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Abstract

We continue our investigation of distributions on a topos, the symmetric monad, and com-
plete spreads. Our tool is the pure dense/complete spread, or comprehensive, factorization of a
geometric morphism. We obtain, among other results, a characterization of the algebras for the
symmetric monad that translates into a “Waelbroeck” theorem for toposes. We also investigate
the connection between complete spreads and the fundamental group of a topos. © 1998 Elsevier
Science B.V. All rights reserved.
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1. Introduction

The purpose of this paper is to pursue our previous investigations [6] of distributions
on a topos [14, 15], of the symmetric monad [4, 5], and of complete spreads [8, 10].

The pure dense/complete spread factorization of a geometric morphism [6] is im-
portant to our discussion. (For the purposes of this paper, we need only consider the
case when the domain topos of the geometric morphism is locally connected [2, 16].)
We begin in Section 1 with a review of pure dense geometric morphisms and com-
plete spreads, and we record some facts about them which will be used throughout the
paper. Then in Section 2 the pure dense/complete spread factorization is interepreted
as a “comprehensive factorization”, and compared with the work of Street and Walters
[18]. Closely related to comprehension is the notion of the density of a distribution
(see [15]). In Section 3, we analyze density in terms of complete spreads. We use
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this analysis to show in Section 7 that a locally connected topos whose connected
components functor preserves products is simply connected.

A probability distribution is a distribution which preserves the terminal object. In
Section 4, we give an explicit construction of the probability distribution classifier in
terms of the finite non-empty connected limit completion of a small category, thus
answering a question left open in [6].

A theorem of Waelbroeck [19] says that the space of distributions (with compact
support) on a smooth manifold is the free vector space on the manifold, relative to
a certain class of test spaces (the “b-spaces”). Lawvere [14] has suggested that this
result could be interpreted in other suitable contexts. Kock [12] has considered the
question for an object in a ringed topos. The question for toposes has already been
partly answered with the result that the symmetric topos is part of a monad, denoted
by M, on the 2-category of toposes [6]. Further, in Sections 5 and 6, we show that for
a topos &, the unit 35 : & — M & (the “Dirac delta”) has a universal property which can
be interpreted as a “Waelbroeck™ theorem for toposes (in two forms). This amounts
to characterizing M-algebras as “linear” toposes, so that for a topos &, M& becomes
the free linear topos on &. Similar characterizations are obtained for the algebras of
the lower bagdomain monad [11], and of the probability distribution classifier. We also
show that if the carrier topos of an M-algebra is locally connected, then the topos has
the stronger property of being totally connected.

One should expect that an arbitrary locally constant object in a topos be a complete
spread [8, 10, Proposition 5.18]. We begin Section 7 by showing that this is indeed the
case. It is then natural to consider the question of whether every local homeomorphism
which is a complete spread is locally constant. We present some preliminary investi-
gations of this question. In particular, we show that in a connected presheaf topos, the
locally constant objects coincide with the complete spread objects. Thus, the funda-
mental group [1, 7] of a connected presheaf topos coincides with its full subcategory
of “clopens”. The general case remains an open question.

We will often use the terms “pullback™ and “comma object” in a 2-categorical con-
text. We always mean bi-pullback and bi-comma object.

1. Pure dense geometric morphisms and complete spreads

The notions of a pure dense geometric morphism and of a complete spread are used
throughout this paper. These notions are defined relative to a base topos, for which we
reserve the symbol & For a topos % over &, its structure geometric morphism will
be denoted by g, as part of an obvious general rule. We occasionally omit these labels
altogether. If % is locally connected, we denote the left adjoint of g* by g;.

Let €25 denote the subobject classifier in the base topos ¥, A geometric morphism
&5 F over  is said to be pure (tespectively, dense) [6] if the unit Qg — @x0*Qy is
an epimorphism (respectively, a monomorphism). We say that @« preserves
S -coproducts if for every /€ ¥, the unit / — @™/ is an isomorphism. We have
the following.
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Proposition 1.1. Let & and F be locally connected toposes. Then the following are
equivalent for a geometric morphism & > F ‘over .

1. @x preserves S -coproducts.

2. ¢ is pure and dense.

3. The canonical morphism e, - o* — f, is an isomorphism.

Proof. This follows from [6], Proposition 2.7. [

Propeosition 1.2. Consider a commutative triangle

e—Fr .z
x /
X7
of toposes and geometric morphisms (over a base topos &).
1. If r« is faithful and p is pure, then q is pure.

2. If rx is full and p is dense, then q is dense.
3. If r is an inclusion and px preserves S -coproducts, then so does qx.

Proof. Let / €. We have a commutative square

r*y
P ——— Prageqtg*l
g ——  axq7g"]

where 7: f*I — px p* f*I 2 reqxq*g*I is the unit of p* - px, and k is the unit of
q* < g%. The morphism ¢ is the counit of * 4r4, and the left-hand morphism is an
isomorphism. For 1, we take I to be Q.. We are assuming that # is an epimorphism.
If rx is faithful, ¢ is an epimorphism, so that x is also. For 2, again with / equal to
Q, & is a (split) monomorphism, so that if # is a monomorphism, x is as well. The
preservation of .#-coproducts by the direct image functors means that the counits #
and k are isomorphisms, so 3 is clear. O

It is well-known [2, 16] that locally connected geometric morphisms are stable under
pullback. We use this fact in the proofs of the next two results.

Proposition 1.3. Pure dense geometric morphisms and geometric morphisms whose
direct image functors preserve F-coproducts are stable under pullback along locally
connected geometric morphisms.
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Proof. Let

7
|
F

be a pullback with y locally connected and p pure dense. Then f is locally con-
nected and we have fig* = p*™y,, or equivalently y* px = gxp* By assumption, the
unit f*Q — ps« p* f*Q is an isomorphism, where € is the subobject classifier of &

Apply y* to this isomorphism to yield

=
I

_—
p

g Oy PPt Q=g T Q= gud" Q2 guq" g Q.

This isomorphism is equal to the unit g*Q — gxq*g*Q. Thus, ¢ is pure dense.
The above argument works also for geometric morphisms whose direct image func-
tors preserve .¥-coproducts. [

We recall [6] that a locally connected topos is said to be fotally connected (re-
spectively, to have fotally connected components) if its connected components func-
tor is left exact (respectively, preserves pullbacks). A locally connected topos is to-
tally connected if and only if it has totally connected components and is also
connected.

Proposition 1.4. The class of geometric morphisms having totally connected compo-
nents is closed under composition and under arbitrary pullback.

Proof. Closure under composition is clear. For pullback stability, let 2% % have
totally connected components. Assume we are pulling back along a geometric mor-

phism y. We can factor d as & 1»5”/1 L % such that d is locally connected and d
is left exact. The object / is d\1. There is /I > P over & which is right adjoint
to d (p* :cig). We know that the pullback geometric morphism y*d is locall! con-
nected, but we must show that (y*d), preserves pullbacks. We have y”a? ~y*d, and
y*I1 = (y*d)(1). A pullback of an adjoint pair is again an adjoint pair. This applies to
d p, so that (y*d), is isomorphic to (y* p)*, whence left exact. Thus, (y%d), preserves
pullbacks. [

The notion of a complete spread is the complement of pure dense; on the one hand,
complete spreads and pure dense geometric morphisms are a factorization system on
Tops {6, Theorem 2.15], and on the other, the notion of complete spread is to pure
dense as closed is to dense in topology. For this paper, the reader may take the
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following as the definition of a complete spread. Let % be a topos presented over & by
a site with underlying category C. Let & 2, # denote an arbitrary geometric morphism
over ., where & is locally connected (we consider only complete spreads with locally
connected domains). Consider the discrete opfibration p-2cC corresponding to the

*
functor C—» % % &£, A typical object of D is a pair (c,x), x€el(¢*c). We say ¢
is a complete spread if the following square is a pullback in Topg.

&
F

—

In this diagram, ¥ denotes the geometric morphism induced by D, and v is that induced
by the flat functor ¥:D — & such that V(c,x) is the pullback

V(Cx) ——  o%c

I —— cralp”e)

e X

The right-hand vertical arrow is the unit of e, 4e*. This definition of complete spread
does not depend on the choice of site for the codomain topos [6, Proposition 2.11].

Proposition 1.5. Complete spreads are stable under pullback along local homeomor-
phisms.

Proof. Let 2% % denote a complete spread (over &) with @ locally connected. Fix
an object X € #. We wish to show that in the pullback

DI*X ——— G

Px J¢
F

3
=
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the geometric morphism @y is a complete spread. Let (C,J) be an ¥-site for #, and
regard X as a discrete fibration X -5 C so that X can be taken as (the underlying
category of ) a site for #/X. Let D 2, C denote the discrete opfibration corresponding
to the cosheaf dy - ¢* - ¢ in the following commutative diagram:

X
Xl
C

The functor & sends an object (c,s) € X to the object ec — X. Let P : X —.% denote
the cosheaf corresponding to ¢@y. The above diagram shows that P is isomorphic to
di - ¢* - & composed with X =, C, so that the discrete opfibration corresponding to »
is the pullback

, *
£ .?-/X Px 9/([)*){

Fol

¢ o* d,

of functors and small categories. Qur aim is to show that

Glo*X —— FP7

FIX — X7

is a pullback of toposes, where v is the geometric morphism induced by P. This square
appears as the back face in the following commutative cube. The geometric morphism
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u is that induced by D.

Doe

/@/Q?*X /9’ fuX
T ‘

FIX — | —— o©

s

F——

Q

op

/X

The left, right, bottom and front faces are pullbacks, and therefore, so is the back face.
This concludes the proof. [

2. Comprehension for distributions on toposes

The comprehensive factorization considered by Street and Walters [18] arises from
the comprehension schema [13] for a certain fibration, which we will denote by P,
on the category of small categories Cat. For a small category B, the fiber P(B) is
defined to be the category of &#-valued functors on B. Transition along a functor ¥
between small categories is given by composition with F. This fibration has a terminal
T (for each B, the terminal functor Tg), and also 2 (left Kan extension). That it
has comprehension is a consequence of the fact that to an -valued functor there
corresponds a discrete opfibration, as this constitutes the right adjoint to the functor

Cat/B — P(B)

assigning to a functor A £, B, the functor Xz(T,). Let & denote the functor X(T »),
and {k} : D— B the discrete opfibration associated with k. Then the unit F — {k}

is an initial functor A&D, unique with the property that {k} - Q= F and that
Zo(TA)= Tp. Thus, the comprehensive factorization of F is its initial/discrete op-
fibration factorization, hence the name.

The pure dense/complete spread factorization [6] of a geometric morphism may also
be regarded as “comprehensive”. Consider the fibration of distributions on the category
IcTop, of locally connected toposes over . We denote this fibration by D. For a topos
&, the fiber D& is defined to be the category of (% -valued) distributions on &. For a

geometric morphism & Y7 , composition with ¢* gives Xy. The transition functor D¢
is by definition the right adjoint of X, (coherence for the D¢ is satisfied since it holds
for the 2,). The functors D¢ exist since the fiber categories are locally presentable
(e.g., they appear as a suitable coinverter [5]), and since the 2, are cocontinuous).
The fibration D has a terminal T. For each locally connected topos &, the terminal
distribution T« is the connected components functor e¢;. The comprehension schema
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requires for each locally connected topos #, the existence of a right adjoint of the
functor

IcTop,,/F — DF (1)

assigning to a geometric morphism & . F over & , the distribution X4(T¢) (this dis-
tribution is equal to e;-@*). The functor (1) was considered in [6], and it was there ob-
served that its right adjoint {-} exists. This right adjoint associates with a distribution u
on %, a complete spread {u}:% — #. In this way, we obtain the pure dense/complete
spread factorization of a geometric morphism between locally connected toposes as a
comprehensive factorization; a geometric morphism & 2, # is factored as {u}-n, where
u denotes 2,(T¢), and & L is the pure dense unit. We summarize these remarks
in the following:

Theorem 2.1. The fibration of distributions on locally connected toposes over ¥ sat-
isfies the comprehension schema. The corresponding comprehensive factorization of a
geometric morphism is its pure dense/complete spread factorization.

Of course, the concepts of complete spread and pure dense apply to presheaf toposes
[6, Example 2.16, 2]. We have the following analysis of this case. We recall some
facts, which are well-known, about the Karoubi envelope of a small category. If C
denotes a small category, we shall denote its Karoubi envelope by KC. Its objects are

the idempotents ¢ Lcof C, and its morphisms f 2, g are commutative diagrams as
follows (which compose in an obvious manner).

c—2% 4

fl @ g

c—5 4

There is a fully faithful functor C — KC which sends an object ¢ to the idempotent
1.. This functor induces by pullback an equivalence

FEKC ~ L (2)
The pseudo-inverse of this equivalence associates with a discrete opfibration p-Ac
the functor KP. KP is a discrete opfibration on KC, and in fact, for an idempotent e

in C,

KP(e)={x|Pe(x)=x}={x|3y Pe(y)=x}.
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The equivalence (2) says in particular that for a discrete opfibration P:P — C, the
commutative square

P — KP

¢C —— KC

of functors and small categories is a pullback.

Since K(C)=~(KC)°, the statements of the previous paragraph can be similarly
expressed for discrete fibrations.

The Karoubi envelope is in general not enough to recover the small category from
its topos of presheaves (it is if % has ‘choice’). The general case requires the stack
completion of a category [3]. Consider the canonical embedding of a small category
into its stack completion (which is not always small).

D—D 3)

This functor is a weak equivalence, and since % is an %-stack, composition with it
induces an equivalence

F/’B ~ P
of F-indexed categories. For a discrete opfibration P N D, the functor P is a discrete

opfibration, and we have a pullback

P —— KP

D D

of functors and categories. This pullback combines with the previous one to give the
following pullback, for a discrete opfibration P.

P —  KP

C — - KC
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Since #°P is an &-stack, composition with the opposite of (3) gives an equivalence

,‘/(S)W ~ gD

and it follows that the previous square is a pullback for discrete fibrations as well.

Finally, we recall [3] that the geometric morphism FA” - 7B induced by a functor
F:A —B is an equivalence if and only if KF is an equivalence.

We are now ready to examine the pure dense/complete spread factorization of a
geometric morphism between presheaf toposes induced by a small functor F in terms
of the comprehensive factorization of F. We include the case when F is a discrete
fibration, as it is of interest to us in Section 7.

Proposition 2.2. Consider the geometric morphism f Y B induced by a
functor F:A — B. Then we have the following.

1. If F is a discrete opfibration, then f is a complete spread.

2. If f is a complete spread, then KF is a discrete opfibration.

3. If [ is a complete spread and if F is a discrete fibration, then F is a discrete
opfibration.

4. [ is pure dense if and only if F is initial.

Proof. 1. This follows immediately from the definition of a complete spread given in
Section 1.

2. The assumption that f is a complete spread amounts to the assumption that the
geometric morphism g induced by the initial factor O of the comprehensive factorization
of F is an equivalence, as depicted in the following diagrams.

A» 4 D>

The functor D is a discrete opfibration. Then KD is a discrete opfibration, and Eé is
an equivalence. Thus, KF must also be a discrete opfibration.

3. By 2, KF is a discrete opfibration. Under the assumption that F is a discrete
fibration we have the pullback square

A——-+ﬂ

B— KB

so that in this case F must be a discrete opfibration.
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4. If f is pure dense, then the geometric morphism d is an equivalence, whence KD
is also an equivaience. Then D is an equivalence as it is the pullback of KD along
B — KB, and so F is initial. Conversely, if F is initial, then F°P is final, so that for
a presheaf P on B,

fim

TPy (P Fory= P,
This says that f is pure dense (Proposition 1.1). O

NDaeea=l, I 2 A Aicnsmats Blivadioem I e o o1l e T 0w dbe o al At L
RCIHAIR 4.0, A UISLICIO HDIAUVI 7 V11 d SlIdll CalCguly D IS dl UIC Sdame Ume a aiscreic
. . . . X . . . .
opfibration if and only if for each morphism ¢ —-d in B, Fx is an isomorphism. We
leave it to the reader to verify that if B is connected, such presheaves are exactly the

locally constant presheaves on B (see 7.9).

3. The density of a distribution

In the classical theory of distributions, functions act on measures producing new
measures. The Radon—Nikodym derivative “inverts” this action; it can be thought of
as the density of a measure relative to another. Lawvere [15] expiains:

It is in terms of such “action” (or “multiplication”) of intensive quantities on exten-
sive quantities that the roie of the former as “ratios™ of the latter must be understood.

In this section we describe the density of a distribution on a topos. We will do this
by considering a natural enrichment over sheaves that distributions possess. Then we
pass to an action of sheaves on distributions by copowers which the density inverts.

We denote the category of distributions on a topos & by D&, as in Section 2.
However, here we consider D& as having the structure of an &-indexed category,
i.e, of a fibration over &. For X an object of &, we take for the fibre (D&)Y the
category D(&/X). The transition functor (D&) — (D&)* along a morphism X — Y
of & for this fibration is given by composition with the coproduct functor &/X EX &Y.
A detailed explanation of this structure on D&, and a proof of the following result are
given in [9].

Theorem 3.1. D& is cocomplete and locally small as an &-indexed category.

In particular, D& has &-copowers. The copower of a distribution y by an osbject X of
& is a distribution which we denote by X.u. The following natural bijection expresses
the universal property of the copower X.ji.

morphisms p- Xy — 4 Zx in (D&Y

morphisms X.y — A in (D&)!
We have
Xu(F)= X x F), Feé&.
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The local smallness of D& means that for distributions p and 4, there is an object
Dé&(u, ) in & which represents morphisms in D&, i.e., for which there is a natural
bijection
morphisms X — D&(p, ) in &
morphisms u- Xy — A-Zy in (D&Y

If a site is given for &, say with underlying category C, then the sheaf D&(u, A) is
given by

Dé&(u, A)(c) = {natural transformations c.u — 1}, ceC.
For a fixed distribution p, we have adjoint functors

E—-DE X—X.u, DE—E;, A DE(, ).

Definition 3.2. Let & denote a locally connected topos with components functor e:.
For a distribution A on &, we will refer to the object Dé&(ey, 1) of & as the density of
4. We denote this object by dA. The functor d is the right adjoint of X +— X .e,.

Example 3.3. The density of e, is the terminal sheaf; de, = 1. This is because e is
the terminal distribution.

We next relate the density of a distribution to the comprehensive, or pure dense/
complete spread, factorization of a geometric morphism. We will call the complete
spread of this factorization of a geometric morphism (with locally connected domain)
its associated complete spread. The domain of the associated complete spread is locally
connected.

Proposition 3.4. For X ¢ &, the complete spread corresponding to the copower X .e:
is the associated complete spread of §/X — &, as in the following diagram:

é”/X—E—» 17

\ JX

&

The pure dense p can be factored by the unit X — d(X .e\) as indicated below.
E/X—6/dX.e) — @

Xe
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Proof. Let 22 & denote the associated complete spread of &/X — &. Let A denote

an arbitrary distribution on & with corresponding complete spread .7 2% &. We have
the natural bijection

morphisms e - Xy — A-Zy in (D&Y
morphisms X .e; — 4 in (D&)!.

The complete spread over &/X corresponding to the distribution A-2y on &/X is
the pullback 7 /A*X — &/X (Proposition 1.5). The one corresponding to e - Zy is the
identity geometric morphism on &/X. Geometric morphisms & — 7 over & are in
bijection with geometric morphisms &/X — 7 over &, whence geometric morphisms
/X — T [A*X over £/X. Thus, ¢ has the universal property required of the complete
spread corresponding to the copower X.e. [

One way to say that a geometric morphism % — & is localic is to say that there is
a locale Y in & whose topos of sheaves Shg(Y) is equivalent to % over &. We may
consider the associated local homeomorphism

JE—— ¥

&

of a localic geometric morphism y over &. The object E is the object of points of the
locale Y, i.e.,

E = {é&-internal frame morphisms ((Y)— Qg },

where Qg is the subobject classifier of &, and where (/(Y) denotes the frame in &
which corresponds to Y. We recall that a spread is a localic geometric morphism [6,
Proposition 1.3].

Proposition 3.5. Let y€ D& Then dy is isomorphic to the associated local homeo-
morphism of the complete spread corresponding to .

&ldp ——

N



62 M. Bunge, J. Funk/Journal of Pure and Applied Algebra 130 (1998) 49-84

In terms of complete spreads over &, the counit (du).er — u is the second horizontal
morphism in the following diagram:

&ldu 9 T

.
1
&

Proof. Let F €&. To be shown is that morphisms F —du in & correspond to geo-
metric morphisms &/F — 7 over &. By definition, morphisms F — dyu correspond to
morphisms F.e; — p in D&. By Proposition 3.4, these correspond to geometric mor-
phisms from the associated complete spread of F to J over &, whence to geometric
morphisms &/F — .7 over &. [

Corollary 3.6. Let X € &. If §/X — & is a complete spread, then the unit X — d(X .e))
is an isomorphism.

Proof. This follows from Propositions 3.4 and 3.5. [J

4. Probability distributions and connected limits

A finite connected limit is one whose diagram is finite, non-empty and connected.
Finite connected limits can be freely adjoined to an arbitrary small category. Let us
denote by C?® the finite connected limit completion of a small category C. We have
the unit x: C — C®,

Lemma 4.1. « is a final functor.

Proof. Let Dg denote the finite connected colimit completion of a small category D.
D¢ can be constructed as the full subcategory of &P determined by those presheaves
which are finite connected colimits of representables. Then the canonical functor D —
Dg is an initial functor, so that, since C® = (C(E’é’)q’, the functor « is final. O

A probability distribution on a topos is a distribution which preserves the terminal
object. The topos classifier of probability distributions on a topos & is denoted by
Cé&; the category of geometric morphisms ¥ — C& is naturally equivalence to the
category of probability distributions & —%. The existence of C& can be established
by constructing it as a subtopos of M¢& using a forcing topology [6, Theorem 3.15].
The following result gives a direct construction of C&.
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Theorem 4.2. Let & denote an arbitrary topos presented by a site (C,J), so that M&
is presented by (C*,J*), where C* is the finite limit free completion of C. Then C&
can be constructed as the pullback

Cé&§ — M&

yC@OP e?C'koli

in Topy, where the bottom geometric morphism is that induced by the unique fac-
torization of & through x:

Cc—2 . ¢®

é
c*

Proof. We must show that for an arbitrary topos ¥, the category of %-valued proba-
bility distributions on & is equivalent to the category of cones

g — 1, Me

G op *k 0P
$ — g€

by an equivalence which is natural in %. Suppose we are given a %-valued probability
distribution. We have its corresponding geometric morphism % = M&, and also its
corresponding cosheaf K :C— %. K has the property that lim g 1. Then K lifts to a
functor K® : C® — % which preserves finite connected limits, and which furthermore,
since k is final (Lemma 4.1), satisfies lim k& 1. It follows that the left extension
k*: %" @ of K® preserves finite connected limits and also 1. Therefore, k* is
left exact, so that we have a geometric morphism & and a cone as above.

Conversely, a cone such as above gives a cosheaf X : C — ¢ corresponding to x, and
at the same time a flat functor K : C® — % corresponding to k. K satisfies lm g 1, so
that, again since x is final, we have bim (K - k)= 1 also. The commutativity of the cone
gives that X and K -k coincide, so that the corresponding distribution is a probability
distribution. O
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The following diagram (left) depicts the canonical factorizations of & 5 MéE through
the bag-domain %;&, and through the probability distribution classifier C&. In terms
of freely adjoining finite limits to a site C for &, it corresponds to the center diagram.
The remaining diagram describes the distributions classified.

partial
points

finite
/ \ product/ Xq‘uahzers / \
points distributions
finite \ /imte
connected products

probability
distributions

5. The Waelbroeck theorem for toposes (first version)

Our goal in this section is to obtain a characterization of the algebras for the sym-
metric monad M on Topy. We will here characterize M -algebras in terms of a certain
cocompleteness property (Theorem 5.4 below), and then in Section 6 in terms of a “lin-
ear” structure (Theorem 6.4). We call these results Waelbroeck theorems for toposes,
by analogy with [19].

One way to express the cocompleteness of an object in a bicategory is to ask for
the existence of certain left Kan extensions. The following diagram depicts the left
extension of a l-cell p along another one ¢:

A—L B

PN\ = |Z,p
X

We should not expect the existence of such extensions along every l-cell @; it is
natural to require restrictions on ¢. For instance, consider when 4,B,X are categories
and we wish to express the small cocompleteness of X. In this case we would restrict
¢ by requiring that for every b € B, the comma category ¢ | b be small. In addition to
requiring the existence of left extensions, we should expect that the Beck—Chevalley
condition (BCC) for comma objects hold. In the example of categories and small
cocompleteness, it holds for the comma object

Qlb——1

.

A—G—B.
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The following definition expresses in this manner a cocompleteness property pertaining
to an object in the bicategory Topy. We take the class of morphisms ¢ to be the
class of & -essential geometric morphisms. We will use the fact [6, Theorem 3.6], first
discovered by Pitts, that in a comma object

| -l

in Topy in which ¢ is #-essential,  is locally connected.

Definition 5.1. A topos & (over %) will be said to be cocomplete (for S -essential
geometric morphisms) if it satisfies the following two conditions:
1. # admits left Kan extensions along essential geometric morphisms.

F

In other words, for every essential geometric morphism g% x, precomposition
with ¢ has a left adjoint.

@" Topy(H,F)—Tops(4,F),  Z,:Topy(9,F)— Tops(H,F)

2. The Beck—Chevalley condition for comma objects holds. This means that for every
comma object

fr_i_,%

?—w—-’%

in Topy in which ¢ is essential, the canonical natural transformation
Xy K =pF L,

is an isomorphism. In other words, for any geometric morphism ¥ 2, #, the extension
along  of p-k is canonically isomorphic to p composed with the extension along ¢
of p.
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A geometric morphism % L, #' between toposes which are cocomplete in the above
sense will be said to be cocontinuous (for essential geometric morphisms) if for
any essential geometric morphism ¥ 2 #, and any “diagram” ¥ 2, #, the canonical
morphism X,(y- p)=7y-Z,p is an isomorphism.

We encourage the reader to review the fact [6, Theorem 3.1] that a topos F is an
M -algebra if and only if §: # — M % has a left adjoint in Top..

Proposition 5.2. M-algebras are cocomplete and M-homomorphisms are cocontin-
uous. For an M-algebra MF 5 F and a geometric morphism 42 7, we have

Zop=a-2,(0- p)

g%

pl qu,(fs'P)
=

F —5—MF

1 :}[a

F

Furthermore, we have 250 = 1y 5, Xsl 70, and the canonical morphism 1z = X
1z -0 is an isomorphism.

F—2 MF F— Mz
SN\ = (250 1y = Zsly
MZF F

Proof. Fix an essential geometric morphism %-% #. We first work with free
M -algebras. Under the fundamental adjointness

Top (2, MF)=Cocts(F, %),

@* for M.F is identified with composition with the inverse image functor @*. Then
2, for M#F can be identified with composition with the left adjoint ¢,. Given this,
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one verifies easily that 25022 1);4#. The BCC (for comma objects) for the free algebra
M % follows because in a comma object:

l J

Y——H

we have - k* = p* . ;. Thus, free algebras are cocomplete. Now let MF 5 F de-

note an arbitrary M-algebra. We have ¢ 46. For any 4 L, &, define

2pp=0-Zy(0- p), ey
where on the right side, 2, refers to the free algebra M.%. The following series
of bijections shows that this definition gives the left adjoint to ¢*. Let # L F be

arbitrary:

0-2,(0-p)=q
2y(6-p)=6-q
0-p=>0-9-¢
P=4q-9=9'q
The last bijection holds because ¢ is an inclusion. A consequence of (1) is

2(51,97:0'-25(5-13:)20"2,;520'-141920'.

We now verify the BCC for the algebra #. Referring to the above comma object, by
(1) we have

P Zop=p"(0-Zo(86- p))=0-p*Z,(5- p).
By the BCC for free algebras, this is isomorphic to
0-Zyk* (3 p)=0-Z4(8 -k p)=Zyx* p.
The last equality is (1) again.
Finally, we show that M-homomorphisms are cocontinuous. It is not difficult to

verify that free homomorphisms, i.e., geometric morphisms of the form M7y, are co-
continuous. Now let # > %' be an arbitrary M-homomorphism. Then for ¢ essential,
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and 45 #, by (1) for F' we have
Z(y-p)=0"-Zo(0' -y p)=a' Zo(My-5 p).
Since My is cocontinuous, this is isomorphic to
a - My-Zy(0-p)=y-0-Z,(6-p)=7 Zyp,
where the last equality is by (1). O

Corollary 5.3. Let MF % F denote an M-algebra. Let & 5 & be locally connected

(ie., let e be F-essential). The left extension of a geometric morphism & Yz along
e is isomorphic to o -q, where the point & L MZF corresponds to the distribution
e lﬁ* F -

éa_‘-’___hsp
" .—_>[22t/f=ﬂ-q
F

If €595 F denotes the pure dense/complete spread factorization of W, then
deﬂgze‘ﬁ-

Proof. The first statement is seen to be true by examining the constructions in the
Proof of Proposition 5.2. The second statement follows from the first because the
distributions d, - ¢* and e, - y* are isomorphic. [

Theorem 5.4 (Waelbroeck Theorem, first version). A topos is an M-algebra if and
only if it is cocomplete (Definition 5.1). A geometric morphism is an M-homomor-
phism if and only if it is cocontinuous. For any topos F, the topos MF is its free

cocompletion. That is, if F >% is a geometric morphism into a cocomplete topos
G, then there is an essentially unigue cocontinuous geometric morphism & such that

F—2 MF

N

commutes.
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Proof. Assume that a given topos # is cocomplete. Let 0: M.% — # denote the
left extension Z4(15). We will show that ¢ -4, so that (#,0) is an M -algebra. Let

HLMF and # 2 F be arbitrary geometric morphisms, and consider the following
comma object:

We have the following natural bijections:

c-q=m

q#251f=>m

o r=m
by the BCC for the

above comma object

p=o'm

d-p=>5-¢°m

since & is an inclusion

p'é= ' -m)

Z,p'0=>56-m

q"256:>5-m

qlef =d-m
by Prop. 5.2

g=95-m.

It remains to show that a cocontinuous geometric morphism between cocomplete
toposes (equivalently, M-algebras) is a homomorphism. Let & 2 %' be such a geo-

metric morphism. We must show that the canonical natural transformation o’ - M y=>
»-¢ is an isomorphism. There are canonical isomorphisms

o My 8§=0d-8-y=y
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to which we apply X5 giving the top row of the following diagram:

Z5(0" - My-8)———Z5(0" - 6" ) ———  Lsy

|

!
oMy ——— p0  ——yLls
&

The left vertical arrow is the counit of X5-6*. The right vertical arrow is an iso-
morphism because y is assumed to be cocontinuous. The bottom right morphism is
the isomorphism obtained by applying y to 6= 251%. This diagram can be seen to
commute by unraveling the adjoints. Next observe that the left vertical arrow is an
isomorphism. In fact, both ¢’ and My are M-homomorphisms, whence cocontinuous
(Proposition 5.2), so that

Is(o’ My -5)=e  -My-Z50%c -My-lys =0 My.

This shows that { is an isomorphism. [

6. The Waelbroeck theorem for toposes (second version)

For the second Waelbroeck theorem (Theorem 6.4 below) we shift our attention
from essential geometric morphisms and comma objects to locally connected geometric
morphisms and pullback squares.

Definition 6.1. A topos # (over %) will be said to be a linear topos if it admits
left Kan extensions along locally connected geometric morphisms (see Definition 5.1).
Furthermore, we require that % satisfy the BCC for pullback squares. Explicitly, this
means that for every pullback square

j.._.__"&_,x

J J

G—a K

in Tops in which ¢ is locally connected, the canonical natural transformation
I, k'=pt 2,

is an isomorphism. A geometric morphism % - %’ between linear toposes will
be said to be a linear geometric morphism if for any locally connected geometric
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morphism 4% #, and any 42, #, the canonical morphism Z,(y- p)=7-2Z,p is an
isomorphism (see Definition 5.1).

The following fact is also shown in [17].
Lemma 6.2. Assume there is given a comma object

A—h—pB

gl o)

C——7—D

f

in a 2-category. Also assume that k has a left adjoint I. Then g has a left adjoint
C 5 4 such that the unit 1¢ = g-m is an isomorphism. We also have h-m= 1. f.

Proof. Let # denote the unit of /4k. The cone

induces a 1-cell C —— 4 and isomorphisms i:1¢=g-m and j:h-m=1. f such that
tm- fi=nf -kj. Let X < C and X —%> 4 be arbitrary 1-cells. By the universal prop-
erty of the given comma object, there is a natural bijection between 2-cells m-c=a
and cone 2-cells

Xl'f_'c,B X_h'i._,B
(Q)

| w ol ul

C—f'—>D C—fﬁD.

The 2-cells /- f - ¢Lh.a and c=g-a satisfy ta- fy=kB-(nf)c, and this equation
transposes under / 4k to ta- I( fy)=f. We conclude since f is determined by 7y, that
such pairs (f,7) are in bijection with 2-cells ¢=> g-a. Note that the unit of m-g is
the isomorphism i. [

Remark 6.3. When Lemma 6.2 is interpreted in toposes and geometric morphisms, the
adjointness m g reads g* - gx =m™* -mx, so that g is a connected local geometric
morphism and m is an essential inclusion for which m, is left exact.
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Theorem 6.4 (Waelbroeck Theorem, second version). A fopos is an M-algebra if and
only if it is a linear topos. A geometric morphism is an M-homomorphism if and
only if it is linear. For a topos #, M is the free linear topos, i.e., an arbitrary
geometric morphism % — % into a linear topos lifts uniquely to a linear geometric
morphism MF — 9.

Proof. Let % denote an arbitrary topos over <. If # is an M-algebra, then it can
be shown that % is a linear topos as in the proof of Proposition 5.2, proceeding first
with free M -algebras. Note that in a pullback

1 b

G—oH

in which ¢ is locally connected, y is locally connected and we have - k* = p* . @,

Now assume that % is a linear topos. We will show that # is cocomplete (Defi-
nition 5.1), so that by Theorem 5.4, & is an M-algebra. Let 4 2, # be an arbitrary
essential geometric morphism and consider the comma object

st ¥

{ L

G——H

in Topy. We know that s is locally connected. By Lemma 6.2, x has a left adjoint
% 2% ¢ for which the unit is an isomorphism, and such that ¢ =~ - . For an arbitrary
45 F, define

2ox=2y(x-K).

The following series of natural bijections shows that X, 4 ot
2y(x-K)=>y

XK=y
x=>y--o
X=y-@

It remains to show that the BCC for comma objects holds. A comma object

XL%
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in which ¢ is essential, and therefore s is locally connected, can be rewritten as the
following composite of a pullback and a comma object:

J—r ¥

| ol

G§—o—H

Note that also ¥’ is locally connected. The BCC for pullbacks now gives the BCC for
comma objects.

The statement concerning M -homomorphisms can be proved in a manner similar to
the above. O

The algebras for the bagdomain monad %, have a characterization comparable to
the one for M-algebras in Theorem 6.4. The class of geometric morphisms having
totally connected components is closed under arbitrary pullback (Proposition 1.4), so
the BCC makes sense for this class.

Theorem 6.5. A topos is a % -algebra if and only if it admits left extensions along
geometric morphisms with totally connected components, so that the BCC for
pullbacks holds.

Proof. (Johnstone [11, Theorem 5.1]). Johnstone has characterized #,-algebras as
those toposes % having the property that for every topos 4, Tops(%,#) has 4-
indexed coproducts, which are natural in %. This property is easily seen to be equiva-
lent to the property that the topos admit left extensions along local homeomorphisms,
such that the BCC for pullbacks holds. We shall show that this is equivalent to the
property stated in the theorem. Let % denote an arbitrary topos over & which admits
left extensions along local homeomorphisms. Let & 44 and 75 F be arbitrary geo-
metric morphisms and assume that d has totally connected components. We want to

show that X x exists. As in the proof of Proposition 1.4, we factor d as & LA Y/ N
for which there is 4/I £ 9 over ¥ satisfying d -1 p. Define Zx to be Z;(x- p). For
any 4 2 #, we have natural bijections

2ix-p)=y
x-p=>y-1

x=>y-1-d

x=>y-d,



74 M. Bunge, J. Funk/Journal of Pure and Applied Algebra 130 (1998) 49-84

which shows that X, 4d*. That the BCC can be lifted from local homeomorphisms to
geometric morphisms with totally connected components follows easily. O

Remark 6.6. The algebras for the probability distribution classifier (see Section 4)
can be characterized as those toposes admitting left extensions along connected locally
connected geometric morphisms, such that the BCC holds. We omit the proof, as it is
similar to the proof of Theorem 6.4.

We will refer to an M -algebra for which the carrier topos is locally connected as a
locally connected M-algebra. Recall that a topos & is locally connected if and only
if M& has a terminal point [6, Theorem 3.10]. We conclude this section by showing
that the action of a locally connected M-algebra preserves this terminal point.

Proposition 6.7. Let M& 5 & be a locally connected M-algebra, and let & Lme
denote the terminal point of M&. Then ¢ is terminal. In particular, & is totally
connected. (A topos is totally connected if and only if it has a terminal point.)

Proof. We will show that 6T is pure dense, hence terminal by [6], Proposition 3.12.

We have & > Mé& satisfying ¢ 46 and 662 15. We consider the unit T~ da T in
terms of complete spreads over &, as in the following diagram:

e— "1 .z
\ /
&
The geometric morphism ¢ is the complete spread of the pure dense/complete spread
factorization of ¢T:

oT\ /
&

The complete spread ¢ also appears in the following comma object:

f

F—

| Joen

éa'_ﬁ—*Méﬂ
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The uniqueness of the universal property of this comma object shows that

g T e
N4
F
commutes. Observe that x is an inclusion since spreads are localic [6, Proposition 1.3],

and since a point of a locale is an inclusion. By Proposition 1.2, ¢T is pure
dense. [J

Corollary 6.8. Let M& 5 & be a locally connected algebra (with terminal point

3’16, by 6.7). Let 7L 7 be locally connected, and let F L& be an arbitrary
pure dense geometric morphism. Then the left extension of p along f is isomorphic
toT.

f

F—

¥ szp= T

&

Proof. By Corollary 5.3, £, p=o - q, where the point ¥ LME corresponds to the
distribution f, - p*:& — . If p is pure dense, this distribution is isomorphic to e,
so that ¢ must be isomorphic to the terminal point of M &. By Proposition 6.7, we are
done. O

7. Complete spreads and the fundamental group of a topos

The subject of the fundamental group of a topos has a long and ongoing “trajectory”
(see [7] for a brief review and references). The Grothendieck fundamental group G
of a locally connected topos & is a (localic) group which represents first-degree co-
homology of & with coefficients in (discrete) groups. Its classifying topos #G, the
category of continuous G-sets, may be identified with the full subcategory of & de-
termined by those objects which are sums of locally constant objects. If in addition,
& is locally simply connected [1], the latter reduces to the full subcategory of locally
constant objects in &. Moreover, in the stronger case where & is locally paths simply
connected, the Grothendieck fundamental group can be constructed “by paths” [7], i.e.,
it is equivalent to the (Moerdijk-Wraith) paths fundamental group of &.

There is a connection between complete spreads and the fundamental group of
a topos. That locaily constant objects are complete spreads (7.3), and that in a con-
nected presheaf topos the converse holds as well (7.9), provide evidence for this. The
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general question of the converse is still open, as are most questions about the category
of objects in a topos which are complete spreads (Definition 7.2).

We have seen that complete spreads are stable under pullback along a local homeo-
morphism (1.5). We begin this section by showing that they are reflected under pullback
along a surjective local homeomorphism.

Proposition 7.1. “(Complete) spread” is a local property. Let & 2 F be an arbitrary
geometric morphism (over a base topos &), and assume that & is locally connected.
Let U be a cover of 1 in F. If the pullback ¢y :&/@*U — FU is a (complete)
spread, then so is @.

Proof. We first show that if ¢y is a spread, then so is ¢. To do this recall that the
notion of a spread in the theory of geometric morphisms [6, Definition. 1.1] is defined
in terms of definable morphisms [2, p. 139]. Fix E€&. If ¢y is a spread, there is
a commutative square

-»  Exo*U

o*F o*U

for some F — U, where m is definable in &/¢*U. The coproduct functors &/X NV
preserve definable morphisms, so m is definable in &, and we have the diagram

S » Exo*U - E

@*F

in &. The second morphism above is an epimorphism because U — 1 is.

Now assume that @y is a complete spread. Factor ¢ as a pure dense geometric
morphism followed by a complete spread (where the middle topos is locally connected),
and form their respective pullbacks along % /U — %.

EloU -2 gy zu

]

§—— 9 7
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We will show that p is both an inclusion and a surjection. By the first paragraph,
@ is a spread, so p is also [6, Proposition 1.2], and pure dense spreads are inclusions
[6, Proposition 2.4]. By Proposition 1.3, py is pure dense, and by 1.5, Yy is a complete
spread. By the uniqueness of the pure dense/complete spread factorization, py must
be an equivalence, and therefore p is a surjection. [

Definition 7.2. An object X in a locally connected topos & over & will be said to be
a complete spread if the geometric morphism &/X — & is a complete spread (over ¥).

Recall that an object X in a topos & is said to be locally constant if there is U € &
with global support and 7 € & such that U x X = U x e*I over U. The object U is
said to split X.

Theorem 7.3. Locally constant objects in a locally connected topos are complete
spreads.

Proof. We first show that constant objects in a locally connected topos are complete
spreads. Let ¢ denote a locally connected topos with e, e*. Let I be an arbitrary
object of <. We want to show that &// — & is a complete spread. If (C,J) is a site
for &, then the square

&1 ——— ¥l

& —— g

is a pullback of toposes. Since & is locally connected, we may assume that the chosen
site (C,J) has the property that for all objects ¢ € C, exc=1. Then the cosheaf C — ¥

% I
corresponding to the cocontinuous functor & Le /I 55 & is the constant cosheaf ¢ — 1.
The discrete opfibration corresponding to this is C x 7/ — C, and the complete spread
it defines is the following pullback:

9 — (€ x 1)

& —— <

This coincides with the first pullback, so £/ — & must be a complete spread.
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The result for locally constant objects now follows from Proposition 7.1. [

Is every complete spread object of a topos locally constant? We take the opportunity
to report some preliminary findings.

Recall that a topos is said to be simply connected if every locally constant object
is constant.

Proposition 7.4. If the connected components functor of a locally connected topos
preserves products, then every complete spread object of the topos is constant. In
particular, such toposes are simply connected (by Theorem 7.3).

Proof. Let & denote a locally connected topos. If ¢, preserves products, and if X € &,
then X .e; = /.e;, where I is e X. Let X be a complete spread. Then by Corollary 3.6,
X = d(X .ey), where d is the density functor (Definition 3.2). We have

X 2dX.e)2d(l.e)) 21,

where I is e X. This says that X is constant. [J

We now take our investigation in a different direction. We begin with a basic char-
acterization of objects in a topos which are complete spreads. Recall [2] that a topos
is locally connected if and only if a site for the topos can be chosen such that the con-
stant presheaves are sheaves. It is also true that an inclusion of a topos into presheaves
is pure dense if and only if the constant presheaves are sheaves. Thus, every locally
connected topos is a pure dense subtopos of a presheaf topos.

Proposition 7.5. Let & be locally connected with pure dense inclusion & — $€". Let
X be an arbitrary object of &, and let Q denote the initial factor of X (when X
is considered as a discrete fibration over C). Let g denote the geometric morphism
induced by Q, and p the pullback of q along & — ¥€”. Then X is a complete spread
if and only if p is an equivalence.

X“"___q__) yl)"" ézr/X |4 17
X D
C <

Proof. The discrete opfibration over C associated with X as an object of & is the
functor ¢ — ey(X x c). The one associated with X as an object of #€” is the functor
c— Dc= h—»"'(X x ¢). These two opfibrations are isomorphic because & — #€” was
chosen to be pure dense. Thus, the geometric morphism & — & in the above diagram

(right) is the associated complete spread of X. [
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We next recall a fact about locally constant objects first reported by Barr and
Diaconescu [1] (herein, Proposition 7.6). Let & denote an arbitrary locally connected
topos. For objects 4,E €&, the pairing of the unit of e, He* with the projection
E xA— A4 is a morphism

TR ExA—e*e(ExA)x A
in &, which is natural in 4 and E. We also have the projection
ng cefe(ExA)x A— A.

Now fix an object U € . We can regard a component ¢ €U as a subobject of U

in &. Consider the coproduct of the morphisms t§ as ¢ ranges over the components
of U:

5 ExU— H e*el(E xc)xc.
ceeU

The object on the right we will denote by TE. The coproduct over e;U of the projections
np gives a morphism

g TE — H c="U,
ceelU

such that the composite 7z - 7 is equal to the projection E x U — U.

Proposition 7.6 (Barr and Diaconescu [1]). Let & be connected and locally connec-
ted. Let X be an object of &, and let U be a cover of 1. Then U splits X if and
only if tx is an isomorphism.

We identify the following condition on an object X of a locally connected topos &.
V There is a site C for & so that & —.%C" is pure dense (see Proposition 7.5), and

such that for every morphism ¢ - d in C, the map

e(X xm):ef(X xc)—e(X xd)
(equivalently, by Proposition. 7.5, the map tim (X xm): i X x¢)— fim X xd))
is an isomorphism.

Proposition 7.7. Let X be an object of a connected locally connected topos &. If X is
a complete spread, and satisfies condition V (for site C), then X is locally constant,
split by the coproduct [[{c|c € C}.

Proof. We will show that 7y, for U= [[{c|ce€C}, is an isomorphism (Proposi-
tion 7.6). The components of this U are the objects c¢. First, we have some notation
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and terminology to define. Consider the category C— whose objects are the morphisms
of C, and whose morphisms are commutative squares in C. There are the domain and
codomain functors dy,¢; : C~ — C. The domain functor dy is a split fibration (d, is
a split opfibration), and so can be thought of as a category object in #C”. We denote
this category object by U. The object U is (the associated sheaf of) the “objects”
presheaf of U. Let D -2 C denote an arbitrary discrete opfibration, and consider the
pullbacks

2

D~ D T D
3¥p l D &b J D
cCC —— C ¢ — C

do

of functors and small categories. Observe that by composing with 0y, we can regard
0FD as a discrete opfibration on U in the topos #°C”. We denote this discrete opfi-
bration by T - U. By sheafifying, we regard 7 as a discrete opfibration in &, i.e., as
an object of &Y. There is a functor

0:05D— 0D

over C— which sends an object (c—f—>d,x€Dc) to the object (c—f—>d,Df(x)). If
every Df is an isomorphism, then # is an isomorphism.
We return to the task at hand. Consider the comprehensive factorization

Xx2p2c

of X. For this D, we have the functor 0 and the discrete opfibration T .U in &, as
explained in the previous paragraph. The sheaf of objects for this T is the sheaf TX,
defined in the paragraph preceding Proposition 7.6. There is the pullback 5 Q,

20
XxU —, D~

X D
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which when composed with 6 gives the following commutative diagram of functors
and categories in &

XxxU—2%2 oy

N

The functor 0 - 65 Q is a morphism of &Y, and its “objects” part is the morphism ty
of Proposition 7.6. We have the following pullbacks of toposes:

OpX xU éaU

,
QU

EX — 9
q

&

In the above diagram, % is the associated complete spread of X, and ¢ and » denote
the geometric morphisms induced by Q and 0§ Q, respectively. Since X is assumed to
be a complete spread, q is an equivalence, so that r is also. Condition V says that 6 is
an isomorphism, so that the geometric morphism induced by 0, denoted @ in following
diagram, is an equivalence:

£X*U Y @U (2] é,T

L

gU

We conclude that 7y is an isomorphism. [J

Example 7.8. Proposition 7.7 is false without the hypothesis that X is a complete
spread, as the following simple example shows:
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A solid dot indicates that the endpoint is included. Here X is a surjective local home-
omorphism and the connected open sets in the bottom space are a base {U} such that
every mo(X 'U)— no(X~'U’) is an isomorphism (i.e., V is satisfied), but X is not
a covering space. This example can be modified so that the top space is connected.
Consider as a bottom space a circle and a tangent closed line segment.

p

Take as the top space the comnected 2-to-1 cover of the circle with the same two
line segments as above tangent to each of the points of the fiber of the point p. This
provides a surjective sheaf space for which the top space is connected, and such that
condition V is satisfied, but the sheaf space is not locally constant.

Corollary 7.9. In a connected presheaf topos, the locally constant objects coincide
with the complete spread objects. A connected presheaf topos is locally simply
connected, and its fundamental group is equivalent to its full subcategory of com-
plete spread objects.

Proof. Let D denote a small connected category. If a presheat X on D is a complete
spread, then it is a discrete opfibration (Proposition 2.2(3)) so that for every morphism
¢ "5 d in D, the transition map Xm is an isomorphism (Remark 2.3). Then for every

deD, Xd = h—"Z(X x d), and every map

lim lim

(X xm): > (X xXc)— ”—»’"(Xxd)

is an isomorphism. By Proposition 7.7, X is locally constant.

The second statement holds because, as we have just shown, the presheaf [[{d |d €
D} splits every complete spread object. But every locally constant object is a complete
spread. [

Example 7.8 shows that condition V is not equivalent to X being locally constant;
however, we can say the following.

Proposition 7.10. Let X be an object of a connected locally connected topos &. Then
X satisfies V if and only if the associated complete spread of X is a locally constant
object of &.

Proof. Assume that X satisfies V. By Corollary 7.9, the discrete opfibration D in the
comprehensive factorization of X must be a locally constant presheaf. The initial factor
of this factorization can then be regarded as a natural transformation X — D in %€~
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The associated sheaf of D is again locally constant and it is the associated complete
spread of X.

We only sketch a proof of the converse. Let X denote the associated complete spread
of X, a locally constant object of &. Then there is a site C for & (such that & — € is
pure dense and) such that every restriction map Xm:Xd — Xc is an isomorphism. For
this site we have Xc¢ = /(X x c) for every c, so every e,(X x m) is an isomorphism.
Then every e (X x m) is an isomorphism because X — X is pure dense. I

We close with a question posed by Lawvere. Is there a suitable single universe
in which complete spreads and local homeomorphisms over a topos & coexist and
interact? Gluing along the density functor d: M& — & produces such a universe, but
the question requires further study. Other (still open) questions about distributions on
toposes can be found in the writings and lectures of Lawvere (e.g., [14, 15]).
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