ 420 334 [ 295|271 | 256] 245] 236|229 224 ] 219] 212 204 [ 196 | 191 [ 1,87 ] 182 [ 1,77 [ 1,71 | 1,65
29 [ 418 | 333 [ 293|270 255|243 235 | 228|222 218|210]203] 194 190|185 181175170 ] 164
30 | 417 | 332 | 292 | 269 | 253 | 2,42 | 233 | 2,27 | 221 | 216 | 2,00 | 201 [ 1,93 | 189 | 1,84 | 1,79 | 1,74 | 1.68 | 1,62
40 | 408 | 323 [ 284 | 261 | 245|234 | 225 | 218 | 212 | 2,08 | 2,00 | 192 | 1,84 | 179 1,74 [ 1,69 | 1,64 | 1,58 | 1,51
60 | 400 | 315 | 276 | 253 | 237 | 225 [ 217 [ 2,10 | 204 | 1,99 | 1,92 | 184 | 1,75 | 1,70 | 1,65 | 1.59 | 1,53 | 1.47 | 1,39
120] 392 | 307 | 2.68 [ 245 [ 229 [ 2,17 | 2,00 | 2,02 | 196 | 1,91 | 1,83 | 1,75 | 1,66 | 1,61 | 1,55 | 1,50 | 1,43 | 1,35 | 1,25
= |384| 300 | 360237221 210|201 [194] 1,83 |18 1,75 | 1.67 | 1,57 | 152 | 1,46 | 139 | 1,32 [ 1,22 | 1,00




NMpodonxerue maGauue IV

k, a = 0,01
k, ! 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 | 120 o
1 | 4052 | 4999,5 | 5403 | 5625 | 5764 | 5859 | 5928 | 5982 | 6022 | 6056 | 6106 | 6157 | 6209 | 6235 | 6261 | 6287 | 6313 | 6339 | 6366
2 |98,50| 99,00 |99,17|99,25|99,30 | 99,33 | 99,36 | 99,37 | 99,39 | 99,40 [ 99,42 | 99.43 | 99,45 | 99,46 [ 99,47 | 99,47 | 99,48 | 99,49 | 99,50
3 34,12 30,82 [29,46 (28,71 | 28,24 | 27,91 | 27,67 | 27,49 | 27,35 | 27,23 | 27,05 | 26,87 | 26,69 | 26,60 | 26,50 | 26,41 | 26,32 | 26,22 | 26,13
“4 21,20 18,00 | 16,69 1598 | 15,52 15,21 | 14,98 | 14,80 | 14,66 | 14,55 | 14,37 | 14,20 | 14,02 | 13,93 | 13,84 | 13,75 | 13,65 | 13,56 | 13,46
5 |16,26| 13,27 |12,06|11,39| 10,97 | 10,67 | 10,46 | 10,29 10,16 | 10,05| 9,89 | 9,72 | 9,55 9.47" 938 | 929 | 9,20 | 9,11 | 9,02
I__6 13,75( 10,92 [ 9,78 | 9,15 | 8,75 | 8,47 | 8,26 | 8,10 | 798 | 787 | 772 | 7,56 | 7,40 | 731 | 7,23 | 7,14 | 7,06 | 6,97 | 6,88
7 |12,25| 955 | 845 | 785|746 | 7,19 | 699 | 6,84 | 6,72 | 6,62 | 6,47 | 6,31 |6,016| 6,07 | 599 | 591 | 582 | 5,74 | 5,65
8 |11,26| 865 | 759 | 7,01 | 6,63 | 6,37 | 6,18 | 6,03 | 591 | 581 | 567 | 5,52 | 5,36 | 5,28 | 5,20 | 5,12 | 5,03 | 4,95 | 4,86
j 10,56 8,02 | 6,99 | 6,42 | 6,06 | 580 | 561 | 547 | 5,35 | 526 | 5,11 | 4,96 | 4,81 | 4,73 | 4,65 | 4,57 | 4,48 | 440 | 4,31
10 [10,04| 756 | 6,55 | 5,99 | 5,64 | 539 | 5,20 | 5,06 | 4,94 | 4,85 | 4,71 | 4,56 | 4,41 | 433 | 4,25 | 4,17 | 4,08 | 4,00 | 3,91
11 | 965 | 721 | 6,22 | 567 | 532 | 507 | 489 | 4,74 | 4,63 | 4,54 | 4,40 | 4,25 | 4,10 | 4,02 | 3,94 | 1,86 | 3,78 | 3,69 | 3,60
12 1933 | 693 | 595 | 541 | 5,06 | 4,82 | 464 | 4,50 | 4,39 | 4,30 | 4,16 | 4,01 | 3,86 | 3,78 | 3,70 | 3,62 | 3,54 | 3,45 | 3,36
13 | 907 | 270 | 574 | 521 | 4,86 | 462 | 444 | 430 | 4,19 | 4,10 | 396 | 3,82 | 3,66 | 3,59 | 3,51 | 343 | 3,34 | 3,25 | 3.17
14 | 8,86 | 2,51 | 5,56 | 5,04 | 4,69 | 446 | 4,28 | 4,14 | 403 | 3,94 | 3,80 | 3,66 | 3,51 | 3,43 | 3,35 | 3,27 | 3,18 | 3,09 | 3,00
15 | 8,68 | 636 | 542 | 4,89 | 456 | 432 | 4,14 [ 4,00 | 3,89 | 3,80 | 3,67 | 3,52 | 3,37 | 3,29 | 3,21 | 3,13 | 3,05 | 2,96 | 2,87
E 853 | 6,23 | 529|477 | 444 | 4,20 | 4,03 | 3,89 | 3,78 | 3,69 | 3,55 | 3,41 | 3,26 | 3,18 | 3,10 | 3,02 | 2,93 | 2,84 | 2,75
17 | 8,40 | 6,11 | 5,18 | 467 | 4,34 | 4,10 | 3,93 [ 3,79 | 3,68 | 3,59 | 3,46 | 3,31 | 3,16 | 308 | 3,00 | 2,92 | 2,83 | 2,75 | 2,65
18 | 8,29 | 6,01 | 509 | 458 | 425 | 4,01 | 3,84 | 3,71 | 3,60 | 3,51 | 3,37 | 3,23 | 3,08 | 3,00 | 2,92 | 284 | 2,75 | 2,66 2,2‘




Oxkonuarue mabnuys [V

Jey a = 0,01

L\ 1| 2 [3]a4]s[e6[7]8]9o[w[12]15]20]20[3]40]6/[120] «

19 | 8,18 | 593 | 501 | 450 | 4,17 | 394 | 3.77 | 3.63 | 352 | 3.43 | 3,30 | 3,15 | 3,00 | 2,92 | 2,84 | 2,76 | 2.67 | 2.58 | 2,49
20 | 8,10 | 5.85 | 494 | 443 | 4,10 | 3.87 | 370 | 3,56 | 3.46 | 3.37 | 3,23 | 3,09 | 2,94 | 2.86 | 2,78 | 2.69 | 2,61 | 2,52 | 2,42 |
21 [802 ] 578 | 487 | 437 | 404 | 381 [ 364 [351 340 331 [ 3,17 [ 303 [ 288 | 280 | 272 | 2,64 [ 255 | 246 | 236 |
22 | 795 | 572 | 482 | 431|399 376 | 350 | 345|335 [ 326 | 3,12 298 | 2,83 | 275 | 2,67 | 2,58 | 2,50 | 2,40 | 2,31
23 | 788 | 566 | 476 | 426 | 3.94 | 3,71 | 3,54 | 3,41 | 330 | 3.21 | 3,07 | 293 | 2,78 | 270 | 2.62 | 2,54 | 2.45 | 235 | 2.26
24 | 782 | 561 | 472 | 422 [ 390 | 3,67 | 350 | 3.36 | 3.26 | 317 | 3,03 | 2.80 | 2.74 | 2.66 | 2,58 | 2.49 | 2.40 | 231 | 221
25 | 777 | 5,57 | 4,68 | 4,18 | 3,85 | 3,63 | 346 | 332 | 3,22 | 313 | 299 | 2,85 | 2,70 | 2,62 | 2,54 | 2,45 | 2,36 | 227 | 217 |
26 | 772 | 5,53 | 464 | 414 | 3.82 | 359 | 342 | 3,29 | 3.18 | 3,09 | 2,96 | 2,81 | 2,66 | 2,58 | 2,50 | 2,42 | 233 | 223 | 213 |
27 | 768 | 549 | 460 | 411|378 | 356 | 330 | 3.26 | 315 | 3.06 | 293 | 278 | 2,63 | 255 | 2.47 | 238 | 2.29 | 2.20 | 2,10
28 | 7,64 | 545 | 457 | 407 | 3,75 [ 353 [ 336 | 3,23 [ 312 | 3,03 | 290 [ 2,75 | 2,60 | 2,52 [ 2,44 | 2,35 | 2,26 | 217 | 2,06
29 | 7,60 | 542 | 454 | 4,04 | 3,73 | 3,50 | 3,33 | 3,20 | 3,09 | 3,00 | 2,87 | 2.73 | 2,57 | 2,49 | 2.41 | 233 | 2.23 | 2,14 | 2,03
30 | 7,56 | 539 | 451 | 402|370 [ 347 [ 330317 | 307 | 298 | 284 | 270 | 2,55 | 247 [ 230 | 230 [ 221 [ 211 | 201
40 | 731 | 518 | 431|383 | 35132931229 | 280 | 2,80 | 2.66 | 2,52 | 237 | 2.20 | 2,20 | 2.11 | 202 | 1.92 | 1.80
60 | 7,08 | 4,98 | 413 | 3,65 | 334 | 312 | 2,95 | 2.82 | 2,72 | 2,63 | 2,50 | 2.35 | 2,20 | 2,12 | 2,03 | 1,04 | 1,84 | 1,73 | 1,60
120 6,85 | 479 | 3,95 [ 3.48 [ 317 | 296 [ 2,79 | 2,66 | 256 | 2,47 [ 2.34 [ 2,19 [ 2,08 [ 1,95 [ 186 | 1,7 [ 166 | 1,53 | 1,38
= | 6,63 | 4,61 | 3.78 | 332 | 3,02 | 2,80 | 2,64 | 2,51 | 2,41 | 2,32 | 2,18 | 2,04 | 1,88 | 1,79 | 1,70 | 1,59 | 1,47 | 1,32 | 1,00

k, — amncao creneneit ceoboan A 6onbwoH AHCIEpeHH, k, — JUIA MEHBIICH AHCTIEPCHH.



3wavenns d, w d, xputepun flap6una — Yorcona Ha ypoHe sHauumocty a = 0,05

Tabnuua V

(n — uncno HabnwoaeHNi, p — YHCAO DGBACHAIOLINX NEpPemMeHHbBIX)

n p=1 p=2 p=3 p=4 p=5
d, | d, | d,  d | d, | d | d | d, | d, | d,

15 1,081 1,36 | 095 | 1,54 | 082 | ,L75 | 0,69 | 1,97 | 0,56 | 221
16 1,10 | 1,37 | 098 | 154 | 0,86 | 1,73 | 0,74 | 1,93 | 0,62 | 2,15
17 1,13 | 1,38 | 1,02 | 1,54 | 0,90 | 1,71 1,78 | 1,90 | 0,67 | 2,10
18 1,16 | 1,39 | 1,05 | 1,53 | 093 | 1,69 | 0,82 | 1,87 | 0,71 | 2,06
19 1,18 [ 140 | 1,08 | 1,53 | 097 | 168 | 0,85 | 1,85 | 0,75 | 2,02
20 | 1,20 | 1,41 | 1,10 | 1,54 | 1,00 | 1,68 | 090 | 1,83 | 0,79 | 1,99
21 1,22 | 1,42 | 1,13 | 1,54 | 1,03 | 1,67 | 0,93 | 1,81 | 0,83 | 1,96
22 (1,24 | 143 | 1,15 | 154 | 105 | 1,66 | 096 | 1,80 | 0,86 | 1,94
23 [ 1,26 | 1,44 | 1,17 | 1,54 | 1,08 | 1,66 | 0,99 | 1,79 | 0,90 | 1,92
24 1,27 | 145 | 1,19 | 1,55 | 1,10 | 1,66 |( 1,01 | 1,78 | 0,93 | 1,99
25 1,29 | 145 1,21 | 1,55 | 1,12 | 1,66 | 1,04 | 1,77 | 0,95 | 1,89
26 | 1,30 | 146 | 1,22 | 1,55 | 1,14 | 1,65 | 1,06 | 1,76 | 0,98 | 1,88
27 132 | 147 | 1,24 | 1,56 | 1,16 | 1,65 | 1,08 | 1,76 | 1,01 | 1,86
28 1,33 [ 1,48 | 1,26 | 1,56 | 1,18 | 1,65 | 1,10 | 1,75 | 1,03 | 1,85
29 | 134 | 148 | 1,27 | 1,56 | 1,20 | 1,65 | 1,12 | 1,74 | 1,05 | 1,84
30 [ 135|149 | 1,28 | 157 | 1,21 | 1,65 | 1,14 | 1,74 | 1,07 | 1,83
31 1,36 | 1,50 | 1,30 | 1,57 | 1,23 | 1,65 | 1,16 | 1,74 | 1,09 | 1,83
32 137 | 1,50 | 1,31 | 1,57 | 1,34 | 1,65 | 1,18 | 1,73 | 1,11 | 1,82
33 1,38 | 1,51 | 1,32 | 1,58 | 1,26 | 1,65 | 1,19 | 1,73 | 1,13 | 1,81
34 139 (1,51 (1,33 | 1,58 | 1,27 | 1,65 | 1,21 | 1,73 | 1,15 | 1,81
35 | 140 152|134 |158 | 1,28 | 1,65 | 1,22 | 1,73 | 1,16 | 1,80
36 | 141 | 1,52 (135|159 | 1,29 | 1,65 | 1,24 | 1,73 | 1,18 | 1,80
37 [ 142 | 1,53 | 1,36 | 1,59 | 1,31 | 166 | 1,25 | 1,72 | 1,19 | 1,80
38 | 143 | 154 | 1,37 | 1,59 | 1,32 | 1,66 | 1,26 | 1,72 | 1,21 | 1,79
39 143 | 1,54 | 1,38 | 1,60 | 1,33 | 1,66 | 1,27 | 1,72 | 1,22 | 1,79
40 | 144 | 1,54 | 1,39 | 1,60 | 1,34 | 166 | 1,29 | 1,72 | 1,23 | 1,79
45 | 148 | 1,57 | 143 | 1,62 | 1,38 | 1,67 | 1,34 | 1.72 | 1,29 | 1,78
S0 | 1,50 | 1,59 | 1,46 | 1,63 | 1,42 | 1,67 | 1,38 | 1,72 | 1,34 | 1,77
55 | 153 | 160|149 | 164 | 145 | 1,68 | 1,41 | 1,72 | 1,38 | 1,77
60 | 155 | 162 | 1,51 | 1,65 | 1,58 | 1,69 | 1,44 | 1,73 | 1,41 | 1,77




Okonyaxue mabn, V

n p=1 p=2 p=3 p=4 p=>5
d, | ¢ | d, | a 4, | d | d | d | d, | 4

65 | 1,57 | 1.63 | 1,54 | 1,66 | 1,50 | 1,70 | 147 | L73 | 1,44 | 1,77
70 1.58 1,64 1,55 1,67 1,52 | 1,70 1,49 1.74 146 | 1,77
75 | 1,60 | 1,65 | 1,57 | 1,68 | 1,54 | 1,71 | 1,51 | 1,74 | 1,49 | 1,77
80 | 161 | 1,66 | 159 | 1,69 | 1.56 | 1,72 | 1,53 | 1,74 | 151 | 177
85 | 1,62 | 167 | 1.60 [ 1,70 | 157 | .72 | 155 | 1,75 | 1,52 | 1,77
90 | 1,63 | 1,68 | 1,61 | 1,70 | 1,59 | 1,73 | 1,57 | 1,75 | 1,54 | 1,78
o5 | 1,64 | 1,69 | 162 | 1,71 | 1,60 | 1,73 | 1,58 | 1,75 | 1,56 | 1,78
100 | 1,65 | 1,69 | 1,63 | 1,72 | 1,61 | 1,74 | 1,59 | 1,76 | 1.57 | 178
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: AN NPUKNagHoOro U akageMu4ecKkoro
6axkanaBpwara.

. l . = MOA)U‘IH no y3KMM gucumninnHam.

CKONbKO cTOUT?

= Bbl MOXeTe BbiGpaTh TONbKO Te YHeOHUKH,
KOTOpbI@ HyXHbI Bawium yyawmmcs. :

V= Bbl MmoXeTe BbiGpaTh KONUYECTBO

eMHOBpeMeHHbIX AOCTYNOE K KaXXgoMy .
y4e6HUKY. . ¢ '

% Wapatenbcteo «HOpanT» noMmoxer
¢ noa6opkon y4ebHMKoB no Bawwmm

AUCLMMNAKHEM. :
V= Opgux pgoctyn Kk y4e6HuKy Ha rog — B 5 pas J S

AelueBne ne4aTtHoOro uagaHua.

MNoyemy umeHHo Hawa I6C?
KayecTBeHHbIN KOHTEHT ANsA o6pa3oBaHums.

[ocTyn K nepenspaHuaM B Te4YeHue
MOANUCKM,

HocTyn K apxuBy uagaTenbcraa.

CepBuchbl aons 6ubnuoTex
W npenopgasarenemn.

CucTema noucka no BCeM MeTagaHHbIM.

Cucrema norcka no AUCLMNInHam
W CUHOHMUMaM.

MNepepayva gaHHbIX B 6GUENMOTEYHbIN
katanor B chbopmate RUSMARC.
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