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AUTHOR’S PREFACE

This book deals with a branch of mathematics of utmost
importance to scientists and engineers concerned with
actual mathematical calculations. Here the reader will
find a systematic treatment of the basic theory of the
more important special functions, as well as applications
of this theory to specific problems of physics and
engineering. In the choice of topics, I have been guided
by the goal of giving a sufficiently detailed exposition
of those problems which are of greatest practical interest.
This has naturally led to a certain curtailment of the
purely theoretical part of the book. In this regard, it
should be noted that various useful properties of the
special functions which do not appear in the text proper,
will be found in the problems at the end of the appro-
priate chapters.

The book presupposes that the reader is familiar with
the elements of the theory of functions of a complex
variable, without which one cannot go very far in the
study of special functions. However, in order to make
the book more accessible to non-mathematicians, I
have made a serious attempt to keep to a minimum the
required background in complex variable theory. In
particular, this has compelled me to depart from the
order of presentation found in other treatments of the
subject, where the special functions are first defined by
certain convenient representations in terms of contour
integrals.

The usual elementary course in complex variable theory
is adequate for an understanding of most of the material
presented here. It is also desirable, but not necessary,
to know something about the analytic theory of linear
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ijv AUTHOR’S PREFACE

differential equations. I occasionally draw upon other
branches of mathematics and physics, but only in con-
nection with certain specific examples, so that lack of
familiarity with the relevant information is no obstacle
to reading the book.

It is assumed that the reader already appreciates, from
his own experience, the need for using special functions.
Therefore, I have not made a special point of motivating
the introduction of various functions. By the same token,
I have always sought the simplest way of defining the
special functions and deriving their properties, without
concern for historical or other considerations.

The arrangement of the material in the separate chapters
is dictated by the desire to make the different parts of
the book independent of each other, at least to a certain
extent, so that one can study the simplest classes of func-
tions without becoming involved with functions of a
more general type. For example, I have separated the
theory of the Legendre polynomials and Bessel functions
of integral order from the general theory of spherical
harmonics and cylinder functions, and I have also con-
structed the theory of spherical harmonics without re-
course to the properties of the hypergeometric function.

The applications of the theory were selected with the
aim of illustrating the different ways in which special
functions are used in problems of physics and engineer-
ing. No attempt has been made to give a detailed treat-
ment of the corresponding branches of mathematical
physics. In this regard, most space has been devoted to
the application of cylinder functions, and particularly,
of spherical harmonics.

In preparing the present second edition of the book I
have revised an earlier edition in various ways: Chapter
4 now contains a new version of the theorem on expan-
sions in series of Hermite polynomials, which extends
the previous theorem to a larger class of functions. I
have also increased the number of examples illustrating
the technique of expanding functions in series of Hermite
and Laguerre polynomials. In Chapter S there is a new
section dealing with the theory of Airy functions, which
are often encountered in mathematical physics and play
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an important role in deriving asymptotic representations
of various special functions. Chapter 9, devoted to the
theory of the hypergeometric function, has been com-
pletely revised, and I hope that in its present form, this
chapter will be useful to theoretical physicists and others
concerned with the application of the hypergeometric
function, thereby partially filling a gap in the literature
on the subject. I have added many new problems, which
serve both as exercise material and as a source of supple-
mentary information not to be found in the text itself.
At the same time, I have removed a few problems of no
particular interest. Finally, the references have been
brought up-to-date.

I would like to take this opportunity to thank I. P.
Skalskaya for help in preparing the present edition of
my book.



TRANSLATOR’S PREFACE

For the most part, this edition adheres closely to the
revised Russian edition (Moscow, 1963). However, as
always with the volumes of this series, I have not hesi-
tated to introduce whatever improvements occurred to
me in the course of working through the book. In the
present case, two departures from the original text merit
special mention:

1. The Bibliography and the references cited in the
footnotes have been slanted towards books available
in English or the West European languages.

2. Chapters 6 and 8 have been equipped with prob-
lems, most of them taken from the excellent collection
by Lebedev, Skalskaya and Uflyand (Moscow, 1955).

Finally, it was deemed impractical to build in sufficiently
detailed references to numerical tables of the special
functions. Here all roads eventually lead to a consulta-
tion of the exhaustive bibliography compiled by Fletcher,
Miller, Rosenhead and Comrie, or its Russian counter-
part by Lebedev and Fedorova.

R.A.S,
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1

THE GAMMA FUNCTION

I1.1. Definition of the Gamma Function

One of the simplest and most important special functions is the gamma
function, knowledge of whose properties is a prerequisite for the study of
many other special functions, notably the cylinder functions and the hyper-
geometric function. Since the gamma function is usually studied in courses
on complex variable theory, and even in advanced calculus,? the treatment
given here will be deliberately brief.

The gamma function is defined by the formula

o]

I'z) = f et dy, Rez > 0, (1.1.1)
[}

whenever the complex variable z has a positive real part Re z. We can write
(1.1.1) as a sum of two integrals, i.e.,

@«

1
') =f e-‘tZ'ldz+f e~ t dy, (1.1.2)
0

1

where it can easily be shown? that the first integral defines a function P(z)

1 See D. V. Widder, Advanced Calculus, second edition, Prentice-Hall, Inc., Englewood
Cliffs, N.J. (1961), Chap. 11.

2 See E. C. Titchmarsh, The Theory of Functions, second edition, Oxford University
Press, London (1939), p. 100, noting that the integrand e~ !#?~? is analytic in z and con-
tinuous in z and r for Re z > 0, 0 < ¢ < o, while the first integral is uniformly
convergent for Re z = & > 0 and the second integral is uniformly convergent for
Re z € A < o0, since then

1
[Fewsa

0

1
<J e %1 dt < o,
0

@« «©
[ewra< [ ewa<
1 1



2 THE GAMMA FUNCTION CHAP. 1

which is analytic in the half-plane Re z > 0, while the second integral defines
an entire function. It follows that the function I'(z) = P(z) + Q(z) is analy-
tic in the half-plane Re z > 0.

The values of I'(z) in the rest of the complex plane can be found by
analytic continuation of the function defined by (1.1.1). First we replace the
exponential in the integral for P(z) by its power series expansion, and then
we integrate term by term, obtaining

Yo S (=DF < (—1)"[1 -
P(z =f rldt ek = tre-1dy
() ] kZO k' kZO k' 0

aa (1.1.3)
—1)" 1
Z U zZ+ k

where it is permissible to reverse the order of integration and summation
since®

1 © 1 @© k 1
foltZ'lldtz ( =f t"‘ldtz%=f et~ ldt < @
k=0 0 k=0 0

(the last integral converges for x = Re z > 0). The terms of the series (1.1.3)
are analytic functions of z, if z # 0, —1, —2,... Moreover, in the region*

lz+ k>8>0, k=01,2...,

1y
! tk

(1.1.3) is majorized by the convergent series

i L

—~ k!
and hence is uniformly convergent in this region. Using Weierstrass’ theorem®
and the arbitrariness of 3, we conclude that the sum of the series (1.1.3) is a
meromorphic function with simple poles at the points z = 0, —1, =2, ...
For Re z > O this function coincides with the integral P(z), and hence is the
analytic continuation of P(z).

The function I'(z) differs from P(z) by the term Q(z), which, as just shown,

is an entire function. Therefore I'(z) is a meromorphic function of the com-
plex variable z, with simple poles at the points z =0, —1, —2,... An

3 E. C. Titchmarsh, op. cit., p. 45.

* By a region we mean an open connected point set (of two or more dimensions)
together with some, all, or possibly none of its boundary points. In the latter case, we
often speak of an open region or domain, in the former case, of a closed region or closed
domain.

5 See A. I. Markushevich, Theory of Functions of a Complex Variable, Vol. 1
(translated by R. A. Silverman), Prentice-Hall, Inc., Englewood Cliffs, N.J. (1965),
Theorem 15.6, p. 326.
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analytic expression for I'(z), suitable for defining I'(z) in the whole complex
plane, is given by

x —1)* 1 ©
I(z) = ,Zo ( k!) — fl et td,  z#0,—1,-2,... (114

It follows from (1.1.4) that I'(z) has the representation

I'(z) = (;}1!1—)12 _}_ p + Q(z + n) (1.1.5)

in a neighborhood of the pole z = —n (n = 0, 1, 2,...), with regular part
Qz + n).

1.2. Some Relations Satisfied by the Gamma Function

We now prove three basic relations satisfied by the gamma function:

Tz + 1) = z2I(2), (1.2.1)
I'()I(1 — z) = Sin"nz, (1.2.2)
22-10(I(¢ + §) = VrI'Q22). (1.2.3)

These formulas play an important role in various transformations and calcula-
tions involving I'(z).

To prove (1.2.1), we assume that Re z > 0 and use the integral repre-
sentation (1.1.1). An integration by parts gives

o«

M'z+ 1 = f e rdt = —e 'f?
0

+ zf et dt = 2T'(2)

0 0
The validity of this result for arbitrary complex z # 0, —1, —2,... is an
immediate consequence of the principle of analytic continuation,® since both
sides of the formula are analytic everywhere except at the points z = 0, —1,
-2,...

To derive (1.2.2), we temporarily assume that 0 < Rez < 1 and again
use (1.1.1), obtaining

T — 2) = fo fo e~ G*hg—zz=1 do dt,

8 According to this principle, which we will use repeatedly, if f(z) and ¢(z) are
analytic in a domain D and if f(z) = ¢(z) for all z in a smaller domain D* contained in
D, then f(z) = ¢(z) for all zin D. The same is true if f(z) = ¢(z) for all z in any set of
points of D with a limit point in D, say, a line segment. See A. 1. Markushevich, op. cir.,
Theorem 17.1, p. 369.
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Introducing the new variables

t
u=s-+1, v=->
s
we find that”
® [ du dv © -t T
i - — Uy —1 — — .
LT - 2) J;, fo ¢V Ty fo l+vdv sin =z

Using the principle of analytic continuation, we see that this formula remains
valid everywhere in the complex plane except at the pointsz = 0, +1, +2,...

To prove (1.2.3), known as the duplication formula, we assume that
Re z > 0 and then use (1.1.1) again, obtaining

22 10Tz + 3) = f ? f " o0V 5Ty 11112 s df
0 1]

—4 f ) f " em @ u)2 - e da i,
0 0

where we have introduced new variables « = Vs, 8 = V1. To this formula
we add the similar formula obtained by permuting « and 8. This gives the
more symmetric representation

2T+ =2 f " e+ M20B)2 (o + B) da d

—4 f f e @ +9D(24B)2 1y & B) dln d,

where the last integral is over the sector 6:0 < « < o0, 0 € B <€ a. Intro-
ducing new variables
u=ao?+ p% v = 2aB,

we find that

22 Tz + 4) =f uzz—lduf e

0 o Vu—u

= 2f e vl dvf e ** dw = VrI(22).

0 [}

du

As before, this result can be extended to arbitrary complex values z # 0, —4,
—1, —%,..., by using the principle of analytic continuation.

We now use formula (1.2.1) to calculate I'(z) for some special values of the
variable z. Applying (1.2.1) and noting that I'(1) = 1, we find by mathe-
matical induction that

Tn+1D=n, n=012... (1.2.4)

7 For the evaluation of the integral in the last step, see E. C. Titchmarsh, op. cit.,
p. 105.
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Moreover, setting z = 4 in (1.1.1), wg obtain

ING)) =f et 124t = 2f e~ du=Vr, (1.2.5)
0 0
and then (1.2.1) implies

T'(n+1%) = 1352——@——1)ﬁ n=12... (126

Finally we use (1.2.2) to prove that the function I'(z) has no zeros in the
complex plane. First we note that the points z=n (r =0, 1, +2,...)
cannot be zeros of I'(z), since '(n) = ~ 1)! if n=1,2, ..., while
I'(n) = wifn =0, -1, —2,... The fact that no other value of z can be a
zero of I'(z) is an immediate consequence of (1.2.2), since if a nonintegral
value of z were a zero of I'(z) it would have to be a pole of I'(1 — z), which is
impossible. It follows at once that [['(z)] ! is an entire function.

1.3. The Logarithmic Derivative of the Gamma Function

The theory of the gamma function is intimately related to the theory of
another special function, i.e., the logarithmic derivative of I'(z):

Y(z) = T (1.3.1)

Since I'(z) is a meromorphic function with no zeros, $(z) can have no singular
points other than the polesz = —n(n = 0, 1, 2,...) of I'(z). It follows from
(1.1.5) that {(z) has the representation®

Yz) = — ;-}L—n + Q(z + n) (1.3.2)

in a neighborhood of the point z = —n, and hence §(z), like I'(z), is a mero-
morphic function with simple poles at the points z = 0, —1, —2,...

The function §(z) satisfies relations obtained from formulas (1.2.1-3)° by
taking logarithmic derivatives. In this way, we find that

Wz + D) =1 4900, (1.3.3)
$(1 — z) — Y(z) = = cot =z, (1.34)
U2) + Wz + 3 + 2log 2 = 20(22). (1.3.5)

8 Of course, the regular part Q(z + n) in (1.3.2) is not the same as in (1.1.5).
% By (1.2.1-3) we mean formulas (1.2.1) through (1.2.3). Similarly, (1.2.1, 4, 6) means
formulas (1.2.1), (1.2.4) and (1.2.6), etc.
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These formulas can be used to calculate {(z) for special values of z. For
example, writing

' (1) =1I"Q1) = -, (1.3.6)
where vy = 0.57721566 . .. is Euler’s constant, and using (1.3.3), we obtain
|
Y+ 1) = —y + ,Zl o on=1L2... (1.3.7)
Moreover, substituting z = 4 into (1.3.5), we find that
W) = —y — 2log2, (1.3.8)
and then (1.3.3) gives
< 1
1y — — ) = e
Wn+4) =—-y—2log2 +2’lek_ i n=12... (139

The function {(z) has simple representations in the form of definite
integrals involving the variable z as a parameter. To derive these representa-
tions, we first note that (1.1.1) implies *°

I'(z) = f e~tt*"llog t dt, Rez > 0. (1.3.10)
0

If we replace the logarithm in the integrand by its expression in terms of the
Frullani integral**

© e—x _ e—xt
logt = x—dx, Ret > 0, (1.3.11)
0

we find that!2
I'@z) = f fi—{f (e7% — e e 2" dt
o X Jo

= on dx [e"‘F(z) - on gmtxr Dyl dt]-
0o X 0

Introducing the new variable of integration u = #(x + 1), we find that the
integral in brackets equals (x + 1)~?I'(z). This leads to the following integral
representation of ¢(z):

Wz) = f: [e"‘ - ﬁ] &, Rez>o. (1.3.12)

10 To justify differentiating behind the integral sign, see E. C. Titchmarsh, op. cit.,
pp. 99-100.

11 See H. Jeffreys and B. S. Jeffreys, Methods of Mathematical Physics, third edition,
Cambridge University Press, London (1956), p. 406, and D. V. Widder, op. cit., p. 357.

12 Here, as elsewhere in this chapter, we omit detailed justification of the reversal of
order of integration. An appropriate argument can always be supplied, usually by prov-
ing the absolute convergence of the double integral and then using Fubini’s theorem.
See H. Kestelman, Modern Theories of Integration, second revised edition, Dover Pub-
lications, Inc., New York (1960), Chap. 8, esp. Theorems 279 and 280.
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To obtain another integral representation of {(z), we write (1.3.12) in the
form

. ® 1 dx . © e ® dx
= e | = = —dx — —],
) ?-%L [e x + 1)2] X om0 U; X dx L (x + l)"x]
and change the variable of integration in the second integral, by setting
x + 1 = ¢'. This gives

o =tm [["rar- [T L
z) = Iim —dt — —dat
-0 LJs ¢ osa+n 1 — et ]

w -t —tz 5 -t
. e e e

= lim [f (——————_t) dt—f —dt]s
-0 LJiog 145 \ { I—e og1+6)

and therefore, since the second integral approaches zero as § — 0,

W) = fow (e—_t - —“"f-—) d, Rez>0. (1.3.13)

t ] — et

Setting z = 1 and subtracting the result from (1.3.13), we find that

o e—t _ e—tz
W(z2) = -y +f T—,d Rez>0, (1.3.14)
. -
or
11 — xz—l
Y(2) = -y + T —x dx, Rez > 0, (1.3.15)

where we have introduced the variable of integration x = e~

From formula (1.3.15) we can deduce an important representation of {(z)
as an analytic expression valid for all z # 0, —1, —2, ..., i.e., in the whole
domain of definition of {(z). To obtain this representation, we substitute the
power series expansion

-xt'=1l+x+x24+---+x"+---, 0O0gx<l

into (1.3.15) and integrate term by term (this operation is easily justified).
The result is

W)= —v+ i (n%rl - Jlr z)- (1.3.16)

n=0
The series (1.3.16), whose terms are analytic functions forz % 0, —1, —2, ...,
is uniformly convergent in the region defined by the inequalities
z+n >8>0, n=0,1,2,... and |z} < q,

since

1 < a+1
n+1l n+4+zf @+ DHn-—a
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forn > N > a, and the series

a+1
S (n+ D — a)

converges. Therefore, since 8 is arbitrarily small and a arbitrarily large, both
sides of (1.3.16) are analytic functions except at the poles z = 0, —1, —2,.. .,
and hence, according to the principle of analytic continuation, the original
restriction Re z > 0 used to prove this formula can be dropped. If we replace
zby z + 11in (1.3.16), integrate the resulting series between the limits 0 and z,
and then take exponentials of both sides, we find the following infinite pro-
duct representation of the gamma function:

1 — 2 = -z2/n E .
F(Z——{-l) = e 7];—:11 € (1 + n) (1317)

This formula can be made the starting point for the theory of the gamma
function, instead of the integral representation (1.1.1).

Finally we derive some formulas for Euler’s constant y. Setting z = 1 in
(1.3.12-13), we obtain

Y= —4(1) = f: (1 —- e"‘) & f: (T—_l—e' - tl)e"'dt. (1.3.18)

Moreover, (1.3.10) implies
y=— f e~tlog ¢ dt, (1.3.19)
0

which, when integrated by parts, gives

1 @ 11 — e—t ® e—t
Y= f logrdle™* — 1) + f log td(e™*) = f dr — f ——dt.
4] 1 0 { 1 t

Replacing ¢ by 1/¢ in the last integral on the right, we find that

11 _ o=t _ -1t
v = fo I—-et—e dt. (1.3.20)

1.4. Asymptotic Representation of the Gamma Function for
Large |z]

To describe the behavior of a given function f(z) as |z] — oo within a
sector « < arg z <f, it is in many cases sufficient to derive an expression of
the form

S@) = eIl + r(2)], (14.1)

where ¢(z) is a function of a simpler structure than f(z), and r(z) converges
uniformly to zero as |z| — oo within the given sector. Formulas of this type
are called asymptotic representations of f(z) for large |z|. It follows from
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(1.4.1) that the ratio f(z)/(z) converges to unity as |z| — oo, i.e., the two func-
tions f(z) and ¢(z) are “‘asymptotically equal,” a fact we indicate by writing

SOz 9@, |zl—>o, a<argz<B. (1.4.2)

An estimate of |r(z)| gives the size of the error committed when f{(z) is replaced
by 9(z) for large but finite |z|.

We now look for a description of the behavior of the function f(z) as
|z| = co which is more exact than that given by (1.4.1). Suppose we succeed
in deriving the formula

1) = <p(z)[ S a4 rN(z)], a=1 N=12,..., (143

where z¥ry(z) converges uniformly to zero as |z| — 0, « < arg z <B. [Note
that (1.4.3) reduces to (1.4.1) for N = 0.] Then we write

@) = o(2) i a,z™ ", |z| >0, «<argz < B, (1.4.4)
n=0

and the right-hand side is called an asymptotic series or asymptotic expansion
of f(z) for large |z|. It should be noted that this definition does not stipulate
that the given series converge in the ordinary sense, and on the contrary, the
series will usually diverge. Nevertheless, asymptotic series are very useful,
since, by taking a finite number of terms, we can obtain an arbitrarily good
approximation to the function f(z) for sufficiently large |z|. In this book,
the reader will find many examples of asymptotic representations and asymp-
totic series (see Secs. 1.4, 2.2, 3.2, 4.6, 4.14, 4.22, 5.11, etc.). For the general
theory of asymptotic series, we refer to the references cited in the Bibliography
on p. 300.

To obtain an asymptotic representation of the gamma function I'(2), it is
convenient to first derive an asymptotic representation of log I'(z). To this
end, let Re z > 0, and consider the integral representation (1.3.13), with z
replaced by z + 1, i.e.,

IMz+ 1)y (= (e e t?
wr D=3 =, (F-a =) e

(et —e® 1= . © (1 1 1 ts
= fo ; dt + ifo e~ dt fo (2 +t o= 1)e dr,

'z+1) 1 ”(1_1 _1_)_tz
I‘(z+l)_10gz+22 fo 2 t+e‘—1e a,

where we have used (1.3.11). Integrating the last equation between the limits
1 and z, and bearing in mind that

or

log I'(z + 1) = log I'(2) + log z,
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we find that?®

log ['(z) = (z—%)logz—z-*—l

1.4.5
Y ISP PLEYS
o \2 1 e —1 t ’
where Re z > 0. It should be noted that the function
1 1 1 1
) = (5 -1y m) L8 (1.4.6)

appearing in the integrand in (1.4.5), is continuous for ¢ > 0, with f(0) = 5,
as can easily be verified by expanding f{¢) in a power series in a neighbor-
hood of the point ¢ = 0.

To simplify (1.4.5), we evaluate the integral

£ = f f(netdr. (1.47)
0
This can be done by using the following trick: If

7= f ® e~ di, (1.4.8)
then

g-s= [T -gs()]a= [T (- ) 5

It follows that

R N ek

® die-t? — -t et — gtz
“fo [_E( ! )+ 2t ]dt

e—tlz_e—z —t___e—tlz 1 1 1
T zf dt=3+3l8y
(1.4.9)
On the other hand, substituting z = 3 into (1.4.5), we find that
F—F =3%logm — 3, (1.4.10)
and hence
F =1-%log2n. (1.4.11)

Using this result, we can write (1.4.5) in the form

logl'(z) =(z — 3 logz — z + 3 log2n + o(2), (1.4.12)

13 The choice of the path of integration is unimportant. To justify integration behind
the integral sign, we use an absolute convergence argument (cf. footnote 12, p. 6).
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where
o(z) = f f(he~di, Rez > 0. (1.4.13)
0

Since f(¢) decreases monotonically as ¢ increases,? the integral (1.4.13) also
converges for Rez = 0, Im z # 0.1°

Using (1.4.12) and (1.4.13), we can easily derive an asymptotic representa-
tion of I'(z). First let |arg z] < =/2, and integrate (1.4.13) by parts, obtaining

0@ =1 |10 + [" e a]. (1.4.14)
Since f'(t) < 0, | f'(©)] = —f'(r), we have
10— [ ol = O,
0@ < 7|70 = [“rwa] =25
ie.,
lo(@)] < ﬁ arg z] < g (1.4.15)

Then, taking exponentials of both sides of (1.4.12), we find that
I(z) = ee-mioss-sehionan] 4 r(z)],  largz] <3 (14.16)
where
Hz) = @ — 1.
According to (1.4.15),
C

L (1.4.17)

Ir(2)| <

where C is an absolute constant (we assume that z is bounded away from
zero, i.e., |z| = a > 0). Thus (z) is of order |z] ! as |z| — o0, a fact indi-
cated by writing 16

r(z) = O(|z|™Y), (1.4.18)

and hence (1.4.16) is an asymptotic representation of I'(z) in the indicated
sector.
To derive an asymptotic representation of I'(z) which is valid in other

14 This follows at once from the expansion

< 1
f0 =23 a

See K. Knopp, Theory and Applications of Infinite Series (translated by R. C. H. Young),
Blackie and Son, Ltd., London (1963), p. 378.

18 E. C. Titchmarsh, op. cit., p. 21.

18 We say that f(z) is of order o(z) as z — z,, and write f(z) = O(e(2)) as z — z, if
the inequality | f(z)| < A|p(z)| holds in a neighborhood of z,, where 4 is some con-
stant. If z, is not explicitly mentioned, then z, = co.
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sectors of the complex plane, we proceed as follows: Let & be an arbitrarily
small fixed positive number, and let

argzg<w— 3. (1.4.19)

N1 A

Since arg (—z) = arg z — =, this implies

<arg(-2) <

Nlﬂ

It follows from (1.2.1-2) that

k4
—zI(—z)sin iz

where, according to (1.4.16) and (1.4.18),
F(~Z) = g~ (&+ ¥)log 2-a)+2+ ¥ log 2::[1 + O(IZI —1)]. (1.4_21)

I'(z) = (1.4.20)

On the other hand, in the sector (1.4.19),

wiz __ e—niz e —niz

sin iz = > i ey
ia s (1.4.22)
— _e (l_lzezntz)z _e
2i z 2i

since ze?*™* is bounded in this sector. Substituting (1.4.21-22) into (1.4.20),
we again arrive at formula (1.4.16). A similar result is obtained for the sector

—(r—-98 <argzg —

TR

Finally, therefore, in any sector
largz] < = — 3,
we have the asymptotic representation
[(z) = ez- M logz-2+ilos2n[] 4 O(|z]~1)]. (1.4.23)

Considerations resembling those just given, but much more complicated,*”
lead to the more exact formula

1 1 139
— pflz-Ylogz—-2z+% log 27 . 4
T@) = ermmie ) [1 * 12; * 7882 ~ 51840 + OUl” )]
(1.4.24)
If z = x is a positive real number, then (1.4.16) becomes Stirling’s formula
I[(x) = V2rx*~%e *[1 + r(x)], (1.4.25)

17 See G. N. Watson, An expansion related to Stirling’s formula, derived by the method
of steepest descents, Quart. J. Pure and Appl. Math., 48, 1 (1920).
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where for r(x) we have a sharper estimate than that given by (1.4.17). In fact,
if z=x > 0, then

()] < £(0) fo Cestdr = o (1.4.26)

so that
[r(x)| < et12* — 1, (1.4.27)

Finally, we note that (1.2.4) and (1.4.25) imply the following asymptotic
representation of the factorial:

nl x V2rnttte ", p— co. (1.4.28)

1.5. Definite Integrals Related to the Gamma Function

The class of integrals which can be expressed in terms of the gamma func-
tion is very large. Here we consider only a few examples, mainly with the
intent of deriving some formulas that will be needed later.

Our first result is the formula

f e"PtErl gt = E’fzi)’ Rep >0, Rez >0, (1.5.1)
0
which is easily proved for positive real p by making the change of variables
s = pt, and then using the integral representation (1.1.1). The extension of
(1.5.1) to arbitrary complex p with Re p > 0 is accomplished by using the
principle of analytic continuation.
Next consider the integral

1
B(x, y) = fo Y1 — ¥t d, Rex >0, Rey >0, (1.5.2)

known as the beta function. It is easy to see that (1.5.2) represents an analytic
function in each of the complex variables x and y. If we introduce the new
variable of integration u = /(1 — ¢), then (1.5.2) becomes

uxl

B(x, y) = f Tt di, Rex>0, Rey>0. (L53)

u)x-H/

Settingp =1 + u, z = x + yin (1.5.1), we find that

1 1 ®
TFoo “Ta+nd & 07 (1.5.4)

and substituting the result into (1.5.3), we obtain

1 @ ®
B _—— —tpx+y—1 —ul,x~-1
(x, ») I‘(x-i—y)fo et dtJ‘0 e "y~ du

T (s s TETO)
“Te19h ¢ Ty

(1.5.5)
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Thus we have derived the formula

B(x,y) = Ilig)—ffﬁ’) (1.5.6)

relating the beta function to the gamma function, which can be used to derive
all the properties of the beta function.

PROBLEMS

1. Prove that

w
cosh wy

L@ = TG + iy)|? =

ks
y sinh rcy’
for real y.
2, Using (1.5.6), verify the identity

cosh 2yt _ pee-a L+ NIx =) g0 g

o (cosh ¢)2* T'(2x) Re x >[Re y|.

3. Prove that

I,(v+l)
/2 /2 o 2
f cosvede=f sinvods = YE N2 ) peys i,
0 o 2 v
1‘(§+1)

w+ N\ /v + 1)
J‘nlz 1 F( 2 )P( 2
9

cos* 0sin’ 6d6 = =

0 2 + v
Y
4. Verify the formula
33 -1 .
T'3z) = e Tz + HIz + ). 6]

5. Derive the formula
3B =YD + Pz + 1) + Yz + %) + 3log3.

Hint. Calculate the logarithmic derivatives of both sides of (i).

6. Derive the following integral representation of the square of the gamma
function, where Ko(¢) is Macdonald’s function (defined in Sec. 5.7):

I'%(z) = 22-22 fo 221K (1) dt, Rez > 0.

Hint. Use formulas (5.10.23), (1.5.1) and the integral in Problem 2.
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7. Derive the asymptotic formulas

F(Z + a) = e(z+a—1/2)logz—z+%,logzat[1 + O(IZI—l)],
P+ o) _ ., @—=PB«+B-1 —2
T [1 + r + O(|z]=%) |
where « and B are arbitrary constants, and |arg z| < © — 8.
Hint. Use the results of Sec. 1.4.

8. Derive the asymptotic formula
IT(x + iy)] = V2mem 5|y |*= %1 + r(x, p)],
where as [¢t| — o, r(x, ) — 0 uniformly in the strip |x| < « (« is a constant).

9. Show that the integral representation

1 1 .
_I‘(Z) = o fc et~ % dt
holds for arbitrary complex z, where ¢~2 = ¢~ 28 ¢ |arg¢| < =, and C is the

contour shown in Figure 13, p. 117.

10. The incomplete gamma function ¥(z, «) and its complement T'(z, o) are
defined by the formulas

Y(z, «) = f e~trr=1 dt, Rez > 0, |arga| < =,
o]

T'(z, o) = f e i1 dr, larg o < m,

3

so that
Y(z, @) + T'(z, &) = I'(2).

Prove that for fixed «, I'(z, «) is an entire function of z, while y(z, «) is a mero-
morphic function of z, with poles at the points z = 0, —1, —2,...
11. Derive the formulas

"{(Z + 1, d) = Z"{(Z, d) - e_aazy

TG+ 1,0) = zI'(z, &) + e %2,
12. Derive the following representation of y(z, o):

—_ l)kak+z

¥(z, &) = Z ) z#£0 -1, -2,...
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THE PROBABILITY INTEGRAL
AND RELATED FUNCTIONS

2.1. The Probability Integral and Its Basic Properties

By the probability integral is meant the function defined for any complex
z by the integral

O(z) = \/nf e-? di, @2.1.1)

evaluated along an arbitrary path joining the origin to the point ¢t = z. The
form of this path does not matter, since the integrand is an entire function of
the complex variable ¢, and in fact we can assume that the integration is along
the line segment joining the points t = 0 and # = z. According to a familiar
theorem of complex variable theory,® ®(z) is an entire function and hence
can be expanded in a convergent power series for any value of z. To find this
expansion, we need only replace e~* by its power series in (2.1.1), and then
integrate term by term (this is always permissible for power series 2), obtaining

2 z X _1k2k _1k2k+1
D(z) = T/_%fo ,Zo( k)!t z (k,(ZI)ci y <@ @12

1 If f(¢) is analytic in a simply connected domain D, then the integral

o(z) = f £ di,

evaluated along any rectifiable path contained in D, defines an analytic function in D.
See A. 1. Markushevich, op. cit., Theorem 13.5, p. 282. The theorem remains true if
f(a) = «© or a = oo, provided that the improper integral exists.
2 Ibid., Theorems 16.3 and 15.4, pp. 348 and 325.
16



SEC. 2.1 THE PROBABILITY INTEGRAL AND RELATED FUNCTIONS |7

It follows from (2.1.2) that ®(z) is an odd function of z. For real values of its
argument, ®(z) is a real monotonically increasing function, whose graph is
shown in Figure 1. At zero we have ®(0) = 0, and as z increases, ¥(z)
rapidly approaches the limiting value ®(c0) = 1, since

© e vV
fo d = 2. 2.1.3)

The difference between @(z) and this limit can be written in the form

[ — ®@) = \/_f e dr — \/nf e di = \/nf e (2.1.4)

o)
10
051
J 1 1 1 1 1 X
0 05 10 15 20 25 30
FIGURE 1

The probability integral is encountered in many branches of applied
mathematics, e.g., probability theory, the theory of errors, the theory of heat
conduction, and various branches of mathematical physics (see Secs. 2.5-2.7).
In the literature, one often finds two functions related to the probability
integral, i.e., the error function

Etfz = J. e P dt = % D(2), 2.1.5)
0
and its complement
Erfc z = fw e~ dt = ? [1 — )] (2.1.6)

Many more complicated integrals can be expressed in terms of the probability
integral. For example, by differentiation of the parameter z it can be shown
that

2 f 1 :ttz — e[l — BV 2.1.7)
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2.2. Asymptotic Representation of the Probability Integral for
Large |z

To find an asymptotic representation of the function ®(z) for large |z|,
we apply repeated integration by parts to the integral in (2.1.4), obtaining

o 1 ® 1 e—22 1 © e—tz
—t2 _ 2 - —t2 — _ .
Le d= =5 [ Fde) = &5 2L i

_.e__zz_i._}__l_'_?’fwe___idt
T2z 2223 z? ),

_2f1 1 1-.3 1:3.5 L 1:3--.2n—1)
¢ [Z‘ﬁ 75 iy T tED ’z—z—]

1-3...Qn+ 1) [= e ?
+ ("l)n+1 21$+1 )_L t2n+2dt'

It follows that

1 — O@) = i/_;z [1 + él(—l)k 1—3—(2(222;—_1) + r,,(z)], @.2.1)
where
roz) = (=1)**? w ze?’ fw ;—jz dt. (2.2.2)
Now let )
gz <3 -,

where 8§ is an arbitrarily small positive number, and choose the path of in-
tegration in (2.2.2) to be the infinite line segment beginning at the point ¢ = z
and parallel to the real axis. If z = x + iy = re'®, then this segment has
the equation t = u + iy (x € u < o0), and on the segment we have

|ez2_zzl = 1] ~@n+®) < 7| -@n+ D), [t] < useco.
Therefore
1-3---2n+ 1) ® e _1:3-..2n+ 1)
[r(2)] < F2[E e sec ¢ L e udu = VEREE sec @,

which implies

1:3--Qn + 1)

1-3---2n + 1) .
Q@[z]H"** sin 3

SEDRE (2.2.3)

|ru@)] < sec ¢ <
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It follows from (2.2.3) that as |z| — oo the product z%"r,(z) converges uni-
formly to zero in the indicated sector, i.e.,
e i ---(2n—1)]
1 - 0@~ VEP+E(D——@§r—’
2.2.4)

Bl

[z| > 0, |argz] <z — 8.

2
Thus the series on the right is the asymptotic series (see Sec. 1.4) of the func-
tion 1 — ®(z), and a bound on the error committed in approximating
1 — @(z) by the sum of a finite number of terms of the series is given by
(2.2.3). For positive real z this error does not exceed the first neglected term
in absolute value.

An asymptotic representation of the probability integral in the sector

+8<argz\7—8

S T-]

can be obtained from (2.2.1) by using the relation ®(z) = — ®(—2z), but the
construction of an asymptotic representation in the sector

E—‘b‘sargzs + 3

2

[

requires a separate argument [cf. (2.3.5)].

2.3. The Probability Integral of Imaginary Argument.
The Function F(z)

In the applications, one often encounters the case where the argument of
the probability integral is a complex number. We now examine the parti-
cularly stmple case where z = ix is a pure imaginary. Choosing a segment of
the imaginary axis as the path of integration, and making the substitution
t = iu, we find from (2.1.1) that

D(ix) 2 f’“ 2

—_— = —= e du. 231)
i Vo (

The integral in the right increases without limit as x — oo, and therefore it is

more convenient to consider the function

R@:aﬁfeﬂw, (2.3.2)
0

which remains bounded for all real z. In the general case of complex z, F(z)
is an entire function, and the choice of the path of integration in (2.3.2) is
completely arbitrary.
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To expand F(z) in power series, we note that F(z) satisfies the linear dif-
ferential equation
F'(z) + 2zF(z) = 1, (23.3)

with initial condition F{0) = 0. Substituting the series

Fz) = z a,z*
k=0
into (2.3.3), and comparing coefficients of identical powers of z, we obtain the
recurrence relation
ag = 0, a = 1, (k + l)ak+1 + Zak_l = Q.
After some simple calculations, this leads to the expansion

S (—1)ekg2e+1

= —_— . 2.3.
F(z) 2. T3 D) |z] < o0 (2.3.4)
Flx)
0.6+
04+t
0.2}
1 1 A 1 1 i X
0O 02 04 06 08 10 20

FIGURE 2

To study the behavior of F(z) as z —>co for real z, we apply L’Hospital’s
rule twice to the ratio

2z f e du
v
e
and then use (2.3.2) to deduce that
lim 2zF(z) = 1,

2+ 0

k3

ie.,
Rz~ 212 2> oo, 2.3.5)
In Figure 2 we show the graph of the function F(z) for real z > 0. The maxi-

mum of the function occurs at z = 0.924 ... and equals Fpq, = 0.541. ...
The function F(z) comes up in the theory of propagation of electromagnetic
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waves along the earth’s surface, and in other problems of mathematical
physics.

2.4. The Probability Integral of Argument V/ix.
The Fresnel Integrals

Another interesting case from the standpoint of the applications occurs
when the argument of the probability integral is the complex number

z=\/;x=“\)/'c—§(1+i),

where x is real. In this case, we choose the path of integration in (2.1.1) to be
a segment of the bisector of the angle between the real and imaginary axes.

Then, using the formula r = Viu to introduce the new real variable u, we find
from (1.1.1) that

(D(\/lx)___Z__f e_maduzif cosuzdu—i—z—*f sin u? du.
0 0

Vi VvV vz Vo
24.1)
The integrals on the right can be expressed in terms of the functions
2 ot 2 oq?
) = f cosTodr, S = f sin ™ a1, (2.4.2)
] 2 0 2

where the integration is along any path joining the origin to the point ¢t = z.
The functions C(z) and S(z) are known as the Fresnel integrals. Since the
integrands in (2.4.2) are entire functions of the complex variable ¢, the choice
of the path of integration does not matter, and both C(z) and S(z) are entire
functions of z.

For real z = x, the Fresnel integrals are real, with the graphs shown in
Figure 3. Both C(x) and S(x) vanish for x = 0, and have an oscillatory char-
acter, as follows from the formulas

mx? , . TX>

3 H S(X) = Sin —2—’
which show that C(x) has extrema atx = + V2n + 1, while S(x) has extrema
atx = 1+Vv2n(n=20,1,2,...). Thelargest maxima are C(1) = 0.779893. ..

and S(V2) = 0.713972.. .., respectively. As x — oo, each of the functions
approaches the limit

C'(x) = cos

C(e0) = S(0) = %,
as implied by the familiar formula?®

o«

® . Vr
f cos t2dt = f sin £2dt = ——=
0

0 v (2.4.3)

3 D. V. Widder, op. cit., p. 382.
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0.5F

FIGURE 3

Replacing the trigonometric functions in the integrands in (2.4.2) by their
power series expansions, and integrating term by term, we obtain the following
series expansions for the Fresnel integrals, which converge for arbitrary z:

c@ - J; Z ‘éxii" (7) o= 2@ () wrr
(2.4.4)

The relation between the Fresnel integrals and the probability integral is
given by the formula

2 " o) Va2 ze Falle .
C(Z) + lS(Z) — J‘ etmit?i2 gy ; eim/‘if e~ udu
0

0

= vl_ein£/4®(JE Ze?ntl‘i),
2 2

(2.4.5)

which implies
— _1 /4 /_ ni/4) —mifd (A/E ni/4)]
C(z)—2 f[ (D( 5 e + e i 5 2€ )
_ 1 wild (JE —m‘l4) —mijd (A/E ni/4)],
S(z) = oV [e ] 5 7€ e 0] o

Using (2.4.6), we can derive the properties of C(z) and S(z) from the cor-
responding properties of the probability integral. In particular, the results of

(2.4.6)
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Sec. 2.2 lead to the following asymptotic representations of the Fresnel
integrals, valid for Iarge |z| in the sector [arg zZ| € im - 3,

C@) == — _1_ [B(z) cos —— — A(2) sin -—z—f]

(2.4.7)

2 2
S(z) = % - n—lz [A(z) cos% + B(z)sin ’%]

where

Az) = z ( D¥ogy + O(IZ[—4N—4)’

( 22)2k
¥e, 4N -
-3l o eren,
o =132k = 1), a,=1.
The Fresnel integrals come up in various branches of physics and engineer-
ing, e.g., diffraction theory, theory of vibrations (see Sec. 2.7), etc. Many

integrals of a more complicated type can be expressed in terms of the func-
tions C(z) and S(z).

2.5. Application to Probability Theory
By a normal (or Gaussian) random variable with mean m and standard

deviation ¢ is meant a random variable £ such that the probability of
¢ lying in the interval [x, x + dx] is given by the expression*?3

1 ~(x~m)2/202
— x=m%i20% Jx. 2.5.1
V2ro ¢ x ( )
Then the probability
Pla<t{—m<b} (2.5.2)

that £ — m lies in the interval [a, b] is just the integral

1 b+m I 1 bY3o .
— f e~ (xmm%20% gy — —_f e~ dt
V2re Jatm vV aiV30

=35 - o E)

* As usual, [a, b] denotes the closed interval @ < x < b, and (a, b) the open interval
a<x<b.

5 See W. Feller, An Introduction to Probability Theory and Its Applications, Vol. 1,
second edition, John Wiley and Sons, Inc., New York (1957). If x,,..., x, are the
results of measurements of &, where # is large, then

2 %g(x—m)"'.

2.5.3)

SIH
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where ®(x) is the probability integral. As one would expect, (2.5.2) equals 1
ifa= —o0, b = c0.

Setting @ = —3, b = 3, we obtain the probability that |£ — m| does not
exceed 3:
3
P(JE — m| < 8} = (D(—_—)- 254
(1€ | <3 Ve (2.5.4)

Then the probability that {£ — m| exceeds 3 is just

P{E—m|>8=1-— <D(%§G). (2.5.5)

The value 8§ = 3, for which (2.5.4) and (2.5.5) are equal is called the probable
error, and clearly satisfies the equation

7)1

Using a table of the function ®(x) to solve this equation,® we find that

3, = 0.67449%.

Example. With standard deviation 1 mm, a machine produces parts of
average length 10 cm. Find the probability that a part is of length 10 cm to
within a tolerance of 1 mm.

The required probability is

1
V2
i.e., some 68 percent of the parts satisfy the specified tolerance. In this case,
the probable error is approximately 0.7 mm.

P{[E — 10] < 0.1} = m( ) ~ 0.683,

2.6. Application to the Theory of Heat Conduction. Cooling of
the Surface of a Heated Object

Consider the following problem in the theory of heat conduction: An object
occupying the half-space x > O is initially heated to temperature 7;. It then
cools off by radiating heat through its surface x = 0 into the surrounding
medium which is at zero temperature. We want to find the temperature
T(x, t) of the object as a function of position x and time ¢.

Let the object have thermal conductivity k, heat capacity ¢, density g and

S See E. Jahnke and F. Emde, Tables of Higher Functions, sixth edition, revised by F.
Loésch, McGraw-Hill Book Co., New York (1960), p. 31.
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emissivity A, and let © = kt/cp. Then our problem reduces to the solution of
the equation of heat conduction

oT 0T
= e 2.6.1)
subject to the initial condition
Tlewo = To (2.6.2)
and the boundary conditions”’
oT
(a—x - hT) =0 The.=T, 2.6.3)

where i = Ak > 0.
To solve the problem, we introduce the Laplace transform T = T(x, p) of
T = T(x, 1), defined by the formula

7— f e Tdr, TRep> 0. (2.6.4)
0

A system of equations determining 7 can be obtained from (2.6.1-3) if we
multiply the first and third equations by e ~** and integrate from 0 to co, taking
the second equation into account. The result is

d°T -
7z =T — T
— (2.6.5)
Tt .- D
o hT|,.o = 0, Tliow = >
The system (2.6.5) has the solution
7 _ To h _Vox
T = 7)-(1 e ) Rep >0, ReVp>0. (2.6.6)

We can now solve for T by inverting (2.6.4). This can be done either by using
a table of Laplace transforms,® or by applying the Fourier-Mellin inversion
theorem,® which states that

1 a+ioo _
f e’ T dp, (2.6.7)

27" a—iwo

where a is a constant greater than the real part of all the singular points of 7.

7 For the derivation of equations (2.6.1, 3), see G. P. Tolstov, Fourier Series (trans-
lated by R. A. Silverman), Prentice-Hall, Inc., Englewood Cliffs, N.J. (1962), Chap. 9,
Secs. 20 and 24.

8 See A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Zables of Integral
Transforms, Volume 1 (of two volumes), Chaps. 4-5, McGraw-Hill Book Co., New
York (1954). This two-volume set (based, in part, on notes left by Harry Bateman)
will henceforth be referred to as the Bateman Manuscript Project, Tables of Integral
Transforms.

9 H. S. Carslaw and J. C. Jaeger, Operational Methods in Applied Mathematics,
second edition, Oxford University Press, London (1953), Chap. 4, Secs. 28-31.
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The quantity of greatest interest is the surface temperature of the object.
Setting x = 0 in (2.6.6), we find that

7= Lo 1 ___h 1)
Moo= e = Pl -5y 69

The simplest way to solve (2.6.8) for the original function T, is to use the
convolution theorem,'® which states that if f; and f;, are the Laplace trans-
forms of f, and f,, then f = f, f, is the Laplace transform of the function

f(5) = f CFOfs — D at. (2.6.9)

Since it is easily verified that

h . 1
.fl = \/[_7’ f2 = P — e
are the Laplace transforms of
h 2
= — = eh T,
h=v= F

(2.6.9) implies
ho( dt 2 (w7
Tx= =T (e"z‘ - —:f h2 (-t —_) =T hzr(l - —_f e‘52 dS)9
o = Tl = 2 ), @0V = T - 2 )
ie.,
Tli—o = Toe"[1 — OV )], (2.6.10)
where ®(x) is the probability integral. It follows from the asymptotic formula
(2.2.1) that for large ~ the surface temperature falls off like 1/V/=:

Tlioo & T o0, (2.6.11)

T
h/nr
The temperature inside the object (x # 0) can also be expressed in closed
form in terms of the probability integral.

2.7. Application to the Theory of Vibrations. Transverse Vibra-
tions of an Infinite Rod under the Action of a Suddenly
Applied Concentrated Force

Consider an infinite rod of linear density p and Young’s modulus E, lying
along the positive x-axis. Let 7 be the moment of inertia of a cross section of
the rod about a horizontal axis through the center of mass of the section, and

let - = V'EIpt. Suppose the end x = O satisfies a sliding condition, while

10 H. S. Carslaw and J. C. Jaeger, op. cit., Chap. 4, Sec. 33.
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the end x = oo is clamped, and suppose a constant force Q is suddenly
applied at the end x = 0. Then the displacement u = u(x, ¢) at an arbitrary
point x > 0 of the rod is described by the system of equations!!

%u  O*u

o2 st axt 0,
ou
Ulmg = 7., =" (2.7.1)
ou _ Pu _Q _ ou _
Teo ~ % By BT MmO TO

To solve this system, we use the Laplace transform, as in the preceding
section. Writing

i = f: e-"uds, Rep >0, 2.7.2)
we obtain the following equations for #:
% + p%i =0
%xzo ~o, Z_;‘jx=o - E_%), 2.7.3)
) %M 0.

Simple calculations then show that
Q e-V=rix  p-Vrix
2EIp% ( V=i Vi )
To find u, we again use the convolution theorem. Since!2
—VTix —Vpix
hege  f=5(5= — ‘ev,;)

are the Laplace transforms of

=

Rep >0, ReVtpi>0. 274

2

_e __1_( x
fl—EIT, fo= = sm4

(2.6.9) implies

B E\%_nfo (Sm f + cos Zj) ~ Lar = er f(m/_), @.7.5)

11 See R. E. D. Bishop and D. C. Johnson, The Mechanics of Vibration, Cambridge
University Press, London (1960), p. 285.

12 Bateman Manuscript Project, Tables of Integral Transforms, Vol. 1, formula (27),
p. 146 or formula (6), p. 246.

x2
+ COS4 )
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where
f09) = —= f (sin ® + cos yz)M . 2.7.6)

The function f(x) can be expressed in terms of the Fresnel integrals C(z) and
S(2), introduced in Sec. 2.4. In fact, integrating (2.7.6) by parts twice, we find
that

o 3 A

a4+

sin x?

+ (1 —x%

(2.7.7)

Cos X
¥ ]

PROBLEMS

1. Show that the functions

v
2(2) = == P 0(2)

satisfies the differential equation ¢’ — 2z¢ = 1, and use this fact to derive the
expansion
il Zzz)k
O@) = Zem > 2
@) = \/ e’ 2 T3k D
2, Using formula (2.4.5) and the result of Problem 1, derive the following
expansions of the Fresnel integrals

lz] < .

Clx) = x[a(x) cos F—;—Cf + B(x) sin WTXZ}

S(x) = x[oc(x) sin nsz — B(x) cos %‘2]’

where

_ @O l)k(nx2)2k2 _ o0 (_l)k(nx2)2k+l.
(%) = Z 3k +D P®= 2 3. -4k + 3)

3. Use integration by parts to show that

f(b(x) dx = x®(x) + L_e‘x2 + C.
k3
4. Let @ be the Laplace transform of the probability integral, i.e.,

D(p) = f: e~ O(x) dx.

D(p) = %e””“[l - (1)(’2_7)]

Prove that
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5. Derive the integral representations
_,2 Sin 2zt

F(2)=f e~ sin 2zt dt, @(z):zf emt o dr.
0 0

k1

Hint. Replace sin 2z¢ by its power series expansion and integrate term by
term.

6. Derive the following integral representations for the square of the prob-

ability integral:
4 (1 e—22(1+t2)
@2 —_—— _—
@-1-4[

It

I

4 [ e—22(1 +12) P
—_ 2 — - —
1 - o@p = 3 f Tl argel <]

Hint. Represent ®%(z) as a double integral over the region 0 <s <z,
0 <t < z, and transform to polar coordinates.

7. Derive the formulas

1 - @) = sz_re‘zz L e 22t gy

[1 - o@D = \_/‘_":e—zzZ J:o e—tz—zJEzt(p(t) dt.

k19
Hint. The second formula is obtained from the first after introducing new
variables « = s + ¢, B = st in the double integral over the region 0 < s < 0,
0<r<s.

8. Prove that

2 , sin
e = @) =2 |
T Jjo
9. Prove that
nx2/2

Clx) = f S e dn S =f Tua®) dt,

where J,(x) is the Bessel function of order v (see Sec. 5.8).
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THE EXPONENTIAL INTEGRAL
AND RELATED FUNCTIONS

3.1. The Exponential Integral and Its Basic Properties

The exponential integral is defined by
2 £
Ei(7) =f Sa,  larg(-2)]| <, G.1.1)

where the integration is along any path L in the z-plane with a cut along the
positive real axis (see Figure 4). Since the integrand is an analytic function in

z

/

FIGURE 4

the resulting simply connected domain, the integral is path-independent and
Ei(z) is an analytic function of z (cf. footnote 1, p. 16). A possible choice of
the path of integration is the infinite line segment

—o < Ret < Rez, Im? =1Imz, (3.1.2)

passing through the point z and parallel to the real axis.
30
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If we replace z by —z and ¢ by —¢, formula (3.1.1) becomes
@ ,-t
—Ei(—2) f S, fargz] < (.1.3)

where the function —Ei(—z) is analytic in the plane with a cut along the
negative real axis. The graph of this function for z = x > 0 is shown in
Figure 5. It will be noted that —Ei(—x) .

. -£7(-x)
decreases monotonically from the value \
—Ei(0) = + 00 to the value —Ei(—o0) =0,
and in fact, its derivative is

d ) e * .
v [-Ei(—-x)] = — Y <0 if x>0

To derive a series expansion of the ex-
ponential integral, we represent (3.1.1) in
the form

-1t 0 Lt _
Ei(z):f idz+f 2
- ! -1 ! 05}
z 5 2
+ f ¢ t Lar + th,

0 -1

and observe that the sum of the first two
integrals is an absolute constant, which we
denote by C. Setting t = —u~?! in the first
integral and ¢t = —u in the second, we find

1 1 r x

that 0 1+ 2 3 4 5

11 - g% . p-1u
C= f I——i—u—e—— du. (3.1.4) FIGURE §
D]

Comparison of (3.1.4) and (1.3.20) shows that C coincides with Euler’s
constant:

C =y = 0.5772157...
Thus we have?

Ei(z) = v + log(—2z) + J:et t— 1dt, larg (=2)] < = (3.1.5)

The integral on the right, whose integrand is an entire function, is itself an
entire function of the complex variable z, and can therefore be expanded in a
power series which converges in the whole plane. To obtain this series, we

! In this book log z always means the single-valued branch of the logarithm defined

by
logz = log |z} + fargz, larg z| < m.

Similarly, z¥ (v arbitrary) means e" % #, and so on.
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need only expand the integrand in powers of ¢ and integrate term by term.
The result is

2ot 1 2 2 g1 © gk
JO : dt—Lk;T!dt—kzlmy |Zl < 0O,

and therefore the desired expansion of the exponential integral is

Ei(z) = v + log(—2z) + é: kZT’;c’ larg (—2)| < =, (3.1.6)

valid everywhere in the plane cut along the positive real axis. It follows from
(3.1.6) that the values of Ei(z) on the upper and lower edges of the cut are

respectively
Ei(x + i0) = Ei,(x) F =i, x>0,

where Ei (x) is the real function defined by
ok
Eiy(x) = 3[Ei(x + i0) + Ei(x — i0)] = y + logx + > lka x>0,
E=1""

(3.1.7)

and known as the modified exponential integral.?

The exponential integral is often encountered in the applications, e.g., in
antenna theory and other branches of physics and engineering. Many inte-
grals of a more complicated type can be expressed in terms of the exponential
integral. For example, the integral

[er@

where f(z) is an arbitrary rational function, can be written in finite form in
terms of the function Ei(z) and elementary functions (see Problem 9, p. 42).

3.2. Asymptotic Representation of the Exponential Integral for
Large |z|

To find an asymptotic representation of the function Ei(x) for large |z],
we apply repeated integration by parts to formula (3.1.1), obtaining

F et 2 1 ; e* E et
f_w7dt_f_w;d(e)_;+f_wt—2dz
ez ez 2 et
-;+Z—2+1'2J._wt—3dl

1112 1.2 n 2 ¢
=e[E+_2.+?+...+-—Zn—+—l——]+1'2"-(n+1)f_mtn—+2dt-

V4

2 Since (3.1.1) does not define Ei(z) for z = x > 0, one can formally extend the de-
finition of the exponential integral by defining Ei(x) = Eii(x) for x > 0.
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It follows that

n

Ei(z) = % [ > ’Zik' + r,,(z)], GB.2.1)

k=0
where
F '
r) = (n +1)!ze‘zf Sadt, (-2 < (3.22)
To estimate the remainder r,(z), we choose the line segment (3.1.2) as the path
of integration. Suppose |arg (—z)| < = — 3, where 3 is an arbitrarily small
positive number, and let z = x + iy. Then along the segment ¢t = ¢ + iy
(—o0 < ¢ € x) we have

let=2] = e°7%, [t] > |z| sin 3,
and hence
n+1‘ * g2 n+1' -n- -n-
Irn(z)[ < lzln_gl(si—n%)n—ﬁf_w 4 do = (im_sz |zl 1 O(lzl 1).

(3.2.3)
Therefore we have the asymptotic representation

Ei(z) = % [ SEL 0(]4-7%-1)], larg (—2)| < 7 — 5. (3.2.4)

z*
k=0

It follows from (3.2.4) that the divergent series

& < k!

T2
is the asymptotic series for Ei(z) in the sector |arg (—z)| € = ~ 3.

It should be noted that if Re z < 0, i.e., in the sector |arg (—z)| < =/2, we
have the sharper estimate
n+ )
lzln +1

In this case, the error committed in approximating Ei(z) by the sum of a finite

number of terms of the asymptotic series does not exceed the first neglected
term in absolute value.

Ir(2)] < (3.2.5)

3.3. The Exponential Integral of Imaginary Argument.
The Sine and Cosine Integrals

If z = ix is a pure imaginary, the function Ei(z) can be expressed in terms
of two real functions Si(x) and Ci(x), known as the sine integral and the cosine
integral, respectively. These functions, which are interesting in their own
right, are defined for arbitrary complex z by the integrals

Si(z) = f Wi, CiE) = f S lar,  largz <7 (33.1)
0

o
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The choice of the path of integration in the first integral is entirely arbitrary,
but in the second integral it is required that the path of integration L lie in
the plane cut along the negative real axis, as shown schematically in Figure 6.

#

z

\

FIGURE 6

For the usual reason (cf. footnote 1, p. 16), Si(z) is an entire function, while
Ci(z) is analytic in the plane cut along the negative real axis.
For real z = x > 0, both functions are real, with the graphs shown in

FIGURE 7

Figure 7. Moreover, Si(x) and Ci(x) have an oscillatory character, as follows
from the formulas

—Sl(x) sxr)lcx’ —C( )_cosx

’

which show that Si(x) has extrema at the points x =nr (n =0, 1, 2,...),
while Ci(x) has extrema at the points x = (n + ¥)=. For x < 0,

Si(x) = —Si(]x[),
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whereas Ci(x) is not defined. For large and small values of the argument, we
have the limiting values

Si(o0) = g Ci(c0) = 0,
(3.3.2)
Si(0) =0, Ci(+0) = —oo.

To establish the relation between the functions Ei(ix), Si(x) and Ci(x), we
substitute z = ix (x > 0) into (3.1.1). First we note that the integration along
the original path L can be replaced by integration along the imaginary axis.
In fact, consider the integral of the function e/t along the closed contour
consisting of an arc Cy of the circle of radius R with center at the origin, the

Vi
Co

FiGURE 8

arc Ly of the curve L lying inside this circle, and the segment of the imaginary
axis joining the points ix and iR (see Figure 8). According to Cauchy’s

integral theorem,
¢ iR ,t ¢
f e—dz+f 5dt+f Ldr=o.
In ! iz ! cg t

But as R oo, the integral along L, approaches Ei(ix), while the integral
along Cy vanishes.® Therefore

i(i e * et % COS U . (*sinu
Ei(ix) = — —dt=f—du=f du+zf du,
iz 1 o U w U w U
3 On the arc Cy we have # = Re', /2 < 6 < =, and hence
¢ n n/2 /2 . -R
f e?dt sJ‘ e“"”ede:f e'RBlnxdxsf e~ 2Bun dx:gl Re ,
Cr n/2 0 °

where we use the inequality sin y = (2y/x), valid for 0 < y < w/2 [see A. 1. Markushe-
vich, op. cit., formula (13.20), p. 272). It follows that

¢
f Cdt—>0
cr t

as R— oo,
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ie.,

Ei(ix) = Ci(x) — z[g - Si(x)], x>0, (3.33)

and similarly,
Ei(—ix) = Ci(x) + i [— - Sl(x)] x> 0. (3.3.4)
We have proved formulas (3.3.3-4) for x > 0, but it is easily seen by using

the principle of analytic continuation that they hold in a larger region, and
in fact,

Ei(—ze~"%) = Ci(z) — 1[72—r - Si(z)], — g <argz < m,
(3.3.5)
Ei(—ze™2) = Ci(z) + z[g - Si(z)], —m<argz< ’—2‘

To prove (3.3.5), we merely note that both sides are analytic functions of z
in the indicated sectors, and that these functions coincide for z = x > 0.
From (3.3.5) we deduce the useful formulas

Ci(z) = %[Ei(-—ze"”z) + Bi(—ze-™2)],  |argz| < T
(3.3.6)
. T 1 . 2 . —nif2 '
Si(z) = 3~ % [Ei( — ze™/2) — Ei(—ze™™2)], larg z| < >

which express Ci(z) and Si(z) in terms of the exponential integral.

The functions Si(z) and Ci(z) have simple series expansions. The expan-
sion of Si(z) is found by substituting the power series for sin ¢ into (3.3.1) and
then integrating term by term. The result is

— 1)ez2k+1

_1)kt2k
Siz) = f Z T Z + N <o 63D

The derivation of the expansion of Ci(z) is somewhat more complicated. The
simplest approach is to use the relation between the functions Ci(z) and
Ei(—ze*™/2), together with the expansion (3.1.6). In this way, we find that*

. ) (_l)kz2k
Ci(z) =y + logz + L, arg z| < =. 3.3.8
@ =v+logz+ 2 “mppr  lare?] (3.38)

In particular, (3.3.8) leads to the following values of the function Ci(z) on the
upper and lower edges of the cut [ — oo, 0]:°

Ci(—x + i0) = Ci(x) + =i, x > 0. (3.3.9)

* The original restriction |arg z| < w/2 is easily eliminated by using the principle of
analytic continuation.

5 For simplicity of notation, we will always regard infinite branch cuts as passing
through the point at infinity, as in the familiar representation of the extended complex
plane by the Riemann sphere (see A. 1. Markushevich, op. cit., Chap. 5).
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Finally, by using (3.2.4) and (3.3. 6) we can derive asymptotic representa-
tions of the functions Ci(z) and #= — Si(z) for large |z| in the sector
larg z| < =/2. It is easily verified that

sin z

Ci(z) = P(z

(3.3.10)
™ . sin z
5~ Si(z) =

where

P(Z) z ( l)k(Zk) + O(IZ[ 2n — 2)

0(z) = Z D*Ck + DY 0(|z|-2"-3).

2k:+1

3.4. The Logarithmic Integral

Another special function which is closely related to the exponential integral
is the logarithmic integral. This function, which plays an important role in
analysis, is defined by

li(z) = f: %, larg z] < =, |arg(l — 2)| < =, (3.4.1)

where the integral is along any path L belonging to the plane with two cuts
along the segments [ — co, 0] and [1, co] of the real axis (see Figure 9). By the

FIGURE 9

usual argument (cf. footnote 1, p. 16), li(z) is an analytic function in the cut
plane. By introducing the new variable of integration u = log¢, we can
easily express 1i(z) in terms of the exponential integral. In fact, the original
cut #-plane is mapped onto the strip [Im | < = in the u-plane, with a cut
along the positive real axis, and (3.4.1) is transformed into the integral

liGz) = f e e— du, (3.4.2)

—
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evaluated along any path belonging to this strip. Since the strip is a part of
the domain of definition of the exponential integral (see Sec. 3.1), it follows
from (3.4.2) that

li(z) = Ei (log 2), (3.4.3)
where, as always, log z denotes the principal value of the logarithm (cf.
footnote 1, p. 31).

Using (3.4.3), we can easily deduce the properties of the logarithmic
integral from those of the exponential integral. For example, formula (3.1.6)
implies the expansion

liz) = v + log (—log2) + Z (l‘;(g,kz) , (3.4.4)

where z belongs to the plane with cuts along the segments [—oo, 0] and
[1, ©]. In particular, it follows from (3.4.4) that the values of li(z) on the
upper and lower edges of the cut [1, co] are

li(x + i0) = liy(x) F =i, x> 1, (34.5)

where li;(x) denotes the real function

© K
liy(r) = 3[liCx + 10) + lix — i0)] = y + loglog x + > (1015;) x>,
k=1 .

(3.4.6)

known as the modified logarithmic integral.® It follows from (3.1.7) and
(3.4.6) that the modified exponential integral and the modified logarithmic
integral are connected by the formula

li,(x) = Ei, (log x). 34.7)
The function li;(x) is frequently encountered in analysis, and is particularly
important in number theory.”
Finally, we note that the results of Sec. 3.2 imply the asymptotic repre-
sentation

) = 1o [ Z (log z)k + ,,(z)] 5< largz] < 7 — 3, (3.4.8)

where
Ir(2)] = O(|log z|="~%)
for large values of |log z|. In particular,

(n+ 1)
< -~ 7
Ira(2)] < flog z]**1
for |z| < 1, and in this case the sector is just |arg z| € = — 8.

¢ Since (3.4.1) does not define li(z) for z = x > 1, one can formally extend the
definition of the logarithmic integral by defining li(x) = lii(x) for x > 1.

7 See A. E. Ingham, The Distribution of Prime Numbers, Cambridge Tracts in Mathe-
matics and Mathematical Physics, No. 30, Cambridge University Press, London (1932).



SEC. 3.5 THE EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 39

3.5. Application to Electromagnetic Theory. Radiation of a
Linear Half-Wave Oscillator®

As a simple example of the application of the special functions studied in
this chapter, we consider the electromagnetic energy radiated by a linear
oscillator of length 2/ = /2, driven by an alternating current 7 of frequency
w = 2me/A (¢ is the velocity of light and A the wavelength), whose distribution
along the conductor is give by
.TE_Z
2/
(see Figure 10). Let E(?) and H(¢) denote the time-dependent electric and
magnetic field vectors, with complex amplitudes E and H, so that

E() = Re{Ee“},  H(r) = Re {He'%). (3.5.2)

I = I, cos = cos i, -lgzg 3.5.1)

M

FIGURE 10

Then the power radiated by the oscillator, averaged over a period T = A/c,
is given by the formula®

P =Re {8% L (E x H%-n ds}, (3.5.3)

where S is an arbitrary surface surrounding the oscillator, n is the exterior
normal to S, and H* is the vector whose components are the complex con-
jugates of those of H.1°

In the present case, the vectors E and H have components (E,, E,, 0) and
(0, 0, H) in a spherical coordinate system (r, 0, ¢) [see Figure 10, where M is

8 The necessary background information in electromagnetic theory, written in the
system of units used here, can be found in G. Joos, Theoretical Physics, third edition,
with the collaboration of I. Freeman, Blackie and Son, Ltd., London (1958).

® Ibid., pp. 332, 341.

19 As usual in vector algebra, the dot denotes the scalar product and the cross denotes
the vector product.
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the observation point], and for S we can choose a sphere r = p of arbitrarily
large radius p. Then (3.5.3) becomes

ce? ™ .
P = Re Tf EeH* sin 0.d6 » (3.5.4)
0

where H* is the complex conjugate of H. In (3.5.4) we can replace the exact
values of F, and H by their asymptotic expressions for large r. Using the
well-known formulas for the components of the electromagnetic field of an
elementary dipole,'! and integrating with respect to z, we easily find that

cp

7 1
21, o- k0 S08 (4w cos 0)

Hx Ey = -
e cp sin 6

1
—ikp oy Tt_z ik cos € _
e smef_lcos 5] € dz
for sufficiently large p, where k = w/c. It follows that

P =

2 pn 2 (1.
3 f cos® (37 cos ) 4o (3.5.5)

c Jo sin 0
where we use the formula

joAr_m _ =
T4 20 2k
The integral in (3.5.5) can be expressed in terms of the cosine integral
Ci(x). In fact, introducing the new variable of integration x = cos 0, we
have

[2 11 12 1 1
P=__0J‘ +coswxdx=_o(f1+coswxdx+J‘1+cosnx)dx
0 0 0

c I — x2 2¢ 1 —x 1 + x
Ig(J‘ll_COSny 21 — cos ny 12 (21 — cosmy
L[t lzcosmy, +f—d)=—f——d
2¢ \Jg y Y 1 Y 7 2¢Jo y g
IZ2 (*™1 — cosz
-5 f Ly 3 (3.5.6)

Finally, using the result of Problem 3, p. 41, we find that
]2
P = 2—2 [y + log 2= — Ci(2n)], (3.5.7)

where Ci(x) is the integral cosine and y is Euler’s constant.

The same method can be used to calculate the average power radiated by
antennas with more complicated configurations. It is remarkable that the
results can still be expressed in terms of sine and cosine integrals.

11 G. Joos, op. cit., pp. 338, 340.



PROBLEMS THE EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 4]

PROBLEMS

1. Verify the integral representation

-2t T

. N a4
—Ei(—2z) = ¢ J; T3 tdt, jarg z| < 3
2. Verify the following integral representation for the square of the ex-
ponential integral:
. - © . log(1 + 2p) ™
_ 2 — 2z 2zt —-
[Ei(—2)] 2e J; e 177 3

Hint. Represent the left-hand side as a double integral over the region
0< s < 0,0 < ¢ <s, and introduce the new variables « = s + ¢, § = st.

dt, larg z| <

3. Prove that

Ci(z) = v + log z — f %m“dt, larg z| < .
0

4. Starting from (3.1.1) and the definition of the modified exponential integral
Ei;(x), show that

. . “E gt * gt
Eii(x) = lmg (J. 7dt + f 7dt), x>0,

i.e., show that Ei;(x) is the Cauchy principal value of the integral

x et
= dt.
J.5

5. Verify that

. *et — 1
Eij(x) = v + logx + dt.
0
6. Using L’Hospital’s rule, show in turn that
lim e *Eiy(x) = 0, lim xe *Eiy(x) = 1,
T+ ®© I+ ®©

and then deduce the asymptotic formula

Eil(x) ~ e;x’ X —> + o0,
7. Using (3.4.7) and the result of the preceding problem, deduce the asymp-
totic formula

lil(x) ~ 1—(;2—); X —> + 0,

Comment. This formula plays an important role in number theory.

8. Prove the formula

. . -t 4 *  dt
liy(x) = lel_rg(x) (L Tog? + fus_lOg t)’ x> 1.

Hint. Use (3.4.7) and the result of Problem 4.
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9. Consider the integral
| rere e, @

where f(z) is an arbitrary rational function, and the path of integration does
not pass through any singular points of the integrand. By separating out the
polynomial part of f(z) and then expanding the remainder in partial fractions,
the evaluation of (i) can be reduced to the evaluation of integrals of the form

f z"e* dz, (ii)

e*
fm dZ, (lll)
where n is a positive integer. By repeated integration by parts, (ii) can be

expressed in terms of elementary functions, and the problem of evaluating
(iii) can be reduced to the problem of evaluating the integral

f e 4. @iv)

zZ—a

Then the substitution # = z — a reduces (iv) to an exponential integral
(generally with a complex argument).
Using the method just described, prove that

* é d el . . 0
f_m ;—2(7_—1) = ran 2Ei(x) + ¢Ei(x — 1), x < .
10. As usual, let f denote the Laplace transform of f (see p. 25). Prove that
- 1 1 — 1
Si(x) = - arc tan -» —Ei(—x) = =log(1 + p),
x) P > (-x) > g (1 + p)

where the arc tangent and the logarithm have their principal values.
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ORTHOGONAL POLYNOMIALS

4.1. Introductory Remarks

A system of real functions f,(x) (n = 0, 1, 2,...) is said to be orthogonal
with weight p(x) on the interval [a, b] if

f: () fm(X)fo(x) dx = 0 4.1.1)

for every m # n, where p(x) is a fixed nonnegative function which does not
depend on the indices m and n. For example, the system of functions
cosnx(n =0,1,2,...) is orthogonal with weight 1 on the interval [0, =],
since

T
f cosmxcosnxdx =0 if m #n.
0

Orthogonal systems play an important role in analysis, mainly because func-
tions belonging to very general classes can be expanded in series of orthogonal
functions, e.g., Fourier series, Fourier-Bessel series, etc.

An important class of orthogonal systems consists of orthogonal poly-
nomials p,(x) (n = 0, 1, 2, .. .), where n is the degree of the polynomial p,(x).
This class contains many special functions commonly encountered in the
applications, e.g., Legendre, Hermite, Laguerre, Chebyshev and Jacobi poly-
nomials. In addition to the orthogonality property (4.1.1), these functions
have many other general properties. For example, they are the integrals of
differential equations of a simple form, and can be defined as the coefficients
in expansions in powers of ¢ of suitably chosen functions w(x, ¢), called
generating functions. Orthogonal polynomials are of great importance in

43
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mathematical physics, approximation theory, the theory of mechanical
quadratures, etc., and are the subject of an enormous literature, in which the
contributions of Russian mathematicians like Adamov, Akhiezer, Bernstein,
Chebyshev, Sonine, Steklov and Uspensky play a prominent role.

This chapter is devoted to the theory of Legendre, Hermite and Laguerre
polynomials, which have extremely diverse applications to physics and en-
gineering. For the convenience of readers primarily concerned with applica-
tions, each of these three kinds of polynomials is treated independently.
Those interested in studying the subject from a more general point of view
are referred to the books by Jackson, Sansone, Szegod and Tricomi cited in
the Bibliography on p. 300! In Problems 21-22, p.96-97 we also touch upon
the theory of Jacobi and Chebyshev polynomials.

4.2. Definition and Generating Function of the
Legendre Polynomials

The Legendre polynomials are defined by Rodrigues’ formula

1 4°
Pn(x) = 2"'_}‘1'@ (x2 - 1)", n = 0, 1, 2, - (4.2.1)

for arbitrary real or complex values of the variable x. Thus the first few
Legendre polynomials are
PO(x) = 1, Pl(x) = X, P2(x) = ‘12‘(3)('2 - 1)3
Py(x) = 3(5x° — 3x),...

The general expression for the nth Legendre polynomial is obtained from
(4.2.1) by using the familiar binomial expansion

n —l)n n —
x2 — 1) = zk' —k)’ x2n -2k

which implies

WEl (—1)2n — 2k)! -2k
Pn(x) Z 2nky(n _ k)'(n - 2k)7 s (4.22)

where the symbol [v] denotes the largest integer <v. It will be shown in
Sec. 4.5 that the Legendre polynomials are orthogonal with weight 1 on the

1 See also A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher
Transcendental Functions, Volume 2 (of three volumes), Chap. 10, McGraw-Hill Book
Co., New York (1953). This three-volume set (based, in part, on notes left by Harry
Bateman) will henceforth be referred to as the Bateman manuscript Project, Higher
Transcendental Functions.
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interval [—1, 1].2 As already noted, these orthogonal polynomials play an
important role in the applications, particularly, in mathematical physics (see
Secs. 8.3-4, 8.7-8, 8.13-14).

The properties of the Legendre polynomials can be derived very simply if
we first prove that the function

wix, 1) = (1 — 2xt + 12)"12

(where the value of the square root is taken to be 1 for r = 0) is the generating
Jfunction of the Legendre polynomials, i.e., that the expansion

wix, 1) = (1 — 2xt + 13)~12 = i P(x) (4.2.3)
n=90

holds for sufficiently small {z]. Let r; and r, be the roots of the quadratic
equation 1 — 2xt + 2 = 0, and let

r = min {|r,|rs|}. 4.2.9)

Then w(x, t), regarded as a function of ¢, is analytic in the disk [¢] < r.3 It
follows from a familiar theorem of complex variable theory* that

0

wix, ) = (1 — 2xt + 1372 = > (0, |t <,

n=0

where the coefficients ¢,(x) can be written as contour integrals
cn(x) = if (1 — 2xt + )~ 12-n-1 4y, 4.2.5)
27 Jo

evaluated along any closed contour C surrounding the point ¢ = 0 and lying
inside the disk [f| < r. If we make the substitution

I —ut = — 2xt + 213

then (4.2.5) transforms into the following integral of a rational function
evaluated along a closed contour C’ surrounding the pointu = x:®

w0, 4.2.6

) = 74 f 2 — xpr (4.2.6)

2 This property can be proved directly, by starting from the definition (4.2.1), but our
approach will be different. In fact, it can be shown that if p,(x) (n = 0, 1,2,...) is an
arbitrary system of polynomials orthogonal with weight 1 on the interval [—1, 1], then
Dn(x) = ¥aPu(x), where v, is independent of x. See G. E. Shilov, An Introduction to the
Theory of Linear Spaces (translated by R. A. Silverman), Prentice-Hall, Inc., Englewood
Cliffs, N.J. (1961), Sec. S8.

3 In the case of greatest practical importance, x is a real number belonging to the
interval [—1, 1], and then r = 1.

+ A. I. Markushevich, op. cit., Theorem 16.7, p. 361.

5 The point 4 = x corresponds to the point # = 0, and the closed contour C’ cor-
responds to the closed contour C, since the square root returns to its original value after
making a circuit around C.
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This integral can be evaluated by residue theory. In fact, using the familiar
rule,® we find that

1 [d"u? — 1) _
en(x) = gl [—dun-—]u:x = Py(x),
thereby verifying (4.2.3).

To illustrate the utility of the generating function for deriving properties
of the Legendre polynomials, we successively set x = 1, —1, 0in (4.2.3), each
time expanding the left-hand side in powers of . As a result, we obtain the
important formulas

Pn(l) = la Pn(_l) = (_l)n’

P = (-r 22D e =0,

(4.2.7)

4.3. Recurrence Relations and Differential Equation for the
Legendre Polynomials

We further illustrate the use of the expansion (4.2.3) by deriving some
recurrence relations satisfied by the Legendre polynomials. First we sub-
stitute the series (4.2.3) into the identity

(1 — 2xt + tz)zl:+(t—x)w=0.
Since power series can be differentiated term by term, this gives
(1 —2xt + 13 i nP,(x)"~t + (t — x) 2P,,(x)t" = 0.
n=0 =
Setting the coefficient of #* equal to zero, we find that
(n + DP,1(x) — 2nxPy(x) + (n — DPp_1(x) + Py_1(x) — xP,(x) = 0,
or

(n+ DP1(x) — 2n + DxPy(x) + nP,_y(x) =0, n=12,..., (43.1)

which is a recurrence relation connecting three Legendre polynomials with
consecutive indices. One can use this relation to calculate the Legendre poly-
nomials step by step, starting from Py(x) = 1, P(x) = x.

Similarly, the identity

ow
- 2y 9% _ _
(1 —2xt + 13 o tw=10

¢ See F. B. Hildebrand, Advanced Calculus for Applications, Prentice-Hall, Inc.,
Englewood Cliffs, N.J. (1962), p. 548.
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leads to”

(1= 2xt + 13 D> Pi()t" — 3 P+t =0,
n=0 n=0

which implies
P (x) — 2xP}(x) + P} _i(x) — P,(x) = 0, n=12... (432

Differentiating (4.3.1), we first eliminate P, _,(x) and then P, ,(x) from the
resulting equation and (4.3.2). This gives two further recurrence relations®

P o1(x) — xPy(x) = (n + 1)P,(x), n=2012,..., 4.3.3)

xP(x) — Pn_(x) = nP,(x), n=12,... 4.3.4)
Adding (4.3.3) and (4.3.4), we obtain the more symmetric formula
P i(x) — Pr_1(x) = (2n + 1)Py(x), n=12,... 4.3.5)

Finally, replacing n by n — 1 in (4.3.3), and eliminating P; _, (x) from the
resulting equation and (4.3.4), we find that

(1 — x®P}(x) = nP,_{(x) — nxP,(x), n=12... (4.3.6)

This last formula allows us to express the derivative of a Legendre polynomial
in terms of Legendre polynomials. If we differentiate (4.3.6) with respect to
x and again use (4.3.4) to eliminate P; _(x), we arrive at the formula

[(1 = X)PLX)] + n(n + DPu(x) =0, n=01,2,..., (43.7)

which shows that the Legendre polynomial ¥ = P,(x) is a particular integral
of the second-order linear differential equation

[Q — xHu'l + an + Du = 0. (4.3.8)

This equation is often encountered in mathematical physics, and plays an

7 To justify differentiating (4.2.3) term by term with respect to x, it is sufficient to
prove that (4.2.3) converges uniformly in the domain |x| < a, for arbitrary finite @ > 0
and sufficiently small [#]. (Here we rely on Weierstrass’ theorem, cited in footnote 5,

p. 2) Let |t] < b, where b = V@ + 1 — a. Then, according to (4.2.3), the series
< Puia) | .
> L iy
n=90
converges to (1 — 2alt[ — |¢]?)~ Y2, The uniform convergence of (4.2.3) for |x| < a,
|t] < b now follows from the inequality
P.(ia
o] < 28Dy,
implied by (4.2.2).
8 In some cases, the validity of a recurrence relation for small n does not follow from
the general argument, but then one can always verify the relation by direct substitution
of Po(x) = 1, Pi(x) = x, ...
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important role in the theory of Legendre polynomials. By making changes of
variables in (4.3.8), we can easily derive many other equations whose integrals
can be expressed in terms of Legendre polynomials. Thus, for example, the
equation

1 d(. ,du
- (sm e‘%) +nn+ Du=0 (4.3.9)
is satisfied by the function ¥ = P,(cos 68), the equation
d?u 1)2 1 -
765 + [(n + P+ m]u =0 (4.3.10)

is satisfied by the function u = V/sin 8 P, (cos 8), and so on.

4.4. Integral Representations of the Legendre Polynomials

The Legendre polynomials have simple representations in terms of
definite integrals with the variable x as parameter. To obtain the first of these
representations, we assume that x is a real or complex number, and choose

the path of integration C’ in formula (4.2.6) to be a circle of radius V[x% — 1|
with center at the point ¥ = x.* Then

u=x+ Vxz - levo, —n < ¢ < T,
and (4.2.6) becomes

17 x4 2xV X% — 1€+ (x2 — D)e¥e — {7
=g | e [ e

which reduces to
P(x) = éfﬂ [x + VxZ = 1 cos o* do. 4.4.1)
[}

Formula (4.4.1) is called Laplace’s integral. Here the choice of the value of

the square root V'x2 — 1 does not matter, since after raising the expression
in brackets to the nth power and integrating the result term by term, odd
powers of the square root vanish.

From (4.4.1) we can derive an important inequality satisfied by Legendre
polynomials. Let x be a real number such that —1 < x < 1. Then

[x + VX2 ZTcoso| = Vx® + (I — x?) cos? ¢ <1,
and hence
|[P.(x)] € 1, -I<xg L 4.4.2)
Another important integral representation of the Legendre polynomials
¢ According to Cauchy’s integral theorem, replacing the contour C’ by any other

closed Jordan curve surrounding the point ¥ = x does not change the value of the
integral.
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can be deduced from (4.4.1) by assuming that x is a real number such that
—1 < x < 1. In this case, setting

x = cos 6, 0<0<m,

we can write (4.4.1) in the form
P, (cos 6) = % f (cos 6 + isin 6 cos )" dep.
0

If we introduce a new complex variable of integration ¢ = cos 0 + isinfcos ¢
this formula becomes

1 e " dt
P, (cos 0) = — ,
(cos 0) Tl Je-1e VI — 2tcos 6 + 12

where the integral is evaluated along the line segment 4B joining the points
t = e*'® (see Figure 11), and the choice of the square root is determined by

(4.4.3)

A
loct =1

FIGURE 11

the condition that its value at the point ¢ = cos 6 be sin 6. According to
Cauchy’s integral theorem, the integration along AB can be replaced by
integration along the arc 4CB of the unit circle, since the integrand is analytic
in the region between the arc and the chord. Making this change, and writing
t = &, we find that

1 8
P, (cos 6 =—f
¢ ) ©J-0V2cos§y — 2cos b

eln+ v

s

which becomes

P, (cos 0) = 2 cosAIY _ a 0<b<m n=01,2...,
7T Jo V2cos ¢ — 2cos 6

(4.4.9)

after taking the real part. This integral representation is known as the
Mehler-Dirichlet formula. .
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4.5. Orthogonality of the Legendre Polynomials

One of the most important properties of the Legendre polynomials is their
orthogonality on the interval [—1, 1], which follows from the differential
equation (4.3.7). To prove this property, we subtract the differential equation
for the nth polynomial multiplied by P,(x) from the differential equation for
the mth polynomial multiplied by P,(x). This gives

[(1 = XA Pr()]' Pu(x) — [(1 — xB)Pp(x)]' Prlx)

+ [m(m + 1) — n(n + D]P(x)P.(x) = O,
or
(1 = XPAOP) = PP + (m = om + 1 + DPL()Px) = 0.

Integrating the last equation over the interval [—1, 1] and noting that the
integral of the first term vanishes, we find that

m—-—nm+n-1) f ' P, (x)P,(x)dx = O,
ie.,

f L PP dx =0 if m#£n @4.5.1)

Formula (4.5.1) shows that the Legendre polynomials are orthogonal with
weight p(x) = 1 on the interval [—1, 1].

The orthogonality property (4.5.1) plays an important role in the theory
of expansions of functions in series of Legendre polynomials (see Sec. 4.7).
In this theory, we will also need to know the value of the integral (4.5.1) for
m = n, which can be found by the following device (brought to our attention
by V. L. Kan): We replace n by » — 1 in the recurrence relation (4.3.1) and
multiply the result by (2n + 1)P,(x). Then from this equation we subtract
(4.3.1) multiplied by 2n — 1)P,_(x), obtaining

n(2n + DPIx) + (n — 1)(2n + 1Py _5(x)Pp(x)
= (n + D(2n — DP,_1(x)Py11(x) — nQ2n — )PZ_4(x) = 0,
n=23...

Finally, integrating this relation over the interval [—1, 1], and taking account
of (4.5.1), we find that

2_(x) dx, n=213,..

f _11 P2(x) dx —

Repeated application of this formula gives

f P3x) dx 5= J' P2(x) dx = %H.
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Direct calculation shows that this result is also valid for n = 0, 1, and hence

1 2 2
f_lP"(x)dx S

It follows from (4.5.1-2) that the functions
on(¥) = Vi ¥ 3P,(x), n=0,12...
form an orthonormal system on the interval [—1, 1].1°

s n=01,2 ... (4.5.2)

4.6. Asymptotic Representation of the Legendre Polynomials for
Large n

The Legendre polynomials P,(x) (—1 < x < 1) have a simple asymptotic
representation which describes their behavior for large values of the degree n.
To obtain this representation, we use a general method due to Steklov.!*
Our starting point is the differential equation (4.3.10) satisfied by the function

u(9) = Vsin 6P, (cos 0).

Writing this equation in the form

" 2 —_ u ,
W+ @+ Hu= ypeer 4.6.1)

taking account of the initial conditions

u3) =P, w(3) = -,

and regarding the right-hand side of (4.6.1) as a known function, we find
that 2

() = P,(0) cos [(n + %)(g - e)] + : "f)i sin [(n + %_)(g - e)]

ey L O R CR s

sin% ¢
(4.6.2)

Equation (4.6.2) can be regarded as an integral equation for the function u(6).

10 A system of functions e.(x) (n = 0, 1,2,...) is said to be orthonormal on the
interval [a, b] if
’ _J0, m#n,
[ ontoptiax = m7
11V, A. Steklov, Sur les expressions asymptotiques de certaines fonctions, définies par
les équations différentielles linéaires du second order, et leurs applications au probléme du
développement d’une fonction arbitraire en séries procédant suivant les-dites fonctions,
Communications de Ia Société Mathématique de Kharkow, (2), 10, 97 (1907).
12 See E. A. Coddington, An Introduction to Ordinary Differential Equations, Prentice-
Hall, Inc., Englewood Cliffs, N.J. (1961), Theorem 11, p. 123.
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Next, using formulas (4.2.6), (4.3.6), and the relations (1.2.1, 4, 6) involv-
ing the gamma function, we obtain

Pan®) = (=1 D P @ =0,
Pin(0) = 0, Pjpus(0) = (=1 ?/2%1(?’(”7":%) .

It follows that equation (4.6.2) can be written in the form
u(8) = ocn{sin [(n +1)8 + g] + rn(O)}, (4.6.3)
where o, denotes the first or the second of the expressions
n 1 n
F(-z- + E) ZF(E + 1)
varls + 1 \/‘( +1P(’—’+1)
ﬂP( ) rln 2) 2 2

depending on whether » is even or odd, and

r(8) = 4_“;(711_—'*“%) f: u(p) sin {(n + (0 — 9)] 4.6.4)

smz Y

Now suppose that the variable 6 is confined to the interval § < 6 < © — §,
where 3 is a fixed positive number, and let M, denote the maximum modulus
of u(6) in this interval. Then it follows from (4.6.3) and (4.6.4) that for every
6in [3, = — 3],

M,
[u(O)l R4 m csc? 3,
and hence
M,
M, <« -———4(2 D) csc? 3.

Solving this last inequality for M,, we obtain

csc? 8] ) 2+ 1 > 2 cse? 3,

M, < oc,,[l - 1

T _
4(2n + 1)
which implies the estimate

2
7 osc? 3 csc? 8] , 2n+1> gcsc2 3.

[ra(0)] < a2n + 1) [1 - 4(2n + 1)

Thus r,(0) = O(n~1) uniformly in the interval [3, = — 3]. Therefore (4.6.3)
leads to the asymptotic formula

u(0) X «, sin [(n + 30+ ’ﬂ n—-> oo (4.6.5)

foralld < 06 n— 3.



SEC. 4.7 ORTHOGONAL POLYNOMIALS 53

Making some simple calculations based on Stirling’s formula (1.4.25),3
we find that

~

Kp ~ — n—» o0,
™

and therefore (4.6.5) can be written in the simpler form
u(8) JZ sin [(n + 40+ ’-‘], n— . (4.6.6)
™ 2 4 )

Recalling the definition of u(6), we finally have the following asymptotic
representation for the Legendre polynomials:

P, (cos 0) =~ /Tms—zinesin[(n+%)6+§], n—>owo, 30w ~3.

4.6.7)

For more exact asymptotic representations, we refer the reader to Hobson’s
treatise.!*

4.7. Expansion of Functions in Series of Legendre Polynomials

In the applications it is often necessary to expand a given real function
f(x), defined in the interval (—1, 1), in a series of Legendre polynomials:

fix) = i cnPo(x), —l<x<l “.7.1)

The coefficients ¢, can be determined formally by using the orthogonality
property of the Legendre polynomials (see Sec. 4.5). In fact, multiplying the
series (4.7.1) by P,(x), integrating term by term over the interval [— 1, 1] and
using (4.5.1-2), we find that

[ s@pax = 73 appaeo ds

= > PP = Z e

which implies
1
= (n+3) f SOPL)dx, n=0,1,2... (412
-1

However, it is not known in advance whether f(x) can be expanded in a series

13 The fact that lim (1 + %) = e* is also used.

¢ E, W. Hobson, The Theory of Spherical and Ellipsoidal Harmonics, Cambridge
University Press, London (1931).
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of the form (4.7.1), or whether the term-by-term integration used to deter-
mine the coefficients ¢, is legitimate. Therefore, it cannot be asserted without
further study that the series (4.7.1) with the coefficients (4.7.2) actually con-
verges and has the sum f(x). In order to establish simple sufficient conditions
for such convergence (see Theorem 1 below), we first prove the following

LemMMA. If the real function o(x) is piecewise continuous*® in (—1, 1)
and if the integral

f 1 ¢*(x) dx (4.7.3)

-1

is finite,'® then

lim Vn + %

1
n—w© -

@(X)Py(x) dx = 0. (4.7.4)

Proof. First we write (4.7.4) as a sum of three integrals

N R =1 [ I
=0+ Fa+ Fu (4.7.5)

Then, using Schwarz’s inequality !” and formula (4.5.2), we find that

| Fol < Vi + 3 U:_f xw o] [ [ #) dx] "

<Vn+1i [ f _11 P2(x) dx] e U: , o%(x) dx] v [f:_b o3(x) dx] e )

and similarly,
2

<[ ] ™

It follows from these estimates and the existence of (4.7.3) that given any
e > 0, there is a 3 = 3(e) > 0, independent of n, such that

€

Al <3 1Fl <5 4.7.6)

15 For the definition of piecewise continuous and piecewise smooth functions, see
G. P. Tolstov, op. cit., p. 18.

16 If ¢(x) is defined only in (—1, 1), then (4.7.3) means

1-
lim @%(x) dx.
a, b0+ J-1+a

If o(x) is piecewise continuous in the closed interval [—1, 1], then the finiteness of (4.7.3)
is obvious. In other words, we allow @(x) to become infinite at the end points —1 and
1, provided the integral (4.7.3) remains finite.

17 According to Schwarz’s inequality,

b 2 b b
[ rooe ax]” < [ 1y ax [ g0 a,
provided the integrals on the right exist. See G. P. Tolstov, op. cit., p. 50.
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Assuming that 8 has been chosen in this way, we now use (4.6.3) to write

-5
Fo=Vn+3 1cp(cos 6) P, (cos 6) sin 6 d6
61

—_— -0
=Vn+ia, [\%J‘ 1cp(cose)\/sinesin (n + 1640
81

n—b.
+ L_f ' o (cos 6)V'sin 6 cos (n + 4)6 d
\/2 61

+ f "™ 4 (cos )V Br.(0) de],

1

where 8, = arc cos (1 — 3). Since, by hypothesis, ¢ (cos 0)Vsin 0 is
piecewise continuous and hence absolutely integrable on [§;, ® ~ 8],
the first two integrals on the right approach zero as n — ©0.1® Moreover,
the last integral also approaches zero as n— oo, since r,(8) = O(n~1)
uniformly in [, ® — 3,], as shown in Sec. 4.6, where it was also proved
that

Vn+ Yo, —> A/%
as n — oo. Therefore ¢, — 0 as n — o, so that for a suitable choice of
N = N(e), we have
|72 <3 4.7.7)
for every n > N. Combining (4.7.7) and (4.7.6) we find that
|71+ Fa+ Fsl <e, n<N,

and the lemma is proved.

We are now ready to prove

THEOREM L. If the real function f(x) is piecewise smooth in (—1, 1)
and if the integral

f " () dx 4.7.8)

is finite, then the series (4.7.1), with coefficients c, calculated from (4.7.2),
converges to f(x) at every continuity point of f(x).

Proof. First we note that the conditions imposed on f(x) imply the
existence of the integrals in the right-hand side of (4.7.2),° so that the
coefficients ¢, can actually be calculated. Let S,(x) denote the sum of

18 G. P. Tolstov, op. cit., p. 70.
1% Apply Schwarz’s inequality to the functions f(x) and P,(x).
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the first m + 1 terms of the series (4.7.1). Then it follows from (4.7.2)
that

$u0) = 3 lu) = > 1+ DR [ SOPO)

1 4.7.9)
— [ 10K ) a,
where
Kux,9) = 2. (n + DPAOP). (4.7.10)

The “kernel” K,(x, y) can be calculated by the following device: We
multiply the recurrence relation (4.3.1) by P,(») and then from the result-
ing equation we subtract the same equation with x and y interchanged.
This gives
(n + 1)[Pn+1(x)Pn(y) - Pn+1(y)Pn(-x)]
= n[Pa(xX)Pn1(¥) — Pa())Pu-1(x)]
= (2n + 1)(x — P)P(x)Pu().

Summing over n from 1 to m, and noting that Py(x) = 1, P(x) = x, we
obtain

@~ ) Z @n + DPIPAY)

= (m + 1)[Pm+1(x)Pm(y) - Pm+1(y)Pm(x)] - (x - y)9
which implies

K,,,(x, y) — m ;_ 1 Pm+1(x)Pm(.}2 : fm+1(y)Pm(x) (4.7'11)

Integrating (4.7.10) with respect to y between the limits —1 and 1, and
using (4.5.1-2),2° we find that

f UK ) dy = L. (4.7.12)

Now suppose x is a point of (—1, 1) at which f(x) is continuous.
Multiplying (4.7.12) by f(x), subtracting the result from (4.7.9), and
using (4.7.11), we obtain

5509 = 16) = [ Kalx, DIO) — 11

= m—; ! Pa(x) f _11 Pro1(D)e(x, y) dy (4.7.13)

+1 :
~ P P [ Pt ) .

20 Since Po(y) = 1, we have

f_lan(y) dy = ijPo(y)Pn(y) dy = {(2) Z i gt

3
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where

fO) = f(x),
y—x

Regarded as a function of y, ¢(x, y) is piecewise continuous in (—1, 1),
and moreover

olx,y) =

f _11 03(x, y) dy (4.7.14)

is finite. In fact, if y # x, the piecewise continuity of ¢(x, y) in (-1, 1)
follows from that of f(y),while ¢(x, y) is piecewise continuous at y = x
since

o(x, x = 0) =f'(x —0), olx,x+0)=f(x+0)

both exist if x is a continuity point of f(x).2* The fact that (4.7.14)is
finite follows from (4.7.8) and the fact that ¢(x, y) is bounded in a neigh-
borhood of y = x, where both ¢(x, x — 0) and ¢(x, x + 0) exist. There-
fore, according to the lemma,

lim Vi £ 3 f Pras(D)o(x, ) dy

m-—» o

= lim Vm + % P,,,(y)<p(x »dy =0.

m-—+ o

Moreover, using (4.6.7), we see that each of the expressions

m+ 1 m + 1
ME L p), 2l pox
2Vm + 3 &) Wm+ 3 +1()

remains bounded as m — oo. It follows that the right-hand side of
(4.7.13) goes to zero as m — o, i.e.,

lim  Sn(x) = f(x),

and the proof of Theorem 1 is complete.

Remark 1. The case where x is a discontinuity point of f(x) is also of
interest. It can be shown that in this case, under the same conditions as in
Theorem 1, the series (4.7.1) converges to the limit 22

lim S.(x) = 3[f(x + 0) + f(x — 0)]. 4.7.15)

Remark 2. Theorem 1 gives sufficient conditions for expanding f(x) in a

21 Cf. G. P. Tolstov, op. cit., p. 73.
22 This should be compared with the similar situation encountered in the theory of

Fourier series (ibid., p. 75 ff.).
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series of the form (4.7.1). These conditions can be considerably weakened.
A theorem which is valid for a larger class of functions can be found in
Hobson’s book.2?

4.8. Examples of Expansions in Series of Legendre Polynomials

We now give some simple examples illustrating the technique of expanding
functions in series of Legendre polynomials:

Example 1. Let f(x) be a polynomial of degree m:

m
fx) = z a,x",
n=0
Then (4.7.1) takes the form

m

fG) = 2 eaPu(). (4.8.1)

n=0
In this case, there is no need to calculate the integrals (4.7.2), since the
coefficients ¢, can easily be found by solving the system of linear equations
obtained when the explicit expressions for the Legendre polynomials are sub-
stituted into (4.8.1) and coefficients of identical powers of x in both sides of
the equation are equated. Thus, for example,

X2 = coPo(x) + c1Pi(x) + caPy(X) = ¢ + c1x + Fcu(3x% — 1),

so that
’ ¢ = 0, C3 = %—

win

L=
Therefore
x2 = {Po(x) + $Po(x),

an expansion which is valid for all x.
Example 2. Suppose f(x) is the function

1< x<aq
a<x< L.

1w = {7

According to Theorem 1, f(x) can be expanded in a series of the form (4.7.1),
with coefficients

o=+ f ' () dx.

Using (4.3.5) and noting that P,(1) = 1, we find that
Cp = —%[Pn+l(°() - Pn—l(a)]’ Cc = -12(1 - a)a

23 E. W. Hobson, op. cit., p. 329.
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which leads to the required expansion
f) =31 —a) =3 > [Paas(@) — Pay(@]Pa(x), —1<x< 1. (48.2)
n=1

Next, we verify that the relation (4.7.15) holds at the discontinuity point
x = «. Letting S,(x) denote the sum of the first m + 1 terms of the series
(4.8.2), we have

Su@) = 31 = 8) = 3 2 [Pacs@Pu®) — PA@Pa- 1)
= % - %Pm+l(a)Pm(°()'

Since, according to (4.6.7), P,(«) = 0 as n — <0,

lim Sn(0) = 3 = 3[f(x + 0) + f(= — 0)),

in keeping with the general theory.

e = JE5=

This function satisfies the conditions of Theorem 1, and hence can be ex-
panded in a series of the form (4.7.1). The coefficients ¢, can be calculated
by the following method, which is often useful: We multiply the expansion
(4.2.3) by f(x) and integrate over the interval [— 1, 1]. After some elementary
calculations, we obtain

1 A= 14+ VS 1 -
2 [1 v Ak . W] Z f ~/ Py dx, 1l <1,
(4.8.3)

Example 3. Finally, let

where the term-by-term integration is justified by the uniform convergence of
the series (4.2.3) in the interval [—1, 1], which follows from the estimate
(4.4.2). Expanding the left-hand side of (4.8.3) in powers of ¢, we find that

n 1 -
- z \ (4n® — 1)(2n +3) Z t f J P(x) dx,

which implies

f Jl Po(x)dx—ﬂ
4

f / =5 P dx = - @ —D2n + 3)
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We now use (4.7.2) to write the required expansion in the form

1—x 2 _ - (%) _
/2 = 3 Pol) 2zm 1 <x<l. (484)

4.9. Definition and Generating Function of the
Hermite Polynomials

Another important class of orthogonal polynomials encountered in the
applications, especially in mathematical physics,2* consists of the Hermite
polynomials H,(x),?® which can be defined by the formula

Hy(x) = (=1)e” d; : —— n=012,... 4.9.1)

According to (4.9.1), the first few Hermite polynomials are
Hyx) =1, Hi(x) = 2x, Hy(x) = 4x? — 2,
Hy(x) = 8x® — 12x,...,

and in general,

_ /2] (_ l)kn' e 2k
H,(x) kZo =201 (2x) (4.9.2)
where [v] denotes the largest integer <v. It will be shown later (see Sec. 4.13)
that the Hermite polynomials are orthogonal with weight p(x) = e~*® on
the interval (— oo, 0).

The Hermite polynomials (or more exactly, the Hermite polynomials
multiplied by the constant factor 1/n!) are the coefficients in the expansion

S Ha(x)
— p2xt—t2 _ 2200t pn 9.
w(x, 1) = e Zo 2R < oo, (4.9.3)
and hence w(x, ?) is called the generating function of the Hermite polynomials.
To prove (4.9.3), we need only note that w(x, ¢), regarded as a function of
the complex variable ¢, is an entire function, and therefore has the Taylor
series

s = et = 5 G L <
=0 t=0

2¢ In problems involving the integration of Laplace’s equation and Helmholtz’
equation in parabolic coordinates, in quantum mechanics, etc. (see Secs. 10.7-8).

25 Actually introduced in 1859 by Chebyshev, some years before the publication of
Hermite’s work.
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which immediately implies (4.9.3), since

aw = xz[@" —(x- m] —(_ nx2[dne—u2} =
(6t")t=o_e o P A o IS

Formula (4.9.3) can be used to derive various properties of the Hermite poly-
nomials. For example, setting x = 0 in (4.9.3), expanding e~** in power
series, and comparing coeflicients of powers of ¢ in both sides of the resulting
equation, we find that

Hy(0) = (= 1)" "——=

(2") Hayn o 1(0) = 0. (4.9.4)

There is another expansion closely related to (4.9.3), which we will prove
in Sec. 4.11, i.e.,

2y 2yt — (22 + y2)E2 2, < n(x)Hn(y)
W3, 0) = (1 = Byt osmene - 5 TR0 -y <1,

(4.9.5)

where the left-hand side can be regarded as the generating function of
products of Hermite polynomials. Setting y = x in (4.9.5), we obtain

H (x)
v 2™n! E

Wix, x, 1) = (1 — £7)"H2e22a+0 = ltf| < 1. (4.9.6)

Formulas (4.9.3, 4, 6) play an important role in the theory of Hermite poly-
nomials.

4.10. Recurrence Relations and Differential Equation for the
Hermite Polynomials

Substituting (4.9.3) into the identity
5—’;—(2x—2z)w=0

(a power series can always be differentiated term by term), we find that

< Hovi(®) L, S HuX) . < Ho(X) ey _
Zo ;! t ——2an0 k. +2’Z0 o =0,

which gives

H,,.(x) — 2xH(x) + 2nH,_(x) = 0, n=12... (4101
when the coefficient of ¢ is equated to zero. The recurrence relation (4.10.1),
connecting three Hermite polynomials with consecutive indices, can be used

to calculate the Hermite polynomials step by step, starting from Hy(x) = 1,
H (x) = 2x.
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We can derive another recurrence relation satisfied by the Hermite poly-
nomials by substituting (4.9.3) into the identity 2¢

ow
This gives
Hy(x) n < Hu(¥) 01 _
nZO n! _2,,20 n! ot =
or

Hi(xX) = 2nH,_(x), n=12... (4.10.2)

Formula (4.10.2) allows us to express the derivative of a Hermite polynomial
in terms of another Hermite polynomial, and is very useful. Using the recur-
rence relations (4.10.1-2), we can easily derive a differential equation satisfied
by the Hermite polynomials. In fact, eliminating H,_,(x) from these two
relations, we obtain

Hyo1(%) — 2xHy(x) + Ha(x) = 0.
Then, differentiating this formula and using (4.10.2) again, we find that
Hi(x) — 2xHq(x) + 2nH, (x) = 0, n=0,1,2,..., (4.10.3)

where the validity of (4.10.3) for n = 0 can be verified directly. It follows
from (4.10.3) that the function u = H,(x) is a particular integral of the
second-order linear differential equation

u" — 2xu' + 2nu = 0. (4.104)

By making changes of variables, we can easily derive other differential
equations whose integrals can be expressed in terms of Hermite polynomials.
For example, it is easy to see that

u = e **H (x)
is a particular solution of the equation
W+ @2n+1—xHu=0. (4.10.5)

26 The justification for differentiating (4.9.3) term by term with respect to x follows
from the uniform convergence of (4.9.3) in the domain |x| < « for arbitrary finite a > 0.
According to (4.9.2),

n(za)

Ixl < a,

[H.(0)] <
so that (4.9.3) is majorized by the convergent series

z n(m) {fl = e2alti +11|2
l’l
n=0

and hence converges uniformly for |x| < a (cf. footnote 7, p. 47).
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4.11. Integral Representations of the Hermite Polynomials

The Hermite polynomials have simple and useful representations in terms
of definite integrals containing the variable x as parameter. To derive these
representations, we start from the familiar integral

=% = -\/2—_f e~ cos 2xt dt, (4.11.1)
TC

where x is an arbitrary real or complex number. Differentiating (4.11.1) 2n
times with respect to x,2” and comparing the result with (4.9.1), we find that

Q2n+ 1( _ l)nex2
vz

Similarly, for odd indices we have

Han(x) = fo e ®rcos 2xtd, n=0,1,2,... (4112

2n+2( _ 1\npx? po
Hy, . (x) = 2(—_1)6 f e~ t2¢2n+1 gin 2xt dt, n=2012,...,

\/ﬁ ]
4.11.3)
which can be combined with (4.11.2) into a single formula
nf_ i\npx2 poo
Hy(x) = MJ e-Pat g = 0,1,2,... (411.4)
Vr -

To illustrate the utility of these representations, we now derive formula
(4.9.5). According to (4.11.4), for |¢| < 1 we have

Z H()HL(Y) e"2“’2 i 1) Q1"

.
n=0 2 n' n=0

f f —u2 -v2 + 2iux + Zivy(uv)" du dv

2 2 w©
ety J'oo J*oo e—u2—02+2iux+2ivy du dv Z (_ l)n(zuvt)n
n=0

n!

ex2+u?

f f e—u2 — 02 + 2i{ux + 2ivy — 2uvt du db. (41 15)
After two applications of the familiar formula

f e—a232~2bs ds = % ebzlaz’ Re a2 > O’ (41 16)

— 0

27 To justify differentiating behind the integral sign, see E. C. Titchmarsh, op. cit.
pp. 99-100, noting that the integral in (4.11.1) is uniformly convergent in the disk
|x} < a for arbitrary finite @ > 0, since it is majorized by the absolutely convergent
integral

2 fw —t2 +2at
—_— e at dt.
Vi Jo
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the right-hand side of (4.11.5) reduces to
W(x, ¥, t) — (1 _ tz)—x/zetzzy:—<z2 +yBi21 -2y

The legitimacy of the various formal calculations follows from the conver-
gence of the expression

el vl f“’ J'w e-u? v+ 2lullxl+ 200119 gy dp i @lul o[ JeD"
™ - - n=0 n!

for all |¢| <1.

4.12. Integral Equations Satisfied by the Hermite Polynomials

The Hermite polynomials satisfy simple integral equations with symmetric
kernels. To derive these equations, we replace x by y in the expansion (4.9.3)
of the generating function, multiply the result by €V~ %¥* (—o0 < x < 00)
and integrate over (— oo, co0). This gives

© © < Hy(y)
2yt —t2 + ixy — %y2 = ixy ~ Yoy? n\y) il
f—me dy f—me dynzo n'

) @.12.1)
=2 ,tz—.f e AP H(y) dy.
n=0Q %" J—-©

Interchanging the order of integration and summation is permissible, since

J‘_: |eixv=7av?| dy 2 IHn(J’)I 1" < f_: - %v? gy Z (M) H(ly))

«©
= f e~ VR 2RI+ 12 gy o o,

-0

where we have used the inequality

[Ha ()| < 5 Hailx]),

implied by (4.9.2).
Evaluating the integral in the left-hand side of (4.12.1), we find that

fw p2ut—t2 = %y? +ixy dy — \/Zt'et?+zzxt—l/2x2
e 4.12.2
Ve § @ 2
= V2ne Z —HA().

n=

Comparing coefficients of identical powers of ¢ in (4.12.1-2), we obtain the
desired integral equation satisfied by the Hermite polynomials

e **12H (x) = -nL__ J‘"’ e*ve~ V32l () dy, n=20,1,2 ... (4.12.3)
"omJ-w
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If we consider separately the cases of even and odd #, bearing in mind that
H,,(x) is an even function and Hy, , :(x) an odd function (of the variable x),
then (4.12.3) implies the following two integral equations with real kernels:

e~ 2 H o (x) = (— 1)”‘~/ 7% f eV 2H,,(y) cos xy dy,
4]

e 2 1 (%) = (—1)’",[% fo e V2H, (Msinxydy, m=0,1,2,...
(4.12.4)

4.13. Orthogonality of the Hermite Polynomials

It is easy to show that the Hermite polynomials are orthogonal with
weight e~** on the interval (— o, ), i.e.,

o= f e H ()H,(x)dx  if m#n. 4.13.1)
In fact, setting u, = e~**2H,(x) and using equation (4.10.5), we have

up + 2n+1—-xM, =0, up+Q@2m+1— x*u, =0.
Multiplying the first of these equations by u,, and the second by u,,, we see that

d—i (unuy, — upty) + 2(n — mugu, = 0. 4.13.2)

Then, integrating (4.13.2) over (— oo, ), we find that

(n— m)fw Uplt, dx = 0,

which implies (4.13.1).

The value of the integral (4.13.1) for m = n can be found as follows:
We replace the index n by n — 1 in the recurrence relation (4.10.1) and multi-
ply the result by H,(x). Then from this equation we subtract (4.10.1) multi-
plied by H, _;(x). This gives

HE(x) + 2(n — DHy()Hy-o(X) — Hyr1(X)H,1(x) — 2nH7_((x) = 0,
n=2173,... (4.13.3)
Multiplying (4.13.3) by e~**, integrating over (—o0, 00) and using the ortho-
gonality property (4.13.1), we obtain

f e H¥x) dx = 2nf e " H2_,(x) dx, n=273...

- -0
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Repeated application of this formula gives?®
f e HXx)dx = 2" 'n! f e~ H3(x) dx = 2"V, n=273...

- ©

Direct calculation shows that this result is also valid for n = 0, 1, and hence

f e Hix)dx = 2"n!Vr, n=0,1,2,... (4.13.4)

-0

It follows from (4.13.1, 4) that the functions

ou(X) = 2"nIVE) "2~ 2 (x), n=0,12...

form an orthonormal system on the interval (— oo, ).

4.14. Asymptotic Representation of the Hermite Polynomials for
Large n

The Hermite polynomials have a simple asymptotic representation which
describes their behavior for large values of the degree n. This representation
was first found by Adamov,?® and plays an important role in the problem of
expanding functions in series of Hermite polynomials (see Sec. 4.15). We
again apply the general method used in Sec. 4.6 to solve the analogous prob-
lem for the Legendre polynomials. Our starting point is the differential
equation (4.10.5) for the function u = e **2H,(x). Writing this equation in
the form

u + 2n + Du = x%, 4.14.1)

taking account of the initial conditions
u(0) = H,(0), u'(0) = H,(0),

and regarding the right-hand side of (4.14.1) as a known function, we find
that

sin V2n 4+ 1x

u(x) = H,(0) cos V2n + 1x + H(0) Vo 71
n

1 . (4.14.2)
+ E——-l-—lﬁ) y2u(p) sin [V2n + 1(x — p)] dy.

28 Note that

f e~ HE(x) dx = 4] e-*x? dx = 2V,

28 A. A. Adamov, On the asymptotic expansion of the polynomials e*=*/% d*(e = 9**12)/dx"
for large values of n (in Russian), Annals of the Polytechnic Insitute of St. Petersburg, 5,
127 (1906).
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Next, using formulas (4.9.4), (4.10.2) and (1.2.1, 4), we obtain

rQm + 1)

H2m(0) = (_l)m F(m + 1)’

H2m+1(0) = 0,

I'2m + 2)
Tm + 1)

It follows that equation (4.14.2) can be written in the form

Hin(0) =0,  Hipiy(0) = 2(—D"

w(x) = o [oos (\/Zn Fix — 7) n(x)] (4.14.3)

where «, denotes the first or the second of the expressions
'n+ 1) 2n + 1)
n ’ __  (n 1\
F(§+1) \/2n+1F(§+§)

depending on whether # is even or odd, and

(4.14.4)

(%) = f y2u(y)sin [V2n + 1(x — y)]dy. (4.14.5)

ocn\/Zn + 1

To estimate the remainder r,(x) for arbitrary real x, we use Schwarz’s
inequality (see footnote 17, p. 54). Taking account of (4.13.4), we have

el o:/?ln—TT Uom =l llz[ﬂx[ () ] -

B 1 LR L 2 12
= WM——I[ . Y d)’] U u*(y) dy]
_ @mivmpr xoe
%V2n + 1V2V5
It follows from Stirling’s formula (1.4.25) that

x, X 2 VZgni2e-ni2  Dnpla/po nthemmgnthr (4,14.6)

= Bn[xlslz'

as n-> oo, and hence the product 8,n"* is bounded for arbitrary n > 0.

Therefore
[ra(x)] < Clx|*2n=114, (4.14.7)

where C is some constant. This last inequality shows that for any finite x we
have the asymptotic formula

u(x) ¥ a, cos (\/2n + 1x — ’%ﬁ), n— o (4.14.8)

or

H,(x) ~ 20+ Dizpni2g=ni2px12 cog (\/2n + 1x — n_2_7r), n—oo. (4.14.9)
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For more exact asymptotic representations of the Hermite polynomials
H (x) for large n, we refer the reader to the monographs by Szegt and San-
sone, cited in the Bibliography (see p. 300).

4.15. Expansion of Functions in Series of Hermite Polynomials

We now show that a real function f(x) defined in the infinite interval
(— o0, o) can be expanded in a series of Hermite polynomials

fx) = i ey (x), —o0 <x < o, 4.15.1)

provided f(x) satisfies certain general conditions. The coefficients ¢, can be
determined formally by using the orthogonality property of the Hermite
polynomials (see Sec. 4.13). In fact, multiplying the series (4.15.1) by

e *"H,(x), integrating term by term over the interval (— o0, @), and using
(4.13.1, 4), we find that

[[eronea= 3 e [” e m@md= 2mvae,

which implies
1
2"V w

¢ = [" e omwan  n-012... @152

In the course of establishing simple sufficient conditions for the series (4.15.1)
with these coefficients to actually converge and to have the sum f(x), we will
need the following

LeMMA. If the real function o(x) defined in the infinite interval
(— o0, ) is piecewise continuous in every finite subinterval [—a, a] and if
the integral

f "1+ x®)e-o¥(x) dx (4.15.3)

is finite, then
nlft

i f_°° e H(X)p(x) dx = 0. (4.15.4)

Proof. First we write the integral (4.15.4) as a sum of three integrals

=/ +F+ Fa (4.15.5)
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Then, using Schwarz’s inequality, we find that

|71l < n—m—‘ f
@nVm)2 -
i [f_a Hi(0) -2 dx] llz[f— (1 + x2) e *"p%(x) dx] "

e | Hy(x)| [o(x)] dx

(2nn|\/n)1/2 [+ x2¢
< [2;'/1} ) H’z*(") ) d ]”2[ f_ (1 + xPe¢%(x) dx]m,
(4.15.6)

and similarly,

2"n!\/7c - 1 + x
4.15.7)
Our next step is to show that the integral
Vn *  HX*x) 2
= 2 - 4.15.
YWY _w1+x2e dx (4.15.8)
satisfies the condition
S = 0(1), 4.15.9)
i.e., # is bounded for all n. To show this, we use the identity
I — xA\" e~
s = / f (1 +x) 1+x2dx, (4.15.10)

proved in Problem 8, p. 95. Writing (4.5.10) in the form

A R |

and making the change of variable x — x~1! in the second integral, we
obtain
n (/1 — x2\n e—° + (_1)ne—x‘2
g = 2/;L (1 - x2) o dx. (4.15.11)

e 4 (=Dre "% £ 2, 0<x<l,

Since

it follows from (4.15.11) that

n /1 —xA\" dx
< — — _—
4 4“[7rfo (1+x2) I+ x2
The integral on the right can be evaluated by making the substitution

l—x2
T =V1—- ¢t
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Then
dx dt
L+ x? 4vi1 =)

and according to (1.5.2),

1 —l_xzn————dx _ " e -z g pflntl
4.[0 (1 +x2) 1+x2_fot a-9 dt_B(i’ _2__),

where B(x, y) is the beta function. Using (1.5.6) and (1.2.5), we find
that

v;r(" : 1)

P(g + 1)

x/EF(” '2* 1)

—
5 +1)

The estimate (4.15.9) is now an immediate consequence of Stirling’s

formula (1.4.25).

Since .7 is bounded, it follows from the existence of (4.15.3) that
given any ¢ > 0, there is an a = a(e) > 0, independent of », such that

1n+1
B(i, : )_

and hence

g <

Fil<3 Al <3 (.15.12)

Assuming that a has been chosen in this way, we now use (4.14.3) to write

annll‘l

L2 mivm)E

Ua e~ **2¢(x) cos (\/2n + 1x — n%'c) dx

+ f_aa e~ % 2p(x)r,(x) dx]-

Since p(x)e~*/2 is piecewise continuous and hence absolutely integrable
in [—a, a], the first of the integrals on the right approaches zero as
n— oo. The second integral also approaches zero as n-—» oo, since,
according to (4.14.7), the integrand is O(n~'*) uniformly in [—a, a],
while the factor in front of the brackets is bounded, as follows from
(4.14.6). Therefore #, — 0 as n — oo, so that for a suitable choice of
N = N(¢), we have

|7l < § (4.15.13)
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for every n > N. Combining (4.15.13) and (4.15.12), we and that

l/l+/2+f3l<€’ n>N’
and the lemma is proved.

We are now ready to prove

THEOREM 2. If the real function f(x) defined in the infinite interval
(— 0, ) is piecewise smooth in every finite interval [—a, al, and if the
integral

f " em*rix) dx (4.15.14)

is finite, then the series (4.15.1), with coefficients c, calculated from
(4.1.52), converges to f(x) at every continuity point of f(x).

Proof. First we note that the conditions imposed on f(x) imply the
existence of the integrals in the right-hand side of (4.15.2), so that the
coefficients ¢, can actually be calculated.®® Let S,(x) denote the sum
of the first m + 1 terms of the series (4.15.1). Then it follows from
(4L.1.52) that

Su0) = > e = 3 Hi) = [ e 0

n=0 n=0 2"”"\/; -
" oK .15.15)
where
1 & H(OH,
Kn(x, y) = oV Z—(;)n,—(y) (4.15.16)

n=0
The “kernel” K, (x, y) can be calculated by the following device: We
multiply the recurrence relation (4.10.1) by H,(») and then from the
resulting equation we subtract the same equation with x and y inter-
changed. This gives

[(Has1()VHAY) = Hosr(Y)HU(x)] — 2n[Ho(x)Hy - 1(¥) — Ho( ) Hp - 1(%)]

= 2(x — YH,(x)H.(»), n=12,... (41517
Dividing (4.15.17) by 2"n!, summing over n from 1 to m, and noting that
Hy(x) = 1, Hy(x) = 2x, we obtain

2(x _ y) nzl Hn(;zj;l'n(y) — Hm+1(x)Hm(y)2m_m!I-1m+l(y)Hm(x) _ 2(X _ y)’

which implies

Kn(x,y) =

Hm+1(x)Hm(y) - Hm+1(y)Hm(x)_
i (4.15.18)

30 Apply Schwarz’s inequality to the functions e ~**'2f(x) and e~ **'2 H,(x).
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We note that K, (x, y) satisfies the important identity
f eV Ko(x, y) dy = 1, (4.15.19)

which is an immediate consequence of (4.15.16) and (4.13.1, 4).51

Now suppose x is a continuity point of f(x), and consider the dif-
ference S,(x) — f(x), which, according to (4.15.15) and (4.15.18, 19),
can be written in the form

Su@) = 1) = [ e Rulor N10) = SOy

P f " el (Me(x, ) dy

2m+1;"'\/ﬁ 3 (4.15.20)
- 5;;% » eV Hu(y)o(x, y) dy,
where
oy ) =S

y—x
Regarded as a function of y, ¢(x, y) is piecewise continuous in (— oo, o),
for exactly the same reasons as given in the proof of Theorem 1, p. 55.
Moreover, the integral

| e et ) ay

is finite, since o(x, y) is bounded in any neighborhood of y = x (see
p. 57), and for sufficiently large b > x,

f: (1 + ye Yo% x, y) dy = J;w a + e [ji(—’;)—_—){—(x)]zdy

= o(1) f " e LrAy) + 0] y,

where the last integral is finite, because of (4.15.14). A similar estimate
can be given for the interval (— oo, —b). Therefore, according to the
lemma,

: (m + D fw s
lim = e V"H, X, V) d

me—s [2m+1(m + 1)!\/7‘:]1/2 w +1(y)cp( y) 'y (4 15 21)

1/4 © U
— lim ’”—f eV H. (y)e(x, y) dy = 0.
IV (P)o(x, y) dy
31 Since Hy(y) = 1, we have
["eemray = 7 emmnE ) dy = {"v_ " Z‘(’)
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On the other hand, according to (4.14.19) and Stirling’s formula, each
of the expressions

R2m(m + DIVTY2 Ho(x) Q™ m!VT)2 H,.,.(x)
(m+ D omriy1/7 mUE T gmr g/

remains bounded as m — oo. It follows that the right-hand side of
(4.15.20) goes to zero as m — o, i.e.,

lim S,(x) = f(x),

and the proof of Theorem 2 is complete.

Remark 1. The case where x is a discontinuity of f(x) is also of interest.
It can be shown that in this case, under the same conditions as in Theorem 2,
the series (4.15.1) converges to the limit

Hfx +0) + flx - 0)]

Remark 2. Other sufficient conditions for expanding a function f(x) in a
series of Hermite polynomials can be found in the books mentioned at the
end of Sec. 4.1.32

4.16. Examples of Expansions in Series of Hermite Polynomials

In applying Theorem 2 to a given function f(x), we have to evaluate the
integral in (4.15.2). In most cases this is done by replacing H,(x) by its
explicit expression (4.9.1) or by one of the integral representations given in
Sec. 4.11. The following examples serve to illustrate the technique of expand-
ing functions in series of Hermite polynomials:

Example 1. The function
fxy=x?, p=012,...

satisfies the conditions of Theorem 2. In this case,

k4
X = z Canzn(X),
n=0

where
1 F s
Cop = ———= e ¥ x*H,, (x) dx.
2OV e (%)

32 See also J. Korous, On expansion of functions of one real variable in a series of
Hermite polynomials (in Czech), Rozpravy Ceské Akademie, (2), 37, no. 11 (1928).
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Substituting from (4.9.1) and integrating by parts n times, we find that

1 fw o
U S ) g
“n = SVt & €T o

1 @p)! Jm —x2 2p-2
= = e *x " dx
2222mVr (2p — 2m)! ) _ o

- 1 (2p)! B
= Ve — [P T

According to the duplication formula (1.2.3) for the gamma function,
220-2"0(p — n + H(p — ) = Vr(2p — 2n),
and therefore the expression for c¢,, simplifies to

- 2p)! )
= 220m)(p — n)l

Thus the desired expansion is
»

(2p)! Han(x)

2 - —1

P= 53p z . Cn)(p — n)!’ 0 < X < 0, p=0,12, ...
(4.16.1)

In the same way, we find that

x2p+1l — Zp + 1) i Hap i 1(x)

ot =0(2n+1)!(p—n)!’ —wo<x<oo, p=0,1,2,...

(4.16.2).

Example 2. Let f(x) = e**, where a is an arbitrary real or complex num-
ber. Then the same method as used in Example 1 shows that

= > cHy(%),
n=0
where
1 on -x2+ (_l)n fm d"r —x2
Cp = ——= e “H(x) dx = = e == (e™*) dx
2"n!\/n -® ( ) Z"n!\/ﬂ; — dx ( )
— ar ® ax —x2 — Ln aZ/4
2nnn/;f ey = e
so that
ax _. a2 < av
e = ¢ /4’;0 S Ha%), =0 < x < o0, (4.16.3)

We get the same result by setting ¢ = 4/2 in the expansion (4.9.3) of the
generating function.
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Example 3. Consider the function
f(x) = e~4%, Rea? > —1.

In this case,
_a2x2 z 2nH2n(x)3

where
1

= ® —(a2 + 1)x2
22"(2n)1V'm f 0’ Han(x) dx.

Con =

To evaluate the integral, we replace H,,(x) by its integral representation
(4.11.2). Making an appropriate change of variable and again using the
duplication formula (1.2.3), we obtain (cf. footnote 12, p. 6)

— 2(_1)n on —-12 .29 fm -a2x2
Cop = =7 U, e B dy _me cos 2xt dx

- 2(—’ 1)"’ J‘w e_'2(1+a—2)t2n dt — (— 1)” a2n J‘w e_ssn—l/z ds

Vr(@2n)la Jo Va@n) (L + a®)**% ),
(_ l)n a2 (__ l)na2n
+
T V@) (1 + @y P+ 9 = 221 + g%+ %
With this value of c,,, we have
®© — 1\ 2n
e=ax® Z —1)————— Hy(x), —®o < x < o©, Rea?> —1.

221 + a?) %
(4.16.4)

Example 4. If

f@=semx={_; 70
then
sgn x = nio Can+1Hzn +1(X),
where

1 J‘“’ .2
Cons1 = = e ™ H. x) sgn x dx
2n+1 21 2n 4 1)!\/7r . an+1(X) S8

1 fw e
= — e %" H,, . .(x) dx.
222(2n + V7 Jo n+2(%)

Using the identity

e~ H (x) = — 3")—‘ [~ H,_,(x)], (4.16.5)
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which follows from (4.10.1) and (4.10.2), we find that

H,(0) _ (=" ,
222n + DIV 22°(2n + DnlVn

Cop+1 =

and hence

_ <=
sgn x = 7 nzo = 0n + T Hy, (%), ® < x <. (4.16.6)
Example 5. By integrating (or differentiating) these formulas with respect
to the variable x or the parameter a, we can derive further expansions of the
same type. For example, integrating (4.16.4) with respect to x over the
interval [0, x] and using (4.10.2), we obtain

(=Dra® ' Hypyy(x)

1 0
D(ax) = W,Zo Tl T A E T © <X <o (4167

where ®(x) is the probability integral. Another interesting expansion is
obtained if we multiply the series (4.16.4) by (1 + a?)~! and integrate with
respect to a from O to oo. This gives

sy 23 (=1)" Hy(x)
e[l — O(x)] = 7?,.20 S T 0SS X <o, (4168

where we have used the identity (2.1.7).
Other examples of expansion of functions in Hermite polynomials are
given in the problems at the end of the chapter (see p. 93).

4.17. Definition and Generating Function of the
Laguerre Polynomials

Still another important class of orthogonal polynomials encountered in
the applications, especially in mathematical physics,®® consists of the
Laguerre polynomials L%(x),3* defined by the formula

n

L) = e T A emmgniey n—0,1,2,... (@&ITD)
n! dx®

33 In problems involving the integration of Helmholtz’s equation in parabolic coor-
dinates, in the theory of the hydrogen atom,in the theory of propagation of electro-
magnetic waves along transmission lines, etc.

34 The polynomials L%(x) differ by only a constant factor from the polynomials
T%(x) investigated by N. Y. Sonine, Recherches sur les fonctions cylindriques et le développe-
ment des fonctions continues en séries, Math. Ann. 16, 1 (1880). Laguerre studied only
the special case « = 0. In the literature, the polynomials L%(x) are sometimes called the
generalized Laguerre polynomials.
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for arbitrary real « > —1. According to (4.17.1), the first few Laguerre
polynomials are
Lix)=1  Lix)=1+a-—x
Lix) =3A + 02 + &) — 22 + )x + x%],...,

and in general, using Leibniz’s formula, we have
oy - v Tnt+a+ 1) (=x)F
Lix) = kZO Tk +«+ DLl — )1

where for all k < n the ratio of gamma functions can be replaced by the
product

(4.17.2)

m+a)nt+toa—1D--n+a—(@m—Fk—1)).

It will be shown below (see Sec. 4.21) that the Laguerre polynomials L%(x)
are orthogonal with weight p(x) = x%~* on the interval 0 < x < 0o. The
polynomials LY(x) = L,(x) form the simplest class of Laguerre polynomials.
Another important class consists of the polynomials LZ!%(x) which are
simply related to the Hermite polynomials (see Sec. 4.19).

As the starting point for the theory of Laguerre polynomials, we begin
with the following expansion

wix, 1) = (1 — 7% le™@0-0 = > Latam, i) <1 (4.17.3)
n=0

of the generating function w(x, t). To prove (4.17.3), we note that the left-
hand side, regarded as a function of the complex variable ¢, is analytic in the
disk |f| < 1, and hence must have an expansion of the form

wix, 1) = (1 — =% le™=0-0 = > cacrym, o] < L
n=0

According to a familiar theorem from complex variable theory, the co-
efficients ¢%(x) can be written as contour integrals

c¥(x) = 2—:;1 fc (1 — 1)~ lg==ta-np=n=1 gy (4.17.4)

evaluated along any closed contour C surrounding the point ¢ = 0 and lying
inside the disk [z] < 1. Choosing a contour of sufficiently small size and
introducing the new variable of integration u = x/(1 — ), we find that

exx—oc e—uun+ot
cH(x) = 57 fc/ =1 du, (4.17.5)

where C’ is a small closed contour surrounding the point ¥ = x. Evaluating
this integral by residue theory, we obtain

e x *[d™ _. .. _

() =~ [3,7. e "u" “]uzx = L3(x),

thereby verifying (4.17.3).



78  ORTHOGONAL POLYNOMIALS CHAP. 4

There is another expansion closely related to (4.17.3), i.e.,

1/2
W(x, y,8) = (1 — t)—le—(x+y)t/(l—t)(xyt)—oclzla [2(13‘)’_0[/ ]
(4.17.6)
z nLYOLAY)
o T + o« + 1)
where I,(z) is the modified Bessel function of the first kind (defined in
Sec. 5.7).3% Here the function W{(x, y, t) can be regarded as a generating

function of products of Laguerre polynomials. The following special case of
(4.17.6), obtained by setting y = x, is important in the applications:

", 1l <1, «> —1,

2xt 112
—_ —_ 1,~2xt/(1 =)o~y —a/2
Wix,x,t) =(1 — )~ e x "%t I(l—t) )
© n'[L“(x) " ( )
‘zl‘(n+oc+1)t [t <1, a> —1.

4.18. Recurrence Relations and Differential Equation for the
Laguerre Polynomials

Substituting (4.17.3) into the easily verified identity
a- zz)aa—’t” Flx—(1 =0 + @)lw =0,
we find that
(1 - ) fo nLEx) 1 + [x — (1 — 0)(1 + )] 2Lg(x)zn =0,

which gives

(n+ DLE,(x) + (x — o —2n — DLYx) + (n + 0)LI_1(x) = 0,
n=12,... (4181

when the coefficient of ¢ is set equal to zero. Similarly, substituting (4.17.3)
into the identity3¢

(1—t)—+tw—0

35 See E. Hille, On Laguerre’s series, I, Proc. Nat. Acad. Sci., 12, 261 (1926); Part 11,
ibid., 12, 265 (1926); Part 111, ibid., 12, 348 (1926).

3% The justification for differentiating (4.17.3) term by term with respect to x follows
from the uniform convergence of (4.17.3) in the domain |x| < a for arbitrary finitea > 0.
According to (4.17.2),

L5 < Li(—a), x| <a, a>—1,
so that (4.17.3) is majorized by the convergent series

i Lg(_a)ltln = (1 — ]tl)—a—lealtll(l—ltl)’

n=0

and hence converges uniformly for |x| < a.
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we obtain

) i dL"(") + z LE)rm+1 = 0,

which implies

dLyx)  dLi (%)

- 2 LW =0, n=12... (4182

Elimination of L% _(x) from (4.18.1-2) leads to the equation?®”

x—n )dL;(X) + DdL%J;(X) (4.18.3)

+Qn+2+a—-0)Lx) —(n+ DL () =0, n=0,1,2,...

Finally, replacing n by n — 1 in (4.18.3) and using (4.18.2) to eliminate
(d/dx)L% _,(x), we obtain

dLy(x)
* dx

Formula (4.18.4) allows us to expand the derivative of a Laguerre polynomial
in terms of another Laguerre polynomial.

Recurrence relations of another type, involving Laguerre polynomials
with different superscripts can be obtained by regarding the generating func-
tion as a function of the parameter «, and then writing equations connecting
w(x, t, o) and w(x, ¢, « + 1). Thus, substituting (4.17.3) into the identity

= nL¥x) — (n + x)L%_,(x), n=12... (4.18.4)

(I = Owlx, t, 0 + 1) = w(x, ¢, o),

and comparing coefficients of identical powers of ¢ in both sides of the result-
ing equation, we obtain

L3+t (x) — L%-1(x) = L¥(x), n=1,2,... (4.18.5)
Similarly, substituting (4.17.3) into the identity
owx, t,e)
T = IW(X, z, (X,+1),

we obtain another formula of this type:

dLy(x) _
dx

~L3tix), n=12,... (4.18.6)

Using the recurrencé relations (4.18.2, 4), we can derive a differential
equation satisfied by the Laguerre polynomials. In fact, differentiating

37 In some cases, the validity of a recurrence relation for small #» does not follow
from the general argument, but then one can always verify the relation by direct sub-
stitution of LI(x) = [, L¥(x) =1+ a — x,...
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(4.18.4) with respect to x and then using (4.18.2, 4) to eliminate (d/dx)L%_ ;(x)
and L3 _,(x), we find that
d2L°‘(x)
Tdx

dL%(x)

+a+1- )d

+ nL¥(x) = 0, n=0,1,2,... (4.18.7)
It follows from (4.18.7) that ¥ = L%(x) is a particular solution of the second-
order linear differential equation

xu" + (@ + 1 —x)u + nu=0. (4.18.8)

Equation (4.18.8) is encountered in mathematical physics and plays an im-
portant role in the theory of Laguerre polynomials. By making changes of
variables, we can easily derive other differential equations whose integrals
can be expressed in terms of Laguerre polynomials. For example, it is easy
to see that the differential equations

xu' + @+ 1 -2 + [ x ; L Z il ; o‘]u =0 (4189
and
1 _ 2
an [4n PP SRV S . ]u =0 (4.18.10)

have the particular solutions
u = e *2x'L¥x)
and
U = e-*2y0+ %L%(xa),

respectively.

4.19. An Integral Representation of the Laguerre Polynomials.
Relation between the Laguerre and Hermite Polynomials

The Laguerre polynomials have a simple representation in terms of de-
finite integrals containing the variable x as parameter. To obtain this repre-
sentation, we assume that x is a positive real number. Then

e-Fxnta — fw (VEHT, , 2V 5Det dt, 4.19.1)
[}

where J,(x) is the Bessel function of order v.3% Differentiating (4.19.1) with

38 Here we anticipate some results on Bessel functions, proved in Chap. 5. Formula
(4.19.1) is a special case of formula (5.15.2), obtained by setting

a=1 b=2Vx, x=V1 v=n+o.



SEC. 4.19 ORTHOGONAL POLYNOMIALS 8]
respect to x and taking account of the identity

2 2oV = -, @V,
obtained by setting z = 2Vu in the first of the formulas (5.3.6), we find that

%(e""x”‘*“) =f0 (Vxnr-mreg L 2V xDe tmdt, m=0,1,2...,

4.19.2)

where it is easy to justify the differentiation behind the integral sign. Setting
m = n in (4.19.2) and taking account of (4.17.1), we obtain the desired
integral representation of the Laguerre polynomials:

exx-ot/2

L) = =

f r%e] 2Vxe tdt, o« >1, n=20,1,2,...
0

(4.19.3)

Although this formula has been derived under the assumption that x is a
positive real number, it can easily be extended to arbitrary complex values of
x by using the principle of analytic continuation.

We now set « = +3% in (4.19.3) and use the familiar formulas (5.8.1-2)
from the theory of Bessel functions. Then we have

e* J“”
V' Jo
&2
nAz
ex
nVrx
e 2

= — " e 2n+1gin (2V xu) du,
SRV, ¢ sin @V

which, taken together with (4.11.2-3), imply

L7YV2(x) = e~tt" =% cos 2Vxt) dt

fw e~ ¥y cos (2V/xu) du,
0
(4.19.4)

f " -t sin QVx7) di
0

—n -
L) = S iy (V3),
(_ l)n H2+n1(vz)'
227L+1n! \/E
These formulas establish a connection between two classes of orthogonal

polynomials, and allow us to regard the theory of Hermite polynomials as a
special branch of the theory of Laguerre polynomials.3®

(4.19.5)

L) -

39 One can also prove the formulas (4.19.5) directly from the expansions (4.17.2) and
(4.9.2).



82 ORTHOGONAL POLYNOMIALS CHAP. 4

4.20. An Integral Equation Satisfied by the Laguerre Polynomials

The Laguerre polynomials satisfy a simple integral equation with a sym-
metric kernel. To obtain this equation, we replace x by y in the expansion

(1 — p~o-tem®a-0 = % Ly, || <1, a> —1, (420.1)
n=0

multiply the result by
e~V 2] (V xy),

where J,(z) is the Bessel function of order «, and then integrate from
0 to oco. This gives

(1 = et 7 emsevonasoyeny (Vi) dy
\ (4.20.2)

=S f ™92y 2] (V XY)Li(y) dy,
n=0 0

provided that the process of term-by-term integration is permissible. To
prove the legitimacy of this process, suppose [¢{| < 4. Then, using the
inequalities *°

]L%(.X)l < L%(—X), lJa(x)’ < Iu(x)’ X = 0’ a> —1,

where I (x) is the modified Bessel function of the first kind (see Sec. 5.7), we
have

[T 1/ lemmyn 3 jrinalay

n=0

< [T r/mpes 2 (L~ ) dy

=(1- [t])““‘lfo LV xp)yei2e-va-3itDiza-Ith gy

where, in evaluating the sum, (4.20.1) has been used again. For |f| < 4,
o > -1 the last integral on the right converges, as can be verified by con-
sidering the asymptotic behavior of the function 7 (x) for large and small x
(see Chap. 5). Therefore the right-hand side of (4.20.2) is absolutely con-
vergent, which guarantees the validity of reversing the order of summation
and integration.*!

4% The first inequality follows from (4.17.2), the second from the power series expan-
sions of the appropriate Bessel functions (see Chap. 5).
41 E. C. Titchmarsh, op. cit., p. 45.
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We now set V'y = u in the left-hand side of (4.20.2) and use formula
(5.15.2). This gives

(1 _ t)—ot—l J:o e v+ -1 yqlz‘]u(\/g,) dy

= 21 + 1)~ 1x¥2e-*A-D2A1+H - Dx@I2g-xI2 Z L) (=0,

n=0

for [¢| < 1.2 Thus, for all |¢| < §, we have the identity
27 3 (~ L = 3 0 [ e (VERLI0)
n=0 n=0 0

and then, comparing coefficients of identical powers of ¢, we obtain the de-
sired integral equation

e~ I2xm2[X(x) = %fo Ja(\/x_y)e‘ylzy«/ng(y) dy, (4.20.3)

«a>—1, n=0,12,...

For « = +1 this equation reduces to the corresponding integral equations
(4.11.4-5) for the Hermite polynomials.

4.2]1. Orthogonality of the Laguerre Polynomials

We now prove one of the most important properties of the Laguerre
polynomials, i.e., their orthogonality with weight e~*x* on the interval
0 < x < oo, Setting

() = e~ *12x2L ()
and recalling (4.18.9), we see that u,(x) and u,(x) satisfy the differential

equations

' a+1 x a2 B
(xuy) + (n +— i 4_x)u" =0,
x

i o+ 1 «? _
(xu;) +(m+T_Z_E)u"‘_O'

Subtracting the second of these equations multiplied by u, from the first
multiplied by u,,, and integrating from O to co, we obtain

+ (n —m)f Unlt, dx = 0.
0 0

X(unlin — Unldy)

42 For such ¢,

1+ ¢
1-—t>0’

and hence the convergence condition is satisfied.

Re
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For « > —1 the first term vanishes at both limits,*® and hence

f Un(X(X)dx = 0 if m+#n
[}
or
f e x*LE(x)LYx)dx = 0 if m#£n o>~-1. #4211
(4]
The value of the integral (4.21.1) for m = n can be found as follows: We
replace the index » by n — 1 in the recurrence relation (4.18.1) and multiply

the result by L¥(x). Then from this equation we subtract (4.18.1) multiplied
by L% _,(x), obtaining

n[LEX)P — (n + [LE 1) — (n + DLG  ((x0)L5 (%)
F2LYOLE _1(x) + (n + o — DLI()LI_o(x) = 0, n=23...

Multiplying this equation by e~*x*, integrating from 0 to co, and using the
orthogonality property (4.21.1), we find that

" f ® e (L) dx = (n + a) f eme[lE_ (0P dx, n=23 ...
o i}

Repeated application of this formula gives**

J:o e~ x*[L4(x)]2 dx = (n+ Q)Slfzn"l‘_al; 1)32(OC + 2) J:) e~ *x*[L¥(x)]? dx
= E(’lL’:--*——l)y n = 2, 3, e

It follows by direct substitution that this formula is also valid for n = 0, 1,
and hence

s a>—1, n=0,1,2,...

(4.21.2)

f e_xxa[Lz(x)]z dx = F(’l_*_—.;“_*-l)
1] n:

Obviously, the functions

n!
(pn(x) = [P(n + o« + l)

form an orthonormal system on the interval 0 < x < co.
Formulas (4.21.1-2) play an important role in the problem of expanding
functions in series of Laguerre polynomials (see Sec. 4.23).

1/2
] e~ *I2xI2 ¥(x), n=012...

43 Substituting for u, and u,, we easily verify that this term is O(x!*%) as x — 0.
44 Direct calculation shows that

f ® e [LIOP dx = f " emxo(a + 1 — ¥)Pdx = (x + DI + 1).
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4.22. Asymptotic Representation of the Laguerre Polynomials for
Large n

Like the other orthogonal polynomials, the Laguerre polynomials have a
simple asymptotic representation which describes their behavior for large
values of the degree n. To obtain this representation, we write

u = e *2[%x), 4.22.1)

and note that u is the solution of the differential equation

xu”+(oc+1)u’+<n+a+l) e

=7 (4.22.2)
which is analytic in a neighborhood of the point x = 0 and satisfies the
initial condition
Pr + o« + 1)
nl'(ax + 1)

The rest of the argument is somewhat dependent on whether « is positive or
negative, but since this difference is not of a fundamental nature, we will only
consider the case « > 0.

Regarding the right-hand side of (4.22.2) as a known function, we find
that

u(0) = Ly(0) = (4.22.3)

W) = A + Ags) + 7 [ O O) = (0]

(4.22.4)
where
u(x) = (VNx)"*J,2VNx), uxx) = (VNx)~° Y, 2V Nx),
N =n -4 z ;_ 11

and J,(x), Y.(x) are the Bessel functions of the first and second kinds, re-
spectively (see Chap. 5).*® Taking account of the asymptotic behavior of the
Bessel functions, described by formulas (5.16.1, 2), we find that as x — 0,

I

45 Here u; and u, are a pair of linearly independent solutions of the homogenous

equation

u”+a—+ 1u’+gu=0,
x x
with Wronskian

N
Wiy, ug} = P (Nx)—=-1,

See equations (5.4.11-12) and (5.9.2)
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while the integral is O(x?).*® Therefore the values of the constants of integra-
tion are

A, = F(n_+n?—+1), A, =0, (4225)
and (4.22.4) can be written in the form
u(x) = A;[ui(x) + ru(x)], (4.22.6)

where
R = oy [, ) — wn)] . $22.7)

It will now be shown that for fixed x > O the size of the remainder in
(4.22.6) is small compared to the first term. In proving this, we distinguish
two cases: (a) 0 < x < N~-'and (b) x > N~1. First we find an upper bound
(denoted by M,,) for the absolute value of |u(x)| in the interval 0 € x < N~
According to Sec. 5.16, for 0 <x < N~! we have

O(N-*x~%), >0,

O(log Nl;) o = 0.

Therefore, if « > 0, it follows from (4.22.4-5) that

u(x) = O(),  us(x) = { (4.22.8)

u()| < 4,0(1) + MN-* f: (N [ON-*x~%) + O(N-*y~%)] dy
— A4,0(1) + Mx?0(1) = 4,0(1) + M,O(N-?),

which implies that
M, = 4,0(1) (4.22.9)

for large n, a result which remains valid for « = 0. Using (4.22.9), we find
that
[ra(x)] € x20(1) = O(N™?) (4.22.10)

for0 €< x < N1, « > 0, whereas
[ra(x)] € x2log (N~'x~1HO(1) = O(N~?) (4.22.11)

for0<x< N La=0.
To estimate r,(x) for x > N~1, we write (4.22.7) as a sum of integrals:

O = iy UOW - f:N ] - Fi+ Fa  (42212)

According to Sec. 5.16, in the interval N™! < x < oo we have

uy(x) = O(N-%x-Yhx=he=h) gy (x) = O(N~ e~ "hx~ %), (4.22.13)

46 Except in the case « = 0, where the integral is O(x2 log ;Ic)
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Therefore, if « > 0, we find as before that
1/N
3 < N [ @ RO + Oy dy

= N-20(N-%e-thx= %o %) (4.22.14)

a result which remains valid for « = 0, and moreover

|73l < (ALN)O(N™ 7%=~ Yy~ Hhe =) LN (Nyy**u(y)|(Ny)~ "% dy

X
< Ale‘/Z"“’/*O(N‘‘/2"““*X"/”"‘/*)fO YRR u(y)|dy.

Using Schwarz’s inequality and formula (4.21.2), we have

f: yhe A lu(y)ldy < U: yer dy] mU: u*(y) a'y]1

— Ai’zx%“%(a + %)—1/2‘

/2

and hence
| Fal < AT VRNV~ ko HO(N - e Y = ),
which becomes
| Fo] < N-Uixhat%Q(N ety e~ h) (4.22.15)
since 4; = O(N%), according to (4.22.5). It follows from (4.22.12, 14, 15) that
[ra(X)] < O(N~%e-Yx=%e ) N-Uexhat% 4+ N-20(1)]. (4.22.16)

A comparison of (4.22.8) with (4.22.10-11), and of (4.22.13) with (4.22.16),
shows that the size of the remainder term in (4.22.6) is small compared to
uy(x) for all 0 < x < a and arbitrary finite @ >0, provided that n is large.
Therefore, finally, we have the asymptotic formula

u(x) ~ A,uy(x), n— oo (4.22.17)

or
LY(x) & M%'*‘_l) ex/Z(Nx)—aIZJa(z\/m), n—>w, N=n-+ * ; 1.
(4.22.18)

In the interval 0 < 8§ < x < a we can replace the Bessel function by its
asymptotic representation (5.16.1). This reduces (4.22.18) to the simpler
form

— oLTT T
LY(x) & m~Y2eti2pta="Yax~ %%~ cog (2\/nx - = - —), n— .

2 4
(4.22.19)
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4.23. Expansion of Functions in Series of Laguerre Polynomials

One of the most important properties of the Laguerre polynomials is the
fact that a real function f(x) defined in the infinite interval (0, «) can be ex-
panded in a series of the form

fx) = i ¢ L%(x), 0 < x < oo, (4.23.1)
n=0

provided f(x) satisfies certain general conditions. The coefficients c, can be
determined formally by using the orthogonality property of the Laguerre
polynomials (see Sec. 4.21). In fact, multiplying (4.23.1) by e *x*L¥(x) and
integrating term by term over the interval (0, c0), we find that

Cn “*x*f(x)LY(x) dx. 4.23.2)

n! ®
T+ a+ l)fo ¢
This expansion is valid if f(x) is piecewise smooth in every finite interval
[x1, x2] and suitably well-behaved near the points x = 0 and x = . In
particular, we have

THEOREM 3. If the real function f(x), defined in the infinite interval
(0, ), is piecewise smooth in every finite subinterval [xy, x3], where
0 < x; < xy3< 00, and if the integral

fo ? e *x*f4x) dx

is finite, then the series (4.23.1), with coefficients calculated from (4.23.2),
converges to f(x) at every continuity point of f(x). At a discontinuity point,
the series converges to

HfGx +0) + f(x — 0)].

Theorem 3 can be proved by a method similar to that used in proving the
corresponding theorem for Hermite polynomials (Theorem 2, p. 71).47

4.24. Examples of Expansions in Series of Laguerre Polynomials

In applying Theorem 3 to a given function f(x), we have to evaluate the
integrals in (4.23.2). In most cases this can be done by replacing L%(«) by its
explicit expression (4.17.1) or by the integral representation (4.19.3). It is

17 See J. V. Uspensky, On the development of arbitrary functions in series of Hermite’s
and Laguerre’s polynomials, Annals of Math., (2), 28, 593 (1927). For the case
a > —3%, Uspensky imposes a less restrictive condition on the behavior of f(x) near x = 0.
For expansion theorems valid under other conditions on f(x), see G. Szegd, op. cit., and
J. Korous, On series of Laguerre polynomials (in Czech), Rozpravy Ceské Akademie, (2),
37, no. 40 (1928).
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sometimes helpful to make use of the generating function (4.17.3). The fol-
lowing examples serve to illustrate the technique of expanding functions in
series of Laguerre polynomials:*®

Example 1. The function
Sflx) = x"

satisfies the conditions of Theorem 3 if v > —4(« + 1), and we have

o0
xV = Z CnL%(X),
n=g0
where

Cn ExvVrel%(x) dx.

n! ®
“Th+a+t 1)fO €
Substituting from (4.17.1) and integrating by parts n times, we find that

— 1 ? v_‘_I_n__ —Xyn 4o
C"—mfo XY g (77X dx

(=D =D v+ D ° e
= T+« + 1) foe" dx

— (=1 'y +a+ DG+ 1)
- T+ a4+ D+ —n+ 1)

and hence

- ® (—D"LH(x)
x' =00+ a+ DI'v + l)nZoF(n +a+ DIv—n+1)

(4.24.1)
O0<x<oo, a>—1

In particular, if v is a positive integer p, the series (4.24.1) terminates after
a finite number of terms, and we have

» — S (= D"Li(x)
¥ =D(p+a+Dpl > i i =) (4.24.2)

O<x<oo, a>-1, p=0,1,2,...
Example 2. The function
S = e

satisfies the conditions of Theorem 3 if ¢ > —%. In this case,

o0

e % = > c,Lix),

n=0

8 It should be noted that the conditions imposed on the parameters in Examples 1-4
are sufficient, but the expansions may continue to hold in larger regions.
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where

_ —(a+Lxafyo
T ras l)f e x*L%(x) dx

(e" X" %) dx

=F(n+—ot+1)f

— —(a+l)xyn+a
r(n+a+1)foe X dx
a’".

=W_’ n=0,1,2,...

With these values of ¢, we have

o=@t S (ai 1)"L;(x), 0<x<o. (4243
n=0

We get the same result by setting ¢ = a/(a + 1) in the expansion (4.17.3) of
the generating function.

Example 3. Consider the function
f(x) = (ax)~*21,2V ax), x>0, a>0, «> —1.
In this case, the desired expansion is
(ax)~¥2J(2Vax) = > c,L3(x),
n=0
where

= eI fo e (’E‘)m 7.2V %) [3(x) dx.

To evaluate the integral, we multiply the identity (4.17.3) by
«/2 —_
e * (’5‘) J,(2Vax)

and integrate with respect to, x from 0 to co. Then, assuming that [¢] is
sufficiently small, we obtain

© /2 S
(1 - t)—a~1f PEEIeE (3_;) Ju(2\/ax) dx = e-od-b
0

- if’n_ i f x(") * 1 oVad L) dx,

where we have used formula (5.15.2). Comparing coefficients of identical
powers of ¢, we find that
e—aan

T Thtat D)
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and hence

ax)~*2J(2Vax) = e~ S __a L%(x),
(@) ( ) ,Zo P(n + « + 1) () (4.24.4)
x>0, a>0, a> —1,
Example 4. If we multiply (4.24.3) by (¢ + 1)*~! and integrate with
respect to a4 from O to co, we obtain

[ e S G2 e - 5.5

n=0 n=0

The integral in the left-hand side can be expressed in terms of the comple-
mentary incomplete gamma function (see Problem 10, p. 15). This gives
< Lax)

T O<x<ow, a>—1, (4.24.5)
n=0

e*x T, x) =

which for « = 0 reduces to

—¢Ei(-x) = eT(0, %) = > nL—f‘i 0<x<w. (4246

n=90
Some other expansions in series of Laguerre polynomials are given in
Problems 19-20, p. 96.

4.25. Application to the Theory of Propagation of Electromag-
netic Waves. Reflection from the End of a Long Transmis-
sion Line Terminated by a Lumped Inductance

As a curious example of the application of Laguerre polynomials, we
consider the problem of propagation of electromagnetic waves along a trans-
mission line of length /. Suppose the
line terminates at one end in a coil of *°0 .
inductance L,, while at the other end a
source of constant d-c voltage V, is /
suddenly switched on at time t =0 W= ¢
(see Figure 12). Let the instantaneous T
values of the voltage and current be
denoted by ¥V = V{(x, t) and I = I(x, ?), FIGURE 12
and let the inductance and capacitance
per unit length of the line be denoted by L and C. Then the problem reduces
to the integration of the following system of linear differential equations,*®

ov _ oI of _ .oV

Tox  Tar ox ~ ot

x=l

(4.25.1)

49 See S. Ramo and J. R. Whinnery, Fields and Waves in Modern Radio, second
edition, John Wiley and Sons, New York (1953), p. 24.
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subject to the initial conditions

Vlt:o =1|4=o=0 (4.25.2)

and boundary conditions
oI
le=o = Vo, le 1= Lo 2

al (4.25.3)

To solve these equations, we use the method of the Laplace transform
(see Secs. 2.6, 8), which converts (4.25.1) into a pair of ordinary differential
equations. As usual, let f denote the Laplace transform of the function f:

f= f o7 fat. (4.25.4)
0
Then (4.25.1) goes into
av . dl —
and eliminating I, we obtain a second-order differential equation
dzv 2y
subject to the boundary conditions
— V. dV L=
le=0 - 70’ dx le 1= O (4-25.6)

1t follows from (4.25.5) and (4.25.6) that

v, coshp(l — X + ismh”(l -
V= = Lop , (4.25.7)

coshp I+ ismh l
Lop

where v = 1/VLC is the velocity of wave propagation along the line, and
Z = VLC is the characteristic impedance.5°

We now return to the original function ¥ by using the Fourier-Mellin
inversion theorem (cf. p. 25)

— 1 ot/

=5 ). e”V dp, (4.25.8)
where the integral is along a line A parallel to the imaginary axis and to the
right of the origin. Being primarily interested in the voltage at the end of the

line, we set x = /in (4.25.7-8). Then

1 l 1 e
Vo '*='" 2mi J, p cosh pt + «sinh pt

dp, (4.25.9y

5¢ §. Ramo and J. R. Whinnery, op. cit., p. 27.
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where « = Z/Ly, and T = [/v is the time it takes the wave to go from one
end of the line to the other. To obtain the answer in a form which has a
simple physical interpretation, we expand V|,., in powers of e~2?7 and
integrate term by term. This gives

| y p— «
2V, Viewr= z (- 27'ct (p +

or, if we introduce the new variable of integration ¢ = (p + «)/2«,

dp,

)n eblt— @n+1T]

p+a

le = i (—1)re=ot-@n+ LTI __ 1 (1 _ l)"ezqq[t—(znumfj_q,

2mi q q
(4.25.10)
where A’ is a line parallel to and to the right of A.
The evaluation of the integral in (4.25.10)
Fe) = = (1 - 1) " dg (4.25.11)
2xi q] ¢

is accomplished by using residue theory applied to the closed contour con-
sisting of A" and the arc of the circle |[g| = R (where R is arbitrarily large)
lying to the left of A" if = > O or to the right of A" if = < 0. In the first case,
we have

Fo) = [t = ve] = GG 0] =L, @asi

where L,(7) is the nth Laguerre polynomial (see Sec. 4.17), while in the
second case F(t) = 0. Substituting (4.25.12) into (4.5.10), we find that
V]i-1 = 0for 0 < ¢t <T, and

1 N-1

A Vleer = > (=1re™t=@n+ 0TI 0qr — (20 + DT (4.25.13)
n=0

e
n'

for
QN - DT <t < (2n+ 1T, N=12...

Formula (4.25.13) represents the solution in closed form, and the appearance
of new terms at intervals of 27 seconds corresponds to the arrival of addi-
tional reflected waves at the point x = I.

This method is applicable to transmission lines terminated by loads of
other kinds, and in many other cases the answer can also be expressed in
terms of Laguerre polynomials.

PROBLEMS
1. Show that all the roots of the equation P, (x) = 0 are real and lie in the
interval (—1, 1).
Hint. Use Rolle’s theorem.
2. Show that all the roots of the equation H,(x) = 0 are real.
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3. Prove the inequality ®*
2 1/2
(1 = x4 Py(x)] < (n_n) s -l<x<1, n=12,...

4. Using the expansions (4.9.2) and (4.17.2), prove Uspensky’s formula
(=D Tn+a+1)
Val(e + H2n)!

which expresses the Laguerre polynomials in terms of the Hermite poly-
nomials.

Li) = [ a- et as -4,

5. Prove Koshlyakov’s formula®?
Tn+a+p+1) (2
TEI(n + o« + 1) Jo

Hint. Replace the Laguerre polynomial L%(xr) by its expansion (4.17.2),
and integrate term by term.

LEtP(x) = (1 — )P~IL%(xt) dt, a> -1, 8>0.

Comment. For « = —4%, B = o + %, Koshlyakov’s formula reduces to
Uspensky’s formula.

6. In many cases, the evaluation of integrals of the form
f e 2 f(xX)H%(x) dx

can be accomplished by the following device: Multiply equation (4.9.6) by
f(x), integrate from — oo to 0, and evaluate the integral in the left-hand side,
calling the result (). Then expand o(¢) in powers of ¢ and equate coefficients
of identical powers of ¢ in both sides of the equation so obtained. Applying
this method, show that

f e~**H2(x) dx = 2"n!V'x,

il

f e~ HAx)x? dx = 2"!V(n + 1),

f e H2(x) dx = 27~ %T(n + 1),

—®

7. Prove that
© 1 \/_ — q2\n
f e Hy (x) dx = @i V= (—1 a ) ,

® n  a a?
Rea? >0, n=0,1,2,...,
© 22+ 22 p)2V
x2 rr2 —= s
f_ . e ¥ H2(x)Hzn(x) dx _(p — DT

p=012..., n=0,1,2,...,p.

Hint. To derive the second formula, use the method of Problem 6.

51 For a simple proof, see G. Szegd, Orthogonal Polynomials, revised edition, Ameri-

can Mathematical Society, New York (1959), Theorem 7.3.3, p. 163.

52 N. S. Koshlyakov, On Sonine’s polynomials, Messenger of Mathematics, 55, 152

(1926).



PROBLEMS ORTHOGONAL POLYNOMIALS 95

8. Prove that
1 (® HYO) _2, _ [ (1 =x\* e* _
o _w1+x2e dx = I b 1_§_xzdx, n=20,12,...
Hint. Use the method of Problem 6.
Comment. This formula was used in the proof of Theorem 2, p. 71.

9. Derive the integral representation

e~*2L.(x) = e P H2(?) cos (V2x1) dt.

1
2 1ntVn L
Hint. To calculate the integral on the right, use the method of Problem 6.

10. Derive the formula
—x2 2 -32/4
H"()—\/_f L(z)cossxds

Hint. Use the result of Problem 9 and the Fourier integral theorem.53

11. Derive the following integral equation for the square of the Hermite poly-
nomial of odd index:

-22 752 Y w© e L VE2 )
€ H2n+_1(\/x) - f 11(2\/xy) e Hzn: 1(\/}’) dy.

Vx o Vy
Hint. To calculate the integral on the right, use the method of Problem 6.

12. Derive the following integral equation for the square of the Laguerre
polynomial:

e *x LR = Lw L2V D) Y LU dy,  « > ~}.

Comment. The result of the preceding problem is a special case of this
formula.

13. Prove the expansions

© __1 "
* cos 2xt = Z ()25,2 (1 Honl) fon » ] < oo,
e® sin 2xr = Z ﬂmt"’"“ [t] < oo,

@n + 1)

Comment. The expressions on the left in these formulas can be regarded
as generating functions for the even and odd Hermite polynomials, respec-
tively.

14. Verify the following expansions in Hermite polynomials (cf. Secs. 2.1.3):

i (=n" Hz,.(x)
29n+ Vet 2n + 1

e[l — @%(x)] =

F = V7 S s Han 9.

53 G. P. Tolstov, op. cit., p. 190.
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15. Derive the following expansion of the square of a Hermite polynomial in
a series of Hermite polynomials:

2 Hy(x)
H(x) = 2°(p))? > sgmr—>—s  p=20,1,2,...
? ,.Zo 2"(n)*(p — n)!
Hint. Use the result of Problem 7.
16. Derive the following expansion of a product of Hermite polynomials with

different indices in a series of Hermite polynomials:

Hjp i (%)
ni(n + Hi(p — n)!

P
HP(X)HP+7(X) = zpp!(p + r)! z m b, r= 09 19 2, v
n=9
Hint. For r = 1 the required result is obtained by differentiating the
formula found in the preceding problem. The general case can be obtained by
using mathematical induction.

Comment. This expansion can be written in the symmetric form

2"Hp 4 g-2n(X)

W —mg = PaT LA

min(p,q)
H(x)H(x) = plg! >
n=0
17. Using the generating function (4.9.3), prove the following addition theorem
for the Hermite polynomials:

Hu(x)H, - ()

n inP-n
n'(p — n)' COs™ a sin o.

P
Hy(xcosa + ysina) = Z

18. Prove the formula

_ (=17 & Hyp(x)Hzp - 20()
Ly(x* + y?) = 2p Z 7;1!(1, _p D p=012,...

Hint. Use the expansion (4.17.3).

19. Derive the following expansion of the incomplete gamma function (see
Problem 10, p. 15) in a series of Laguerre polynomials:

x~y(a, x) = Z ZHS(’;E’?L 3 0<x<®, «>0

20. Derive the expansions

i
Lgto* i x + y) = > LYOLE-o(»), p=0,1,2,...,
n=0

(p— '@ — )
Hint. Use the generating function (4.17.3).

L= ST =2t =y 01,2,
n=0

21. The Jacobi polynomials P-®(x) are defined by the formula

o) = S y-ea 4 070 8

o > —1, B>—-1, n=0,1,2,...
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Using the methods of this chapter, show that the Jacobi polynomials have the
following properties:

(a) The function u = P&®(x) satisfies the differential equation
A-x+B—-—oa—(e+B+2Dx +nln+a+ B+ Du=0;
(b) The polynomials P{*®(x) are orthogonal with weight
p(x) = (1 — (1 + x)°
on the interval [ 1, 1];

(¢) The polynomials P*®(x) are the expansion coefficients of the generat-
ing function

©

wix, 1) = 2R}l — 1+ "1 + t + R)™° = 3 P&P(x)r, i <,

n=0

where R = (1 — 2xt + 2)Y2, and r is given by formula (4.2.4).

22. The Chebyshev polynomials®* are defined by the formula
Tx(x) = cos (n arc cos x), n=0,12...
Show that the Chebyshev polynomials have the following properties:
(a) The function u = T,(x) satisfies the differential equation
d — xHu” — xu' + n*u = 0;
(b) The polynomials T,(x) are orthogonal with weight
o) = (1 — )30
on the interval [—1, 1];
(c) The polynomials T,(x) are the expansion coefficients of the generating
function
1 -7

wix, 1) = 1 —2xt+ £

= To(x) + 2 i Tr(x)e", ] < r,

where r is again given by (4.2.4).

Comment. The Chebyshev polynomials play an important role in the
theory of approximation.

5¢ Sometimes transliterated as the ‘“‘Tchebichef polynomials™, as in G. Szegd, op.
cit., and in the Bateman Manuscript Project, Higher Transcendental Functions, Vol. 2,
Chap. 10. We refer the reader to these sources for further information on the Jacobi and
Chebyshev polynomials.
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CYLINDER FUNCTIONS: THEORY

5.1. Introductory Remarks

By a cylinder function we mean a solution of the second-order linear
differential equation

u"+1'+(1—f) ~0 G.1.1)
Su )u =0, 1

where z is a complex variable and v is a parameter which can take arbitrary
real or complex values. Equation (5.1.1), called Bessel’s equation of order v,
is encountered in studying the boundary value problems of potential theory
for cylindrical domains (see Sec. 6.3), which explains the origin of the term
cylinder function. Certain special kinds of cylinder functions are known in the
literature as Bessel functions, and this term is sometimes applied to the whole
class of cylinder functions.

The cylinder functions, with their manifold applications, have been
studied in great detail, and extensive tables of such functions are available.
These functions are among the most important special functions, with very
diverse applications to physics, engineering and mathematical analysis itself,
ranging from abstract number theory and theoretical astronomy to concrete
problems of physics and engineering. Some of these applications, mainly
from the field of mathematical physics, will be considered in Chapter 6. The
present chapter is devoted to a brief exposition of the elementary theory of
cylinder functions. The reader who wishes to go further in his study of these
functions should consult the special literature devoted to the subject (see the
Bibliography on p. 300), notably the classic treatise by Watson,® to which
we will make frequent reference.

1 G. N. Watson, A Treatise on the Theory of Bessel Functions, second edition,
Cambridge University Press, London (1962).
98
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5.2. Bessel Functions of Nonnegative Integral Order

In many applied problems, one need only consider a special class of
cylinder functions, corresponding to the case where the parameter v in equa-
tion (5.1.1) is a nonnegative integer #. This case is much simpler than the case
of arbitrary v, and will serve to introduce the general theory.

We begin by showing that one of the solutions of Bessel’s equation

1y (1_”—2 -0 -0,1,2 (5.2.1)
Wt = =0, n=20,12,... 2.

is the function u; = J,(z), known as the Bessel function of the first kind of
order n, and defined for arbitrary z by the series

Z (=022 2] < co. (5.2.2)

J2) = Ki(n + k)

Using the ratio test, we easily verify that this series converges in the whole
complex plane, and hence represents an entire function of z. Suppose we
denote the left-hand side of (5.2.1) by iu), and introduce the abbreviated
notation

(=D*
2"+ (n + k)

L =
for the coefficients of the series (5.2.2). Then we have

) = > [(n+ 2k)n + 2k — D) + (n + 2k) — n?la 2t 272 + > o2+ %
k=0 k=0

z dagk(n + k)z" %2 4 z ozt 2
k=1 k=0

D Motk + D + k + 1) + o]z 2,
k=0

and therefore /(u;) = 0, since the expression in brackets vanishes. Thus
J.(z) satisfies Bessel’s equation (5.2.1), i.e., J,(2) is a cylinder function. The
simplest functions of this kind are the Bessel functions of orders zero and one:
_ @ (@2t 2P
WO =1 ey eyt
[P CE ]
112! 213! 314!

(5.2.3)

Ni(2) =

We now show that the Bessel functions of higher order can be expressed
in terms of the two functions Jy(z) and Jy(z). Assuming that » is a positive
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integer, we multiply the series (5.2.2) by z" and then differentiate with respect
to z. This gives

i n _ S (=D*Cn + 2k) 501001
& 7Ol = 2 S ¢

. © (_l)k E)n—1+2k_ n
= 2 T E (2 = 7aa(2),
or

dii (T2 = 2,2, n=1,2,... (5.2.4)

Similarly, multiplying (5.2.2) by z~", we find that
diz[z‘" {(2)] = — z7J, . 1(2), n=012,... (5.2.5)

Performing the differentiation in (5.2.4-5) and dividing by the factors z*™,
we arrive at the formulas

T2 + 20D = aes@)y D) = SID) = —Jaa@, (5:26)

which immediately imply the following recurrence relations satisfied by the
Bessel functions:

Fos@ + Foa@ = 20, =12, (5.2.7)
Jo-1(2) = Jns:(2) = 2J;(2), n=12... (5.2.8)

Repeated application of (5.2.7) allows us to express a Bessel function of
arbitrary order v =n (n = 0, 1,2...) in terms of Jo(z) and Jy(z), thereby
greatly simplifying the effort needed to calculate tables of Bessel functions.
Formula (5.2.8) allows us to express derivatives of Bessel functions in terms
of other Bessel functions. For n = 0, (5.2.8) should be replaced by

Ji2) = —Ji(2) (5.2.9)

[in keeping with (5.2.5)], which is an immediate consequence of the formulas
(5.2.3).

The Bessel functions of the first kind J,(z) are simply related to the coeffi-
cients of the Laurent expansion of the function?2

wiz, ) = e#-t"D = S o, 0< | <o (52.10)

n=—-o

2 Regarded as a function of 7, w(z, t) is analytic in the annulus 0 < § € 1 < 4 < o,
and therefore this expansion exists.
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To calculate the coefficients ¢,(z), we multiply the power series

@27

ez”2=1+(z—1/'2—)t+ Tt S
e _ g _ @D @21
e =l-Trrt Yt

and then combine terms containing identical powers of t. As a result, we
obtain

c(2) = Jo(2), n=012,...,

(5.2.11)
c(2) = (=D _.(2), n=-1,-2,....,

which implies

w(z, 1) = e%¥t-t" Y = J(2) + i LD+ (=1, 0 < ¢ < oo.
) (5.2.12)

The function w(z, t) is called the generating function of the Bessel functions
of integral order, and formula (5.2.12) plays an important role in the theory
of these functions.

To find a general solution of Bessel’s equation (5.2.1), thereby obtaining
an arbitrary cylinder function of integral orderv=n(n =0,1,2,...), we
must construct a second solution of (5.2.1) which is linearly independent of
J.(2). For such a solution we choose u, = Y,(z), called the Bessel function
of the second kind, which will be defined in Sec. 5.4. It will be shown in Sec.
5.5 that this definition leads to the series expansion

Yo(2) = % ) log% Z (n - k — D!z (2)2k—n
(5.2.13)

-1 5 CUETE W+ D + 4k + 4 D)

where

1 1
¢(m+l)——y+1+§+...+;1, (1) = —v,
v is Euler’s constant (see Sec. 1.3), and in the case » = 0, the first sum in
(5.2.13) should be set equal to zero. The function Y,(z) is analytic in the
complex plane cut along the segment [ — oo, 0], and becomes infinite as z — 0.
Thus, the general expression for the cylinder function of order v =nis a
linear combination of Bessel functions of the first and second kinds, i.e.,

u=2,2) = Al(z) + BY.(z), n=01,2.., (5214

where 4 and B are constants.
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5.3. Bessel Functions of Arbitrary Order

The Bessel functions considered in the preceding section are a special
case of the more general Bessel functions of the first kind of arbitrary order v.
To define these functions, consider the series

$ vy
&y T + DIk + v + 1)

where z is a complex variable belonging to the plane cut along the segment
[—o0, 0], and v is a parameter which can take arbitrary real or complex
values.® It is easily seen that (5.3.1) converges for all z and v, and that the
convergence is uniform in each variable in the region |z| < R, [v] < N (where
R and N are arbitrarily large). This follows from the fact that starting from
some sufficiently large k, the ratio of the absolute value of the (k + 1)th term
to that of the kth term equals
[Z]2 < R2
4k + Dk+1+v] 4k + Dk +1—-N)

where the right-hand side is positive, independent of z and v, and approaches
zero as k — o0.* Since the terms of (5.3.1) are analytic functions of z in the
plane cut along [ — oo, 0], the sum of the series is an analytic function of z in
the same region. We call this function the Bessel function of the first kind of
order v, and denote it by J(2), i.e.,

S (1
D= 2 SR Tk v+ )

To show that the function (5.3.2) satisfies Bessel’s equation with para-
meter v, we write

(5.3.1)

|z] < o0, largz| < = (5.3.2)

”n 1 ’ v2
W=w+ i+ (1-Su=0  w=210),
and repeat the derivation given in Sec. 5.2,° obtaining

I(uy) = z [doy oyl + Dk + v + 1) + o Jzv+2,
K=0

3 In general, the condition imposed on z is necessary for the function zV to be single-
valued, but can be omitted if v is an integer.
4 A series of functions
K
> u2)
k=0

converges uniformly in a domain D if

U +1(2)
u(z)

for all zin D and k = M, where g is independent of z. See E. C. Titchmarsh, op. cit., p. 4.

5 Recall that a uniformly convergent series of analytic functions can be differentiated
term by term.

<g<l1
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where

_ (=D*
TGk + DIk + v + 1)

Oy

Using (1.2.1), we see at once that /(uy) = 0.

Since for fixed z in the plane cut along the segment [ — oo, 0], the terms of
the series (5.3.2) are analytic functions of the variable v (see Sec. 1.1), the fact
that (5.3.2) is uniformly convergent implies that the Bessel function of the
first kind is an entire function of its order v. For integral v=n (n = 0, 1,
2,...), 'tk + v+ 1) = (n + k)! and (5.3.2) reduces to (5.2.2). Therefore
the functions defined in this section are the natural generalizations of those
studied in the preceding section. For negative integral v= —n (n =1,
2,....), the first n terms of the series (5.3.2) vanish (see Sec. 1.2), and the
series becomes

_ o (_l)k(z/z)—n+2k . x (_1)n+s(z/2)n+23
Tl = 2 T T 2 T
and hence
J_(2) = (— D (2), n=12... (5.3.3)

Thus, the Bessel functions of negative integral order differ only by sign from
the corresponding functions of positive integral order. It follows that the ex-
pansion (5.2.12) can be written in the form

Wz, t) = e#-th = S g (), (5.3.4)

n= —

Many of the formulas derived earlier for Bessel functions of nonnegative
integral order remain the same for Bessel functions of arbitrary order. For
example,

G20 = 0@, @] =~z (), (535)

Jy-12) + Jva(2) = %‘Jv(z)a Jo-1(2) = Jyiu(2) = 275(2), (5.3.6)

generalize formulas (5.2.4-5, 7-8), and are proved in exactly the same way.
We also have

(%) @1 = 2,
(5.3.7)

(ﬁ) [27(D] = (= 1)z "™, 4 n(2),

which are proved by repeated application of (5.3.6).
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5.4. General Cylinder Functions. Bessel Functions of the
Second Kind

By definition, a cylinder function is an arbitrary solution of the second-
order linear differential equation

) = o + %u, + (1 _ z_z)” — 0, (5.4.1)

and hence has the general form
u=27ZJ2) = Ciu(z) + Cauy(2), (5.4.2)

where u; and u, are arbitrary linearly independent solutions of (5.4.1), and
C,, C, are constants which, in general, are arbitrary functions of the para-
meter v. It is easy to obtain an expression for the general cylinder function in
the case where v is not an integer. In fact, choosing u, = J,(z), where J,(2)
is the Bessel function defined in Sec. 5.3, we take the second function to be
u, = J_,(z), which is also a solution of (5.4.1), since (5.4.1) does not change
if v is replaced by —v. For nonintegral v, the asymptotic behavior of these
solutions as z — 0 is given by

(z/2) ~ @)™
T +v ST -V 649

u; ®

and therefore these solutions are linearly independent.® Thus, the desired
expression for the general cylinder function can be written as

u=2Z(2) = Cdfz) + CoJ_(2), v#0,+1, £2,... (5.4.4)

If vis an integer, then, because of (5.3.3), the particular solutions u; and u,
are linearly dependent, and (5.4.4) is no longer a general solution of Bessel’s
equation (5.4.1). To obtain an expression for the general cylinder function
which is suitable for arbitrary v, we introduce the Bessel functions of the
second kind, denoted by Y,(z) and defined by the formula

J(2) cos v — J_(2)

Y(2) = sin vr

(5.4.5)

for arbitrary z belonging to the plane cut along the segment [— o0, 0.7 For
integral v, the right-hand side of (5.4.5) becomes indeterminate [cf. (5.3.3)],
and in this case we define Y,(z) as the limit

Y,(2) = lim Y (2). (5.4.6)
v—en
§ This argument breaks down if v is an integer (including zero).

7 The function we denote by Y,(z) is sometimes denoted by N,(z) in the literature on
Bessel functions.
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Since both the numerator and denominator are entire functions of v, and
since

-Ei—sinV‘rt:Trcoswt;éO if v=mn,

dv
this limit exists and can be calculated by L’Hospital’s rule, application of
which gives

aJ\(2)

Y2 = % [T =1y 315:(2)

_] : (5.4.7)

y=n

It follows from its definition that Y,(z) is an analytic function of z in the plane
cut along [— o0, 0], and an entire function of the parameter v for fixed z.

In view of (5.4.4), the fact that Y, (z) is a cylinder function, i.e., satisfies
Bessel’s equation (5.4.1), is obvious for nonintegral v. To show that ¥Y,(2)
is a cylinder function for integral v, we use the principle of analytic continua-
tion, noting that since /(Y,) is an entire function of v, (Y,) = 0 for v # n
implies X Y,) for all v. The fact that the solutions ¥; = J(z) and u, = Y,(2)
are linearly independent follows from the linear independence of the solutions
J(2z) and J_(z) for nonintegral v, and from a comparison of the behavior of
u; and u, as z — 0 [cf. (5.4.3) and (5.5.4), proved below] for integral v. Thus,
finally, the expression

u = Z(2) = Cilz) + C,Y(2) (5.4.8)

for the general cylinder function Z,(z) is suitable for arbitrary v.
The Bessel functions of the second kind satisfy the same recurrence rela-
tions as the functions of the first kind, e.g.,

L or@l =oY@, SRl = —2 ),
) (5.4.9)
210, Y@ - Y@ = 2V

Y,o1(@) + Y2 = Z

For nonintegral v, the validity of these formulas follows from the definition
(5.4.5) and the corresponding formulas for J(z). To obtain the same formulas
for integral v, we need only pass to the limit v — n, observing that all the
functions involved are continuous with respect to the index v. We also note
that (5.4.7) implies the relation

Y_u(2) = (—1)"Y(2), n=012..., (5.4.10)

which allows us to reduce the calculation of functions of negative integral
order to that of functions of positive integral order.

By making changes of variables in Bessel’s equation (5.4.1), we can easily
obtain a number of other differential equations whose general solutions can
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be expressed in terms of cylinder functions. Of the various equations ob-
tained in this way, those of greatest practical interest are

1 — 2a
u

2 _ 2
u" + + [(Byz"‘l)2 + g———zﬂ]u =0,

u" + az'u = 0,

(5.4.11)

with solutions

a2
Y+2

= PZB),  u=2Zy.n ( zl+<v/2>), (5.4.12)

where Z,(z) denotes an arbitrary cylinder function.

5.5. Series Expansion of the Function Y,(z)

To derive a series expansion of the function Y,(z), we use the expansion
(5.3.2) to calculate the derivatives with respect to the index v which appear in
(5.4.7). Because of (5.4.10), we need only consider the case v=n (n =0,
1, 2,...). Since, as already shown, the series (5.3.1) converges uniformly in v,
we can differentiate it term by term, obtaining®

oJ(2) (= Dz, (= 1)¥(z/2)+ 2 2% 2
o |yen z TR+ K [1035 — Yk +n+ 1)],
where
I'(z)
W) = 705

is the logarithmic derivative of the gamma function (see Sec. 1.3). Similarly,
we have

- S [ )

Fork=0,1,2,...,n 1,
'k — v+ 1)— o0, Yk —v+1)—>

as v —n, so that the first n terms of the last series become indeterminate.
However, using familiar formulas from the theory of the gamma function
[see (1.2.2, 4) and (1.3.4)], we find that

Yk —v+ 1 . [ _ . _
%ll-»mn_———I‘(k— +1)_31_13 I'(v - k)ysinn(v — k

= (=1 n—k-1, k=01,...,n—1,

kg

) Yv — k) + mcot m(v — k)]

8 The passage to the limit v — n behind the summation sign is legitimate, since a
series obtained by term-by-term differentiation of a uniformly convergent series of
analytic functions is itself uniformly convergent.
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and therefore

oJ_.(2)
ov

= (=" z " (n — k — Dz (2)2"'"

+ (=1 z s L))'P' [- logZ + 4(p + 1)] (g)mn,

where we have introduced the new summation index p = k — n.
It now follows from (5.4.7) that the desired expansion of the function

Y. (2) is

Y (2) = — = Z ‘(n— k=) k — D! /z (2)2k—n

,lt 2 1'2k(12{;% [2 10g — Yk + D) —-Wk+n+ 1)]

largz| <=, n=20,1,2,..., (5.5.1)

where the first sum should be set equal to zero if n = 0 [cf. (5.2.13)]. Accord-
ing to (1.3.6-7), the values of the logarithmic derivative of the gamma func-
tion are given by

W= =y, dmtD =yt 14zt m=12..,
(5.5.2)

where y = 0.57721566. .. is Euler’s constant. Using (5.2.2), we can write
the expansion (5.5.1) in a somewhat different form:

2 1S (= k — D (2\%"
e = 2n@ gl -1 5 C= ()
k=0 .

(5.5.3)

‘}r i _klyz:l(izz):zk [k + 1) + ¢k + n + D]

Finally, we note that (5.5.1) implies the asymptotic representations

Yo(2) & —Iog2 z—>0
(5.5.4)
o (n=Dl/z\"" _
v~ - 2 (5) . z0, n=1,2...,

which show that Y,(z) becomes infinite as z — 0.

5.6. Bessel Functions of the Third Kind

Next we discuss still another class of cylinder functions, i.e., the Bessel
functions of the third kind or Hankel functions, denoted by H{*(z) and H{®(z2).
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These functions are defined in terms of the Bessel functions of the first and
second kinds by the formulas

HP@2) = J(2) + iY(2), HP(2) =J(2) — i¥(2), (5.6.1)

where v is arbitrary and z is any point of the plane cut along the segment
[— oo, 0]. The motivation for introducing the functions (5.6.1) is that these
linear combinations of J(z) and Y,(z) have very simple asymptotic expres-
sions for large |z] (see Sec. 5.11) and are frequently encountered in the
applications.

It follows from (5.6.1) that the Hankel functions are entire functions of v,
and analytic functions of z in the plane cut along [—oo, 0]. Clearly, the
functions H{(z) and H{P(z) are linearly independent of each other, and each
is linearly independent of J,(z). Therefore we can write the general solution
of Bessel’s equation (5.4.1) in any of the forms

u=2,2 = AJ(2) + 4.H(2)
= BJ(2) + B,H{®(2) = D:H\"(2) + D,H{®(2),
where A, ..., D, are arbitrary constants, as well as in the form (5.4.8).

Since the Hankel functions are linear combinations of the functions J(z)
and Y.,(z), they satisfy the same recurrence relations as these functions, e.g.,

(5.6.2)

LEHOE) = PHG), 4 T HPE)] =~ HA)
dHP(2)
dz
(5.6.3)

where p = 1, 2. Using (5.4.5) to eliminate Y,(z) from (5.6.1), we obtain
J—v(z) - e-vav(Z) evav(Z) _ J——v(z)

HP,(2) + HRA@) = 2 BPR), HO:@) — B =2

() == () =
H"@) = i sin vit HP@) i sin v (.64)
which imply the important formulas
H®Y (2) = e™HY(2), H®3(2) = e "™ HP(z). (5.6.5

5.7. Bessel Functions of Imaginary Argument

In the applications, one frequently encounters two functions 7,(z) and
K (z), which are closely related to the Bessel functions. Let D be the complex
plane cut along the negative real axis. Then, for all z in D, I(z) and K,(2)
are defined by the formulas

B s (2/2)V+2k
&) = 2 FE T DI T 7 1)

E I—v(z) _ IV(Z)
2 sin vw ’

|z] < 0, largz] <=, (5.7.1)

K(z) = larg z| < =, v#0,+1, +£2,... (5.7.2)
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where, for integral v = n,

K, (2) = lim K,(z), n=20,+1, +2,... (5.7.3)
Repeating the considerations of Secs. 5.3-4, we find that I,(z) and K,(z) are
analytic functions of z for all z in D, and entire functions of v.

The functions I(z) and K,(z) are simply related to the Bessel functions of
argument ze*™/2, If

k7 . ki3
—m<argz <5 ie, —3<arg (ze™?) < w,

then (5.3.2) implies

o 2)v+ 2K
J(ze™12) = e (/ = evmif2f
(Ze ) € }cZO P(k ¥ I)F(k v+ 1) e v(z)a
so that
I(2) = e~V™2] (ze™?), —m < argz < g (5.7.4)

Similarly, according to (5.6.4), for the same values of z we have

H( 1)(Ze1ri/2) _ v(zem/2) - vniJv(Zemlz)
isin vw
—vri/2 —_ p—vai/2
LG — ) 2
I Sin vrT it
and hence
K(z) = evmsz(D(zeM) —m<argz < g (5.7.5)
On the other hand, if
~-T< argz < mw, —n < arg (ze ™?) < T
2 2
then it is easily verified that
IV(Z) —_ evni/ZJv(ze—niM), (Z) — —vnt/ZH(Z)(ze—nlIZ) (5 7. 6)

Because of (5.7.4-6), I(z) and K,(z) are often called Bessel functions of
imaginary argument. However, this term is not too fortunate, and instead we
will usually refer to I.(z) as the modified Bessel function of the first kind and
to K.(z) as Macdonald’s function.®

® K.(z) is called the modified Bessel function of the third kind in the Bateman Manu-
script Project, Higher Transcendental Functions, Vol. 2, p. 5.
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It is an immediate consequence of the formulas just derived that I.(z) and
K (2) are linearly independent solutions of the differential equation

”+l'— l+v—2 =0 5.7.7
u'+ —u ( Zz)u—, 6.7

which differs from Bessel’s equation only by the sign of one term, and goes
into Bessel’s equation if we make the substitution z = +jr. Equation (5.7.7)
is often encountered in mathematical physics, and its general solution, for
arbitrary v, can be written in the form

u = CI(2) + C.K(2). (5.7.8)

The functions /,(z) and K,(z) satisfy simple recurrence relations, e.g.
d v —_— v d -V — -V
7 ZM2l = 21-.(2), 2272 = 270,

K@ = ~2Kes@), K] = —2 Ko@)

X (5.7.9)
L@ + Laa(@) = 2102),  Ia(2) = Loa(2) = ; (2)s

Ko@) + Kos@) = —2Ki2),  Kuea(d) = Kunsld) = — 2 K2,

The recurrence relations involving I,(z) are proved by substituting from
(5.7.1). Then, using these formulas and (5.7.2), we derive the corresponding
formulas involving K,(z) for nonintegral v. Finally, we extend the results to
the case of integral v by using the continuity of K,(z) with respect to the
index v.

Two other useful formulas are

I_n(Z)=In(Z), n=0’ ily izy-'-,
K_\(2) = K(2),

where the first follows from (5.7.1) if we note that the first n terms of the
expansion vanish if v = —n, while the second is an immediate consequence
of the definition (5.7.2).

Using (5.7.3) and the method of Sec. 5.5, we can derive a series expansion
of the function K,(z). The result of the calculations is

K(2) = Z (—1)"(n - k — !z (Z)Zk-n

-t Z k(,ifi“; [ gg — Yk + 1) — Yk +n+ 1)],

(5.7.10)

largz] <m n=0,1,2..., (57.11)
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where {(z) is the logarithmic derivative of the gamma function [whose values
can be found from (5.5.2)], and the first sum should be set equal to zero if
n = 0. We note that (5.7.11) implies the asymptotic representations

Ko(z) ~ log %a z—0,
1 . (5.7.12)
Kn(z)zi(n—l)!(g) . 20, n=1,2,...,

which show that K,(z) becomes infinite as z — 0.

5.8. Cylinder Functions of Half-Integral Order

We now consider the special class of cylinder functions of order n + }
(n=0, £1, £2,...). In this case, the cylinder functions can be expressed
in terms of elementary functions. To see this, we first find the values of the
functions J,j0(z). Setting v = +% in (5.3.1) and using the duplication
formula (1.2.3) for the gamma function, we obtain

2 (- 1)k(2/2)2k+ 7
J12(2) = ;Zo Nk + DI'tk + 3)

B (2_2-.)1/2 i (—1yz% (—%)1/2 o s (5.8.1)
“\7) &TCk+2 \= ™
and similarly,
1/2
T 1al2) = (n%) cos z. (5.8.2)

The fact that any Bessel function of the first kind of half-integral order
can be expressed in terms of elementary functions now follows from the
recurrence relation

Feet@ + Jei@ = 202

[see (5.3.6)], repeated application of which gives

1 2\12]sj
Jap2(2) = 'Z'Jllz(z) = Jo12(2) = (—') [Su; Z ~ cos z],

TZ

cos z]
b

2\t
J_g0(2) = — (7—&) [smz +

and so on. Using (5.3.7), we can write the general expression for J, . 1,(z) in
terms of elementary functions. For example, setting v = 4 in the second of
the formulas (5.3.7) and taking account of (5.8.1), we find that

d) Sz 0,1,2,... (583)

21/2 +y
S = S0(E) ()
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To derive the corresponding formulas for Bessel functions of the second
and third kinds, we start from the expressions (5.4.5) and (5.6.4) of these
functions in terms of Bessel functions of the first kind, and use (5.8.1-2).
For example,

2\ 12

Yi5(2) = —J_15(2) = — (772) cos z,
HOG) = —i(z) 172 " HE) = 1(3) 12 oot (5.8.4)
1/2 iz ’ 172 s s

and so on.

Finally, we note that

1
2z

(5.8.5)

where the formulas for general index n + % are obtained from (5.8.5) and
the recurrence relations (5.7.9). It has been shown by Liouville that the case
of half-integral order is the only case where the cylinder functions reduce to
elementary functions.

2 1/2 . 2 2 T 1/2
L,5(2) = (n_z) sinhz, I_y;(2) = (7—&) coshz, Kj;(2) =( ) e ?

5.9. Wronskians of Pairs of Solutions of Bessel’s Equation

By the Wronskian of a pair uy(z), uy(z) of solutions of a linear homo-
geneous second-order differential equation is meant the determinant

u(z) us(2)
ui(z) ux(2)

where the prime denotes differentiation with respect to the independent
variable z. The solutions u,; and u, are linearly independent if and only if
the Wronskian does not vanish identically.!® We now calculate the Wron-
skians of various pairs of solutions of Bessel’s equation

Wi, (2), ux(2)} =

3

2
u// +lu' + (1 _,\'__2)u=0’
z z

thereby obtaining a number of formulas which are useful in the applications.
In particular, these formulas show that the solutions in question are linearly
independent, a fact proved earlier by other means.

To calculate the Wronskian, we write the equations for u, and u, in the
form

d 2 d . 2
E(Zui) + (z — V;)u1 =0, e (zul) + (z - Y;)uz =0,

10 E. A. Coddington, op. cit., Theorem 6, p. 111.
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and then subtract the first equation multiplied by u, from the second equation
multiplied by u,. The result is

4 W@, uae)] = O,
which implies
W), w@) =

where C is a constant, independent of z, whose value can be determined, for
example, from the relation

C = lim zW{u,(2), uy(2)}.
20
In particular, choosing u; = J(2), u, = J_,(z), where v is not an integer,

and using the expansion (5.3.2) and formulas (1.2.1-2) from the theory of the
gamma function, we find that

. H —2v 2 __2sinw:
C_ll—rv%r(l+V)P(l—v)[1+0(z)]_ T
which implies
W), T @) = — 230, (59.1)

The validity of (5.9.1) for integral v follows by continuity, and we have
W = 0, as must be expected. The Wronskians of other pairs of solutions of
Bessel’s equation can be found in the same way, or else they can be deduced
from (5.9.1) and the relations (5.4.5), (5.6.4). We always begin by considering
the case of nonintegral v, and then use continuity to extend the result to
arbitrary values of v. In this way, we find that

WU, Y} = = (59
W), HP@} = — = (59.3
W(H®E), B} = - (594

and so on. For the Bessel functions of imaginary argument we have

Wl (2), K(2)} = — — (5.9.5)

N |-

5.10. Integral Representations of the Cylinder Functions

The cylinder functions have simple integral representations in terms of
definite integrals and contour integrals containing z as a parameter. The
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representations by contour integrals have greater generality, and are usually
valid in larger regions of values of the argument z and parameter v than the
representations by definite integrals, but the latter are more frequently en-
countered in the applications. Therefore we will be primarily concerned with
representations by definite integrals.!?

One of the simplest integral representations of the Bessel functions is due
to Poisson. Consider the identity

1 1
Tk +v+1) Tk+HIG+D

1
(11— 3V~ %dr, Rev> —1%
-1
(5.10.1)

implied by (1.5.6). Substituting (5.10.1) into the expansion (5.3.2) and
reversing the order of integration and summation,!? we obtain

haad (_l)k(z/z)v+2k
T(2) =
@ =2 Tk +D T

=y P (= DF(z1)?*
=T + Jf)f (1 — =t Z Tk + DIk + D)

I /7 ) N R R
T TOIG + 3) f_l (1 — 3~ % cos zt dt, (5.10.2)

where we have used the duplication formula (1.2.3) for the gamma function:

121 — 2% dt

2Pk + DIk + 3) = T@TQk + 1) = TEK).

Thus
_ @y Yo awey
M) = /e + B f U Oy cos zt i, (5.10.3)
Rev > —13, larg z| < m,
or equivalently,
(z/2)" av _ -
J(2) = TOG = 3 J, cos (zcos 0)sin? 6 d6, Rev > — 4, larg (25] 1<0 4;

where we have made the substitution r = cos 0.

11 The reader with a special interest in integral representations of cylinder functions
should consult G. N. Watson, op. cit., Chap. 6.
12 To justify reversing the order of integration and summation, we note that

X ]z/zlv«bzk 1 1 _ av- %
,Z Tk DTG T PTG T ), A - nd

|z/2lv+2k

Tk + DTk +v + 0= Wlz]) < oo,

1
u[\/ls

if Rev > —14.
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To obtain another important integral representation of J,(z), we start
from the formula

1 —_— L Se—(k+v+1)

Tk +v+ 1)  2ni L” s, (.10.5)
proved in Problem 9, p. 15, where C is the contour shown in Fig. 13. Sub-
stituting (5.10.5) into (5.3.2), we find that

bl —1)"(2/2)"*2"1
J2) = Z T+ D 2miJe

_ (%)21:;] esv-1ds Z (:fl&:(f—/‘l")m (5.10.6)

_ (2" 1 5 —(22/48)g—v~1
= (2) Imi Le sTYThds,

where reversing the order of integration and summation is again easily justi-
fied by an absolute convergence argument.
Assuming temporarily that z is a positive real
number and setting s = z¢/2, we can write
(5.10.6) in the form

ess—(k+v+1) dS

—'_/'-\C
J(2) = %L ehat-t=1-v-1 s (510.7) —-—.\0-/

where C’ is a contour resembling C. By the
principle of analytic continuation, this result
is valid in the whole region |argz| < m/2.
Writing t = pe® and choosing the radius
of the circular part of C’ to be 1, we have

FIGURE 13

J(2) = ;lrfo cos (z sin 6 — v0) d6 — S‘“ﬁ“"f e~ hp=P D o-v=1 g
1

which, after the substitution ¢ = ¢% becomes

Ji2) = 2 [T cos (zsin 8 — v6) g8 — SBVT [* psommava gy Rez s 0,
T Jo ks 0

(5.10.8)

where v is arbitrary. Inthecasev = n(n = 0, +1, £2,...), the second term
on the right vanishes, and (5.10.8) takes a simpler form.

In many cases, one can derive integral representations of Bessel functions
of the second and third kinds from the corresponding integral representations
of Bessel functions of the first kind, by using formulas (5.4.5) and (5.6.4).
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For example, if Re z > 0 and v is nonintegral, it follows from (5.4.5) and
(5.10.8) that

cot vm COS VTt

9

YV(Z ) =

f cos (z sin 6 — v0) d6 — f e-2simha—va gy
0 0

_ CS(;VTEf cos (Z sin 6 + ve) do — %J- e~ 2simha+va g

0 0
Replacing 6 by = — 0 in the third integral on the right, we find after some
simple calculations that

%

Y(2) = %fo sin (z sin 6 — v6) d6 — %fo e@sinhe(gve L o=V 0o yrr) da.
(5.10.9)

In proving (5.10.9), it was assumed that v is nonintegral, but the formula
holds for arbitrary v by the principle of analytic continuation, since both
sides are entire functions of v.

Integral representations of the Hankel functions can be obtained by using
(5.10.8-9) and the definitions (5.6.1). For example, if Re z > 0,

H\(ll)(z) = JV(Z) + in(Z) = %J‘ gz 8in 8-v0) g
0
—1 ©
ki) 0

0 kg
— _1_ P sinh o — v da + _l_, ez sinh 16— vif d(le)
Tl J-w s =0

e—zsinha[eva + e-—v(a+m)] da

1 (= ,
+ 7_5 . e? sinh (o + 7f) — v{a + f) d(a + 7”),
o=

which, after the substitution 7 = « + i, reduces to

HO@) = L f esmht-v s Rez > 0, (5.10.10)
Tl C
where C; is the contour shown in Fig. 14(a). Similarly,
HOG) = — & [ essmmt-vgy  Rez>0  (5.10.10)
i) o

where C, is the contour shown in Fig. 14(b). Thus (5.10.10) and (5.10.11)
are the same, except for the choice of the contour of integration. Substituting
t = u + =i into (5.10.10-11), we find that

~vni/2

H\(,l)(z) — e i gz coshu—vu gy Rez > 0, (51012)
kit Dy

vii/2

H{®(z) = — f e"#eoshu-vugy  Rez >0, (5.10.13)
D

k17

where the paths of integration D, and D, are shown in Figure 13.
To further transform these integrals, we assume temporarily that z is a
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positive real number and that the parameter v is confined to the strip
—1 < Rev < 1. Then, according to Cauchy’s integral theorem, the integral

T/ A

-7/ ‘_*-—CZ

FIGURE 14

along the left-hand part of the broken line D; (or D,), up to the point ¥ = 0,
can be replaced by an integral along the negative real axis, and the integral

\
0 0
(a) {b)
FIGURE 15

along the right-hand part of the broken line can be replaced by an integral
along the positive real axis.® Thus formulas (5.10.12-13) become

—-vai/2 ©
HE) = S f gz cosh u=vi gy (5.10.14)
@) e L e cosh u-vu
H®(z) = — — gz cos du, (5.10.15)

13 1t is easily verified that the integral along the vertical segment needed to complete
each contour to which we apply Cauchy’s integral theorem approaches zero as the seg-
ment is moved indefinitely far to the left (or to the right) of the imaginary axis. To show
that the condition —1 < Rev < 1 guarantees the convergence of (5.10, 14-15), con-
sider the substitution y = e*.
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where z > 0, —1 < Re z < 1. Using the principle of analytic continuation,
we easily see that (5.10.14) remains valid for 0 € arg z < =, while (5.10.15)
remains valid for —= < arg z <0, since in each case both sides of (5.10.14-15)
are analytic functions of z in the indicated region. Moreover, the condition
—1 < Rev < 1 can be dropped if Imz > 0 in (5.10.14), or if Imz < 0 in
(5.10.15). Finally, therefore, we have the integral representations

- vni/2 ©
HO@E) =2 f gzcoshu—vigy  Imz >0, (5.10.16)

i —w

VRi/2 oo
H\(/2)(Z) = — € _ f e~ izcosh u—vu du, Imz < 0, (51017)

ki1

-

where v is arbitrary.

Formulas (5.10.16-17) are the basic integral representations of the Hankel
functions. Other integral representations of the Hankel functions, useful in
the applications, can be derived by making suitable transformations of the
integrals in (5.10.16-17). For example, consider formula (5.10.16), let
Rev > —14, and for the time being assume that arg z = =/2, so that —iz is
positive. According to (1.5.1),

yvh = P(v—-ll-l)f e x-%dy, Rev> —4 (5.10.18)
2 0

and hence, setting y = e* in (5.10.16), we have

e-VM/2 © )
H\(ll)(z) = . f e‘/gzz(y-;-y—l)y_v_ldy
1 0
= _e_iﬂz___ @ e1/2i2<y+y—1)y_1/2 dyfw et
ml'(v + 4) Jo .
e—vm/z © s © iz iz
= —— "I/Zd X [— ( __) _] _1/2d’
=IO+ Do ], o= olr - 5 ooy

where the reversal of the order of integration is easily justified by proving the
absolute convergence of the double integral. To calculate the inner integral,
we use the formula 4

fw emm-onigy = VT omB g5 0, b0, (510.19)
0

This gives

e~ vail2 © e—2~/—izl2‘/z-(iz/2)

iVale + ) Jo  Vx = (iz]2)

XV~ "% dx,

H () =

14 After making the transformation = = v2, the integral (5.10.19) becomes the Laplace
transform of the function 47-%/2 ¢~ ¥/7, evaluated at p = a.
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or
ze-vm‘ Z\V o
HV(2) = —=——— (—) f eH(t> — 1)""%dt, Rev> —13,
@=mrerpl) ) D v> 1
(5.10.20)
where we mtroduce the new variable of integration
Vx — (iz]2)
= ——
vV = iz]2

By the principle of analytic continuation, this formula, proved under the
assumption that —iz > 0, remains valid for arbitrary complex z belonging
to the sector 0 < arg z < =. In just the same way, we have the formula

_2evm' z\V © )
HO() = — 22 (-) f e~ — 1) di,
iVrTev + H\2) )y (5.10.21)

Rev> —4, —nm<argz<0

for the second Hankel function. The integral representations (5.10.20-21)
play an important role in the derivation of asymptotic representations of the
cylinder functions as |z] — co.

Integral representations for the Bessel functions of imaginary argument
can either be obtained directly by a slight modification of the considerations
of this section, or else deduced from (5.7.4-6) and the corresponding integral
representations of the Bessel functions and Hankel functions. Thus, i
follows from (5.10.3) that

(2/2) ANER7A
Mo = 7=re & %)f (1 = £9" % coshzt (5.10.22)
largz| <=, Rev> —1%,

and from (5.10.16, 20) that

A
- 0 . .

Re z > 0, v arbitrary,

K@) = =" (%)f e~ — 1)V~ di,

P'eéc+ D) (5.10.24)
Rez >0, Rev> — 1.

We also call attention to another integral representation

KJ(2) = % (g) L emt-EmOLr  Jargz| <G (5.1025)
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which is useful in the applications, and is obtained from (5.10.23) by changing
the variable of integration.

Some other useful integral representations of the cylinder functions and
their products are given in Problems 1-9, p. 139.

5.11. Asymptotic Representations of the Cylinder Functions for
Large |z|

There are simple asymptotic formulas which allow us to approximate the
cylinder functions for large [z] and fixed v. The leading terms of these
asymptotic expansions can be derived starting from the differential equations
satisfied by the cylinder functions, but to obtain more exact expressions, it is
preferable to use the integral representations found in the preceding section.

Asymptotic representations of the cylinder functions for large |v| and
fixed z can be obtained rather simply from formulas (5.3.2), (5.4.5), (5.6.4)
and (5.7.1.-2) by using Stirling’s formula (1.4.22). The problem of approxi-
mating the cylinder functions when both |z| and |v| are large is one of the
most difficult problems of the theory. Some basic results along these lines can
be found in Chapter 8 of Watson’s treatise, and new formulas of this type
have been obtained in recent years by Langer!® and Cherry.'®

Of all the cylinder functions, the Hankel functions have the simplest
asymptotic representations. We now derive an asymptotic representation of
the function H{¥(z), starting from formula (5.10.20). Making the substitution
t =1+ 2s, we find that

2v +1 i(z - v:n)Zv

H2@ = 76 19

228 v— 1) V=Y d.
j e AT R)

Rev> —4, O>argz<mn

Replacing (1 + s)'~ % by its binomial expansion

(1 + S)v—1/2 — Z (~1)k(7 - V)k

—~—1Nen+lg1 __ 1
L&D (nz, V)"“s"“f (A= + sty % dt
. 0
(5.11.2)

15 R. E. Langer, On the asymptotic solutions of ordinary differential equations, with an
application to the Bessel functions of large order, Trans. Amer. Math. Soc., 33, 23 (1931);
On the asymptotic solutions of differential equations, with an application to the Bessel
functions of large complex order, ibid., 34, 447 (1942).

18 T. M. Cherry, Uniform asymptotic expansions, J. Lond. Math. Soc., 24, 121 (1949).
On expansion in eigenfunctions, particularly in Bessel functions, Proc. Lond. Math. Soc.,
51, 14 (1949); Uniform asymptotic formulae for functions with transition points, Trans.
Amer. Math. Soc., 68, 224 (1950).
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with remainder,'” and integrating term by term, we obtain

1/2 n 1 _ 1
HPE) = (2) 7 etemsn] 5 G E e oy s )]
k=0 *

Here

_ (=D = a2z
(2 = Al( + %)

@© 1
% f €22issv+n+l/2d5f (1 = O + s)v-r~% dt,
0 0

and we have used the formula

f eZZt'ss)H-v-—l/2 ds = F(V + %)(V + _;_)k(_zzi)—(k+v+ 1/2)’
0
Rev> —4, O<argz<m= k=012,...,

implied by (1.5.1).
Now suppose that § < argz < = — 3, where 3 is an arbitrarily small
positive number, and for the time being, assume that Rev — n — 3 < 0.

Then, estimating |r,(z)|, we find that®

[ — Vn+a|(2[z])R0 V"% gn 11m VI
Ir(2)] < A

@ 1
X f e~ 21zls sixxésRev+n+1/2 dsf (l — t)" dt
Y 0

16 = DualQlz) % B ITRe Y + 0+ 3)
T T+ DTG + D]@[Z] sin d)Fe iR

for fixed v. Therefore

H‘(,l)(Z) — (;22)1/2 i(z— Vovm— %n)[i (% — V)k('f + V)k (zzi)_k + O(lzl_n_l)],
Rev> —1, 8<argzsnm—38, nz=Rev—-—3% (5113

= 0|z

for large |z]. Actually, the condition imposed on » can be dropped, since if
Rev—n—3>0
7 Note that
A+ = i (—1) (= L8 4+ (= 1)rtr (—Wh+s t"“fi (= O + Lo-n-1dr
=% k! n! o ’
where
larg(1 + Q[ <m,  Mo=1, (= I%(“LT]‘) =aMa+ 1)+ k= D

18 For complex a and b we have
lab[ = ]aIRe b p-Imbarge,
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we can always find an integer m > n such that
Rev—m—3<0.

Then, representing H{¥(z) by (5.11.3) with » replaced by m, and noting that

m m

Z---+0(lzl‘"“1)=k§... + > .+ 0z

k=0 k=n+1

= > ...+ 0(|z| "),

k=0
we again arrive at (5.11.3). Moreover, the relation
H,ED(Z) o e—vniH(_l‘)’(Z)
[cf. (5.6.5)] allows us to eliminate the condition imposed on the parameter v,
and in fact, by using an integral representation of a somewhat more general
type than (5.10.20), it can be shown that the asymptotic formula (5.11.3)
remains valid in the larger sector |arg z] < = — 8.}® Finally, therefore, we
have
(1) 2\ iz~ Yovn - Yam) S ke i)~k -n-1
HP@) = () ecmio] > (= 1¢, i)™ + (2]

largz] < 7 — 8 (5.11.4)

for large |z|, where we introduce the notation

o, k) = % (_% . V)h‘(% F V) = (4v2 — DH(4v? — 32)2kk'(4\,2 —Qk-1) ),

©,0) = 1.

An asymptotic representation of the function H{®(z) can be obtained in
the same way, starting from formula (5.10.21). The result is

2 i/2 ) n
HE() = (T‘c;) e-«z—‘/zvn-‘/m[z o, B2iD)"* + 0(|z|"“1)],
k=0
largz] < = — 3, (5.11.5)

which differs from (5.11.4) only by the sign of i.

Asymptotic representations for the Bessel functions of the first and
second kinds can be deduced from formulas (5.11.4-5) and the relations
(5.6.1). Thus we find that2°

Ju2) = (l)m cos (z — dvm — %n)[};::o (= D¥(v, 2k)(22)~%* + O(IZ(—Zn—Z):I

Tz

9\112
- (E) sin (z — dvit — 4m)

X [kzn:o(_l)k(\', 2k + 1)(2z)~ %1 4 0(|zl—2n—3)]’
largz] < = — 3, (5.11.6)

1% G. N. Watson, op. cit., p. 196.
20 In (5.11.6-8) the integer n need not be the same in both sums.
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and

Y.(2) = (T%Z)l/z cos (z — v — 4n)

+ (é)m sin (z — v — %n)[g"o (= 1)y, 20)(22)-%* + 0([2[‘2"‘2)],
largz| < = — 8. (5.11.7)

Similarly, asymptotic formulas for the Bessel functions of imaginary argu-
ment can be derived from the integral representations (5.10.22, 24), or else by
using the relations given in Sec. 5.7, in conjunction with formulas (5.11.4-5).
In this way, we find that

1) = @) | 3 (=15, D + 0(1z] )

n

+ e nmn) e 3, R + o(lz|=-»):

k=0

largz| < ™ - 3, (5.11.8)

and

K(2) = (i"-)” e-z[éo (v, K)(22)-* + 0(|z|)-n-1], largz| < = — 8,
(5.11.9)

where in (5.11.8) we choose the plus sign if Im z > 0 and the minus sign if
Im z < 0. The second term in (5.11.8) will be small if |arg z| < = — 8, and
then

1) = eZ(znzr“z[i (=¥, K™ + 0(z) )|+ Jargz| < 5 = 8.
(5.11.10)

The divergent series obtained by formally setting n = oo in each of the
formulas (5.11.4-10) is the asymptotic series (see Sec. 1.4) of the function
appearing in the left-hand side.

The method used here to derive asymptotic expansions gives only the
order of magnitude of the remainder term r,(z), and does not furnish more
exact information about the size of |r,(z)|. With suitable assumptions con-
cerning z and v, the considerations given above can be modified to yield
much more exact results. For example, it can be shown?! that if z and v are

21 G. N. Watson, op. cit., p. 206.
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positive real numbers, and if # is so large that 2n > v — 4, then the remainder
in the asymptotic expansion of J,(z) or Y,(z) is smaller in absolute value than
the first neglected term, while the same is true of the asymptotic expansion of
K@ifnzv -3

5.12. Addition Theorems for the Cylinder Functions

Given an arbitrary triangle with sides ry, r; and R, let 8 and ¢ be the angles
opposite the sides R and r,, respectively (see Figure 16), so that

. r.
R=V7r?+7ri—2rrycos8, siny = 2sin6.

R
By an addition theorem for cylinder functions we mean an identity of the form
Z,(\R) = fi(r1, 12, 8) D D () ¥ I(Ar5)O(6), (5.12.1)

(m}

where A is an arbitrary complex number with |arg A| < = (for integral v, this
condition can be dropped), and m ranges

over some set of indices. Formula

(5.12.1) is an expansion of the general

" d cylinder function Z,(AR) in a series
whose terms are obtained by multiply-
8 \ ing some function fi(r1, r,, 0), which is
r7 independent of the summation index
m, by three factors, each of which de-

FIGURE 16

pends on only one of the variables ry,
rq, 6.

Formulas of this kind play an important role in the applications, espe-
cially in mathematical physics. The simplest such formula is the following
addition theorem for the Bessel function of the first kind of order zero:

JOR) = S T0r)luraen
SRl (5.12.2)

JoAr)Jo(rg) + 2 > Ju(Wr)Tu(hr2) cos m6.

It

1

To prove (5.12.2), we first note that

J(2) = %L ehat=t"Vp=n-lg  p =0, +1, +2,... (5.12.3)

where C is an arbitrary closed contour surrounding the point ¢ = 0.22 Intro-
ducing a new variable of integration u by writing
e —r,

t=2 2y
R

22 Formula (5.12.3) is a special case of (5.10.7) and can be proved immediately by
using residues, after recalling the expansion (5.3.4).
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and using the fact that

R? = (r1€® — ry)(rie™" — ry),
we have

1 Ar 1 Ar du
Jo(AR) = fn—ifc exp[ 21 (ue”’ — W) - 72 (u - 1_4)] >

where the integration is along a contour C’ resembling C. Moreover, accord-
ing to (5.3.4),

Ar 1 9 1 — S ime, m
exp[T (ue - ue"")] = mz_w Ju(hry)emeym, (5.12.4)

where the convergence is uniform in # on the contour C’. Therefore, sub-
stituting (5.12.4) into (5.12.3) and integrating term by term, we find that

z mO‘rl)elme %J‘ exp[— )% (u — 5)] u™ 1 du
o

= > B oa(—hem = L) nOre,

m=— o m=—c

Jo(AR)

t

which proves (5.12.2).

We now give two generalizations of formula (5.12.2) to the case of Bessel
functions of arbitrary order v, referring the reader elsewhere for proofs.23
The first generalization is of the form?24

LOR SO S Ora(ry) SO0

sinvg & sin m6’ (3-12.3)

where ¢ is shown in Figure 16, and r, > r; if v is nonintegral (for integral v,
this restriction can be dropped, i.e., r; and r, can be interchanged). The
second generalization of (5.12.2) is given by the formula

AR) v v+m A 1 Jv+m()‘ 2) v
DAL= 2T0) 3 o+ m ee2l0en0r) ¢y (aos )

v#£0, -1, =2,..., (5.12.6)

where r; and r, are arbitrary. Here the functions Cy(x),m = 0,1, 2, ...,
known as the Gegenbauer polynomials, are defined as the coefficients in the
expansion

(1 -2tx + )™V = > Cxm, (5.12.7)
m=0

[so that the function on the left is the generating function of the polynomials
C(x)], and have the following explicit expressions:

v — S kym — 2k F(V +m— k) 2K
Ch(x) = k; (=12 m (5.12.8)

23 G. N. Watson, op. cit., Chap. 11.
2¢ Formula (5.12.5) is an abbreviated way of writing two formulas, one involving

cosines in both sides, the other sines.
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[Cy(x) = 1]. Forv =% the expansion (5.12.7) reduces to formula (4.2.3),
and then the Gegenbauer polynomials coincide with the Legendre poly-
nomials:

CL2(x) = P(x). (5.12.9)
For v = 0 we have
Ci(x) = 0, m=12,...,

but the product I'(v)Cy(x) approaches a finite limit as v — 0:
lim I'()(v + m)Ci(x) = 2 cos (m arc cos x), m=12,... (512.10)
v-0

Therefore both formulas (5.12.5-6) reduce to (5.12.2) in the limit v — 0.
For cylinder functions of other kinds, we have similar addition theorems,
among which we cite the following:

cos mb

oo (5121D)

cos <
Z0R) <8 jjj = D ZeunOr )

TR = 27O 3 6+ m Zlpesil) 03 cos), (121

LR ™ = S (1L, )

sinvg & sin m0’ (.12.13)

IV )\R v < m Iv+m)‘21v+m)‘1 v
(x( R)v) = 2T() mzo(—l) v + m) (gr: )3(»1)5 1) v (cos ), (5.12.14)

cos mb

cosvj
sin mo’

cinvg = (5.12.15)

S KewnlrlaOry)

m= —w

K,(AR)

Kv()\R) v < Kv + m()‘rZ)Iv + m()‘rl) v
R " 2T() "Zo(v + m) CEATCYA Cy (cos 6). (5.12.16)
In formulas (5.12.11-13, 15-16), it is assumed that r, > r; unless v is an
integer or Z, ., = Jy 1 in (5.12.12).

An important special case of these addition theorems, encountered in
mathematical physics, occurs when v = 4. The formulas corresponding to
this case are easily obtained by using (5.12.9), together with the results of
Sec. 5.8.%°

5.13. Zeros of the Cylinder Functions

In solving many applied problems, one needs information about the loca-
tion of the zeros of cylinder functions in the complex plane, and in particular,

25 G. N. Watson, op. cit., p. 368.
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one must be able to make approximate calculations of the values of these
zeros. Here we cite without proof some important results along these lines.?8
We begin by considering the distribution of zeros of the Bessel functions of
the first kind, i.e., roots of the equation

J(2) = 0. (5.13.1)

Theorem 1 deals with the case of nonnegative integral v, and Theorem 2 with
the case of arbitrary real v:

THEOREM 1. The function J,(z),n = 0, 1,2, ... has no complex zeros,
and has an infinite number of real zeros symmetrically located with respect
to the point z = 0, which is itself a zero if n > 0. All the zeros of J,(z) are
simple, except the point z = 0, which is a zero of order n if n > 0.

THEOREM 2. Let v be an arbitrary real number, and suppose that
larg z| < . Then the function J(z) has an infinite number of positive real
zeros, and a finite number 2N(v) of conjugate complex zeros, where

1. NW) =0ifv> —lorv=—-1,-2,...;

2. NW=mif—-m+1)<v< —m m=12...

(In the second case, if [ —V] is odd, there is a pair of purely imaginary zeros
among the conjugate complex zeros.) Moreover, all the zeros are simple,
except possibly the zero at the point z = 0,

The following generalization of equation (5.13.1) is often encountered in
mathematical physics (4 and B are real):

AJ(z) + BzJ(z) = 0, v > —1, larg z| < m. (5.13.2)

It can be shown that this equation has infinitely many positive real roots and
no complex roots, unless

% + v <0,
in which case (5.13.2) also has two purely imaginary roots.2’

The distribution of zeros of the function I(z) can be deduced from
Theorem 2 and the relations of Sec. 5.7. In particular, it should be noted that
all the zeros of I,(z) are purely imaginary if v > —1. Ifvis real, Macdonald’s
function K,(z) has no zeros in the region |arg z| < w/2. In the rest of the
z-plane cut along the segment [ — oo, 0], K,(z) has a finite number of zeros.2®

2% The problem of the distribution of the zeros of cylinder functions is also of con-
siderable theoretical interest, but lies outside the scope of this book. We again refer the
reader interested in details to the specialized literature, e.g., Chap. 15 of Watson’s
treatise. It should be noted that some of the results on zeros of cylinder functions can
be derived by arguments of a completely elementary character.

27 G. N. Watson, op. cit., p. 482.

28 Ibid., p. 511.
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To make approximate calculations of the roots of equations involving
cylinder functions, one can use the method of successive approximations,
where in many cases a good first approximation is given by the roots of the
equations obtained when the cylinder functions are replaced by their asymp-
totic representations.

5.14. Expansions in Series and Integrals Involving
Cylinder Functions

In mathematical physics, it is often necessary to expand a given function
in terms of cylinder functions, where the form of the expansion depends on
the specific nature of the problem (see Secs. 6.3-6.7). We now consider the
most important of these expansions, whose role in various problems involving
cylinder functions resembles that of Fourier series and Fourier integrals in
problems involving trigonometric functions. Foremost among such expan-
sions are series of the form

< r
0 =3 chv(xv,,, 5), O<r<a v> -4 (5141
where f(r) is a given real function defined in the interval (0, a), J(x) is a
Bessel function of the first kind of real order v > —$, and

O<xy < <Xy < v o

are the positive roots of the equation Jy(x) = 0. The expansion coefficients
¢, can be determined by using an orthogonality property of the system of
functions

Jv(xv,,, 5) m=12..., (5.14.2)

which is proved as follows: Let « and B be distinct nonzero real numbers, and
let

”n 1 ’ 2 V2 ” 1 7 2 V2
ua+—rua+oc—r—2ua=0, ug+—rug+(3—;§u5=0
’
be the equations satisfied by the functions u, = J(ar) and uy; = J(Br).

Subtracting the second equation multiplied by ru, from the first equation
multiplied by ru,, and integrating the result from 0 to a, we find that

e a
(«* — 8% L rugug dr = r(ugy — Ugly) J

which implies

fa 1T () J(Br) dr = “BJV(“a)J\j(B:z : g:Jv(Ba)J\j(aa) (5.14.3)
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if v > —1. Setting « = x,,/a, B = x,,/a in (5.14.3), we obtain the formula
f " (xv,,, )Jv(xvn f) dr=0 if m#n, (5.14.4)
o a a

which shows that the system (5.14.2) is orthogonal with weight r on the

interval [0, a] (see Sec. 4.1).
Taking the limit of (5.14.3) as B — «, with the aid of L’Hospital’s rule,
and using Bessel’s equation to eliminate J;, we find that?®

2
f rI3ar) dr = & [J’z(oca) + ( - a;—az)Jf(oca)], (5.14.5)
o
or, using the relations (5.3.5),
2
[ w3 o) ar - & Foe) = & ). (5.14.6)
0

Then, assuming that an expansion of the form (5.14.1) is possible, multiplying
by rJ(x,» r/a) and integrating term by term from O to a, we obtain the fol-
lowing formal values of the coefficients c,,:

2 @ r
on = s | PO rm D) m= L2 (14D)

The series (5.14.1), with coefficients calculated from (5.14.7), is called the

Fourier-Bessel series of the function f(r).
We now cite a theorem which gives conditions under which the Fourier-

Bessel series of the function f(r) actually converges and has the sum f(r):

THEOREM 3.3° Suppose the real function f(r) is piecewise continuous in
(0, @) and of bounded variation in every subinterval [ry, r,),%' where
0 < ry < ry < a. Then, if the integral

foa AV

is finite, the Fourier-Bessel series (5.14.1) converges to f(r) at every con-
tinuity point of f(r), and to

S+ 0) + 1 - 0)]

at every discontinuity point of f(r).
Next, we consider an important generalization of the concept of a
Fourier-Bessel series. Suppose the function f(r) is expanded in a series of the
form (5.14.1), where this time the numbers

O <Xy < - < Xy <+
2% The details are given in G. P. Tolstov, op. cit., p. 218.

30 For the proof, see G. N. Watson, op. cit., p. 591.
31 Concerning functions of bounded variation, see E. C. Titchmarsh, op. cit., p. 355.
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are the roots of the equation
AJ(x) + BxJ)(x) = 0, (5.14.8)

instead of the equation J,(x) = 0. Then it is an immediate consequence of
formulas (5.14.3, 5, 8) that

" ; . 0 if m#n,
viAvm T Iyl Avn dr = 2 2 .
fo & (x a)" (x a) ’ %[J;Z(xvn) + (1 - ;vz—)./?(xvn)] it m=n,

(5.14.9)

and therefore the coefficients ¢,, are now given by

2 a r
R 5 E N g T3 £ ) f SO 2) dr. (5.14.10)

The series (5.14.1), with coefficients calculated from (5.14.10), is called the
Dini series®? of the function f(r). If f(r) satisfies the conditions of Theorem 3,
and if AB~! + v > 0, then the Dini series of f(r) actually converges to f(r) at
every continuity point.®® Both Fourier-Bessel series and Dini series play an
important role in problems of mathematical physics, and examples of such
expansions will be given in Secs. 6.3 and 6.7.

We now turn to expansions of a function f(r) defined in the infinite
interval (0, c0), in terms of integrals involving Bessel functions. Among such
expansions, the one of greatest practical importance is the Fourier-Bessel
integral, defined by

1) = f ML) d f Tl fe)de, O <r<o, v> —}
(5.14.11)

Formula (5.14.11) is sometimes called Hankel’s integral theorem, and is valid
at every continuity point of f(r) provided that

1. The function f{r), defined in the infinite interval (0, o), is piecewise
continuous and of bounded variation in every finite subinterval
[ry, ra], where 0 < r; < 1y < 0

2. The integral

f:’ VELf()| dr

is finite.34

32 Called a Fourier-Bessel series of the second type in G. P. Tolstov, op. cit., p. 237.

33 For the proof, see G. N. Watson, op. cit., p. 596 ff., where one will also find the
modifications that must be made in the Dini series if AB=* + v < 0.

3¢ For the proof, see G. N. Watson, op. cit., p. 456 ff. At discontinuity points, the
integral in the right-hand side of (5.4.11) equals

I+ 0) + fr - O
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As examples of Fourier-Bessel integrals, consider the expansions

ﬁ = fo e‘“z'Jo(kr) dx, (51412)
i G — v
— ~12]YAZ + 52 0 .14.1
V% 12 fo ¢ VN k 3 (5.14.13)

(with real z and r), implied by formulas (5.15.1, 7) below.

The author has studied another integral expansion of a completely different
type, involving integration with respect to the order of the cylinder function.®®
This expansion, which turns out to be very useful in solving certain problems
of mathematical physics (see Secs. 6.5-6) is of the form

f(x)=$ f - ”(")d f 15 ”(é)da, x>0, (514.14)

where K, (x) is Macdonald’s function of imaginary order v = it. Formula
(5.14.14) is valid at every continuity point of f(x) provided that

1. The function f(x), defined in the infinite interval (0, o), is piecewise
continuous and of bounded variation in every finite subinterval
[x1,x5], where 0 < x; < x5 < 0}

2. The integrals

fllz L ()]x 72 log ~ dx, f C 1 )dx (5.14.15)
0 X 12
are finite.

Example. An expansion of this type is3®

 Vye-xoosa _ 2 [ zsinh ot Kin(x)
f) = Ve _—f ey SNCRTALY

5.15. Definite Integrals Involving Cylinder Functions

In the applications, it is often necessary to evaluate integrals involving
cylinder functions in combination with various elementary functions or special

35 N. N. Lebedev, Sur une formule d’inversion, Dokl. Akad. Nauk SSSR, 52, 655
(1946); Expansion of an arbitrary function in an integral with respect to cylinder functions
of imaginary order and argument (in Russian), Prikl. Mat. Mekh., 13, 465 (1949); Some
Integral Transformations of Mathematical Physics (in Russian), Dissertation, Izd.
Leningrad. Gos. Univ. (1951). At discontinuity points, the integral in the right-hand side
of (5.14.14) equals

Hfx + 0) + f(x — O

36 To derive (5.14.16), use (5.14.14) and the Bateman Manuscript Project, Tables of

Integral Transforms, Vol. 1, formula (24), p. 197.
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functions of other kinds. Such integrals are usually evaluated by replacing
the cylinder function by a series or by a suitable integral representation, and
then reversing the order in which the operations are carried out. Since an
extremely detailed treatment of this whole topic is available in the literature,3”
we confine ourselves here to a few examples which illustrate the method and
lead to some results needed later in the book.

Example 1. Evaluate the integral
f e~ *J(bx) dx, a>0 b>0.
0
Replacing Jy(bx) by its integral representation (5.10.8), we find that

© ) /2
f e~ Jy(bx) dx = f e % dx gf cos (bx sin ¢) do
0 0 TJo

2 w2 © .
= ;f deo f e~ % cos (bx sin ¢) dx

2 J‘ __ade
a® + b?sin’ ¢
where the absolute convergence of the double integral justifies reversing the
order of integration. Evaluating the last integral, we have
_t
Va® + b?

Example 2. Evaluate Weber’s integral

. a>0, b>0. (5151

fewm@na=
0

f e_azxzjv(bx)xv+1 dx, a> 0’ b>0, Rev> -1
0

Replacing J,(bx) by its series expansion (5.3.2) and integrating term by term,
we find that
s (_ l)k(bx/z)v+2k

® —a222 vl — ° —a2x? v+ 1 N S NEI RS
L e J(bx)x'+! dx fo e x dx;::O KT +v + D)

i _—l)k. (b)V+2k Jm e_a2x2X2V+2k+ldX
k=0 k'F(k + v+ 1) 0
_ © _l)k b\ V+2k 1 © .
- Z 'F(k + v + 1)( ) 2a2v+2k+2J; et dt
b ( b2/4a2)k
(2a2)v+1 z

37 G. N. Watson, op. cit., Chaps. 12-13, the Bateman Manuscript Project, Higher
Transcendental Functions, Vol. 2, Chap. 7, and ibid., Tables of Integral Transforms,
Vols. 1, 2. See also F. Oberhettinger, Tabellen zur Fourier Transformation, Springer-
Verlag, Berlin (1957).
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where reversing the order of integration and summation is again justified by
an absolute convergence argument. Summing the last series, we have

«© bv
—a2x2 v+1 — —b2/4a2
fo e Jbx)xV* 1t dx Gy e )

a>0,b>0 Rev> —1.

(5.15.2)

Example 3. Evaluate the integral
@© xv+1Jv(bx)

o ZFap
often encountered in the applications. First we replace the function
(x? + a*~*~1 by an integral of the type (1.5.1), i.e.,

1 @
— —(x2 +a2)tn —
Erar T e D), e tdt, Rep > —1, (5.15.3)

assuming temporarily that —1 < Rev < 2 Re p + £ (this guarantees abso-
lute convergence of the relevant double integral). Then, using (5.15.2) and
the integral representation (5.10.25) of Macdonald’s function, we find that

a>0, b>0, —1 <Rev<2Rep+3%,

®  xv*1J(bx) _ 1 ° J-m o e
owdx—mf ereindr | em b dx

f —a2t-(b2/4t) __ 7 dt
2v+1F(“ + 1) tv+1 '
= __.—bva2V > ® e—u—[(ab)2/4u]_du_
2V+1F((.L+ 1) o uv—u+1
av—ubu
Y RGO

The extension of this result to values of the parameter p. satisfying the weaker
condition —1 < Rev < 2 Rep + 2 is accomplished by using the principle
of analytic continuation. Thus we have

XYL (bx) a’ b+
f (x% + gt dx 2“I‘( + 1 Ky -ulab), (5.15.4)
a>0,b>0, —1 <Rev<2Reu+32
In particular, setting u = —%, v = 0 and using (5.8.5), we obtain the integral
xJo(bx) e~
f S =S az0 b>0 (5.15.5)

Example 4. Evaluate the integral

K (aVx® ¥ 19
J, R

a>0, b>0, y>0, Rev> —1,
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which also has numerous applications to mathematical physics. Using the
integral representation (5.10.25) and formula (5.15.2), we find that

K (a\/ x2 + y?) v

I i by d
13 © w

D o

ab’- ® —t—(a2y2/48) ¢ dt © —a2x2/4t +1
e tT@tVHAD — e J(bx)x"*1 dx
[

TR o T
- -2v-2 ® — (1 +b2/a2)-(a2y?/4t) dt
= QV-Hgh—2v-2py e Y P
o t
Vi
2 b (2 + bz)u v~ 1f e—u—[y2<a2+b2>/4u1 f__i‘v
° u

b ( Va? + b2
a7
By choosing various values of the parameters in the identity

f K@V’ + ),
(x +y2)ul2

-v—1
)7 K VEE D,

2 V- 1
J(bx)x*+  dx = - (\/a y+b )“ Koo 1(y\/az B9,

a>0, b>0, y>0, Rev> —1, (5156)

we can derive a number of useful formulas encountered in the applications.
For example, setting o = 4, v = 0, we have

-avx2 +y2 —yvaZ + b2

J bx)x dx = ——
obx)x Va® + b2

@

e

Y (5.15.7)

5.16. Cylinder Functions of Nonnegative Argument and Order

We now collect some elementary and easily verified results pertaining to
the very important case of cylinder functions where both the argument x and
the order v are nonnegative real numbers:

1. Bessel functions of the first kind. For x > 0 and v > 0, the function

J(x) is real and bounded, and has an oscillatory character. Its be-

havior for small and large values of x is described by the asymptotic
formulas

Ju(x) ~

v

X
2T + v

J(x) ~ /%c cos (x — 4vr — Lin), X — oo.

x—0,

(5.16.1)
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JJ(x) has infinitely many zeros, including the point x = 0 if v > 0.
The graphs of J,(x) and Ji(x) are shown in Figure 17.

+1

L/1(X)

VATA S

0 5 10 15 20 25
Ficure 17
2. Bessel functions of the second kind. For x > 0 and v > 0, the function

Y.(x) is an oscillatory real function, which is bounded at infinity. Its
behavior for small and large values of x is described by the asymptotic

formulas
T
Yy & — znx(v”) x>0, v>0,
Yi(x) % :—xsin (x—dm— %), x>, (5162

Yo(x)  — %log% x—0,

which show, in particular, that Y,(x) - —o0 as x - 0.

3. Bessel functions of the third kind. For x > 0 and v > 0, the Hankei
functions H{P(x) and H{®(x) are conjugate complex functions, which
are bounded at infinity. Their behavior for small and large values of
x is described by the asymptotic formulas

HP(x) = ?i(z> E(l)’ x—>0, v>0,
x/ =
H®(x) » '*/wix e ix—Ypvn—Ym X — o0, (5.16.3)

.2, 2
HP(x) ~ +17—r10g)_c’ x—0,
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where the upper sign corresponds to the case p = 1, and the lower sign
to the case p = 2. Obviously, H{(x) — o as x — 0.

4. Bessel functions of imaginary argument. For x > O and v > 0, I(x) is
a positive function which increases monotonically as x — oo, while
K. (x) is a positive function which decreases monotonically as x — 00,38
For small x we have the asymptotic formulas

v

x
L(x) = TA 1) x—0,
v—1
K(x) ~ -Z—XPQ x>0, (5.16.4)
Ko(x) ~ log ;26, x —0,

and therefore
I(0) =0 ifv >0, I,(0) =1, K,(0) = .
The asymptotic behavior of these functions as x — oo is given by

ex
—

V2rx

I(x) =

X — 00,

- (5.16.5)
K(x) ~ A/%c e, X —> 00.

Clearly, neither function has any zeros for x > 0.

5.17. Airy Functions

The solutions of the second-order linear differential equation
W —zu=20 (5.17.1)

are called Airy functions. These functions are closely related to the cylinder
functions, and play an important role in the theory of asymptotic representa-
tions of various special functions arising as solutions of linear differential
equations.®® In particular, the Airy functions turn out to be useful in deriving
asymptotic representations of the cylinder functions for large values of |z]
and |v, valid in an extended region of values of z and v. The Airy functions
also have a variety of applications to mathematical physics, e.g., the theory
of diffraction of radio waves around the earth’s surface.*°

38 This fact about K,(x) follows from the integral representation (5.10.23).

3% See R. E. Langer, op. cit., T. M. Cherry, op. cit., and V. A. Fock, Tables of the
Airy Fuctions (in Russian), 1zd. Inform. Otdel. Nauchno-Issled. Inst., Moscow (1946).

%0 See V. A. Fock, Diffraction of Radio Waves Around the Earth’s Surface (in Rus-
sian), Izd. Akad. Nauk SSSR, Moscow (1946).
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We now present the rudiments of the theory of Airy functions. Choosing
a = — 1,y = 1 in the second of the equations (5.4.11-12), and using the re-
sults of Sec. 5.7, we find that the general solution of (5.17.1) can be expressed
in terms of Bessel functions of imaginary argument of order v = +4. In parti-
cular, two linearly independent solutions of (5.17.1) are

. 1/2 2 3/2 2 3/2
u=u = Aiz) = ZT [1—1/3(%) - 1113(—23—)]
1 z 1/2 223/2 27C
= ; (g) K1/3( 3 ) larg Zl < —3—’

. z\ 12 22812 27802 2n
u=u, = Bi(z) = (3) [1_1,3( 3 ) + 11,3( 3 )], larg z| < 3

(5.17.2)

called the Airy functions of the first and second kind, respectively. Replacing
1.3 by the series expansion (5.7.1), we obtain the expansions

© 3k+1

Alz) = Z 32k+%kvr(k+§) ,Zo 3H+ALT(k + 3)

[z] < oo,

23k+1

Bi(z) = 32 [2 Wm Z m], [z] < oo,
(5.17.3)

which show that the Airy functions are entire functions of z.
We can also write (5.17.3) in another, somewhat more concise form. For
example, the first expansion is equivalent to

sm[3 k + 1]

(k ;L z)r(’f_;iﬁ) (W)k lz] < 0. (5.17.4)

Ai(z) = 52— i

Using the “triplication formula” for the gamma function [Problem 4, formula
(), p. 14] we can transform (5.17.4) into

F(k 1 1)
. 3-218 & 3 3
Ai(z) = “— ,Zo I

It follows from (5.17.3) that the Airy functions Ai(z) and Bi(z) can be
defined as the solutions of equation (5.17.1) satisfying the initial conditions

sin 25 (k + 1)

(312, |z| < w. (5.17.5)

3 2/3 -4/3

43(0) = Ai(0) = r(z 4(0) = Ai(0) = —%@,
-5/6

o)

(5.17.6)

ug(0) = Bi(0) = uy(0) = Bi'(0) =

'I‘@’
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The Wronskian of this pair of solutions is

W{Ai(z), Bi(z)} = W{Ai(2), Bi(2)},00 = 7‘1c (5.17.7)

where we again use the triplication formula for the gamma function.** We
can also calculate (5.17.7) directly from (5.17.2) and (5.9.5).

Asymptotic representations of the Airy functions for large |z| can be
deduced from the corresponding results of Sec. 5.11. In particular, we have

Ai(z) = - “%E1 4+ 0(|z] 7%, larg z| < 3—; -3, (5.17.8)
Bi(z) = m~ 12z U451 + O(|z]~%2)], jargz] <5 - 8. (5.179)

It follows at once from (5.17.3), (5.7.1) and (5.3.2) that the Airy functions of

argument —z can be expressed in terms of Bessel functions of the first kind
of orderv = +3:

zi® 3/2 3/2 2

Ai(—z) = [J—1/3(3Z ) + J15(32°9), larg z| < 5~

3 (5.17.10)

. 12 2rn
Bi(~2) = () U-1(32%%) = JiaG2™),  Jargz] < -
Then, using the asymptotic representation (5.11.6), we find that

Ail(—x) & =~ 12x "¢ cos @xa’z - %), X —> 0,
(5.17.11)
Bi(—x) & — m~l2x Y4gin (% X3 — —), X — 00,
which shows that the Airy functions have an oscillatory character for large
negative values of the argument.

Finally, we note that the definition of Ai(x) and the integral representation
of Macdonald’s function given in Problem 6, formula (ii), p. 140, imply

1/2 3/2
Ailx) = 2" f cos (2x sinh y)cosh o4 dy, x > 0.
3n 0 3 3
After making the substitution
R S
sinh 3=3% ¢

this gives the following integral representation of Ai(x):

Ai(x) = }t fo cos (3 + xtydr, x>0.  (5.17.12)

41 For a proof of the first equality in (5.17.7), cf. E. A. Coddington, op. cit., Theorem
8, p. 113.
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A somewhat more complicated argument gives the following integral repre-
sentation of Bi(x): %2

Bi(x) = %fo [e~ %2+t 4 sin 32 + x)]dt, x = 0.

For an integral representation of [Ai(x)]?, see Problem 22, p. 142.

PROBLEMS

1. Derive the integral representation 3

Ji) = %f"

0

12 2
Jon(Rz cos 0) d6 = (= 1)* %f Jo(2z cos 0) cos 2n8 d6,

o

n=20,1,2,...
2. Derive the following formula involving products of Bessel functions:**

2
J.(2W2) = %J Ju+v(22 cos ) cos (u — v)0 db, Re(n +v) > —1.
o]

3. Prove that

J.(T(2)= %fﬂ Jo(V 22 + 22 — 222’ cos 6) cos n6 d6, n=012,...
0

Hint. Use the addition theorem (5.12.2).
4. Derive the integral representations

Jv(x)=%f sin(xcosht—%)coshvtdt, —1 <Rev<l, x>0,
o
2 (= v
Yv(x)z—;J cos(xcosht——z—)coshvtdt, -1 <Rev<l x>0.
0

Hint. Use formulas (5.10.14, 15).

5. Derive the formulas

1/2 pi(z— Yve—- 17 @ s v-1%
HP(2) = (%) ¢ - = etV =% (1 - —) ds,
T

T+ 1 J, 2iz
Rev > —14, —-g<argz<n,
2\1/2 e—t(2—~%vn-1/4n) © . s v-1%
@) = (=) 2 —sgv- % S
H(z) = (n'z) o + 9 ‘L e~ss z(1 + 35 ds,

Rev> -3, —n<argz<

TR

42 H, Jeffreys and B. S. Jeffreys, op. cit., p. 510.
43 G. N. Watson, op. cit., p. 32.
<4 Ibid., p. 150.



140  CYLINDER FUNCTIONS: THEORY CHAP. 5
6. Prove the following integral representations of Macdonald’s function:4®

VY ®
— —2coshit gimh2v _
K(2) = TG+ D) f e sinh? ¢ dt, Rez >0, Rev> —1,

2I'v + 1) cos xt .
K(x) = e f 01 oys dt, x>0, Rev> —1% (i)
K(x) = f cos (x sinh ¢) cosh vz d, x>0, |Rev| <1, (ii)
cos = 0

1/2 e *® © vt 1 %d
K@) = (22 T+ D Jo € * 3z 2 5

largz] <=, Rev> —1.
7. Prove the following formulas involving products of Macdonald functions :48

KOK(y) = 5 [ 7 et ewimng (2) &
[o]

= f Ko(Vx2 + 2 + 2xycosht)coshvedr, x>0, y >0,
0

T
2 sin vi

K(x)K(y) = J: " )Jo(\/ny cosh t — x — y2)sinh vt dt,
08 (UiZ.

x>0, y>0, [Rev] <1 (iii)

8. Derive the integral representation

I()K(y) = % o )Jo(\/2xy cosht — x2 — y2) e~V dt,
og (¥/z

x>0, y>0, Rev> —1.

9. Derive the integral representation

K (K (x) = f Ku_v(2x cosh %) cosh * ;" Yidi, x>0, y>O0.
0

10. Derive the following asymptotic representations for large values of the
order |v|:

(D) = %_ ev+vlog(z/2)—<v+‘/z)1ogv’ ]Vl — 00, [arg v[ <7 - 3§
T

2\ 12
K (x) =~ £r e~™2gin (T + tlogt — v — rlogf , T — 00,
T 4 2
(In the second formula, x is a fixed positive number.)

45 G, N. Watson, op. cit., 172, 183.
4% Concerning Problems 7-9, see ibid., p. 439. The most detailed investigation of

various integral representations of products of cylinder functions is due to A. L. Dixon
and W. L. Ferrar, Integrals for the product of two Bessel functions, Quart. J. Math. Oxford
Ser., 4, 193 (1933); Part 11, ibid., 4, 297 (1933).
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11. Prove the formulas
J(=x + i0) — J(—x — i0) = 2isin vr J\(x),
YA—x + i0) — Y (—x — i0) = 2i[J(x) cos vr + J_(x)],
HP(—x + i0) — HP(—x — i0) = —2[J_(x) + e V¥ (x)],
HP(—x + i0) — H?(—x — i0) = 2[J(x) + e"™"J(x)],

where x > 0, characterizing the behavior of the cylinder functions on the
cut [~ o0, 0].

12. Verify that
I(—=x + i0) — I(—x — i0) = 2isin vr [ (x),
K(—x +i0) — K(—x — i0) = —wmilI_(x) + L(x)],

where x > 0.
Comment. The formulas given in Problems 11-12 take a particularly

simple formifv=nn =0, + 1, + 2,...).

13. Verify the expansion
J‘ Jy (t) dr =2 Z Jv+2k+1(2), Rev > —1.
0 k=0
Hint. Use the recurrence relation (5.3.6) to show that both sides have the

same derivative.

14. Derive the recurrence relation

f tJ(ydt = 22T, 1(2) — (B — v — l)f U@ dt, Re(u + v) > —1.
]

0

Hint. Apply (5.3.5) in the form
rrr) = 210

and then integrate by parts.

15. Using the result of Problem 14, show that the evaluation of integrals of
the form

f mJ(f) dt, Rev> -1, m=0,1,2,...
0
reduces to the evaluation of the integral

f Joon(l) dt,

[

whose value was found in Problem 13.

Comment. If v= +(m—1), +(m — 3), +(m — 5),..., then the co-
efficient of the last integral vanishes, and the original integral can be
expressed in closed form in terms of Bessel functions.
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16. Verify the formula*?

1,(v +1 - pl)
f Ty e = 2 »  Rew>1% Re(v— > —1.
o Xx* oup (Y + 14+ ’
2
17. Verify the formula
VETE - a)
Ve T 5

18. Show that the Bessel function Jy(x) satisfies the following integral equal
tion:

f e %% J(bx) dx = Rev> -1, a>0, b>0.
[}

Jo(x) = %f ﬁ‘—g}l)uy)dy, 0<x <o
o

19. The integral Bessel function of order v is defined by the formula
Ji, (2) = f LI—"—EL)dt, Jarg z] < .

Show that Ji,(2) is an entire function of v and an analytic function of z in the
plane cut along the segment [— o, 0] (in fact, an entire function of z for
v= + 1, + 2...). Verify the formulas

vIifz) = v fit(—‘) dr — 1, (iv)

vJifz) = f Jo_i(dt — J() — 1, Rev > 0, |argz| < m.

0

Hint. Use the results of Problems 14 and 16.

20. Prove the following expansions of the integral Bessel functions:

) _ k, 2k
Jio(2) = loglzz Z (2111)&/32) ) |z] < ©, largz] <=
. _ 1 ® (= DE(z/2)2x +n B
Jin(2) = PR kzo Ok T kG T oV lz| < 0, n=12,...

Hint, Substitute (5.3.2) into Problem 19, formula (iv).

21. Derive the asymptotic formula

12 g _ _1
Tifx) & (n_Zx) sin (x i\m in)

22, Prove the integral representation
1
Aix2=—:fJ( t3+xt)tdt x=0
[Ai(x)] a3 0

for the square of the Airy function of the first kind.
Hint. Use Problem 7, formula (iii).

47 G. N. Watson, op. cit., p. 391.
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CYLINDER FUNCTIONS: APPLICATIONS

6.1. Introductory Remarks

As already noted in Sec. 5.1, the cylinder functions have a very wide
range of applications to physics and engineering, which cannot even be
touched upon in a book of this size. Instead, we confine ourselves to a dis-
cussion of a few selected problems of mathematical physics involving cylinder
functions,* where the selection has been made with the aim of illustrating
the application of the theory of Chapter 6. We are mainly concerned with
the solution of boundary value problems for various special domains. In
addition to several examples of an elementary character, we include some that
are more complicated, e.g., the Dirichlet problem for a wedge (see Sec. 6.5).

6.2. Separation of Variables in Cylindrical Coordinates

Consider the partial differential equation

2
L%g—t;—l + b 2—1: + cu, (6.2.1)
where V2 is the Laplacian (operator), ¢ is the time, and a, b, ¢ are given con-
stants. A variety of important differential equations occurring in mathe-
matical physics (e.g., in electrodynamics, the theory of vibrations, the theory
of heat conduction) are special cases of (6.2.1). The boundary conditions im-
posed on the function u often require the use of a system of cylindrical

Viu =

1 We assume that the reader has already encountered the simplest problems of this
type in a first course on mathematical physics.
143
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coordinates r, ¢, z, related to the rectangular coordinates x, y,z by the
formulas
xX=rcosg, y=rsing, z=z,
where
0<r<ow, —7w<ep<gLn, —00<KZI<WO

In cylindrical coordinates, equation (6.2.1) becomes

12/ ou 1224 w1 0% ou
r6r<?r)+r—25?+é?_21_25?5+b5+w’ (6.2.2)

and has infinitely many solutions of the form
u = R(NZ(2)P()T(1), (6.2.3)

where each of the functions on the right depends on only one variable. Sub-
stituting (6.2.3) into (6.2.2) and dividing by RZ®T, we obtain

1 d(dR, 1 d°® 1d°Z 1 d°T
Ed_r(’%)+r2_®2¢—2+2‘dz—2"c= (Zdzz +bT) (6.2.4)

Since the variables r, ¢, z and ¢ are independent, both sides of (6.2.4) must
equal a constant, which we denote by —x2. This leads to two equations

1d°T dT o
Sgm F O T =0 (6.2.5)
and
1 d( dR , . ld  1d%Z
k‘rd—r(’w)“ TR =Tz

The same reasoning shows that both sides of the last equation must equal a
constant, which this time we denote by — 2%, obtaining the equations

‘fjf O +)Z =0 (6.2.6)
and
L d{dR, . ,. o] _ 1d%
’[err( dr)+“ )]— a7

Again, both sides of the last equation must equal a constant, denoted by p2,
which implies

2
T w0 =0 627
and
1d( dR R T
14 (r 27) + (x + %7 — r—z)R ~ 0. (6.2.8)

The process just described is called separation of variables, and leads to
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infinitely many solutions of the form (6.2.3), depending on the parameters
%, A, 1, which can take real or complex values.?

Thus, determining the factors in the product (6.2.3) reduces to the rela-
tively simple problem of solving the ordinary differential equations (6.2.5-8).
The first three of these equations can be solved in terms of elementary func-
tions, but if we introduce a new variable proportional to r, the fourth equation
becomes Bessel’s equation, whose solutions involve cylinder functions. The
required solution of the given physical problem is obtained by superposition
of the particular solutions (6.2.3), where the specific conditions of the problem
dictate the choice of the parameters x, A, 1 and the corresponding solutions
of (6.2.5-8).

Finally, we call attention to two important special cases of equation
(6.2.1), obtained by making certain choices of the constants a,  and c¢:

1. Laplace’s equation V?u = 0 (corresponding to the choice a = b = ¢ =0).
This equation has particular solutions of the form

u = R(r)Z(z)P(yp), (6.2.9)
where
1d( dR s B,
;2;<ra7) + ()\ —;?)_R—-O,
(6.2.10)
d*Z d2o

T 327 = il 20 =
paa Z = 0, e + p 0.
In the special case where the conditions of the problem are such that
is independent of the angular coordinate ¢, we have

u = R(r)Z(z) (6.2.11)

where

2
) + MR = 0, % —NZ = 0. (6.2.12)

rar\"ar
2. Helmholtz’s equation V?u + k*u = 0 (corresponding to the choice
a=b=0, c= —k?. In this case, application of the method of

separation of variables leads to particular solutions of the form

ld(dR

u = R(nNZ(z)d(p), (6.2.13)
where
1d/( dR 2 _ ¥\ o
rdr(rw) + ()\ F)R—O’
77 220 (6.2.14)
44 _ 2 _ 12y7 — av 20 —
W k)Z=0 Z5+ =0

2 Without loss of generality, we can assume that each of the parameters %, A, i belongs

to an arbitrarily chosen half-plane, since changing the sign of », A, i does not affect the

‘““separation constants” —x?, —A2, u?
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6.3. The Boundary Value Problems of Potential Theory.
The Dirichlet Problem for a Cylinder

A function u = u(x, y, z) is said to be harmonic in a domain = if u and its
first and second partial derivatives with respect to x, y and z are continuous
and satisfy Laplace’s equation V24 = 0in =. Consider the problem of finding
a function u which is harmonic in ~ and satisfies one of the three boundary
conditions

dly = f, (6.3.12)
ou
LR (6.3.1b)
(g_: + hu) =f k>0, (6.3.1c)

where o is the boundary of r, fis a given function of a variable point of ¢,2
and 0/on denotes the derivative with respect to the exterior normal to o.
This problem is called the first boundary value problem of potential theory or
the Dirichlet problem if the boundary condition is of the form (6.3.1a), the
second boundary value problem of potential theory or the Neumann problem if
it is of the form (6.3.1b), and the third or mixed boundary value problem of
potential theory if it is of the form (6.3.1c). These problems play a very im-
portant role in mathematical physics.* We now consider the Dirichlet prob-
lem for the case where t is a cylinder of length / and radius a.

Let r, 9, z be a cylindrical coordinate system, with z-axis along the axis of
the cylinder and origin in one face of the cylinder (see Figure 18). To satisfy
the boundary condition (6.3.1a), we first solve two simpler problems cor-
responding to the boundary conditions

u]r=a = 0’ ulz=0 =f0’ ulz=l :ﬁ’ (6323)

ulyoo =F,  ul,_o=ul,., =0. (6.3.2b)

(In the first case, f vanishes on the lateral surface of the cylinder, and in the

second case, f vanishes on the ends of the cylinder.) Obviously, the sum of

the solutions satisfying the boundary conditions (6.3.2a) and (6.3.2b) will
then satisfy the more general boundary condition (6.3.1a).%

3 If f = 0, the boundary condition is said to be homogeneous, and otherwise inhomo-
geneous. Here it is assumed that « is continuous in the closed domain © + o (cf. Sec.
8.1).

¢ For a more detailed formulation of boundary value problems, and for conditions
guaranteeing the existence and uniqueness of solutions under various assumptions con-
cerning the domain v and the boundary function f, see the books by Frank and von Mises,
Tikhonov and Samarski, Courant and Hilbert, and Smirnov (Vol. IV), cited in the Biblio-
graphy on p. 300.

5 It should be noted that in many problems involving inhomogeneous boundary
conditions, repeated use of the superposition method leads to solutions of excessively
complicated form. This can often be avoided by using another method, due to G. A.
Grinberg. Selected Topics in the Mathematical Theory of Electric and Magnetic Phenomena
(in Russian), Izd. Akad. Nauk SSSR, Moscow (1948).
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For simplicity, we temporarily assume that the boundary conditions are
independent of the angular coordinate ¢, so that

fo=/folr),  fi=Sf(r), F=FQ2).
Then the solution « will also be independent of ¢, and therefore, according
to (6.2.11, 12) the particular solutions of Laplace’s equation take the form
u = R(r)Z(z), where R(r) and Z(z) satisfy the differential equations

Ld{ dR\ . .. A
;E("?z?)*“‘“o’ &2 _ ez _o. (6.3.3)

dz?
Solving these equations, we find that
R = AJ, (W) + BY,(nr), Z = Ccosh az + Dsinhaz, (6.3.4)

where Jo(x) and Yy(x) are Bessel functions of order
zero, of the first and second kinds, respectively. z
First we consider the boundary conditions (6.3.2a).
Since Jo(Ar) = 1, Yo(Ar) — oo as r— 0, and since the §>
solution R must satisfy the physical requirement of being
bounded on the axis of the cylinder, the constant B must T
equal zero. Then the homogeneous boundary condition /
becomes

AJ,(Aa) = 0,

and hence the admissible values of the parameter A are =5 T
A\, = x,/a, where the x, are the positive zeros of the

Bessel function Jo(x) [see Sec. 5.13]. Thus we obtain the FIGURE 18
following set of particular solutions of Laplace’s equation :

U=1u, = [M,, cosh (xn E) + N, sinh (x,l f)]Jo(x,, Z), n=12...
a a a
(6.3.5)

By superposition of these solutions, we can construct a solution of our
problem. In fact, suppose each of the functions fy(r) and fi(r) can be ex-
panded in a Fourier-Bessel series (see Sec. 5.14), i.e.,

50 = 3 foado(su ) S0 = 3 fuho(ml) 636)

where
2 @ r
fon = gz | OB(x L) p=0l (637)

Then the series

sinh (x,,l — Z)
a

sinh (x,, £)
a

sinh (x,, ‘—Zz) ;
_\'a Jo(x,, —), (6.3.8)
sinh (x,, —tl;) a

u= z fo.n +ﬁ.n
n=1
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whose terms are of the form (6.3.5), clearly satisfies both Laplace’s equation
and the boundary conditions (6.3.2a).5

Next we consider the boundary conditions (6.3.2b). In this case, we must
set C = 0 and choose

A= — n=12...

if the homogeneous boundary conditions are to be satisfied. Then the solu-
tions of (6.3.3) take the form

R = A10($) + BKO(”—’;’),

Z = Dsin (’-1-7;—2),

(6.3.9)

where Io(x) and Ky(x) are Bessel functions of imaginary argument (see Sec.
5.7). Since Ko(nrr/l) - oo as r — 0, we must also set B = 0. Therefore the
particular solutions of Laplace’s equation are now

w=u, = M,,Io(”T"’) sin (”—’l‘z) n=1,2...  (63.10)
Applying the superposition method just described,” we find that the solution
of Laplace’s equation satisfying the boundary conditions (6.3.2b) is given by
the series

u=» F,——sin - (6.3.11)

where the F, are the Fourier coefficients of F(z) in a series expansion with
respect to the functions sin (nrz/l):

!
F, = 13 f F&) sin 7 gz, (6.3.12)
0

Remark 1. The solution of the Neumann problem and the mixed prob-
lem, involving the boundary conditions (6.3.1b) and (6.3.1c), is obtained in
the same way, but now we must use Dini series (see Sec. 5.14) instead of
Fourier-Bessel series.

Remark 2. To generalize our results to the case of boundary conditions
involving the angular coordinate ¢, we construct particular solutions of the

¢ Here we have in mind formal solutions, whose validity needs subsequent verifica-
tion. A somewhat more rigorous point of view is adopted in Chap. 8 (cf. p. 208).
7 Often called the Fourier method, or the eigenfunction method.
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more general form (6.2.9), satisfying the equations (6.2.10). The values of the
parameter p. are now determined by imposing the continuity conditions

ou _ Ou

2 PR
This is equivalent to the physical requirement that the solutions be periodic
ing, and givesp = m(m = 0, 1, 2,...). The rest of the analysis differs only
slightly from that just given, and leads to the following particular solutions
of Laplace’s equation

(6.3.13)

qu,: —n = Ul

®=n

U= Uy, = [M,,m cosh(x,,m 5)4— N, sinh (x,,,,l E)] J,,,(x,,m I) cos me, (6.3.14)
a a a/l sin mo
"= Uy, = M,,mlm(@) sin 772 COS Mo, (6.3.15)
) [ sin mo

corresponding to (6.3.2a) and (6.3.2b), respectively, where the numbers
Xmn (M =0,1,2,...;n=1,2,...) denote the positive zeros of the Bessel
function J,(x). Then the boundary value problems are solved by super-
positions of these solutions in the form of double series, with coefficients ob-
tained by expanding the functions

fo'—‘fo(r,‘P)’ f,=ﬁ(r,<p), F=F(Z,<P)
in appropriate double series.

Example. Find the stationary distribution of temperature u in a cylinder of
length | and radius a, with one end held at temperature u,, while the rest of the
surface is held at temperature zero.

The desired solution is found at once from (6.3.8) by setting f, = u,,
1, = 0, and using (5.3.5) to evaluate the integral (6.3.7):

sinh (x,, L= Z) Jo(xn f)
a a

u=2u
° n§=:1 sinh (xn 1) anl(xn)
a

(6.3.16)

6.4 The Dirichlet Problem for a Domain Bounded by Two
Parallel Planes

Using the superposition method, we can also solve the boundary value
problems of potential theory for the domain consisting of the layer between
two parallel planes (see Figure 19). Let the boundary conditions be of the
form (6.3.1a), and consider the case of rotational symmetry, where the func-
tions f; and f; appearing in the conditions

Ul,eo =fo U= =N (6.4.1)
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depend only on the variable r. A function which is harmonic in the domain
0 < z < [ and satisfies the conditions (6.4.1) can be found by integration
with respect to A of the following particular solutions of Laplace’s equation:

u = u, = [M, cosh Az 4+ N, sinh Az]Jo(Ar), A= 0. (6.4.2)

In fact, assuming that each of the functions f, and f; can be represented as a
Fourier-Bessel integral (5.14.11), we find that the formal solution of the
problem is given by

u = f: o) [ fon ﬂ}sll—ﬁg—;li) + fi 2%%%] D, (643)
where
o = L OOy dr, =0, L. (6.4.4)
z
!
~ ,
FIGURE 19

The boundary value problem for the half-space z > 0 can be solved in
the same way. In fact, the solution turns out to be

u= on Mo(Ar)fre ™2 da,
0
where
fo= [ rroao a,

if the boundary condition is of the form

Ulz=o = f1r).

6.5. The Dirichlet Problem for a Wedge

In the case of a wedge-shaped domain, bounded by two intersecting planes
(see Figure 20), the boundary value problems of potential theory can also be
solved by the superposition method, with the help of cylinder functions. To
obtain a suitable set of particular solutions of Laplace’s equation VZu = 0,
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we introduce a cylindrical coordinate system whose z-axis coincides with the
line in which the two planes intersect, and we set

A = io, 0< o< o,

@ =it 0<t< 4
in the differential equations (6.2.10). Then,
according to Sec. 5.7, the solutions of
these equations become

R = Al(or) + BKu(or), v,

® = Ccosh ¢ + D sinh 7o, ®,

Z = Ecos oz + Fsin oz, 0 .
where [(x) and K,(x) are the Bessel FiGure 20
functions of imaginary argument, and
A, B, ..., F are arbitrary constants. Because of the asymptotic behavior of

the functions 7,.(cr) and K;.(or) as r — oo (see Sec. 5.11), we must set 4 = 0,
which leads to the following set of particular solutions:

COoS 6z
. s

sin ¢z (6.5.1)

0<o<ow, 0K 1< 00

U = Uy, = [M,.cosh ve + N,_.sinh 19]K,.(ar)

We now show how to use (6.5.1) to solve the Dirichlet problem for the
domain between the two planes ¢ = ¢, and ¢ = ¢,.% For simplicity, suppose
the functions f, = f,(r, z) appearing in the boundary conditions

Ulomo, =fo» P =12 (6.5.2)

are even functions of z, which implies that the same is true of the solution
u = u(r, ¢, z).° Assuming that each of the functions f, can be expanded in a
Fourier integral

fo=fir,2) = fo 2.(c, r) cos oz do, (6.5.3)
where 1©

g0, 1) = %f: fo(r, 2) cos 6z dz, (6.5.4)

8 It will be assumed that indices are assigned to @i, ¢, in such a way that the domain
under consideration corresponds to the interval ¢; < ¢ < .

® The case where the f, are odd functions of z is handled in the same way. Then the
solution in the general case is represented as the sum of the solutions of the two simpler
problems with the following even and odd boundary conditions:

“lw=«op = 4folr, 2) £ fo(r, —2)).
1 G. P. Tolstov, op. cit., p. 190.
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we try to represent the solution of our problem as a double integral
© © inh —
U= f cos oz do f [Gl(c, 7) sinh (¢, — @)v
o

sinh -
0 (2 @7 (6.5.5)

sinh (¢ — %)T]
+Gy(o, 7) Snh (95 — 0,0 K (or) dr,

formed by integrating solutions of the type (6.5.1) with respect to the para-
meters ¢ and . Clearly, the functions G,(s, t) must satisfy the relation

g0, 1) = f " Gy(o, DKulor)dr, 0 <r < o0, (6.5.6)
[}

and hence are the coefficients of the functions g,(s, r), expanded as integrals
with respect to the function Kj,(cr).

In some cases, we can use formula (5.14.14) to find the functions G (o, 7).
In fact, if we write

x=or, E=op Vxf(x)=gl,n)
(5.14.14) becomes

(o, r) = n—zz fo + Ko (or) sinh ot d= fo 2, o) %"P) do.  (6:5.7)

The expansion theorem (6.5.7) is valid if g(o, r), regarded as a function of r,
is piecewise continuous and of bounded variation in every finite subinterval
[ry, o), where O < r; < ry < o0, and if the integrals

1/2 @
f lg(o, r)|r~tlog ! dr, f lg(s, lr~Y2 dr (6.5.8)
0 r 1/2

are finite [cf. (5.14.15)]. Provided that the functions g,(s, r) has these
properties, a comparison of (6.5.6) and (6.5.7) shows that

Gy, 7) = % T sinh nrf g,(o, 1) w dr, (6.5.9)
0

and then (6.5.5) gives a formal solution of the problem. However, it often
happens that the first of the integrals (6.5.8) is not finite, since g,(c, r)
generally approaches a nonzero limit g,(c, 0) as r — 0. To avoid this diffi-
culty, we introduce the modified functions

g2(0, 1) = g0, 1) — (0, 0", p=12, (6.5.10)

and assume, as is usually the case in physical problems, that the conditions
for applying formula (6.5.7) are satisfied by g¥(o, r). We then have

g¥(o, r) = fo * G¥(o, ¥)Ku(or) dr, (6.5.11)
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where
G¥, ©) = 22 + sinh v f g*(s, r) Kelor) K"("’) dr. (6.5.12)
On the other hand, it is easy to prove the formula*!
7% f: Ki(x)dz = "%, x>0, (6.5.13)
which implies
g,(c, 0)e=o" = % 2,(c, 0) L ® Ki(or) dr. (6.5.14)

Adding (6.5.11) and (6.5.14), we find the desired representation of g,(c, r)
as an integral with respect to K;.(or). Comparing the result with (6.5.6), we
finally obtain

G,(s, ) = G¥(s, 7) + T%gp(c, 0). (6.5.15)

and then the solution is given by (6.5.5), as before.

6.6. The Field of a Point Charge near the Edge of a
Conducting Sheet

We now illustrate the method developed in the preceding section, by
finding the electrostatic field due to a point charge g located near the straight
line edge of a thin conducting sheet held at zero potential. To avoid com-
plicating the calculations, we assume that the charge ¢ is at a point 4 in the
same plane as the conducting sheet. Choosing a coordinate system whose
z-axis coincides with the edge of the sheet and whose x-axis passes through
the point 4 (see Figure 21), we represent the potential ¢ of the electrostatic
field as the sum of the potential ¢, due to the source and the potential ¥ due
to the induced charges:

q
= + u’ =3 * 6.6.1
v=to bo Vr? + a® + 2arcos ¢ + 22 ©6.D)

Then the problem reduces to the special case of the general problem of Sec.
6.5 which corresponds to the following choice of angles and boundary condi-
tions:

P = Oa Qo = 27:5 fl(r’ Z) =f2(r’ Z) = - . (662)

9
V{r + a? + 22

11 Use (5.10.23) to expand the function e ~* °°2 * in a Fourier integral with respect
to cos T, obtaining

2 «©
g ¥ o8k — = Ki(x) cos T d, x>0,
0

and then set o = 0.



154  CYLINDER FUNCTIONS: APPLICATIONS CHAP. 6

y

4 4:0
| —— x
” 0
FIGURE 21

Using the integral representation given in Problem 6, formula (i), p. 140,
we find that

. CoSs 6z - 2_q
8o, 1) = f V7 o dz — Kolo(r + @)], (6.63)

where Ko(x) is Macdonald’s function. In the present case,
2
2,0, 0) = — 2 Ko(oa),

and hence, according to the method of Sec. 6.5, we must first determine the
quantity

G, %) = — %‘g * sinh 7z f * Kolotr + “)]r_ Ko(0)e™ o (or)dr. (6.6.4)
[}

Since the evaluation of the integral in (6.6.4) is quite complicated, we omit the
details and merely give the final result:

GE (0,9) = 2 [Ky(aa) — Kiloa)] (6.6.5)
Substituting (6.6.5) into (6.5.15), we obtain
Gy(5,7) = — 2 Ki(oa), (6.6.6)
and then formula (6.5.5) gives

_ 4 [” ® cosh (t — @)t .
u= n.zfo cos oz do fo OO K (oa)Ka(or) dr. (66.7)

The integral in (6.6.7) can be expressed in closed form in terms of ele-
mentary functions, and the final result of the calculations turns out to be

q
Vr? + a® + 2ar cos ¢ + 22

u=—

(6.6.8)

2Var sin o )

x(l - garctan
T V'r? + a® + 2arcos ¢ + 22
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(we omit the details).*? It follows from (6.6.8) that

2q arc tan 24 ar sin 1o

nVr? + a® + 2ar cos ¢ + 72 VT ¥ a® § 2arcos ¢ + 22

(6.6.9)

§ =

Finally, we observe that the surface charge density on the sheet is given by
the quantity*3

q a 1

1 o ___~/“_—'
om0 2N r(r 4+ a)? + 22

T B (6.6.10)

6.7. Cooling of a Heated Cylinder

As an example of the application of cylinder functions to the nonstation-
ary problems of mathematical physics, we now consider the problem of the
cooling of an infinitely long cylinder of radius a, heated to the temperature
uo = f(r) [r is the distance from the axis] and radiating heat into the sur-
rounding medium at zero temperature. From a mathematical point of view,
the problem reduces to solving the equation of heat conduction

CPZ—': — kv, 6.7.1)

subject to the boundary condition

ou
(E + hu) =0 6.7.2)
and the initial condition
Ulp=o = uy = f(r) (6.7.3)

where k, ¢, p, »and 4 = A\/k have the same meaning as in Sec. 2.6. Separating
variables in (6.7.1) by writing ¥ = R(r)T(¢), we find the equations

ar ., 1d ( dR
b'd_t+XT—0, 7@()‘;

where —x»? is the separation constant and b = cp/k, with solutions

)+x2R=O,

R = AJy(xr) + BYy(xr), T = Ce™*°th,
12 Tt should be noted that in the present case, the formula
Ki[o(r + a)] = T% fo Ki(ca)K;(or) dx

allows us to derive the solution (6.6.7) without recourse to the general method of expan-
sion as an integral with respect to the functions Ki.(or). To obtain this formula, set
¢ = = in formula (42), p. 55 of the Bateman Manuscript Project, Higher Transcendental
Functions, Vol. 2.

13 G. Joos, op. cit., p. 267.
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Since Jo(xr) — 1, Yo(xr) — oo as r — 0, and since R must satisfy the physical
requirement of being bounded on the axis of the cylinder, the constant B
must equal zero.

It follows from (6.7.2) that the parameter » must satisfy the equation

hJy(xa) — xJi(xa) = 0. (6.7.4)
If we write x = xa, then (6.7.4) becomes
halo(x) — xJ,(x) = 0, (6.7.5)

which has only real roots, symmetrically located with respect to the origin
(see Sec. 5.13). Let0 < x; <--- < X, < --- be the positive roots of equation
(6.7.5). Then the admissible values of the parameter x are x, = x,/a, and
hence the appropriate set of particular solutions of (6.7.1) is

u=u, = M,,Jo(xn g) —xptia®t n=12...
Superposition of these solutions gives
w= > Mooz, e, (6.7.6)
n=1

where, because of the initial condition (6.7.3), the coefficients M, must be
chosen to satisfy the relation

flry= z M Jo(x,, ) O0<r<a 6.7.7)

This is just the problem of expanding f(r) in a Dini series, which can be solved
by using formulas (5.14.9-10). Thus we have

Me = ey G )y 7%l g) (©.7.8)

and the solution of our heat conduction problem is given by the series (6.7.6),
with these values of the coefficients.

6.8 Diffraction by a Cylinder

Finally, we give an example illustrating the application of Bessel functions
of the third kind. Consider the diffraction of a plane electromagnetic wave
by an infinite conducting cylinder of radius a. Let (r, ¢, z) be a system of
cylindrical coordinates such that the z-axis coincides with the axis of the
cylinder and the angle ¢ is measured from the direction of propagation of the
incident wave. We assume that the time dependence is described by the
factor !, where w is the angular frequency of the incident radiation, and
that the electric vector of the incident wave is parallel to the axis of the
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cylinder. Then the problem reduces to finding the complex amplitude of the
secondary field E satisfying Helmholtz’s equation

10/ 0E 1 0°E
ré‘r( 8r) + 7 Bt + k%2E = 0, (6.8.1)
the boundary condition
E|r=a + Eoe—ikacosw =0 (682)
and the radiation conditions
E = 0(\/_) lim \/r( + zkE) (6.8.3)

where £k = w/c is the wave number, and E, is the amplitude of the incident
plane wave.*

Applying the method of separation of variables, we find that the parti-
cular solutions of (6.8.1), which must also be periodic in ¢, are of the form

cos ng.
sin ng’

where H{V(kr), H®(kr) are the Hankel functions introduced in Sec. 5.6. It
follows from the symmetry condition that E is an even function of ¢, and
hence we need only consider solutions containing cos ng. Moreover, examin-
ing the asymptotic behavior of the Hankel functions at infinity, we see that
the radiation conditions will be satisfied only if M, = 0 (no incoming waves).
Therefore the solution of our problem must have the form

E = E, = [M,H®(kr) + N,H®(kr)] n=012..., (684

E= i N, H®(kr) cos ng. (6.8.5)
n=0
It follows from the boundary condition (6.8.2) that
i N, H@(ka) cos np + Ege~ s ¢ = (, (6.8.6)
n=0
Setting z = ka and t = —ie'® in formula (6.8.4), we obtain
e tkacos o — J(kg) + 2 2 (=) J(ka) cos no, (6.8.7)

which, together with (6.8.5), implies
NoH@(ka) = —EoJo(ka),  NHP(ka) = —2E((—i)"Ja(ka).
Therefore the required solution is given by

= k
E=—E 1532’({((12) HPr) +2 3, (=i 15(2(> (Z()J) HP(kr) cos ne |- (6.8.8)

14 See A. N. Tikhonov and A. A. Samarski, Differentialgleichungen der Mathe-
matischen Physik, VEB Deutscher Verlag der Wissenschaften, Berlin (1959), p. 497.
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PROBLEMS

1. In polar coordinates r, @, the free transverse vibrations of a stretched mem-
brane (with equilibrium position in the re-plane) are described by the equa-
tion*®

1 &ulr, 9,0

2 _ .
v u(r’ P, t) - b2 at2 (1)

where

198 d 1 o2
2 - 2 p— [ —
Vi = ror (r Br) + r? 992

Solve the equation of motion (i) for the case of a circular membrane of radius
a, subject to the boundary condition

Ulrao =0
(fastened edge) and the initial conditions

ou
uli=o0 = fr), e

0= g(n).

2. Solve Problem 1 with the same boundary condition, but with the more
general initial conditions®

dheo = f0,0), 5 =809,

t=0

3. In polar coordinates r, 9, the free transverse vibrations of an elastic plate
(with equilibrium position in the re-plane) are described by the equation
1 &%u(r, @, 1) ..
4 - A% )

v u(r’ P, t) - b4 atz (11)
where V2 has the same meaning as in Problem 1, and V* = V%(V2), Solvethe
equation of motion (ii) for the case of a circular plate of radius a, subject to
the boundary conditions

u
u[,=a = 0, 5?r=a =0
(clamped edge), and the initial conditions
ou
uli=o = f(r), o = &(r).

!5 For the derivation of equation (i), and equation (ii) below, see e.g., I. M. Gelfand
and S. V. Fomin, Calculus of Variations (translated by R. A. Silverman), Prentice-Hall,
Inc., Englewood Cliffs, N.J. (1963), p. 162 ff. Here we do not specify the physical mean-
ing of the constant b. By free vibrations, we mean vibrations in the absence of external
forces.

16 For detailed solutions of Problems 1-2, see G. P. Tolstov, op. cit., p. 288 ff.
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Hint. Separate variables in (ii) by writing u = R()T(?). The radial
equation then becomes ’

1d( dfld{ dR ip
;E{rz[;z(ra)]}—xR—O, (Ill)
where x* is the separation constant. The general solution of (iii) which re-
mains finite at the center of the plate is
R(r) = AJo(xr) + BIo(xr).
Ans.

e R.(r) x2b2t J’ a
u(r, ) = = cos pf(P)RA(p) do
"Zl fo R&(e)p dp [ @ Jo

a® . xib*t
+ g 2o [ ee@R.Go) ]

0

where
R = Io(x)Jo(x g) I (x 5),

the numbers 0 < x; <---< x, <--- are the positive roots
of the equation Ry(@¢) = 0, and R,=R,,. 7
4, Find the stationary distribution of temperature u in a
cylinder of length / and radius a whose ends are held at F a
temperature zero, while the rest of the surface is held at
temperature ug. 2
5. Find the stationary distribution of temperature u in N
the inhomogeneous cylinder shown in Figure 22, made
up of two adjacent cylindrical sections with different thermal , 1
conductivities k, and k., if the lateral surface is held at
temperature u,, while the ends are held at temperature TS
Zero. ~—]
Hint. If u; and u, denote the temperatures in the sec-
tions labelled 1 and 2, respectively, then the boundary con- FIGURE 22
ditions are

=0’

u1|r=a = u2lr=a = Uy, ullz:-ll = u2|z=12

_ ou
z2=0 B 2 32

Um0 = #alzeo, kla_z O’
2=

6. Suppose an axially symmetric temperature distribution
u|z=o = f(r)

is established at time ¢ = O in an infinitely long cylinder of radius a, which
transfers no heat through its surface. Find the subsequent evolution in time
of the temperature distribution.
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7. Find the potential ¢ of the electrostatic field inside a closed cylindrical sur-
face of length / and radius a, whose base and lateral surface are held at the
potential ¥V, while the top surface is held at zero potential.’”

8. Find the stationary distribution of temperature « in the half-space z > 0,
subject to the boundary condition

Uog, r <a

ulz:o=f(r)={0 r > aj
Ans.

u(r, z) = uga f e~ Jo(ar)J1(ra) dx.
g

9. Find the potential § of the electrostatic field
in the space between two grounded plane elec-
trodes z = +a due to a charge g at the point
r=0,z=0.

& Hint. Use formula (5.2.4).

/ { Q= 0 Ans.

q
r,2Z) = —FV————
0 Ur, 2) Ve mri
FIGURE 23 _ ® o-ha cosh Az
a ° cosh Aa

Jo(rr) dh.

10. Find the stationary distribution of temperature « in the infinite wedge of
thickness 7/ shown in Figure 23, if the face ¢ = « is held at the temperature

oo =f(r)sin”—’l‘z, ne=1,2...,

while the rest of the surface is held at temperature zero.
Ans.

nmz

ur, 9,z) = = sm —= f {f(0)+~ sinh nr

<[ 10 - e o (152 ) 22 L L ()

¢ ) sinh at

11. Solve the preceding problem for an arbitrary temperature distribution

u]w=m = f(r, Z).

17 One can think of the two parts of the surface as insulated from each other by an
infinitely thin gasket.
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SPHERICAL HARMONICS: THEORY

1.1. Introductory Remarks

By spherical harmonics we mean solutions of the linear differential
equation
2
(A = 2 — 2zu + [v(v +1)— ﬁ]u —0, (1.1.1)
where z is a complex variable, and p, v are parameters which can take
arbitrary real or complex values. Equation (7.1.1) is encountered in mathe-
matical physics when using systems of orthogonal curvilinear coordinates to
solve the boundary value problems of potential theory for certain special
kinds of domains (e.g., the sphere, spheroid, torus), and it is the simplest of
these domains (i.e., the sphere) which gives rise to the term ‘“spherical har-
monics.” In the spherical case, the variable z takes real values in the inter-
val (—1,1), and the parameters p and v are nonnegative integers, but
boundary value problems with more complicated geometries lead to the
consideration of more general values of z, u. and v.! For most applications, it
is sufficient to assume (as we will do in this book) that z is either a real
variable in the interval (—1, 1) or a complex variable in the plane cut along
the segment [~ oo, 1], while v is an arbitrary real or complex number and
g = mis anonnegative integer (m = 0, 1, 2,...). The reader will find a more
general treatment in the references on spherical harmonics cited in the Bib-
liography on p. 300, especially the books by Hobson, Robin and Lense.

1 See Chap. 8, where we consider problems in which the variable z and the para-
meters i, v take various real or complex values.

161



162  SPHERICAL HARMONICS: THEORY CHAP. 7

1.2. The Hypergeometric Equation and Its Series Solution

Before presenting the theory of spherical harmonics, it is appropriate to
consider the problem of solving the linear differential equation

21— 2u" + [y — (@ + 8 + Dz]u’ — afu = 0, (7.2.1)

where z is a complex variable, and «, B, v are parameters which can take
various real or complex values. Equation (7.2.1) is called the hypergeometric
equation, and contains as special cases many differential equations encountered
in the applications. Reducing (7.2.1) to standard form by dividing it by the
coefficient of u”, we obtain an equation whose coefficients are analytic func-
tions of z in the domain 0 < |z] < 1 and have the point z = 0 as a simple
pole or a regular point, depending on the values of the parameters «, 8 and .
It follows from the general theory of linear differential equations that (7.2.1)
has a particular solution of the form

U=z oz (1.2.2)
k=0

where ¢, # 0, 5 is a suitably chosen number, and the power series converges
for |z] < 1.2
Substituting (7.2.2) into (7.2.1), we find that

8

Gt s+ R Hhk—1+y) — D a5 +k +o)s+ k+B) =0,
k=0 k=0

]

which gives the following system of equations for determining the exponent s
and the coeflicients ¢, :

COS(S—1+Y)=O’
g+ ks +hk—-1+y)—cois+k—-1+s+k—-1+8)=0,

k=12,...
Solving the first equation, we obtain s = 0 or s = 1 — vy. Suppose y # 0,
—1, —2,... and choose s = 0. Then the coefficients ¢, can be calculated
from the recurrence relation
-1+ —-1+8) k=1,2,.. ..

G T Rk —1¥y |+

If we set ¢, = 1, this implies

¢, = (z)"(‘g)", k=012,

where we have introduced the abbreviation

Mo=1, M=2r+D--0+k—1, k=12... (723)

“ey

2 E. A. Coddington, op. cit., Chap. 4.
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as in footnote 17, p. 121. Thus, ify # 0, —1, —2, ..., a particular solution
of equation (7.2.1) is

— = o (@)(B)x -~

u=u = FoB;y;z) = z T lz2 <1, (724
where the series on the right is known as the Aypergeometric series.® The con-
vergence of this series for |z| < 1 follows from the general theory of linear
differential equations.* However, by using the ratio test, it can easily be
proved without recourse to this theory that the radius of convergence of the
series (7.2.4) is unity, except when one of the parameters «, B equals zero or a
negative integer, in which case the series reduces to a polynomial.

Similarly, choosing s = 1 — y and assuming that y # 2,3,4,..., we
obtain
_k-—y+ o)k —v+8) _
C = Kk + 1 =) Cr—1» k=12,...,

or

(L= vy +0(l — v+ Bl
k=012, ...,
kW2 — v)

if we set ¢, = 1. Thus, if v # 2, 3,4, ..., a particular solution of (7.2.1) is
S Qv+l —y+ Bk,
&5 K2 — Yk
=zl — v+ a1 -y +8;2 - v;2),
|z <1, |argz| < m.

C =

u=u, =z

(7.2.5)

Therefore, if y # 0, 1, 2, .. ., the two solutions (7.2.4-5) exist simultaneously
and are linearly independent.® Then the general solution of (7.2.1) can be
written in the form

u=AFo,B;v;2) + B2*"F(l — v+ o, 1 — v + B;2 — v;2), (7.2.6)

where |z| < 1, |arg z| < =, and A4, B are arbitrary constants. However, if y
is an integer, this method leads to only one particular solution, and to find a
second solution we must modify the method, thereby obtaining a solution
which in general contains logarithmic terms.®

By changing variables in (7.2.1), we can obtain a number of other
differential equations whose solutions can be expressed in terms of

3 If y equals zero or a negative integer, then the coefficients ¢, become infinite, starting
from a certain value of k, and a solution of the form (7.2.2) cannot be constructed if
s = 0. However, it is easy to see that this situation does not arise if s = 1 — .

%+ E. A. Coddington, op. cit., Theorem 3, p. 158.

5 To prove the linear independence, consider the asymptotic behavior of the solutions
as z — 0. The two solutions coincide if y = 1.

8 E. A. Coddington, op. cit., Theorem 4, p. 165.
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hypergeometric series. Thus, for example, setting z = ¢%, we arrive at the
differential equation

(- zz)idj—‘; +2ly — % — (@ + B+ P g‘;‘ — 4aPtu = 0, (1.2.7)

with particular solutions
u=u = Fao, B;v; 3, y#0,—-1,-2,..., (7.2.8)

=ty =27l —y 4+ ol —y+ 852 —y;1%)
| <1, largt] <= v #2,3,4,..., (129

which for nonintegral y constitute a pair of linearly independent solutions of
(7.2.7) in the domain 0 < |¢| < 1.

1.3. Legendre Functions

The simplest class of spherical harmonics consists of the Legendre poly-
nomials considered in Chapter 4, which are solutions of equation (7.1.1) for
w = 0 and nonnegative integral v =n (n = 0, 1, 2,...). The next class of
spherical harmonics, in order of increasing complexity, consists of the
Legendre functions, which are solutions of (7.1.1) for . = 0 and arbitrary real
or complex v, i.e., solutions of the equation

(1 — 220" — 2z’ + (v + Du = 0, (7.3.1)

known as Legendre’s equation. To determine these functions, we first note
that (7.3.1) can be reduced to the hypergeometric equation by making suitable
changes of variables. In particular, the substitution ¢ = $(1 — z) converts
(7.3.1) into the equation

2
(1 — ,)%72‘1 + (1 — 2t)% +v(v + Du =0, (7.3.2)

which is the special case of (7.2.1) corresponding to
a=—v, B=v+1 y=1,

while the substitution ¢t = z72, ¥ = z~V~1p converts (7.3.1) into the equation

([ — z)‘;—:;’ + [(v + %) - (v + ;)t]% - (% + 1)(% + %)v ~ 0, (7.3.3)

which is the special case of (7.2.1) corresponding to

-
Il
<
+
[\ TR
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Therefore it follows from the results of the preceding section that two parti-
cular solutions of (7.3.1) are

u=u1=F(—v,v+1;1;1;Z>> iz — 1{< 2, (7.3.4)

Vale + 1) L1 31
TG+ 2oy F( Flatgvey ?)

lz] > 1, largz] <=, v# —1,-2,..., (7.3.5)
where F(o, B; v; z) is the hypergeometric series. These solutions are called

the Legendre functions of degree v of the first and second kinds,” denoted by
Pz) and Q,(2), respectively. Thus we have

U= U =

PAz) = F(——v,v +1; 1;1—;—2), z-1] <2, (136)

VEDE + 1) 1 3.1
00 = g FG b33+ 5 5)

izl > 1, largzl <=m, v# —1,-2,... (7.3.7)

The functions P,(z) and Q(z) are defined in certain restricted regions of
the complex z-plane, but, as we now show, they can be continued analytically
into larger regions.® To make the analytic continuation of P,z), the
Legendre function of the first kind, we use the formula®

7% f:/z sin% o do — (f)k k=0,1,2,... (1.3.8)
to write (7.3.6) as
S (=V)v + Dy (1 — 2\F
Pe = > S ()

0

@ _ _ k /2

Z (=v)ilv + 1) (1 > z) f sin2* o do
0

_2
K k=0 (%)k k' (7 3 9)
2 (=9 + D L=z, \F -
=1 Z @)k 2 e
2 (™2 11—z .,
_7—r0 F( vv+1,2, 5 sin (p)dtp,

7 The term degree is appropriate here, since for nonnegative integral v = n, P,(z) is
actually a polynomial of degree n, in fact, the nth Legendre polynomial (see Sec. 7.9).

8 We point out that in this chapter, unlike Chapter 9, the symbol F(x, 8; v; z) always
denotes the sum of the hypergeometric series, and hence the variable in the fourth posi-
tion always has absolute value <1. This restriction disappears if we interpret
F(a, B;v; z) as the hypergeometric function. In fact, prior knowledge of the theory of
the hypergeometric function leads to considerable simplification of the theory of spherical
harmonics.

% Formula (7.3.8) is an immediate consequence of Problem 3, p. 14.
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where reversing the order of summation and integration is justified because
the series is uniformly convergent in the variable ¢. The hypergeometric
series in the right-hand side of (7.3.9) can be summed in finite form. In fact,
we have the identity

VTTw+ Vst + (VIEw + Vi) o=
WIi+w
= flw), |wl <1 (7.3.10)
which is proved by noting that the function f,(w) is analytic in the disk
[w| < 1 and satisfies the differential equation*°
w(l + wfy + G+ 2w)ff —v(v+ 1Df, =0. (7.3.11)

But replacing w by —w converts (7.3.11) into the hypergeometric equation
with parameters « = —v, B = v + 1, v = 4. Then, since equation (7.2.1) has
a unique solution which is analytic in the disk |w| < 1 and approaches unity
as w — 0, it follows that

Sw) = F(—=v,v + 113 —w),

F=v,v+ 15} —w) =

as asserted.
We now substitute (7.3.10) into (7.3.9), obtaining the integral representa-
tion

2 (™2 (21
P(2) = ;fo ﬁ,(z 2 sin? cp) do

for the Legendre function of the first kind. In deriving this formula, it was
assumed that |z — 1] < 2, but the integral in the right-hand side defines an
analytic function for every z in the complex plane cut along the segment
[—oo, —1]. In fact, for any such z, the variable

ki3

_1sin2<p, OS@SQ

w =

belongs to the w-plane cut along [—oo, —1]. Since f(w) is analytic in this
plane, our assertion follows by the usual theorem from complex variable
theory.?

Thus the analytic continuation of P,(z) is given by the formula

P2) = %fmfv(z - L sin? cp) do, larg(z + D <m  (13.12)

10 The point w = 0 is a regular point of the function f,(w), since f.(w) takes its
original value after making a circuit around this point. To verify (7.3.11), it is con-
venient to first show that

VwiVwVT £ wlVT ¥ wf]Y — (& + D%, =0,

and then carry out the differentiation.
11 E, C. Titchmarsh, op. cit., p. 99.
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The function defined by (7.3.12) is analytic in the z-plane cut along [— oo, 1]
(see Figure 24), where it is a solution of the differential equation (7.3.1), by an
obvious application of the principle of
analytic continuation.*? In particular,
(7.3.12) implies

P} =1. (7.3.13)

As will be shown below, every solution
of (7.3.1) which is linearly independent ;
of the solution u = P,(z), approaches
infinity as z— 1, and therefore the
Legendre function of the first kind can
also be defined as the solution of FIGURE 24

(7.3.1) which approaches unity as z — 1.

Since f,(w) is an entire function of the parameter v, it follows from (7.3.12)
that the same is true of P,(z). Moreover, it is easily verified that

fovo1w) = fi(w),

and hence
P_,_(z2) = PA2) (7.3.19)
for arbitrary real or complex v.

To make the analytic continuation of Q.,(z), the Legendre function of the
second kind, we start with the formula

— v 1\ (v
J.w dr ~ \/TEF(V + 1 (5 + i)k(i + l)k
R B[RS 2
F(v+2 2+4}c2+4k

Rev> -1, £k=0,1,2,...,

(7.3.15)

which is easily proved by making the substitution t = s~* and using formulas
(1.5.2), (1.5.6) and (1.2.3) from the theory of the gamma function. Then,
using (7.3.15) and the definition of Q.(z), and assuming that

|z] > 1, largz| <=, Rev> —1,

12 Let f(z) be analytic in a domain D, and suppose Lf(z) = 0 for all z in a smaller
domain D* contained in D, where L is a linear differential operator whose coefficients
are analytic in D. [In the present case,

2
L=( - zz)gz—z— 22242 + (v + 1).]

Then Lf(z) = O for all z in D. Cf. footnote 6, p. 3.
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we have

Vil +1) & (% + l)k(% + %)kL
e S (e L

(r v 2) (r n §)
_ 1 iz 4),\2 4,CLJ°° dt
(22)v+1 - (V + é) Xl 1 t2k+v+3/z\/tTl
2 k :

B SPRY T VI
= — k
O A PR S AV | z 3 k(zt)mc
k=0 (v + —) k!
2/k
__I—J‘wF(i_*_él'_*_é-v_*_é-__l_)_i__
TQ), Q2T AT T ) a1

where reversing the order of summation and integration can be justified by an
absolute convergence argument. The rest of the derivation is based on the
formula

(7.3.16)

5 3 1 14+ VI—w v %
3,v+§,w) \/l—w( 2 ) = 80w

(7.3.17)

To prove (7.3.17), it is sufficient to show that the right-hand side satisfies
equation (7.2.1) for the values?'s

v 3
277
Together, (7.3.16) and (7.3.17) imply

® 1 dt
Qv(z) (2Z)v+1 fl &v (ﬁ) tV+%\/t _ 1’

fz] > 1, Jargz] <w®, Rev> —1.

v 3~
F(—2'+Z’§+

3
) ‘{=V+—’ zZ =W,

3
3 2

oL =

v
B=§+

(7.3.18)

2 To simplify the calculation, which is a bit tedious, it is convenient to first show that

v  I\(v 3
(i + Z)(i + z)gv
(a0 + Vi = w2
Then multiply the first equation by (v + %)\/1 — w and the second by w, carry out the

differentiation, and add the resulting equations. Formula (7.3.17) can also be derived
from the second of the formulas (9.8.3) by setting
3

v
2+Z, z = w.

=Trviey Wi—w(VT-we)T=

o =
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We now assume temporarily that z is a real number greater than 1, and
introduce a new variable of integration by setting

zt =1 + (z — 1) cosh? {.
Then (7.3.18) takes the form?**

0ua) = [ mfZ5= cost® 4) i,

(VT Hw+ Vw2t - -
hy(w) = Vegra v largw] <7, Jarg (1 + w)| < =

(7.3.19)

Although this formula for Q,(z) has been derived under the assumption that
z > 1, it is not hard to see that the integral on the right has meaning in a
larger region. In fact, for z in the plane cut along [— oo, 1] and ¢ in the
interval [0, ©0},*® the integrand is continuous in ¢ for every z and analytic
in z for every ¢. Moreover, if Rev > —1, the integral converges uniformly
in every region

O0<p<|z=-1 < R< x, larg(z — )| < = = 3,

and hence, by the usual argument,*® represents an analytic function in the
plane cut along [ — oo, 1]. Thus the analytic continuation of Q.(z) is given by
the formula

0z = f: hV(Z; L cosh? ¢) 4y, Jarg(z - )] <= Rev> —L.
(7.3.20)

To obtain the analytic continuation of Q,(z) for the case Rev £ —1, we
first observe that Q,(z) satisfies the recurrence relation

v+3 v+ 2
v+ 1 sz+1(Z) - V'*'_l Qv+2(z)s (7'321)

which can be verified by direct substitution of the series (7.3.7). If p is any

QV(Z ) =

14 In the course of the calculations, we use the familiar identity

VAT VB JArYEoB, 4o VAR

1% For these values of z and ¢, the variable

—1 2
3 cosh? ¢

belongs to the plane cut along [— <o, 0], where A, (w) is analytic.
16 B. C. Titchmarsh, op. cit., pp. 99-100.
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positive integer, we can use (7.3.21) to write the function Q,(2) with arbitrary
indexv # —1, —2,... in the form

0uz) = ay(z,v) Qv+ (2) + by(z, v)Oy+p+1(2), (7.3.22)

where a,(z,v) and b,(z, v) are poly-
nomials in z. Then, choosing p so
large that Rev > —(p + 1), we can
use (7.3.20) to make the analytic con-
tinuation of each of the Legendre
functions in the right-hand side of
1 0 ’ (7.3.22), and substituting the corres-
ponding expressions into (7.3.22),
we obtain a function which is analy-

FIGURE 25 tic in the z-plane cut along {— 0, 1]
(see Figure 25). It follows that Q.(z)
is analytic in this cut plane, for arbitrary complex v # —1, —2,... Like

P,(z), the function Q.(z) satisfies the differential equation (7.3.1) [cf. foot-
note 12, p. 167]. Moreover, (7.3.20) implies

lim Q(2) = e. (7.3.23)

Comparing (7.3.23) and (7.3.13), we see that P(z) and Q,(z) are linearly
independent solutions of (7.3.1).

We now study Q,(z) as a function of the degree v, and show that for every
fixed z, the ratio

0u2)
= . -2
40 = FCTn (7.3.24)

is an entire function of v. For |z| > 1, this fact is an immediate consequence
of (7.3.7). To give a proof which is valid for every z in the plane cut along
[—oo, 1], we use the integral representation (7.3.20) and the recurrence
relation

g2 = v + 3)2gy.:1(2) — (v + 2)°4y.2(2), (7.3.25)

implied by (7.3.21). It follows from (7.3.20) that ¢,(z) is an analytic function
of v in the half-plane Rev > —1.17 Repeated application of (7.3.25) leads to
the expression

q¥(2) = %% 2)qy+p(2) + Bo(¥; 2)qy4p+1(2), (7.3.26)

where p is a positive integer, and «,(v, z), 8,(v, z) are polynomials in v. It fol-
lows that ¢,(z) is analytic in the half-plane Rev > —(p + 1). Since p can be

17 Note that h.,(w) is an entire function of v, while the integral (7.3.20) is uniformly
convergent in v in the region Rev = —1 + 3, where 8 > 0 is arbitrarily small. There-
fore the usual theorem concerning analytic functions defined by integrals is applicable.
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chosen arbitrarily large, we conclude that ¢,(z) is an entire function of v.
Therefore, according to (7.3.24), Q.(z) is a meromorphic function of v, with
simple poles at the pointsv = —1, —2,...

The general solution u of the differential equation (7.3.1) can be written
as a linear combination of Legendre functions of the first and second kinds,
ie.,

u = AP[(2) + BO(2), (7.3.27)

where larg(z — 1)] < m,v # —1, —2,... In the applications, it is often
necessary to find a general solution of (7.3.1) for the case where x is a real
number in the inteérval (—1, 1). Since P,(z) is defined for such x, we need only
construct a second linearly independent solution. It is not hard to see that
such a solution is given by the function

Ou(x) = 3Ou(x +i0) + O\(x — i0)], (7.3.28)

equal to half the sum of the values of Q,(z) on the upper and lower edges of
the cut (cf. Sec. 7.7).® Thus, if z = x (—1 < x < 1), the general solution of
(7.3.1) is

u = AP(x) + BQ(x), v#E—1,-2,... (7.3.29)

1.4. Integral Representations of the Legendre Functions

The Legendre functions have various integral representations in terms of
definite integrals and contour integrals containing the variables z and v as
parameters. As a rule, the most general representations of this type involve
contour integrals, but for practical purposes, representations involving inte-
grals along segments of the real axis are of greatest importance. For this
reason, we will only consider representations of this type, referring the reader
elsewhere for integral representations of other kinds.!®

We begin by deriving an integral representation of the function P.(z).
Assuming that z = cosh « (« > 0) and introducing a new variable of integra-
tion in (7.3.12) by setting

., 6 Lo
smhi = smhi sin ¢,

we find that

P(cosh a) = 2 cosh (v + 4)6

do 7.4.1
TJo V2cosha — 2cosh © ( )

8 In the German literature, the symbols P.(z) and Q.(z) are used to denote the solu-
tions of (7.3.1) for —1 < z < 1, and the corresponding Gothic letters are used for all
other cases.

19 E. W. Hobson, op. cit., and E. W. Barnes, On generalized Legendre functions,
Quart. J. Math., 39, 97 (1908).
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for any real or complex value of the degree v. Writing (7.4.1) in the form
1 re PROAE AL

P,cosh &) = — db
( “) T J-«V2cosha — 2cosh 0

and then setting

€® = cosh « + sinh « cos ¢,
we arrive at another integral representation of the Legendre function of the
first kind, i.e.,

n dy

o (cosh a + sinh « cos ¢)v+1’ (7.4.2)

P,(cosh a) = —lT;

where v is arbitrary. Replacingv by —v — 1in (7.4.2) and using (7.3.14), we
obtain

P, (cosh @) = ;1; f " (cosh « + sinh & cos ) dy. (1.4.3)
[¢]

Two other useful integral representations of the function P, (cosh «) can

w/

A

- 0 +to

FIGURE 26

be derived from (7.4.1) by using contour integration, provided that
—1 < Rev < 0. We begin by considering the integral

1 v+ Bt

7 Je /2 cosh« — 2 cosh ¢

evaluated along the contour C consisting of the segments (—o0, —a — p),
(—o + p, ¢ — p)and (« + p, o0) of the real axis, two semicircles of small radius
p bypassing the two branch points ¢t = +«, and the line Im ¢t = = (see Figure
26). Let f(r) be the single-valued branch of V2 cosh @ — 2 cosh ¢ such that
the values of arg f along the segment (—e« + p, —a — p), the segment
(a + p, ), the line Im ¢ = = and the segment (— oo, &« — p) are 0, —=/2, 0 and
/2, respectively. Then f(¢) is analytic inside C, and if —1 < Rev < 0, the
integrals along the segments Ret = + N, needed to close the contour,
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approach zero as N — co. Therefore, passing to the limit as p — 0, and taking

account of the change of arg f along the path of integration, we obtain
1 re eVt 228 vt )8

1 [+ o]
= do ———.f do
7J-aV2cosha — 2cosh 6 i Ju V2cosh6 — 2cosha

1 — e(v+ 118 + i) e(v+ 158
+ —f do + — do =0,
TJo V2cosh 6 + 2cosha 7 J.» V2 cosh 6 — 2cosha
which after some simple transformations becomes
1
P, (cosh o) = 2 v+ cosh & + 20__ 4o
T o V2cosh 6 + 2cosha
© M 1
+2f sinh (& + )9 de, —1 < Rev <.
mi Jo V/2cosh 6 — 2 cosh a
(7.4.4)
Replacing v by —v — 1 in (7.4.4) and recalling (7.3.14), we find that
1
P, (cosh o) = %e"“’* Ypmt 75 cos}lll (()V +27)6 - do
0 cosh 0 + 2 cosh « (7.4.5)

2 sinh(v+ 10

1 do,
7l Ja V2 cosh 6 — 2 cosh «

where again —1 < Rev < 0. Adding (7.4.4) and (7.4.5), and then subtract-
ing (7.4.5) from (7.4.4), we obtain

® cosh (v + 1)
V2 cosh 6 + 2 cosh «
cosh (v + )0

o V2cosh 8 + 2cosha

«© 3 1
+ 4 sinh (v + 4)6 5,

7l Jo V2 cosh O — 2 cosh «

de,

2P (cosh o) = %cos v+ =

0=4;lsin(v+%)rt de

which imply the desired integral representations

cosh (v + )6 4

P,(cosh «) = %cos o+ Hr on 73
0

cosh 6 + 2cosha (7.4.6)
«>0 —1<Rev<0,
i 1
P(cosha) = Zcot (v + d)m sinh & 4 PO
w « V2cosh® — 2cosha (7.4.7)

a>0 —1<Rev<.

Next we derive integral representations of Q.(z), the Legendre function
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of the second kind. Assuming that z = cosh « (x > 0) and introducing a new
variable of integration in (7.3.20) by setting

o

3 cosh ¢,

.. B .
sinh 3= sinh

we find that
@ e~ Ve

« V2cosh O — 2cosha

QO(cosh o) = ds (7.4.8)

for Rev > —1. Then writing
€® = cosh a + sinh « cosh o,
we reduce (7.4.8) to the form

_— ® dcp
O, (cosh o) = fo (cosh @ + sinh « cosh @)’ *

a >0, Rev> —1.

(7.4.9)

Formulas (7.4.1-9) were derived under the assumption that « > 0, i.e.,
that z = cosh a > 1, but, according to the principle of analytic continuation,
they remain valid in any region of the complex «-plane where both sides of a
given formula represent an analytic function. For example, (7.4.2) holds in
the region Re cosh « > 0, while (7.4.6) holds in the whole z-plane cut along
[—o0, —1].

Finally, we derive an integral representation of the function P,(z) which
is valid in the interval —1 < z < 1. In this case we set

z=cosB(0 <P < n), sing=sin§sin<p
in formula (7.3.12), obtaining
1
P, (cos ) = = cos+ DY 4 (7.4.10)

TJo V2cos O — 2cos B

for arbitrary values of the degree v.

7.5. Some Relations Satisfied by the Legendre Functions

The differential equation (7.3.1) does not change if we replace vby —v — 1
or z by —z, and hence it has solutions P_,_4(z), O_,_(2), P(—z) and
0—2z), as well as P,(z) and Q.(z). Since every three solutions of a second-
order linear differential equation are linearly dependent, there must be certain
functional relations between the solutions just enumerated. The simplest such
relation is the formula

P—v—l(z) = PV(Z)’ (751)
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proved in Sec. 7.3. To obtain a relation connecting P(z), Q.(z) and Q _, . ,(2),
we assume temporarily that z > 1 and —1 < Rev < 0. In this case,
—1 < Re(—v — 1) < 0, and using formulas (7.4.7-8), we have

Q. (cosha) — OQ_,_, (cosh &) = = cot vr P, (cosh ),

or
sin ve[Q(2) — Q_,_1(2)] = = cos vr P(2). (7.5.2)

Formula (7.5.2) remains valid for all z in the plane cut along [— oo, 1], since
in this region both sides are analytic functions of z. Moreover, for all z in the
cut plane, both sides of (7.5.2) are analytic functions of v, except when v is an
integer, and therefore (7.5.2) holds for all v # 0, £1, £2,... Setting
v=n—4%Mm=0, £1, £2,...)in (7.5.2), we find that

Qn—’/z(z) = Q—n—‘/z(z)' (753)

We now derive another relation between the solutions of (7.3.1), assuming
temporarily that |z| > 1 and |arg z| < =. Then formula (7.3.7) gives

O(~2) = —e*™Qy(2), v#—1,-2,..., (1.5.4)

where the upper sign corresponds to Im z > 0 and the lowersigntoIm z < 0.
Using the principle of analytic continuation, we can drop the condition
|z| > 1, thereby establishing the validity of (7.5.4) for arbitrary z in the plane
cut along [~oo, 1] and arbitrary v # —1, —2,... Finally, combining
(7.5.2) and (7.5.4), we obtain

—sinvr[e*¥™Q(2) + e¥Q_,_1(2)] = = cos vt P(~2),
and then using (7.5.2) to eliminate Q _,_,(z), we find that

2 sin vx
P

0u2) = P(2)e™™ — P(~2), (7.5.5)

wherev # —1, —2,...,and the upper signis chosen if Im z > 0 and the lower

sign if Im z < 0.
The relations (7.5.1-5) play an important role in the theory of spherical
harmonics. In particular, it follows from (7.5.5) that

ZST O x + 10) = (e~ — P(~x)
" (7.5.6)
ST Ox — i0) = Py(x)e™ — Py(—x),
if ~1 < x < 1. This implies
Oux +i0) — Q(x — i0) = —ixP(x), —l<x<1, (157

and shows why the cut must be extended to the point z = 1 in the case of a
Legendre function of the second kind.
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1.6. Series Representations of the Legendre Functions

The Legendre functions defined in Sec. 7.3 are analytic functions of the
complex variable z in the plane cut along [— oo, — 1] in the case of P,(z), and
along [— oo, 1] in the case of Q,(z). In restricted regions of these cut planes,
the Legendre functions can be represented by hypergeometric series with
various choices of «, 8, v and z, examples of which are given by the series
(7.3.6-7). A simple method for constructing all expansions of this type is due
to Barnes,2° and is based on transformations of the contour integrals used to
define the Legendre functions, but most of these results can be obtained by
more elementary means. We begin by deriving formulas suitable for repre-
senting the Legendre functions in the domain |z] > 1, |arg z] < =. According
to (7.3.7), we have

VEDE + 1)

1‘ 31
0\2) = WF( + 1 v + ) (7.6.1)

’ 2 27

for z in this domain and arbitrary v # —1, —2,... To obtain the corre-
sponding series expansion of the Legendre function of the first kind, we assume
temporarily that 2v is not an integer and use the relation (7.5.2), which can
then be written in the form

tan vi

Pz) = [02) — Q-v-:(2)]. (7.6.2)
Substituting the series (7.6.1) into (7.6.2), and using formula (1.2.2) to trans-
form the ratios of gamma functions we obtain

R AU RO | S A O S §
PV(Z)_\/F( +1)( )F( 2 2’2 ’22)

v =3 s TN
VAo & F( tlhaty +2’22)

fz] > 1, |argz| <= (7.6.3)

The condition imposed on the parameter v can be replaced by the weaker
condition 2v # 2p + 1 {p =0, +1, +2,...), since both sides of (7.6.3) re-
main analytic at points v = p. Therefore formula (7.6.3) holds for any
v#E t 13,

To derive expansions of the Legendre functions which hold in the part of

20 E. W. Barnes, op. cit. The reader familiar with the theory of the hypergeometric
function can derive the formulas of this section as special cases of the general relations
of Secs. 9.5-6. A compilation of representations of the Legendre functions in terms of
hypergeometric series is given in the Bateman Manuscript Project, Higher Transcendental
Functions, Vol. 1, pp. 124-139.
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the cut plane where |z] < 1, we first note that the substitution ¢ = z2 trans-
forms the differential equation (7.3.1) into

1 3 \du v{v 1
w1 — L e (5 —) X (2+§)u=0, (1.6.4)

which is the special case of the hypergeometric equation (7.2.1) corresponding
to the values

According to Sec. 7.2, the general solution of (7.6.4) for |z| < 1 can be
written in the form

1 3

1 2 vy L2 2
z) + sz(2 — 3 a3 ) (1.6.5)

v v 1

u—AF<§ +§; —5,5,

where 4 and B are arbitrary constants. In particular, if the values of these

constants are chosen to be 4 = Py(0), B = Py0), then u = P,(z), and to

obtain the desired expansion, we need only calculate the values of the
Legendre function P,(z) and its derivative at the point z = 0.
With this aim, we set z = 0 in the series (7.3.6), obtaining

—V( + Dy 1

P0) = F(—v,v+ 151; 1) = kzo(—(l—)kk!—?c
) ) 2 Tk = 0k +v + 1)
T (6 + D 4 2%kt?

_ sinve & F(k—v)F(k+v+1)
T Z 2%k 12

where we have used formula (1.2.2) from the theory of the gamma function.
If we temporarily assume that —1 < Rev < 0, then (see Sec. 1.5)

'tk —I'v + 1)

1
— — — k—-v-1 _— v
T = Bk = v+ D) fo Fov-I(1 — )y d,

k=01,2,...,

and hence

_sinve S Tk +v+ 1) [, o
PO === 2 Sqre T J, A - 0

_ sinchn: J"Ol V=L — )V dt 2 FE(ITF—;VV++1)1) (5)

1 1
~smwrf il — t)V< )_v L,
0

w

Ii
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where the reversal of the order of summation and integration is justified by
an absolute convergence argument. Setting 1 — ¢ = Vs, we find that

v 1
_2Vsinvn F(_V)P(§ + —2-)

ke 1 v
F(z - i)

(1.6.6)

vV Q1 1
p0) = - 20T fo SHO=D(] — 5)=v =1 ds =

or

Vr

1 v ’
rz-3)rG+ )
where we have used formulas (1.2.2-3). Since both sides of (7.6.6) are entire

functions of v, our result holds for arbitrary values of v. Using (1.2.2), we
can also write (7.6.6) in the form

v 1
P(z + 5) Ve
— X COS ——

var(3 + 1)

P V(O) =

Py0) = (7.6.7)

Once we have found P,(0), we can easily deduce P;(0) by using the recur-
rence relation (7.8.5). This gives
v
) .
— ——sin —>

Pi0) = vP,_1(0) = v \/EF(% N %) 2

or
21*(% + 1)
— (v 1

Vr F(i + 5)

where we take account of formula (1.2.1). Combining (7.6.5, 7-8), we obtain

the following series expansion of the Legendre function of the first kind, valid
for |z] < 1 and arbitrary v:

sin =, (7.6.8)

Pi(0) = .

2 2 VTt v 1 v 1
Pv(Z)=—_—-V— S—2F(2+§’—§;§;z2)
\/‘rcf(i'*' 1)
(7.6.9)
2I‘(l’+ 1)
2 . VT 1 v v J3. .,
+ —"—'l smi ZF(E — 275 + I’E’Z )

\/EI‘G + 2)
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The corresponding expansion for the Legendre function of the second kind is
obtained from (7.6.9) and (7.5.5). After some simple transformations, we
find that

n(z+1)va
v 1
'(5+3)
(7.6.10)
n
{2 -)
Ti (2+2\/TEF(V 1 ".1.22)
— ety 23|
21‘(3 + 1)
2
where |z| < 1,v# —1, —2,..., and the upper signis chosenif Im z > Oand

the lower sign if Im z < 0. A formula of even greater practical interest is
the series expansion of Q,(x), obtained from (7.6.10) and (7.3.28):

I‘(% + 1)\/; cos =

OV(Z) — e¥ vri/2

1 vy 3,
ZF(§—§,§+ 1,5,2)

- 2 1 _ vy 3.
Oux) = p<f+l XF(§_§’§+1’2’x)
2 2)
I‘(z + l)\/; sin =& (7.6.11)
2 2 v 1 vl
F§+§9—§,§,X
2F<2+1)

—-l<x<l1 v# -1, -2,

To obtain another important class of expansions of Legendre functions,
we temporarily assume that z is a real number greater than 1 and that
Rev > —1. Writingz = cosh « (x > 0) and using the integral representation
(7.4.9), we obtain

e“cosh?f —e-sinh? ¥

[ do [ de
QOu(cosh ) _fo (cosha -+ sinhacosh)'*1 fo ( . )" +1
2 2

=e—(v+1)a ” dCP
P v+ 1 P
0 (1 — e~ 2 tanh? 5) cosh?v+2 3

- ® ST +k+1) @
=¢ (v+1)af e~ 2ke tanh2k L
O oupa @i Z T + D&! 2
2
tanh? 2
=g~ Vt1la i (V + k + 1) e—zkocfw 2 d(P
2, TG + DR ’

) ave2 @
osh?V+2 L
¢ 2
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where the reversal of the order of summation and integration is easily justi-
fied. Then setting ¢t = tanh? (¢/2), we find that

tanh2x 2

- 7 Lo Ttk + PIe + 1)
———d=ftk/21—tvdt= s
fo T ML Tk +vid
2

which implies

_ < Tev+k+ DIk + 3
= (v+ 1o 2k
Qucosha) = e ,Zo KTk +v+ 3  ©

= g~ 1lu I'év+ DI'G) < 0+ D) o 2ka
TG+ 3) o kIO + D ’

Therefore we have

Vale + D,

OWcosh o) = o + 9

SOELE Ey 4+ L v+ 3 e ), (7.6.12)

or, if we return to the variable z,

Val'e + 1)

00 = T3 G- VZ -y + Laiv+ 3¢ - V2 - D3

(7.6.13)

Let z be a complex number belonging to the domain |arg(z — 1)| < m.
Then
w=z—-VZ_-1l=z-Vz-1Vz+1

belongs to the domain |w| < 1, |arg w| < =, and is an analytic function of z
(we choose the branch of V'z2 — 1 which is positive when z is real and greater
than 1). Since both sides of (7.6.13) are analytic functions, this formula, just
proved for real z > 1, remains valid in the whole domain |arg (z — 1)| < =.
Using the principle of analytic continuation, we can also easily get rid of the
condition Rev > —1, replacing it by the single requirement that v # —1,
—2,... Therefore (7.6.13) holds throughout the domain of definition of
0.(2), which explains the particular importance of this formula.

To derive a series expansion of the function P(z) from (7.6.13), we use
the relation (7.6.2). Assuming temporarily that 2v is not an integer, we find
after a simple calculation based on (1.2.2) that

'c6+ 1)
VEDE + 3)
TG + 4)
VarG+ DE ™

Pyz) = tanve(z — VZ2 — DV* 1P + 1,3;v+ 3;(z — V22— D3

VZZ D), 51 — vz — V2 - D3,
larg (z — D] < = (7.6.14)
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The condition imposed on the parameter v can be replaced by the weaker
condition 2v # 2p + 1(p =0, +1, +2,...), since both sides of (7.6.14) re-
main analytic at the points v = p. Therefore formuia (7.6.14) holds for all
v # +%, +3,... and for all z in the plane cut along [~ 0, 1]. Forv = +1,
+3, ..., the formula becomes indeterminate, and a passage to the limit is re-
quired to obtain the corresponding analytic expression for P.(z).

7.7. Wronskians of Pairs of Solutions of Legendre’s Equation

Let u,(z) and uy(z) be a pair of solutions of Legendre’s equation, with
Wronskian W{u,(z), u,(z)} [see Sec. 5.9]. Then

L1~ 2] + 50 + Dy = 0,

211~ ] + 90 + Duy = 0,

and subtracting the first equation multiplied by u, from the second equation
multiplied by u,, we obtain

L1~ W), w@H] = 0,

which implies
C

— Z

W{uy(2), us(2)} = 1 2

In particular, choosing u;(z) = Q\(2), us(z) = Q.,.1(z), assuming tem-
porarily that 2v is not an integer, and letting |z| — co in formula (7.6.1), we
find that

w® = eI 1+ 019
= Y2 @yt + (1212,

o) = - YLD D 1 oz,
(o) = ‘;’ZIF_( !

Therefore

Win(e), 1) = 5ot o 2 1+ (121 )

= — mootw 5 [1 + O(J2] -2}
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where we have used formulas (1.2.1-2) from the theory of the gamma function.
A comparison of these results shows that for our choice of u, and u,, the con-
stant C equals = cot vr, and hence

WD, 0-vi@} = Top g = D <m (11
Formula (7.7.1) is valid for arbxtrary v#£0, +1, +£2,..., since both sides
are still analytic at the points v=n—% (n =0, +1, +2,...). It follows
from (7.7.1) that for all nonintegral v, Q. (z) and Q_,_(z) are a pair of
linearly independent solutions of equation (7.3.1), except for the case of half-
integral v, where the Wronskian vanishes and Q,(z), O _,_(z) are connected
by the linear relation (7.5.3).
Next let u, = Py(z), u, = Q(z). To calculate the Wronskian of this pair
of solutions, we use (7.6.2), assuming once again that 2v is not an integer.
This gives

WiP(z2), Q(z)} =

tan vr

W{OW2), Q—v_1(2)} = _1__,

- 72
larg (z — D)| < = (7.7.2)

According to the principle of analytic continuation, (7.7.2) is valid for
arbitraryv # —1, —2, ..., and therefore the functions P(z), Q,(z) are a pair
of linearly independent solutions of equation (7.3.1) for any v such that both
functions are meaningful.

Similarly, using the relation (7.5.5), we find that

W{P\(z), P,(—z)} = _ 2sinvr WiP(2), Os(2)} = _ 2sinve 1
larg (1 £ 2)] <=, (7.7.3)

for arbitrary values of v. Thus the solutions P,(z) and P(—z) are linearly
independent if v is not an integer. Finally we point out that in the interval
—1 < x < 1 we have the formula

W{P(x), Q(x)} = 1—:1—2 (7.7.4)

X

ra—— ]
T 1— 2%

where Q,(x) is the function defined by (7.3.28), and v # —1, —2,...

The results obtained in this section show that the general solution of
Legendre’s equation (7.3.1) can be written in any of the three equivalent
forms

u = AP,(2) + BQO.(z2), larg(z — )| <=m, v# —1,-2,...,

(7.7.5)

u = CPSz) + DP(—2), larg(l £ 2)] <7, v#0, £1, £2,...,

(7.7.6)
EQz) + FQ_,_4(2), larg(z — )] <@, 2v#0, £1, +2,...,
(1.7.7)

S
I
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where A4, B, . .., Fare arbitrary constants. The same formulas can be written
for real z = x in the interval (—1, 1), if Q(x) is taken to be the function
defined by (7.3.28).

7.8. Recurrence Relations for the Legendre Functions

The Legendre functions satisfy simple recurrence relations connecting func-
tions with consecutive indices. To derive these relations, we set z = cosh «
(¢« > 0), assuming for the time being that z is a real number greater
than 1. Then, using the integral representation (7.4.1), we have

P,. 4 (cosha) + P,_; {cosh o)

_ﬁJ‘“ cosh (v + 4)6 cosh 6
nJo V2cosha — 2cosh B

db

_ 4 (*coshacosh(v+3)0
7 Jo V/2cosha — 2cosh®

do —%f V'2cosha — 2cosh §cosh (v + $)8d0
]

= 2 cosh a P, (cosh &) — f V'2cosha — 2cosh Odsinh (v + 1)6

(2v + D
4 ® sinh (v + 1)0 sinh 6
= 2 cosh « P, (cosh «) — do
P “) (2v + DrJo V2 cosha — 2 cosh 0
2 cosh (v + 3)8 — cosh (v — §)0
= 2 cosh « P, (cosh «) — f do
“ P “) (Zv + Dr V2cosha — 2cosh 6
1
= 2 cosh « P, (cosh o) — »ri [P, ,1 (cosh &) — P,_; (cosha)}],
which implies
v+ DP,(2) — (2v + DzP(2) + vP,_(2) = 0. (7.8.1)

According to the principle of analytic continuation, formula (7.8.1) holds for
arbitrary z in the plane with a cut along the segment [ —oco, —1]. In the same
way, we find that

P, (cosha) — P,_; (cosh «)

4 J‘“ sinh (v + 4)bsinh 6

do
V2cosha — 2cosh ©

= — %f sinh (v + )6 dV'2 cosh « — 2 cosh 6
0

= (2v + 1)%f V'2cosha — 2 cosh 6 cosh (v + %) 6 d6.
0
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After differentiation with respect to «, this becomes

cosh (v + )b

2 o
P,,,(cosha) — P,_, (cosha) = (2v + 1 —f do
1 ( %) 1 ( ®) = (2 )TC o V2cosha — 2 cosh 8
= (2v + )P, (cosh a),
or
P 1(2) = Pyoy(2) = &y + DP(2), (7.8.2)

where the result holds in the whole plane cut along [—c0, —1].

The rest of the recurrence relations satisfied by the function P(z) can be
deduced from formulas (7.8.1-2). For example, differentiating (7.8.1) with
respect to z and using (7.8.2) to eliminate first P,_,(z) and then Py, ,(z) from
the resulting equation, we arrive at the relations

Py 1(2) — zPi(z) = (v + 1)P(2), (7.8.3)
ZP(z) — P, _1(2) = vPy(2). (7.8.4)

Moreover, replacing v by v — 1 in (7.8.3) and eliminating P, _ 1(z), we have
(1 — z2)P(2) = vP, 1(2) — vzP(2). (7.8.5)

Recurrence relations for Q,(z), the Legendre function of the second kind,
can be obtained in just the same way, starting from the integral representation
(7.4.8). It turns out that these recurrence relations are exactly the same as for
the function P.(z):

O+ DOv.i(2) — (v + DzOW2) +v0y-1(2) = 0, (7.8.6)

004+1(2) — Ov-1(2) = (v + 1)Q(2), (7.8.7)
00:1(2) — 20%2) = (v + DOW2), (7.8.8)
zQU2) — Q4-1(2) = v0\(2), (7.8.9)

(1 = 2)0U2) = vQ,-1(2) — vzQ(2). (7.8.10)

Formulas (7.8.6-10) hold for any complex z in the plane cut along [— o0, 1]
and for arbitrary v # —1, —2,...%! It is easily verified that these formulas

remain valid for the functions Q,(x) defined by (7.3.28).

7.9. Legendre Functions of Nonnegative Integral Degree and
Their Relation to Legendre Polynomials

An important class of spherical harmonics, frequently encountered in the
applications, consists of the Legendre functions of nonnegative integral

asv— 0.

# Note that v0,-1(2) > 1, Q4-1(2) > Z =
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degree v=n (n =0,1,2,...). Since for v = n, equation (7.3.1) coincides
with equation (4.3.8), which has the Legendre polynomial of degree n as a
particular solution, it is natural to expect that there is a simple connection
between this class of functions and the Legendre polynomials. To establish
the connection, we first observe that substitution of v = 0, 1 into (7.3.10)
gives fo(w) =1, fi(w) =1 + 4w, and then (7.3.12) implies Py(z) =1,
P,(z) = z. Since the recurrence relation (7.8.1) for the Legendre functions
coincides with the recurrence relation (4.3.1) for the Legendre polynomials, it
follows that the functions P,(z) of nonnegative integral degree v = n (n = 0,
I, 2,...) are identical with the Legendre polynomials considered in Chap. 4.

The Legendre functions of the second kind of nonnegative integral
degree v = n can also be expressed in closed form in terms of elementary
functions. To prove this, we setv = 0, 1 in (7.3.7), assuming temporarily that
z is a positive number greater than 1. After some simple calculations, this
leads to

< 1 1 1 z+ 1

) = 2 spgi e =208y
(7.9.1)

o 1 z z+ 1
0.(z) = ,ZOZIC_HW =5log—7 -1
where, according to the principle of analytic continuation, the formulas
(7.9.1) are valid in the whole z-plane cut along [— oo, 1]. The corresponding
expressions for the remaining functions Q,(z) can be derived from (7.9.1) and
the recurrence relation (7.8.6). By using mathematical induction, it is easily
verified that the result can be written in the form

s 1 —fai®, n=0,1,2,..., (192

On(2) = n( ) log >

where P,(z) is the Legendre polynomial of degree n, and f,_;(z) is a poly-
nomial of degree n — 1 [f_,(z) = 0]. Formula (7.9.2) shows that the
Legendre functions of the second kind of nonnegative integral degree have
logarithmic singularities at the points z = 1 1. Bearing in mind that

o z+1_10 1+ x
gy -1~ 81 —%

forz=x + i0(—1 < x < 1), and using the definition (7.3.28) of Q,(x), we
find that

14+ x X 1+ x
QO(X) logl ’ Ql(x) - ilogl — x - 1’

(7.9.3)
P9 o

Onlx) =

which, in particular, shows that 0,(x) > + o as x — +1.



[86  SPHERICAL HARMONICS: THEORY CHAP. 7

7.10. Legendre Functions of Half-Integral Degree

Another special class of functions encountered in practice consists of the
Legendre functions of half-integraldegreev=n — $(n =0, 1, 2, ...).22 This
class of functions is also of theoretical interest, since the case v=n — }
occupies a special position in the theory of spherical harmonics, and many
formulas need modification when v = n — 4. In the present section, we
assume that the variable z is greater than 1, setting z = cosh « (e > 0). This
is the case of greatest practical interest (cf. Sec. 8.11).

To obtain a general formula for the function @,_s, (cosh «), we use
(7.6.12), which for v = n — 4 becomes

Qn-y, (cosha) = \—/;Tl;(n:-_-*i—)i) e~ Fln 4+ 4, 4;n + 1;e%), (7.10.1)

wherea > 0, n = 0, 1, 2, ... A similar representation of P,_1, (cosh «) can-
not be written down directly from (7.6.14), since this formula becomes indeter-
minate for v = n — 4. However, the required expansion can be deduced
from the relation (7.6.2) by using L’Hospital’s rule to pass to the limit
v —n — %. This gives

’ _ 1 [[2Q_v-1(cosh a) _ [9Qy (cosh &) )
Pn—¥’~_» (COSh “) B 752{[ ov ]v:n—‘/g [ v ]v:n—%
(7.10.2)
Writing formula (7.6.12) in the form
_~x Tk +vy+ DTG+ D) aerven :
0. (cosh o) = 2 T +v T DIk + D e ,  (7.10.3)
we find that
90, (cosha) Tk +v+ DIk + D)
ov T & Tk + v+ Pk + 1)
<[Pk +v+ 1) =k +v + 2) — ale*@+viD (7.10.4)
9Q_y_1(cosha) i Ntk — Wk + 1)
ov B o Ttk — v + HI'k + 1)

x[Uk — v) — Uk — v + 3) — ale" %% (7.10.5)

where {(z) is the logarithmic derivative of the gamma function (see Sec. 1.3).
Ifwesetv=n—1(n=1,2,...), the first n terms of the series (7.10.5)
become indeterminate, since

Mk —n+ 1) =0, Yk—-n+1)=o0, k=01, .,n—1L

22 Because of (7.5.1, 3) there is no need to consider the case n = —1, —2, .. .separately.
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However, using formulas (1.2.2) and (1.3.4), we obtain

oWk —-v+ ) n—kTY(p — - -
vlln'n;ll/z m ( ) F(n k), k= 0, 1, R ) 1,

which implies

[8Q e I@fCOSh oc)]

-1 -
_ K (_l)n kF(n — k)P(k —n+ %‘) 1\ p— 2k —n+ 1)
-2 'tk + 1) Tk + Be

—n-Y%

k=0

_ Z II:E: i : i %?g i ?; [btk + %) — Yk + 1) — a]e—x@kEnt )

(7.10.6)

if we introduce a new summation index in the series

o0
>
k=n

by replacing k by k + n. For n = 0 the first term in (7.10.6) must be set
equal to zero. Moreover, it follows at once that

=5

& Dk +n+ DIk + %)
B kZo 'k +n+ DI’k + 1) (7.10.7)

X [k +n+ %) — Yk +n+ 1) — ale-@+nin,

Substituting (7.10.6-7) into (7.10.2), and noting that

_ n—k — — ;’
(=D 'tk — n + %) T 3= R
according to (1.2.2), we find that
P, _y, (cosh a)

e°“" %) "zl I'n — KHT(k + %) - 2k
T+ DI +3-0°

e~on+ly ® F(k+n +%)F(k+%)
Z Tk +n+ DIk + 1) (7.10.8)

XRae+ Pk + 1D — Pk +3)+ 9k +n+ 1) —dtk +n+ 3)le 2

where « > 0,n =0, 1, 2, ..., and the first term must be omitted if n = 0.
Formula (7.10.8) is the desired series representation of the function
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P, _y (cosh &). To find the values of the logarithmic derivative of the gamma
function appearing in (7.10.8), we use formulas (1.3.6-9). Thus we have

1 1
(1) = —v, ¢(m+1)——y+1+§+...+;l,
(3 = —v — 2log2, (7.10.9)
1 1
1 = - - _— .. N
Ym + ) = —v 210g2+2(1+3+ +2———m_1)

where y = 0.57721566...,andn = 1,2, ...

Integral representations of the Legendre functions of half-integral degree
can be obtained by settingv = n — 3} in the appropriate formulas of Sec. 7.4.
In addition, there are some special integral representations valid only for
this class of spherical harmonics. For example,

* Cos ne
n-1, (cosh a) = do, n=20,1,2,..., (7.10.10
On-n ( ) o V2cosha — 2cos @ ? ( )

which is easily proved by expanding the right-hand side in a series of negative
powers of cosh «, carrying out the integration and comparing the result with
(7.3.7).28

Finally, we point out that the Legendre functions of half-integral degree
can be expressed in terms of the complete elliptic integrals of the first and
second kinds

Kk n/2 d(p E k) fnlz \/ .
= —_— = _ N2
( ) J;) \/Ttk—zs—m—z—(—p ( 0 1 k2 sin ] d(p (7.10.1 1)

with modulus 0 € k& < 1, a fact of some interest, since there exist detailed
tables of K(k) and E(k).2* To derive these expressions, we use the integral
representations (7.4.1) and (7.10.10) and reduce the resulting elliptic integrals
to the standard form (7.10.11). For example, we have2®
P_y (cosha) = 2 K(tanh %), Q _y, (cosh a) = 2e~%2K(e™%),
7 cosh 3

(7.10.12)
and so on.

23 See footnote 17, p. 121, and use the easily verified formula

® ne 2k - T+ 20

fo €OS 1@ cOos ¢ dep TR + R

2% A. Fletcher, A4 table of complete elliptic integrals, Phil. Mag., 30, 516 (1940).
25 To prove the first formula, make the preliminary substitution

k=0,1,2,...

.. 8 LA,
sinh 5= sinh 5sine
in (7.4.1), and then use the fourth entry in Table 4, p. 319 of the Bateman Manuscript
Project, Higher Transcendental Functions, Vol. 2. To prove the second formula, use the

sixth entry in the same table,
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7.11. Asymptotic Representations of the Legendre Functions for
Large |v|

The study of the asymptotic behavior of the Legendre functions as
|z] — co for fixed v is an elementary problem, whose solution is an immediate
consequence of the various series representations of P(z), Q.(z) given above.
A less trivial problem, and one of great practical importance, is to find
asymptotic representations of the Legendre functions as |v| — oo for fixed z.
In this section, it will be assumed that z is a real number greater than 1 and
largv] < = — § (see, however, the rema k on p. 192). For asymptotic for-
mulas valid under more general assumptions concerning z and v, we refer
the reader to the special literature on spherical harmonics.?®

To derive an asymptotic representation of P,(z), we begin with the
integral representation (7.4.1), which we write in the form

P,(cosha) = %f (2 cosh @ — 2 cosh 0)~1/2ev+ 128 4§
0

+ %f (2 cosh & — 2cosh 6) " 12e~ VWO 4f = 7, 4 4,
0

(7.1L.1)
Making the substitution ¢ = « — 0 in the integral #,, we obtain
&V & pm(vi Iyt f —1/2
S = m(2 sinh &)1 J, (sinh 7)1 ( — tanh 3 coth a) a
PR A e~V Wt @ - (v Wt
T = (2sinh a)? {f (sinh t)”2 o (sinh 7)'?
{ —-1/2 o e—(v+%)t
X [(1 — tanhicoth oc) - 1] dt — J; Wdt}
gV e
=m[f3+f4—fs]- (7.11.2)

The integral #, can be expressed in terms of the gamma function, and in fact

® 1 v+1
_ 912 —(v+ 1) —ory-1/2 2pf2,
Fi=2 fo e (1 — e 2 dt = 2~ B( 5 )

v+ 1
& e T4
L=
Il 1
(2 * )
26 E, W. Hobson, op. cit., E. W. Barnes, op. cit., and G. N. Watson, Asymptotic

expansions of hypergeometric functions, Trans. Camb. Phil. Soc., 22, 277 (1918). The
last reference gives the most detailed treatment of the problem.
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(see Sec. 1.5), which implies

11

Fa= (;)m [1 + O(p|-Y), (7.11.3)

because of the asymptotic behavior of the gamma function for |v| — <o,
larg v| < $m — 3 (see Sec. 1.4).
To estimate the integral #,, we use the inequality

(I —-x)""2 ~1<x(1 —a~3 0<x<gax<l,
which implies

3

2cothoc, 0<t<

t -2 x
(1 — tanh 3 coth oc) — 1 < 2Y2 cosh 5 tanh

From now on, we assume that
O0<apa<a < o0

1t follows that

« . t
| £l < 212 cosh ; coth ocf e~ (vistn 0+t (sinh )~ /2 tanh 5 dt
0

© . t
£ 212 cosh g coth «q f e~ (visin 6+ 303 (sinh ¢)~1/2 tanh 3 dt
4]

= o(1) [ et 22 gt — O(1v| 0%, (7.11.4)
0

where we use (1.5.1). Finally we have

gl < on e~V SN0+ WY(sink )~ 12 gt < (asinh e) 12 J"”e_(m sin 6+ 140t g1/2 fy
< (2 sinh ag)- 12 fw e~MItsIn s 2 gy — O([v[-91%), (7.11.5)
[}
It follows from (7.11.2-5) that
T L+ o 7116
f1—m2[+ (v~ H1 (7.11.6)

To estimate _#, is an easier matter. We see at once that
]/ZI < -‘}C-f (2 cosh « — 2 cosh 6)—1/2 de
o]
< 1 f“ (2 cosh « — 2 cosh 8)~12 coshﬁde _ _1_’
nJo 3 3

and hence

Fa2 = 0(D). (7.11.7)



SEC. 7.11 SPHERICAL HARMONICS: THEORY |9l
Combining (7.11.6-7), we obtain the desired asymptotic representation of the
Legendre function of the first kind:

oV Tl

Py (cosh o) = o

[t + O(]v[~ 1],
(7.11.8)

[v] = o, [argv[<§—8, 0<op<a<o < oo

To derive an asymptotic representation of Q.(z), under the same assump-
tions, we begin with the integral representation (7.4.8), making the sub-
stitution 6 = o + 1:

e—(v+1/2)oc © e—(v+1/2)t

Ofcosh @) = Zr i ™ | Gnn
e~ VYo e~V at
~ @2 sinh «)'? {f (sinh t)l’2

© e—(V+1/2)t t - 1/2
(SiTt)l/z [1 - (1 + coth « tanh '2) ] dl}
o]

t\~ 1/2
(1 + coth « tanh §) dt

e—(v-H/,)ot

= Gsinhay [Fo + Sl (7.11.9)

The integral _#; has already been estimated in (7.11.3). To estimate the
integral £, we use the inequality

-1+ x)""<tx, x =0,
which implies
1 — (1 + coth « tanh £)~*'2 £ 4 coth « tanh ¢, t = 0.

Therefore

|76l < 0(1)f°° e~ 42 g — O(|y[-¥7),  (7.11.10)
0

provided that « > a, > 0. Combining these results, we obtain the desired
asymptotic representation of the Legendre function of the second kind:

1/2

QO cosha) = (2vsi7:l—lwc)1’é e~ O[] + O(]v| Y],

(7.11.11)
'

[v| = o, largvlsi—b‘, 0 <oy € a< oo
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Remark. By similar methods, one can derive asymptotic representations
of P(z) and Q.z) for the case where z belongs to the interval (—1, 1) and
argv = 0. Tt is found that?’

Py (605 0) = (2] sin [0 + 0 + dml-[1 + O(v/ )
0u(c0s 0) = (5) coslr + H0 + 4w [1 + (|

v—>o, 80w —3 (7.11.12)

7.12. Associated Legendre Functions

The next class of spherical harmonics, in order of increasing complexity,
consists of the associated Legendre functions, which are solutions of the dif-
ferential equation

2
(1 — 2" — 2z + [v(v +1)— %] w=0, (7121

for arbitrary v and integral m = 0, 1, 2,.... These functions generalize the
functions P,(z) and Q.(z) considered in Secs. 7.3-11, and reduce to these
functions for m = 0.

To define the associated Legendre functions, we assume that z is an
arbitrary complex number belonging to the plane cut along [— o0, 1], and we
introduce a new function v related to v by the formula

u= (- D" = (- D) (z + )"

Then equation (7.12.1) takes the form

Q=2 -2m+ Dzv' + v —m+m+ o =0. (7.12.2)
Let w be a solution of Legendre’s equation

(1 — 2%w" — 2zw’ + v(v + Hw = 0. (7.12.3)
Then it is easily verified that the function v = w™ satisfies equation
(7.12.3).28 1t follows that the solutions of (7.12.1) are given by
PP = (22 — 1y L4

d:
mz) = (22 — 1)™2 didg;(—z),lm =0,1,2,..., (7.12.4)
where P.(z)and Q,(z) are the Legendre functions defined earlier. The functions
27 See J. Lense, Kugelfunktionen, second edition, Akademische Verlagsgesellschaft,
Geest & Portig K.-G., Leipzig (1954), p. 168 ff., and E. W. Hobson, op. cit., p. 293 fi.

28 Use Leibniz’s rule (D. V. Widder, op. cit., p. 483) to calculate the derivatives
(z20")™ and (zv)™.
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PMz) and Q7(z) are called the associated Legendre functions of the first
and second kinds, respectively. It follows from (7.12.4) and the results of
Sec. 7.3 that P}(z) and Q7(z) are entire functions of z in the plane cut along
[—o0, 1]. Moreover, P(z) is an entire function of v, while Q7(z) is a mero-
morphic function of v, with poles at the points v = —1, —2, ...

In the applications, it is often necessary to find the solution of equation
(7.12.1) for real z = x belonging to the interval (—1, 1). To this end, we first
note that values of the associated Legendre functions on the upper and lower
edges of the cut are

dmP (x)
dxm

; i amQ (" — iO)
m, — pE(mAi/2) — y2ym/2 T ®ENAT —
OMx +i0)=¢e (1 x?%) P

P(,"(x + IO) — ei(mm‘/Z)(l _ xz)m/z

Then we introduce two new functions PJ(x) and Q7(x) by writing
P(x) = e™2PM(x + i0) = e~ ™™2PM(x — iQ)
d™P (x)
— f m — 2ym/2 N
(— (1 — xoyme

(=1 _ _ , _ (7.12.5)
08(x) = S5 [eTmRQU(x + 10) + eEQT(x — 10)]

= (- 1y - ey 20

where —1 < x < 1, vis arbitrary [except thatv # —1, —2, ... in the case of
om()],m =0,1,2,...., and O\(x) is the function defined by (7.3.28). The
functions Py(x) and Q%(x), which are easily seen to satisfy equation (7.12.1)
for real z = x (—1 < x < 1), will simply be called the associated Legendre
Sfunctions for the interval (—1, 1).2°

In the special case where v = n is a nonnegative integer (n = 0, 1,2,...),
P[z) = P,(z), where P,(z) is the Legendre polynomial of degree n. Then,
according to (4.2.1), we have

l dm+n 2 n
o g G0 D (7.12.6)

m=0,1,2,..., n=0,1,2,...,

PI@) = (& — 1y

and obviously Py(z) = 0if m > n. If m< n, the function PJ(z) is the product

2% Some authors define P7'(x) and Q7(x), —1 < x < 1 by the formulas

P(x) = (1 — x®)m™2 deP"@, or(x) = (1 — x?)mi2 d":ig’vn(x)’

™

differing from (7.12.5) by the constant factor (—1)™, a fact which should be kept in mind
when consulting handbooks and tables involving these functions.
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of (z% — 1)™? and a polynomial of degree n — m. Intheinterval —1 < x < 1,
the analogue of formula (7.12.6) is

1 d m+n
2nn1 dxm+n

If we set v = (d/dz)"P,(z) in (7.12.2) and multiply the result by (z% — 1)™2,
we obtain the recurrence relation

Pix) = (—D)™(1 — x%)™2 x* — D (7.12.7)

2Am + Dz

P7*3(z2) + = 1)1/2

PPy — (v — m)(v + m + ) PI(2) = 0,
m=19,1,2,..., (7.12.8)
which can be used to calculate the function P7(z) step by step, starting from
P\?(Z) = PV(Z),
PY(z) = (22 — DY2P)(2) = (———1)—175 v-1(2) + @ 1)1,2 P(2).

In just the same way, we find that

002 + SFEE 08%@) — (0 — m + m + DOIE) =0,

m=0,1,2... (7.12.9)

Similarly, using the definitions (7.12.5), we can easily deduce recurrence rela-
tions for the functions P7(x) and Q7(x), obtaining

a(m +z)11)f§ PPHx) + (v = m)(v + m + DPY() = 0,
(7.12.10)

00+ + LR 0 + (6 — s+ m o+ QI = 0,

PITE(x) +

where —1 < x < 1, v is arbitrary [except that v # —1, —2,... in the case
of O¥(x)]and m =0,1,2,...

The associated Legendre functions also satisfy recurrence relations of
another type, involving functions with the same superscript m but different
subscripts v. To derive these formulas, which generalize the corresponding
formulas of Sec. 7.8, we first differentiate (7.8.2) m times with respect to z
and use (7.12.4), obtaining

PrrMz) — PTAMz) = (22 — DY2(2v + DPI(2). (7.12.11)
Then, differentiating (7.8.1) m times with respect to z and again using (7.12.4),
we find that
O+ DPRa(2) — v+ DzPY(z) — v + Dm(2® — DVEPF~H(z) + vPY-1(2) = 0,
which together with (7.12.11) implies
Oov—m+ DPH(2) — Qv+ DzPT(z) + (v + m)PT_,(z) =0,
m=0,1,2... (7.12.12)
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This recurrence relation is the first of the type mentioned, and reduces to
(7.8.1) for m = 0. To obtain two other such recurrence relations, we dif-
ferentiate (7.8.2) and (7.8.3) m times with respect to z and replace (d/dz)™P(z)
by (22 — 1)~™2P™(z), obtaining

P)  APAC) M (pr ) — Pp@)] = @ + DPEG),

(7.12.13)

dPl..(z) dP "'(Z)
dz dz

" [PI() = Pra(@)] = © + m + DPIG),

(7.12.14)
where m = 0, 1, 2, ... Subtraction of (7.12.14) from (7.12.13) then gives

ZdP{,"(z) _dPy(z) mz

iz 7z 71 V(@) = Pa@)] = 0 — mPY(). (7.12.15)

For m = 0, formulas (7.12.13-15) reduce to formulas (7.8.2-4), respectively.
Finally, replacing v by v — 1 in (7.12.14) and using (7.12.15) to eliminate
(d/dz)PI ,(z), we obtain the following generalization of formula (7.8.5):3°
@ - 1) Q) (Z) —VPZ) — (v + MPT(2), m=0,1,2... (1.12.16)

Recurrence relations for the functions Q7(z) can be derived in exactly the
same way, starting from formulas (7.8.6-10), and obviously must be identical
with the corresponding recurrence relations for the functions PJ(z). In the
case of the associated Legendre functions for the interval (— 1, 1), recurrence
relations can be derived by using (7.12.5). For example, we have

O —m+ DPYLGx) — v + DxPY(x) + (v + m)Py_y(x) = 0,

(x2 — )dP(") WPHX) — (v + mPP(x) =0, m=0,1,2,...,

and so on.

A closely related result is the formula giving the Wronskian of the pair of
solutions P7(z), Q7(z) of equation (7.12.1). To derive this formula, we first
differentiate each of the equations (7.12.4) with respect to z, and then use
(7.12.4) again to eliminate the derivatives. This gives

dPz) 1

5 = 7= @ = DVPTE) + mPy()

(7.12.17)

WG _ L1 - pregrie) + mQie))

3% In Hobson's treatise (op. cit., p. 290), this formula is given incorrectly.
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Substituting (7.12.17) into the expression for the Wronskian, we obtain

Gy [QF ORI — PRI
Next we observe that (7.12.8) and (7.12.9) imply the identity
VIHR)PY(2) — PYTH()QV(2)
= (v + m)m — v — DIQVPT(z) — PH2)QV 2],
and therefore the Wronskian becomes
WiPHz), OV ()} = (v + m)(m — v — DW{PT™1(2), OV~ 1(2)},
m=12 ...

W{P}(z), QV(2)} =

Repeatedly applying this formula and using (7.7.2), we find that

WPHG), 03} = e =

by

or, after taking account of (1.2.2),

F'v+m+ 1) (—D"

W{P(z), OV(2)} = To—m+ DI =2 (7.12.18)

where
larg (z — D] < =, v# —1,-2,..., m=20,1,2,...

This result generalizes (7.7.2) and shows that PJ(z), O¥(z) are a pair of
linearly independent solutions of equation (7.12.1), except when v = 0,
1,...,m — 1,in which case both sides of (7.12.18) vanish identically. Thus,
apart from this degenerate case, the general solution of (7.12.1) can be written
in the form

u = APJ(z) + BOW(2). (7.12.19)

It follows from (7.12.18) and the definition (7.12.5) of the associated Legendre
functions for the interval (—1, 1) that
wipree, 020 = S wippGe + i0), 0p(x + 0)

+ W{PY(x — i0), OV(x — i0)}

T +m+1) 1 (7.12.20)

TTV—m+ DT —x%

We also observe that the differential equation (7.12.1) does not change if we
replacevby —v — 1 or z by —z, and hence it has solutions P™, _{(z), 0", _1(2),
P7(—z) and Q7(—2z), as well as P7(z) and QF(z). Since every three solutions
of a second-order linear differential equation are linearly dependent, there
must be certain functional relations between the solutions just enumerated.
These relations can be obtained directly by differentiating each of the relations
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(7.5.1-2,4-5) m times with respect to z, and then using the definitions
(7.12.4). This gives

P™,_,(2) = PI2), (7.12.21)

sin ve[Q%(z) — O™, -1(2)] = w cos v PJ(2), (7.12.22)

W(—2) = —e*Y™O%(2), (7.12.23)

PP(2)e™™ — P(—2) = —sm v Q%(2), (7.12.24)

where m = 0, 1,2,..., and the upper sign is chosen if Im z > 0 and the

lower sign if Im z < 0.

The associated Legendre functions can be represented by hypergeometric
series in suitably restricted regions of the z-plane cut along [— o0, 1]. The
problem of deriving all expansions of this type lies behind the scope of this
book. At this point we consider only the simplest examples, referring the
reader interested in a more detailed treatment to the sources cited in footnote
20, p. 176.

An expansion of PJ(z) valid in the domain [z — 1| < 2, Jarg(z — )| < =
can be obtained by m-fold differentiation of the series (7.3.6). First we note
that

d Co (“)k(ﬁ)k k-1 (“)ku(ﬁ)ku
e = 5 s = 5 Ol o

k=0

_ %FOW—%EZIE A (7.12.25)

= %BF(oc + LB+ v+ 1%
for |x| < 1, since (A1 = MX + 1), by definition. Repeated application of
this formula gives

%F(%B;Y;X)=%)—"'F(a+m,ﬁ+m;Y+m;x), m=0,1,2,...

(7.12.26)
It follows that

PiG) = @ = 1 S F(—wv + L)

_ @ = D= D" (=9)nlv + D ) A -z
A D F( m—v,v+m+1l;m+1; 3 )
Moreover, according to (1.2.2),
T +m+ 1)
O+ Dn=—3G515
_Tm=v _ o TO+D
Cr =T TV e
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and hence
'6¢G+m+ 1)
Py(z) = @ -
27T DIty —
m + DIC = m + 1) (7.12.27)
1 -z
X F(m —-vww+m+1l;m+ I;T)’

where |z — 1] < 2, |arg(z — 1)] < =, v is arbitrary, and m =0, 1,2, ...
This expansion generalizes formula (7.3.6), to which it reduces for m = 0.
To obtain the corresponding formula for the interval —1 < x < 1, we use
(7.12.5) and (7.12.27), obtaining
(=D + m + 1)

T T TG )(1 x2)mi2

Pi(x) =

(7.12.28)
1-x),
2
Next we derive the formula generalizing the basic expansion (7.3.7) of the
function Q.(z). Using the duplication formula (1.2.3), we write (7.3.7) in the

xF(m—v,v+m+1;m+1;

form
[ & F(k+V;2)P(k+V;1)
_ — —(2k+v+1) 1
) = 3 kzo KTk + v + 3) ‘ >l <t

and then differentiate this series m times with respect to z. According to
(1.2.1, 3), we have
dm
. o—(2k+v+1)
a°
=(-D"2k+v+ DRk +v+2)-(2k + v + m)z~@+vin+n
= (_ )m F(Zk +vtm+ l)z—(2k+v+m+1)
'k +v+ 1)
et
2 T 1 Z—(2k+v+m+1)
v + v
P(k+ : )I‘(k+ ! )

= (-1

3

and therefore

deV(z) ( )mzm—lz—(v+m+1)

v+ m+2 v+ m+ 1
i I‘(k+—2 )I‘(k+————2 )_1_
K=o KTk +v + %) Z%

—(—1) Val(v + m + 1)
- 2v+11“(+3)
v+m+2v+m+1 31

XF( 2 H 3 V+§—2)

—(v+m+1)
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which implies

—D)"VrT(v +m+ 1)

(
07(z) = : @ - 1
2v+11“ 3\, ,v+tm+1
O+ 2); 1 . (7.12.29)
v+m+2iv+m+ 1 3.1
XF( 7 T2 VTt ra)
where
|z > 1, larg(z—=D| <=mn, m=0,1,2,..., v#—1,-=2,....

We conclude this outline of the theory of the associated Legendre func-
tions by citing the following integral representations which generalize the
corresponding formulas of Sec. 7.4:31

I'ev + m + 1)(z2 — ™2
2"Val(m + HIG —m + 1)

Pl(z) =

% fo" (z + V72 = 1 cos §)*~™ sin®" § dy,

Rez>0, m=0,1,2,..., (7.12.30)

P}(z) = I%E—'Z_-il_j—l—) f: (z + V22 = 1 cos ¢)" cos m{ dy,

Rez>0, m=0,1,2,..., (7.12.31)

(—1)™20(v + m + 1) 1
Py = —= -
oS E) = T Tom + DT —m + 1) @sin B
8 cos (v + 1)8
. o (2cos® — 2cos B)‘/Z“’"de’
O<B<m m=0,1,2... (1.12.32)
PROBLEMS

1. Prove the formulas
P(—x + i0) — P(—x — i0) = 2isin vr P(x),
Qf—x + i0) — O(—x — i0) = 2isin vr Q\(x),

where x > 1.

31 The parameter v is arbitrary in (7.12.30-32). For these and many other integral
representations, with suggestions as to proofs, see the Bateman Manuscript Project,
Higher Transcendental Functions, Vol. 1, p. 155 ff.



200  SPHERICAL HARMONICS: THEORY CHAP. 7

2. Derive the following representations of the Legendre function P.(z) in
terms of hypergeometric series:

Pv(z):F(vgl, 2,11—22) 1 —23 <1, larg(z + )] <=,
P = (Y By, —vi1, 221 Rez > 0
wWeNT2 R :

Hint. Apply the method used to derive (7.6.9).
3. Derive the following formulas:

e 1. 2vzZ2 71
PO = G VIRt )
2A0vVZ2 =)
z4+ V2~ 1

e 1. 2vZ2 — 1
PV(Z) = (2 - \/22 - I)F(—'V,E,l, - m—_——l)’
2Vz2 1
z— V22— 1

<1, larg(z — 1)} < =,

l <1, Jarg(z — 1| <=,

— oV v 1 — V. . _ 1 2 1
Pv(z)—zF< f’T’l’l 22), Re z >3 larg z| < m.

Hint. Expand the integrand of (7.4.3) in series of powers of sin? ($/2),
cos? (¢/2) and cos ¢, and then integrate term by term.
4. Derive the following formulas
VR + 1)
R A
lz—1]>2, Jarg(z— D] <w v#-1,-2,..,,

ouz) = )VIF(1+V1+V2+2V,12)y

Qv(2)=2\anll;g(%_:—l))(z+l)V1F(1+v1+v2+2v,1i )

lz+ 1} >2, Jarg@+ D] <m, v# -1, -2,...,

VETH + 1) v+1v+1v 3.1
2V IT(v + 3) 2 2 22T = 22

22— 1] >1, larg(z = Df <=, v# —-1,-2,...
Hint. Apply the method used to derive (7.6.9).
5. Prove the formula

ouz) = /2 ??’ i i))( 2 _ 1)Uz — V2 Z 1 Dv+%

W p(LL 3. - V@1

22T avE—a1 )
z— V-1
V22 -1

0uUz) =

2 - 1) 1/(v+1)F(

|< 1, larg(z — D] <=, v# -1, -2,
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Hint. Introduce the new variable of integration # = 6 — o in (7.4.8), and
then expand in powers of 1 — e~

6. Prove that if v is not an integer, then the asymptotic behaviorasz — — 1 of
the Legendre function of the first kind and its derivative is described by the
formulas 32

sin vr z+ 1 , sinve 1
p= log 7 > PV(Z) ~ —TL'— ]_—}—-2’

z—> — 1.

P2 =~

7. Using the result of the preceding problem and the functional relations
connecting the Legendre functions of the first and second kinds, show that
for any v, the function Q.(z), |arg (z — 1)| < = has a logarithmic singularity
at z = 1, while the function Q.(x), —1 < x < 1 has logarithmic singularities
at both end points of the interval (—1, 1).

8. Derive the integral representations

P, (cosh a) = Tvl-i———l) f e~tcosh o [(rsinh w)f dft,
0

Q. (cosh o) = T‘h f e tooshx K (¢ sinh «)t¥ dt,
o

— 1 ? -t cos 8 3 \
Pcos 8) = O] fo e Jo(t sin 8)¢¥ dt,
where

[Ima) <z Rev> —1, 0<9<m,

(ST

and Jo(x), I)(x) and Ky(x) are Bessel functions.

9. Derive the integral representations

P,_y, (cosha) = Coivn A/%f e“COS““KTV(;th, IRev] < 4, «=0,
o

m [ 1)
-y (cosha =A/—f e toosha s gy Rev> -4, >0,
QV /( ) 2 o \/t 2
where I(t) and K(¢¥) are Bessel functions of imaginary argument (see Sec.

5.7).%8

10. Prove the formulas

1 1 2 (n+ m)
m m — m 2 = - o,

f _ ProPR() dx = o, f_lu’n(x)] dx = 5
m=9012..., Il=mm+1,..., n=mm+1,...,

generalizing the results of Sec. 4.5.

32 A possible approach is to use the expansion of P,(z) given by E. W. Hobson, op.

cit., p. 225.
33 Proof of the formulas given in Problems 8-9 can be found in Watson’s treatise

(op. cit., p. 387).
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Comment. These formulas play an important role in the theory of series
expansions with respect to the functions PR(x).
11. Prove the following addition theorem for the Legendre polynomials:
Puzz — V22 = 1VZ%2 — 1cos o)

= n(z)Pn(z)+22(—l)"‘(n m)!

m)!
Prove the analogous theorem for the Legendre functions:3*
Pfzz — V22 = 1 V2% — 1 cos ¢)

(2 PR(Z') cos me.

T'G=—m+1)

. m. 4
__P(v T T l)P" (2)PT(z") cos mo,

= P@P) +2 3 (=1
larg(z — 1)] < =, |arg(z’ — 1) <=, Rez>0, Rez > 0.

12. Prove that the Legendre functions of complex degree v = —4 + it satisfy
the integral equation

1< x < o0,

cosh n'rJ‘ P_ V"*“(y)dy
1

P_y,n(x) = p= Xty

13. Derive the following integral representation of the square of the function
Py in(x):

cosh nt [ P_y ()

dy, 1< x < o0,
B 1 \/1+y\/2x2—1+yy

[Py (0] =

14. Derive the following asymptotic formulas for the Legendre functions of
complex degree v = —4 + i7:3°
e19
P—%’zﬂr(cose)zm, T>0m, 30— 3,
V2

—___'_———sin(ocr+%n), T — 0, S<a<<a< w.
V77 sinh «

Py (cosh o) &

15. Prove that

1 T'Cm+ DI(m + n + 1)
am — 22n+1 *
f—1 X" Pon(x) dx = 2 Tn — n + DITQm + 21 + 2)

16. Prove the formulas
1
P = 2iP,(0) Qan(isinh ), 0
-1Vcosh? o — 2

f PP 4 9P, (0)0sn (cosh ). (i)
-1Vsinh® « + x2

3% For the proof of these and similar formulas, see E. W. Hobson, op. cit., Chap. 8.

85 These formulas are important in connection with the problems of mathematical
physics considered in Secs. 8.5, 8.9, 12-13. They are special cases of general asymptotic
formulas given in Barnes’ paper (op. cit.).
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Hint. The substitution o — o — 4ni converts (i) into (ii). To prove (i),

expand VcoshZ« — x2 in a power series and integrate term by term, using
the result of the preceding problem. Also anticipate formula (9.5.2), and
use (7.3.7) and (7.6.7).



3

SPHERICAL HARMONICS: APPLICATIONS

8.1. Introductory Remarks

The present chapter is devoted to the study of some boundary value prob-
lems of mathematical physics which can be solved by the use of spherical
harmonics. Except for Sec. 8.14 (dealing with Helmholtz’s equation), we will
be concerned exclusively with potential theory, i.e., with solutions of Laplace’s
equation. In fact, we will confine our attention to the Dirichlet problem,
which, according to Sec. 6.3, can be stated as follows: Given a domain © with
boundary o, and a function f defined on o, find the function u such that 1) u is
harmonic in © and continuous in the closed domain © + o, and 2) u coincides
with f on 5. In the case of an unbounded domain, this statement of the prob-
lem must be supplemented by a condition characterizing the behavior of the
function u at infinity.

An effective general method for solving boundary value problems is to
find a system S of orthogonal curvilinear coordinates «, B, y such that

1. The surface 6 corresponds to a constant value of one of the coordinates
B, v;

2. Variables can be separated in Laplace’s equation, after it has been
transformed to the system .S by using the formulas

X = X(O(, B’ Y)’ y = y(d., 8, Y)a z= Z(O(, ﬁ’ Y)' (811)

If such a coordinate system S can be found, then a solution of the problem
can usually be obtained by superposition of particular solutions of Laplace’s
204
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equation written in the system S (cf. Sec. 6.3). In this regard, we remind the
reader of the following fact from advanced calculus:! If the square of the
element of arc length in the system S is given by

ds® = h2 do® + hZdB® + K2 dv?, (8.1.2)

in terms of the metric coefficients hy, hg, h,, then in the system S, the
Laplacian operator takes the form

1 o (hgh, ou & (h,hy Ou 8 (hh, ou
2 — b | O (T o) O (e CUY L O (el OUY |

8.2. Solution of Laplace’s Equation in Spherical Coordinates

One of the most important systems of orthogonal curvilinear coordinates
permitting separation of variables in Laplace’s equation is the system of
spherical coordinates r, 0, ¢, related to the rectangular coordinates x, y, z by
the formulas

x =rsinfcosg, y=rsinbsing, z=rcosH, (8.2.1)

where
0<r<ow, 00, —T<o<gm

The corresponding triply orthogonal system of surfaces consists of the
spheres r = const, the circular cones 6 = const and the planes ¢ = const
passing through the z-axis. Moreover, the square of the element of arc length is

ds? = dr? + r?d6? + r? sin? 0 do?, (8.2.2)
and hence, according to (8.1.2), the metric coefficients are
hy=1, hg=1r, h,=rsinb,

and Laplace’s equation takes the form [cf. (8.1.3)]

19 ou 1 o (. .ou 1 u
2 = 5 5 2 . ~n — —_— =
Viu = r2or (r 6r) t 25070 (sm 0 66) t Tz o 92 0. (823

It is easy to see that if we look for particular solutions of (8.2.3) of the

form
u = R(r)O(0)D(e), 8.2.4)

then variables can be separated, so that the problem of determining each
factor in (8.2.4) reduces to the solution of an ordinary differential equation.

1 F. B. Hildebrand, op. cit., p. 302.
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In fact, substituting (8.2.4) into (8.2.3), multiplying by r? sin? 0 and dividing by
ROO, we find that

[li (ngB) + _l_ i(sinei@.)] Sin26 — - l@

Rdr\ dr © sin 6 40 db T T D de?

which is possible only if both sides equal a constant, which we denote by u2.
This leads to two equations

d*o

d—cpz—i—gLZd):O,
L (adR) (g 0 829
Rar\" @) " sin?6  ©smno\do> de)

The same reasoning shows that both sides of the last equation must equal a
constant, which this time it is convenient to denote by v(v + 1). As a result,
we obtain the equations

1 d{. ,do u? _
m % (sm 9 %> + [V(V + 1) — sinz 6] @—0, (826)
d (,dR B

Thus, determining the factors in the product (8.2.4) reduces to the rela-
tively simple problem of solving the ordinary differential equations (8.2.5-7).
The corresponding particular solutions (8.2.4) of Laplace’s equation depend
on two parameters p and v (in general, complex),? which can be used to con-
struct solutions of boundary values problems of mathematical physics involv-
ing various special domains (spheres, cones, etc.). The parameters u, v and
the corresponding solutions of equations (8.2.5-7) must be chosen in such a
way that each particular solution (8.2.4) is harmonic in the given domain, and
an appropriate superposition of particular solutions solves the given boundary
value problem.

8.3. The Dirichlet Problem for a Sphere

As a simple example of the application of the superposition method, we
consider the interior Dirichlet problem for a spherical domain. To keep
things as simple as possible, we assume that the boundary function fand the
solution u are independent of the angle ¢. Choosing the origin at the center
of the sphere (of radius a) and the z-axis along the axis of symmetry, we can
formulate our problem as follows: Find the function u = u(r, 8) such that 1) u

2 Without loss of generality, we can assume that Reyu = 0 and Rev > —14, since
replacing © by —w or v by —v — 1 does not affect the separation constants u? and
(v + 1).
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is harmonic in the domain r < a and continuous in the closed domain r < a,
and 2) u satisfies the boundary condition ul,_, = f(0), where f(8) is continuous
in the interval 0 € 0 < =.3

The rotational symmetry of the problem corresponds to setting @ = 1 in
(8.2.4) and w = 0 in (8.2.6). Then (8.2.6) reduces to the differential equation
(7.3.1) for the Legendre functions of argument x = cos 6, which for
— 1 < x < 1 has the general solution [cf. (7.3.29)]

® = AP, (cos 8) + BQ, (cos 0), (8.3.1)

where P,(x) and Q,(x) are Legendre functions of the first and second kinds,
and v is an arbitrary complex number such that Rev > —1.* Since the
variable x = cos 0 actually ranges over the closed interval [— 1, 1], and since as
x—> 1, Q\(x) = oo while P,(x) remains bounded [cf. (7.3.13, 23) and Problem 7,
p. 201] we must set B = 0 if the solution is to remain bounded inside the
sphere. Moreover, since P,(x) - o as x — —1 unless v is a nonnegative
integer [cf. (4.2.6) and Problem 6, p. 201], the same reason compels us to
choose v=n(n=20,1,2,...). Therefore, the only solutions of (8.2.6) for
u = 0 which remain bounded in the closed interval 0 € 6 < = correspond to
nonnegative integral v and are of the form

® = AP, (cos0), n=0,1,2,..., (8.3.2)

where P,(x) is the Legendre polynomial of degree n. As for the radial equa-
tion (8.2.6), it is an Euler equation, with general solution (for v # — 3)°

R=Cr+ Dr—v-1, (8.3.3)

In the present case v = n, and the requirement that the solution be bounded
at the center of the sphere compels us to choose D = 0. It follows that

R=Cr, n=012..., (8.3.4)

and hence the appropriate set of particular solutions of Laplace’s equation
inside the sphere is

u=1u, = My"P,(cos0), n=012... (8.3.5)

We can now solve our boundary value problem by superposition of the
solutions (8.3.5). In fact, suppose the boundary function f(8) can be expanded
in a series of Legendre polynomials (see Sec. 4.7), i.e.,

£(8) = i fiP,(cos®), 0<96<m, (8.3.6)

3 The statement of the problem must be suitably modified if f has discontinuities.
* As already noted (see footnote 2), this is the only case that need be considered.
5 E. A. Coddington, op. cit., Theorem 1, p. 147.
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where

fi=m+1 foﬂ F(6)P, (cos 6) sin 0 d6, (8.3.7)

and suppose the series (8.3.6) converges uniformly in the interval [0, =]. Then,
choosing M, = f,a~" and summing the solutions (8.3.5), we obtain the series

u= 2} f(g) P, (cos 6), (8.3.8)

which, according to Harnack’s theorem on sequences of harmonic functions,®
converges uniformly for 0 < r <a to a harmonic function with boundary

values
ul,-q = f(0),
i.e., (8.3.8) solves the Dirichlet problem for a sphere.”

Remark 1. The solutions of the Neumann problem and the mixed prob-
lem, involving the boundary conditions (6.3.1b) and (6.3.1¢), can be obtained
by similar methods.

Remark 2. In the case of the more general problem where f = f(9, @) is a
function of both angular coordinates, it turns out that the appropriate set of
particular solutions of Laplace’s equation in the domain r < a has the form?
U = Upy = [Mpy, cOS mp + Ny, sin melr* Py (cos 6), 83.9)

m=01,2..., n=mm+1,m+2,...,
in terms of the associated Legendre functions P} (cos 8). Moreover, by
replacing the factor r* in (8.3.9) or (8.3.5) by the linear combination
Cr* + Dr~"~1 we obtain particular solutions which can be used to solve
boundary value problems for a spherical shell, or for the domain lying out-
side a sphere (in the latter case, we must set C = 0 to prevent the solution
from becoming infinite as r — o).

8.4. The Field of a Point Charge inside a Hollow
Conducting Sphere

As an application of the results of the preceding section, consider the
problem of determining the electrostatic field due to a point charge g inside a

8 See W. J. Sternberg and T. L. Smith, The Theory of Potential and Spherical Har-
monics, University of Toronto Press, Toronto (1952), pp. 216, 247, and R. Courant and
D. Hilbert, Methods of Marhematical Physics, Vol. 2, Interscience Publishers, New York
(1962), p. 273, where the result is called Weierstrass’ convergence theorem.

7 One can also solve the interior Dirichlet problem for a sphere in the case where
f(8) is only piecewise continuous. See the analogous treatment of the interior Dirichlet
problem for a circle, given in A. N. Tikhonov and A. A. Samarski, op. cit., pp.. 284, 301.

8 See E. T. Whittaker and G. N. Watson, 4 Course of Modern Analysis, fourth
edition, Cambridge University Press, London (1963), p. 392.
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hollow conducting sphere of radius a, held at zero potential. Choose the
origin O at the center of the sphere, and let the z-axis pass through the posi-
tion A of the charge, which is at distance
b from O (see Figure 27). To eliminate the
singularity at 4, we write the potential ¢ of
the electrostatic field as a sum of the potential
of the source and the potential u of the
secondary field due to the charges induced on
the inner surface of the sphere, i.e.,

¢=§+m (8.4.1)

where

o= AP = Vr? + b% — 2brcos 6

is the distance from A to a variable point P,
with coordinates r, 0.° Since ¢ must vanish
on the surface of the sphere, determination
of the function u = u(r, 6) reduces to sol-
ving the Dirichlet problem with the boundary condition

q

Upeg = — = f(9). 8.4.2

| Va® + b? — 2abcos § /O (8.42)

The right-hand side of (8.4.2) can easily be expanded in a series of

Legendre polynomials, and in fact there is no need to evaluate the integral
(8.3.7). Instead, we use formula (4.2.3) which immediately implies

FIGURE 27

Uyog = — g (g) P, (cos 0). (8.4.3)

n=0

Moreover, since b < a it follows from the estimate (4.4.2) that the series
(8.4.3) is uniformly convergent in the interval [0, =]. Therefore, according to
Sec. 8.3, the function u is given by the formula

=S (b
u= - 20 (02) P, (cos 0). (8.4.4)
Using (4.2.3) again, we find that the sum of the series (8.4.3) is

1 r’
-7, (8.4.5)

- _1 =
2
aA/l—Z(b—g)cosﬁ+(—b—:) °
a a

’ a ’ 02 ’ 2 2 g
q=-qp bzf’ o) = Vr?2 + b2 — 2brcos 6.

u

where

9 Since the problem is rotationally symmetric, « is independent of the angle ¢.
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Thus the potential ¢ can be written as a sum

’

9 9
¥ . + o (8.4.6)
where the first term is the potential of the charge ¢ in the absence of the con-
ducting sphere, and the second term is the potential of the image charge q' at
the image point A', which takes account of the influence of the sphere.!®

8.5. The Dirichlet Problem for a Cone

The ability to separate variables in Laplace’s equation written in spherical
coordinates also allows us to solve boundary value problems for the domain
bounded by the surface of an infinite circular
cone. Choose the origin at the vertex of the
cone, and let the z-axis lie along the axis of
symmetry of the cone (see Figure 28). Then
the equation of the cone is 8 = 0, (8, < =),
and the Dirichlet problem for the case of
axially symmetric boundary conditions can
be stated as follows: Find the functions
u = u(r, 8) such that 1) u is harmonic in the
domain(Q < r < 00,0 < 0 < 6, and continuous
in the closed domain 0 < r < o0, 0< 0< 0,
and 2) u satisfies the boundary condition
Ulg_o, = f(r) and the condition at infinity
U]y~ —> Quniformly in 6,1 where f(r) is continuous in the interval 0 < r < oo
and f(r)];»0 = 0.

In applying the method of separation of variables to this problem, we
must set B = 0 in (8.3.1), if the solution is to remain bounded on the axis of
the cone. However, in the present case, there is no reason to choose v to
be a nonnegative integer, since P,(cos 0) is bounded for arbitrary v if
0 < 0 <0;. In fact, with some extra restrictions on the function f(r), the
problem can be solved by choosing

FIGURE 28

v= —14 i Tt 20,

which corresponds to the following set of particular solutions of Laplace’s
equation:

u=u;, =[M,cos(rtlogr) + N,sin (v log#)lr *2P_;, i, (cos 0). (8.5.1)
Here M, and N, are arbitrary continuous functions (r > 0), and the solutions

10 Note that ¢’ = A'P, i.e., p’ is the distance between the image point 4’ and the
P P p

variable point P (see Figure 27).
11 The second condition is necessary for the uniqueness of the function «. See A. N.

Tikhonov and A. A. Samarski, op. cit., p. 288.
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depend continuously on the parameter . Using (7.3.6), we find that the
Legendre functions of complex degree appearing in (8.5.1) have the series
expansion

P_1psie (cos 8) = F(gS + i, — in; 1; sin? g)
(8.5.2)

2
sm—+(“+T)(4 sm4—+~-~

=1+ (1!)2 2 2! 2

It follows from (8.5.2) that P_+, . ;. (cos 0) is real and satisfies the inequalities

1 € P_y, . (cos 0), 0<
(8.5.3)
pP_ Vo +it (COS <P - Y% +it (COS Bo), 0<

Now suppose that f(r) is such that o(r) = r%f(r) has a Fourier expansion
of the form?2

2(r) = F(r) = f: [Go(%) cos (x log r) + G(=) sin (= log r)] &=,
0<r< oo,

G (v) = ! fcof(r)r‘”2 cos(tlogrydr, Gy(r)= ! fmf(r)r‘”2 sin(tlogr) dr,
T Jo ™ Jo
8.5.4)

where the integral is uniformly convergent in every finite subinterval [ry, r;]
such that 0 < r; < r, < oo. Then, choosing

- G - G»
M= eosty T P (o5 0

in (8.5.1), and integrating with respect to the parameter © from 0 to co, we
obtain the function

-3 +4x (cOs 6)
- Y +it (COS 80)

(8.5.5)

u=r-12 on [G(7) cos (t log r) + G(7)sin(log r)]
0

which gives the solution of our problem, at least formally.

12 The expansion (8.5.4), which reduces to the standard form of the Fourier integral
if we make the substitution logr = £(—o < £ < o), is valid if f(r) is continuous and of
bounded variation in every finite subinterval [r,, r;], where 0 < r; < r; < o0, and if the
integral

| “ Ol dr
0

is finite. See E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals, second
edition, Oxford University Press, London (1950), Theorem 3, p. 13.
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Example. Find the electrostatic field due to a point charge q on the axis of
a hollow conducting cone, held at zero potential, if the charge is at distance a
Jfrom the vertex of the cone.

As in Sec. 8.4, we write the potential ¢ as a sum

$ = % +u (8.5.6)

where o = V/r®2 + a® — 2ar cos 6. Then u satisfies the boundary condition

q
s - . 8.5.7
u‘e 8o f(r) ,\/r2 + a2 — 2ar cos 60 ( )

Using the integral representation (7.4.6), we find that

© cos (t log r)
G~ —= = dr
(=) = wJo VrVr? + a2 — 2ar cos 0,

cos(rlogr) dr

O et

+— — 2 cos B,

(8.5.8)

_q J“"’ cos[t(s + loga)]
TV gJ-o V2 coshs — 2 cos 6

_2gcos(rloga) f cos T§
Va o V2coshs — 2cos 8,
g cos(tloga)

— g cosrlogd) b (_cos By),
Vg coshrmr #+1x( =008 Oo)

ds

and similarly,

g sin (7 loga)

Gy(7) = — Vo coshmr P_y, 4 i:(—cos b).

Thus the solution of the problem is given by the integral

_14 44 (€08 0)

\/arf P Y +it (COS 6O)

It is not hard to see that this integral is absolutely and uniformly convergent
forr, < r<ry,0< 6 <0y, where0 < r; < ry < o0. In fact, it follows from
(8.5.3) that the integral in question is majorized by the integral3

P_s,(—cos 0 )wd (8.5.9)

U=
coshw

1 8

f P_y i (—cos B)) ——— cosh — = 508 5 (8.5.10)

13 To verify (8.5.10), set 8 = m in (8.12.8).
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Using this result, we can prove that formula (8.5.9) actually gives the solution
of our problem.!*

8.6. Solution of Laplace’s Equation in Spheroidal Coordinates

We now turn to other systems of orthogonal coordinates permitting sepa-
ration of variables in Laplace’s equation, and leading to particular solutions
which can be expressed in terms of spherical harmonics. We begin our dis-
cussion by examining two coordinate systems suitable for solving boundary
value problems for spheroidal domains.'® First we consider prolate spheroidal
coordinates «, B, ¢, related to the rectangular coordinates x, y, z by the
formulas

x = c¢sinhasinfcos¢, y = csinhasin@sing, z = ¢coshacosf,
(8.6.1)

where
O0€<a<ow, 0KPEER, —wT<op<m,

and ¢ > Ois a scale factor.’® Then every point of space is characterized by a
unique triple of numbers «, B, ¢. The corresponding triply orthogonal system
of surfaces consists of the prolate spheroids « = const with foci at the points
(0, 0, +¢), the double-sheeted hyperboloids of revolution B = const, which
are confocal with the spheroids, and the planes ¢ = const passing through
the z-axis (see Figure 29). A simple calculation shows that the square of the
element of arc length is

ds? = ¢?(sinh? o + sin? B) (de? + dB®) + c?sinh? « sin? B de?.  (8.6.2)

Therefore the metric coefficients are
hy = hy = c¢Vsinh®« + sin?B,  h = ¢ sinh a« sin B,
and Laplace’s equation takes the form [cf. (8.2.3)]

PR W R YOS S AN
= (sinh? « + sin? B) |sinh « d« * 7 sin 8 0B in B ap

1 1 %u

14 In examining the convergence of integrals involving Legendre functions of com-
plex degree v = —% + it, it is useful to recall the asymptotic formulas proved in
Problem 14, p. 202.

1% The terms spheroid and ellipsoid of revolution are synonymous, and spheroidal
coordinates might be called degenerate ellipsoidal coordinates, since cross sections of the
coordinate surfaces normal to the z-axis are circles rather than ellipses (concerning
ellipsoidal coordinates, see E. W. Hobson, op. cit., Chap. 11).

8 If a point has cylindrical coordinates r, ¢ and z, then z + ir = ¢ cosh (a + if3).
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B =const

a =const

S
N

FIGURE 29

Now suppose we look for solutions of (8.6.3) which have the form
u = A()BR)D(yp). (8.6.4)

Then the variables separate, just as in Sec. 8.2, and the factors A, B, © satisfy
the ordinary differential equations

a0 i
G T =0, (8.6.5)
1 df{. _dB n? _

2
ﬁ% (sinh a%) _ [v(v + 1)+ Sl.fm(]A -0, (867
where @ and v are parameters whose choice is dictated by the concrete condi-
tions of the problem. For example, in the rotationally symmetric case where
u is independent of the variable ¢, we set w = 0, ® = 1, while in the more
general case where u depends on ¢, weset w =m (m =0, 1,2,...), since u
must be periodic in ¢.

Next we consider oblate spheroidal coordinates o, B, ¢, related to the
rectangular coordinates x, y, z by the formulas

x =ccoshasinBcose, y=ccoshasinfsing, z = csinhacos§B,

(8.6.8)
where 17

O0€a<ow 0KPBEn, —nm<o<s T

17 If a point has cylindrical coordinates r, ¢ and z, we now have z + ir = sinh (x+iB).
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In this case, the triply orthogonal system of surfaces consists of the oblate
spheroids « = const, the single-sheeted hyperboloids of revolution 8 = const
and the planes ¢ = const (see Figure 30). The square of the element of arc
length and Laplace’s equation now take the form

ds? = ¢?{cosh? « — sin? B)(da? + dB?) + c¢?cosh? asin? B de?, (8.6.9)

Vi = L [ ! ﬁ(cosha@)+ L a(sinﬁ@)

T2 {cosh? & — sin? B) [cosh a da oo, sin B 98 op
+ <sinlza -5 u) g%‘;] ~ 0. (86.10)
r
@ = const
0 z
B = const

FIGURE 30

Separating variables, instead of (8.6.5-7) we find the following system of
equations for determining the factors A, B and ©:

dzo

Z T w*d =0, (8.6.11)

.Ld—”é (sinﬁ%) + [v(v +1) — %]B —0, (86.12)

1 d dA w1,
4 (coshaa;) - [v(v +1) — M}A —0. (8.6.13)

8.7. The Dirichlet Problem for a Spheroid

Using the particular solutions of Laplace’s equation VZu = 0 found in
Sec. 8.6, we can construct functions harmonic in the interior or exterior of a
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spheroid, thereby solving the boundary value problems of potential theory
for domains of this type. To keep things as simple as possible, we consider
the Dirichlet problem, assuming that the boundary function f and the solu-
tion  are independent of the angle ¢. We begin with the case of a prolate
spheroid. The rotational symmetry of the problem corresponds to setting
® =1 1n (8.6.11) and p = 0 in (8.6.12-13). Then equation (8.6.12) reduces
to the differential equation for the Legendre functions of argument x = cos
(cf. Sec. 8.3), whose only bounded solutions in the closed interval [0, =] are
of the form

B =CP,(cosB), n=012... (8.7.1)

where P,(x) is the Legendre polynomial of degree n [cf. (8.3.2).]*¢

To deal with equation (8.6.7), we observe that (8.6.7) transforms into
equation (8.6.6) under the substitution 8 = . Therefore the general solution
of (8.6.7) for w = 0, v = n is of the form

A = MP, (cosh «) + NQ, (cosh ). (8.7.2)

If « = «, is the equation of the spheroid on which the boundary conditions
are specified, then the interior domain corresponds to the values 0 < a < «,
and the exterior domain to the values o, < « < ©0.1® Since P, (cosh «) — 1,
0, (cosh o) — o0 as « — O [cf. (7.3.13, 23) and Problem 7, p. 201], we must
set N = 0 when dealing with the interior problem, and hence the appropriate
set of particular solutions of Laplace’s equation consists of the functions

u=u, = M,P, (cosh «)P, (cos B), n=20,12,... (8.7.3)

On the other hand, for the exterior problem we need solutions which are
harmonic outside the spheroid and vanish at infinity (cf. Sec. 8.5). According
to (7.6.1, 3), this requires setting M = 0, so that the appropriate particular
solutions of Laplace’s equation are now of the form

u=u, =N,0,(cosha)P,(cosB), n=012,... (8.7.4)

Next we consider the case of an oblate spheroid. Since equations (8.6.6)
and (8.6.12) are identical, the only difference between this case and the case
of a prolate spheroid is that equation (8.6.7) is replaced by equation (8.6.13).
Therefore we have the same admissible values of the parameter v as before,
ie,v=n{n=0,1,2,...), and the factor B(f) is again given by (8.7.1). Since
equation (8.6.13) transforms into equation (8.6.12) under the substitution

= im — ia, the general solution of (8.6.13) for the case . = 0, v = n is of
the form

A = MP,(isinh «) + NQ,(i sinh a), (8.7.5)

18 This assertion holds for both the interior and the exterior problem.
% This is true for either a prolate or an oblate spheroid.
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corresponding to the following particular solutions of Laplace’s equation:

u = u, = [M,P,(isinh o) + N,Q,(i sinh «)]P, (cos B). 8.7.6)

We now show that N, must be set equal to zero if the solutions (8.7.6) are

to be harmonic inside the spheroid. The proof of this assertion is less trivial

than in the case of the prolate spheroid, since both solutions P,(i sinh «) and

Q.(i sinh «) are bounded in the whole interval 0 € « < «,. In fact, we must

now examine the behavior of grad u near the singular curve of the trans-

formation (8.6.8), i.e., the curve « = 0, 8 = =/2 on which the Jacobian
a(x, y, 2)[d(«, B, o) vanishes. It is an immediate consequence of (8.6.9) that

ou\? ou\?

(grad u)* = (coshzi 7 [(O—Z) + (%) ] 8.7.7)
if we assume that u is independent of the angle ¢. The denominator in the
right-hand side of (8.7.7) vanishes on the curve « = 0, 8 = =/2, and therefore
a necessary condition for grad u to be finite is that the expression in brackets
should also vanish for « = 0, § = =/2, i.e., that N, = 0, since (8.7.6) and
(7.6.9-10) imply

)+ (). =

Moreover, this condition is also sufficient. In fact, if
u = u, = M,P,(i sinh )P, (cos B), n=012..., (8.7.8)

then
ou\? ouN? e ra -
(5) + (8_6) = MZ[PZ(i sinh «)P;? (cos B) sin® B

— P;%(i sinh «)P2 (cos B) cosh? «].
The expression in brackets is a polynomial in cos § which vanishes if
cos B = +1isinh « and hence is divisible by cosh? « — sin? B. It follows that
grad u is well-behaved on the curve « = 0, B = =/2, so that (8.7.8) gives the
appropriate solutions of Laplace’s equation in the interior of an oblate

spheroid. In the case of the exterior problem, we must set M, = 0 as before,
which gives the solutions

u = u, = N,Q,(i sinh «)P, (cos ), n=0,12,... (8.7.9)
The Dirichlet problem for a spheroid can now be solved by superposition
of the solutions (8.7.3-4) and (8.7.8-9). For example, consider the interior

problem for a prolate spheroid, and suppose the boundary function f = f(8)
can be expanded in a series of Legendre polynomials

f® = > fiPalcosp), 0<B<m,
n=0 (8.7.10)

fo=(+d f " f(B)P, (cos B) sin B d8,
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which is uniformly convergent in the closed interval [0, =]. Then, using
Harnack’s theorem on sequences of harmonic functions (mentioned on p. 208)
we see that the series

u = Z fu f ((Cc(fi‘ “)) P, (cos B), (8.7.11)

with terms of the form (8.7.3), converges uniformly for 0 < a < o to a
harmonic function with boundary values

u]a=ao = f(®,
and hence solves the given boundary value problem.

Remark 1. The solutions of the Neumann problem and the mixed prob-
lem, involving the boundary conditions (6.3.1b) and (6.3.1¢c), can be obtained
by similar methods.

Remark 2. In the case of the more general problem where f = f(B, ¢) is
a function of both coordinates  and ¢, it turns out that the appropriate set
of particular solutions of Laplace’s equation for prolate and oblate spheroid
are

u= = [M, cos m¢ + N, sin me}PT (cos B) or Egg:g m% (8.7.12)
U= Up, = [My, cos mp + N, sin me]PJ (cos B) g',;g ZEE :3, 8.7.13)

respectively, where m = 0,1,2,... and n = m + 1, m + 2,... The upper
row in (8.7.12-13) corresponds to the interior problem and the lower row to
the exterior problem.

8.8. The Gravitational Attraction of a Homogeneous
Solid Spheroid

As a simple example of the results of the preceding two sections, we now
calculate the gravitational potential of a homogeneous solid prolate spheroid
of mass m and density p. Let the potentials inside and outside the spheroid be
denoted by ¢; and ¢., respectively. Then, as is well known,?° the problem
reduces to finding the solution of the equations

V3, = —d4np, V3, =0, (8.8.1)
which satisfy the boundary conditions

q’i]o = ‘*pelm aa_t’ aaﬁl::

where o is the surface of the spheroid and 9/or denotes the derivative with

$olw = O, (8.8.2)

20 W. J. Sternberg and T. L. Smith, op. cit., p. 134.
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respect to the exterior normal to 6.2 Solving this problem is equivalent to
solving the equations
Vap* = 0, V3, = 0,
if we represent ¢, in the form of a sum
b = do + 9%, (8.8.3)
where ¢* is harmonic inside the spheroid and ¢; is a particular solution of
Poisson’s equation, e.g.,
o = —mp(x? + »2). 8.8.4)
Using (8.6.1) to introduce spheroidal coordinates «, 8, ¢, and applying

the superposition method to the particular solutions (8.7.3-4), we write the
functions * and ¢, in the form

g* = i M, P, (cosh )P, (cos B),
n=0

(8.8.5)
Yo = > N,0Q, (cosh a)P, (cos B).
n=90
To determine the coefficients M, and N,, we have the boundary conditions
— 34/1 . 3%
Gilamao = Yelu=no 2 = (8.8.6)

where o, is the value of the coordinate « corresponding to the surface of the
spheroid.?? Noting that

2
o = — mpc?sinh® e sin? f = — Zvcgc sinh? « [P, (cos B) — P, (cos B)],

(8.8.7)

and comparing coeflicients in both sides of each of the equations (8.8.6), we
find that

2
M, — 2mec sinh? ay = NyQ, (cosh ),
2
M2P2 (COSh (xo) + 27:396 Sinh2 &y = N2Q2 (COSh ao),
2
- 4"3PC cosh ay = NoQj (cosh ay), (8.8.8)
drpc?

M,P; (cosh o) + cosh ag = N, Q% (cosh ap),

3
21 The first of the equations (8.8.1) is known as Poisson’s equation. As usual, we
assume that ¢, $, and their first and second derivatives with respect to x, y, z are con-

tinuous.
22 If a is the semi-major axis and c the distance from the origin to the focus of the

spheroid, then

SR

cosh o =
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and

M, P, (cosh ap) = N,Q, (cosh ), n=1345-5,...,

M,P; (cosh ag) = N,Qi (coshay), n=134y75....
It follows from (8.8.9) that M, = N, = 0 for all »n different from 0 and 2.
Therefore, using (8.8.8) to calculate the nonzero coefficients My, Ny, My, N,,
we can write the solution in closed form, susceptible to direct verification.
After some simple calculations, during which we use (7.7.2) and the for-
mula

(8.8.9)

m = %mpc® cosh ag sinh? g,

we arrive at the following expression for the potential outside the spheroid:
m v
Yo = — [Qo (cosh &) — Q5 (cosh )P, (cos B)].

Similarly, we can easily find the potential inside the spheroid. Finally, using
(7.9.1), we can express the potentials ¢; and ¢, in terms of elementary func-
tions.

8.9. The Dirichlet Problem for a Hyperboloid of Revolution

The ability to separate variables in Laplace’s equation written in spheroidal
coordinates also allows us to solve boundary value problems for the domain
bounded by a hyperboloid of revolution. If «, B, ¢ are the spheroidal coor-
dinates described by (8.6.1), then the surface B = B, corresponds to a hyper-
boloid of revolution (see Figure 29). The Dirichlet problem for the case of
axially symmetric (i.e., ¢-independent) boundary conditions can be stated as
follows: Find the function u = u(a, B) such that 1) u is harmonic in the domain
0 < B < B¢ and continuous in the closed domain 0 < 8 < By, and 2) u satisfies
the boundary condition uly_y, = f(«) and the condition at infinity u|y o —0
uniformly in B, where f(x) is continuous in the interval 0 < o < oo and
f@lurro 0.

As we now show, under certain conditions, the solution of this problem
is given by a superposition of the following particular solutions of Laplace’s
equation:

u=u,= MP_s i (cosha)P_y ., (cosB), 72 0. 8.9.1)

In fact, setting w. = 0, v = —% + it in (8.6.6-7), we obtain

B = CP—‘/g-Hr (COS B) + DP—‘/z+i1 ('—COS B),

A= MP_y i (cosha) + NP_y ;. (—cosh a),
and then the condition that the solutions be bounded on the axis of the hyper-
boloid, where either « or B vanishes, implies D = N = 0. Moreover, accord-

ing to (7.6.3), we have P_y, .4, (cosh «)|,—,» — 0, and hence # |y — 0, as
required. The possibility of making a superposition of solutions (8.9.1) which
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satisfies the boundary conditions is based on the Mehler-Fock theorem, which
states that2?

f09) = f tanh Py, (%) d f FEP_ 4 nDdE, T<x<oo (89.2)

at every continuity point of f(x), provided that

1. The function f(x), defined in the infinite interval (1, c0), is piecewise
continuous and of bounded variation in every finite subinterval
[x1, x5), where 1 < x; < x, < 0;

2. The integrals
f: [ f (e — D73 dx, J:o | f(x)]|x =2 log x dx

are finite, for every a > 1.

Thus, if the boundary function f(«) satisfies appropriate conditions,?* we
can write

fla) = f FOP_y.i(cosha)dr, O<a<cw,  (89.3)
0
where
F(r) = vtanh =t f S(@)P_y, iz (cosh o) sinh a dec.
0

Then the integral

_ Poy.in(cosp) ,
u = f F(v) P 3y ors (c05 Bo) ) _3 +17 (cosh ) d 8.9.4)
gives the solution of our problem, at least formally. For further details,
including the solution of a problem of electrostatics, we refer the reader else-

where.2°

8.10. Solution of Laplace’s Equation in Toroidal Coordinates

In addition to spherical and spheroidal coordinates, there are other
coordinate systems whose use is intimately connected with Legendre functions.

23 See N. N. Lebedev’s dissertation (cited on p. 131), and V. A. Fock, On the repre-
sentation of an arbitrary function by an integral involving Legendre’s functions with a
complex index, Doklady Akad. Nauk SSSR, 39, 253 (1943). At discontinuity points, the
integral in the right-hand side of (8.9.2) equals

&+ 0) + f(x — 0]

2¢ E.g., if f(«) is continuous in [0, 4] for every finite 4, and if f(«) falls off like e ~¢%2 * &,

e>0asa— oo.
25 See N. N. Lebedev, Solution of the Dirichlet problem for hyperboloids of revolution

(in Russian), Prikl. Mat. Mekh., 11, 251 (1947).
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First we consider toroidal coordinates «, B, ¢, related to the rectangular
coordinates x, y, z by the formulas

¢ sinh « cos ¢ ¢ sinh « sin @ , csin 8
= —— = e—— I = s
cosh o — cos $ Y = Cosh« — cos B cosha — cos B
(8.10.1)
where
0€a< o0, —n < B« —n< <L,

and ¢ > 0 is a scale factor.2® This coordinate system is useful for solving
boundary value problems involving the domain bounded by a torus, or the
domain bounded by two intersecting spheres.?” If a point has cylindrical
coordinates r, ¢ and z, then

¢sinh a csin B
= Z = — ’
cosha — cos B cosh o — cos B
or more concisely,

o+ i
2

z + ir = ic coth

The corresponding triply orthogonal system of surfaces consists of the
toroidal surfaces « = const, described by the equation

2
(r — ccothw)? + 2% = (sinc}‘l OL) , (8.10.2)
the spheres 8 = const, described by the equation
2
(z — ccotB)? + r? = (EECTB) , (8.10.3)

and the planes ¢ = const (see Figure 31). It should be noted that all the
spheres (8.10.3) intersect in the circle r = ¢, z = 0.
It follows from (8.10.1) that the square of the element of arc length is

c2

ds® T oorpy (7 + AP+ sinh?adet), (810

= (cosh
corresponding to the metric coefficients

b= = c _ csinha
= " cosha — cos B ® " cosha — cos B

26 It is clear from (8.10.1) that x, y and z are periodic in 8 and ¢, with period 2r.
Therefore we can choose By < B < B; + 2w, ¢1 < ¢ < ¢; + 2rinsteadof —w < B < m,
—7m < ¢ < w (which corresponds to the particular choice B; = ¢; = —m), and it is
sometimes convenient to do so (see Sec. 8.12).

27 Later on, in Sec. 8.13, we will consider a closely related coordinate system, i.e.,
bipolar coordinates.
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V

a = const

B = const

FIGURE 31

Therefore Laplace’s equation in toroidal coordinates has the form
o ( sinh « 8u) 0 ( sinh « 8u>
=\ a5 + S DU Y
da \cosh « — cos 8 du B \cosha — cos &8
. 1 u _
(cosh @ — cos B) sinh a d¢?

(8.10.5)

Unlike the cases considered previously, we cannot separate variables in this
equation. However, if we introduce a new unknown function » by making
the substitution

u=V2cosha—2cosBu, (8.10.6)
then (8.10.5) goes into the equation
o%v 0% 1 1 0%
P + 6(32 + coth 0(. Z v+ ma—(;z =0, (8.10.7)

which belongs to the class of equations permitting separation of variables.
In fact, setting

v = A()BB)D(e), (8.10.8)
we find that

ihialdA  1d°B cothads 1 _ 14 _ ,
ST« %2 T B dp? A dx T4 T B4 W
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where p.2 is a constant. This implies

2
fj—(f + u?d =0,
¢ (8.10.9)
L&A cohadd 1w _ _14B_
A do? A de "4 sin?a  Bap
where v2 is another constant, which leads to the equations
B,
TR =0 (8.10.10)
1 d{.. dA s 1 w2y,
e (smh . E) - (v —a+ m)A ~0. (8.10.11)

Thus Laplace’s equation in toroidal coordinates has infinitely many
solutions of the form

u = V2cosha — 2 cos B A(x)BB)D(p), (8.10.12)

where A, B and @ are the solutions of the ordinary differential equations
(8.10.9-11). By superposition of these solutions, we can solve various boun-
dary value problems of mathematical physics for the domains mentioned at
the beginning of this section. As usual, the case of rotational symmetry,
where the function u is independent of the coordinate ¢, corresponds to set-
ting w = 0 and ® = 1. In this case, solving equations {8.10.10-11), we find
that

u = V2cosha — 2cosp [4AP,_y, (cosh ) + BQ,_y,(cosh «)]

x [CcosvB + D sinvB]. (8.10.13)

8.11. The Dirichiet Problem for a Torus

To illustrate the application of toroidal coordinates, we now solve both
the interior and exterior Dirichlet problems for the domain bounded by the
toroidal surface « = «,. To keep things simple, we consider the case of rota-
tional symmetry, correspondingtop = 0, ® = 1. Wealso have the continuity
conditions

_ Ou
B=-=n B 8B

which are equivalent to the physical requirement that the solutions be
periodic in the “cyclic” coordinate B. The conditions (8.11.1) are possible
only if the parameter v is an integer, which, without loss of generality, we can
assume to be nonnegative, i.e.,v=nn=20,1,2,...).

For the interior problem, we need solutions bounded in the domain

ou

Ulg=—n = Ulp=r, 28 (8.11.1)

3
B==n
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ay < a« € oo. Therefore, because of the behavior of P,_u, (cosh a),
Q.. .y, (cosh «) for large «, given by formulas (7.10.1, 8), we must set 4 = 0.
On the other hand, for the exterior problem, which corresponds to the do-
main 0 € « < «, we have to consider the behavior of P,_i (cosh«),
Q. -y (cosh @) as « — 0, and then, according to (7.3.13, 23), we must set
B = 0ifthe solutions are to remain bounded. Thus the solutions of Laplace’s
equation suitable for solving the interior Dirichlet problem for a torus are

u=u,=V2cosha — 2cos [M,cosnp + N, sinnB]Q, _y, (cosh «),
n=401,2,..., (811.2)

while those suitable for solving the exterior problem are

u=u, =V2cosha — 2cos 8 [M,cos np + N, sin nB]P,_y, (cosh ),
n=01,2,... (811.3)

For this reason, P,_1, (cosh «) and Q,_1, (cosh «) are often called toroidal
functions.

Example. Find the electrostatic field due to a charged toroidal conductor
at potential V.

This problem reduces to solving the
exterior Dirichlet problem with the boun-
dary condition

U (8.11.4)
where ¢ is the electrostatic potential. AT

According to (8.10.2), the relation between
the quantities ¢, «;, and the geometric

parameters o, / of the torus (see Figure 32) 7 21 z
is given by
¢
ccothag =/, i (9_—’_
and hence
e = VI = &, cosh ay = L FIGURE 32
a

As shown above, we should look for a solution in the form of a series (8.11.2),
where, because of the symmetry of the problem with respect to the planez = 0,
we must set N, = 0, obtaining

u=V2cosha — 2cosp Z M,P, s (cosha)cosnB. (8.11.5)
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The boundary condition (8.11.4) will be satisfied if we determine the coeffi-
cients M, from the relation
V _ o
V2coshog — 2¢0s B =0

M,P, _y, (cosh ay) cos nB, —T<B<m

(8.11.6)

Expanding the left-hand side of (8.11.6) in a Fourier series in the interval
[—=, =] and using (7.10.10), we find that

M, P, .y, (cosh ag) = 2V cos np
™ Jo V2cosha — 2 cos
=-2-T:—/Qn-x/2(coshoco), n=1,2...

Vv
MoP )5 (cosh ap) = oy 0 12 (cosh ),

which leads to the following formal solution for ¢:

P_,; (cosh o)
P_1/2 (COSh a.o)
< P,_y, (cosha)

2 ,,21 Py, (cosh ao)

¢=g\/2008ha—2005{3[ O _ 12 (cosh xg)

O -y (cosh ag) cos nﬁ] .

(8.11.7)

By using the asymptotic representations of Sec. 7.11, it can be shown that the
series (8.11.6) converges and actually gives the solution of our problem.
Finally, we note that the charge density on the toroidal surface is given by the

formula [cf. (6.6.10)]
1 ou

1
G = _maa=o¢o = —a;z(coshoco—cosﬁ)

ou
o

o =g

Remark. 1t is easy to see that in the case where u is a function of all three
coordinates «, B and ¢, the appropriate solutions of Laplace’s equation are

U= Up, = V2cosha — 2cos B [M,, cos np + N,, sin nf]

8.11.8)
m cos me _ (

x Qn_y, (cosh a) sin mcp’ mn=20,1,2,...
for the interior problem, and
U = Up, = V2 cosh a — cos 8[M,., cosnB + N,,sin np}]

(8.11.9)
X P’T_%(cosha)c?smq:, mn=20,12,...
sin mo

for the exterior problem.
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8.12. The Dirichlet Problem for a Domain Bounded by Two
Intersecting Spheres

Toroidal coordinates can also be used to solve boundary value problems
involving a domain bounded by two spheres S; and S, which intersect in a
circle y. Let x, y, z be a system
of rectangular coordinates with
origin at the center of v, and 8
let the z-axis pass through the !
center of the spheres (see
Figure 33). Let«, {3, ¢ be a sys- Bz
tem of toroidal coordinates
related to x, y, z by the for-
mulas (8.10.1), and choose the z
constant ¢ equal to the radius
of y. Finally, let B, be the angle
between the plane z = 0 and
the tangent plane to the sphere
S, (p = 1,2), drawn through
any point of the circle y, where
0 < B; < By < 2n. Then it fol-
lows from (8.10.3) that the
equation of the sphere S, in toroidal coordinates is 8 = B,. Moreover, of
the two domains bounded by the spheres, the interior domain D; corre-
sponds to the interval §; < 8 < 8,, while the exterior domain D, corresponds
to the interval B, < f < By + 2n. In both D; and D,, the variable «
ranges over the interval 0 < « < oo, where points on the z-axis corre-
spond to « = 0 and points on the edge y correspond to « = 00.28

We now consider the Dirichlet problem for the domains D; and D,, con-
fining ourselves to the rotationally symmetric case. Just as before, we start
from the solutions (8.10.13), but unlike Sec. 8.11, there is no longer any need
to restrict v to be a nonnegative integer. In fact, as we shall soon see, the
solution of our problem can be constructed by superposition of solutions of
the form

u = u, = V2cosha — 2 cos B[M, cosh i + N, sinh 1]
X P_y 4 (cosh ), 20, (8121
obtained from (8.10.13) by choosing v = it and setting B = 0.2° We begin

with the interior problem, and assume that the functions f, = f,(«) appearing
in the boundary conditions

Ulp=p, = fos p=12 (8.12.2)

~

FIGURE 33

28 Note alsothat x =y =0,z —> 0 ifoe =0, > 2n .
29 This is necessary for the solution to be bounded on the z-axis.
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are such that the functions

So(®) ,
V2 cosha — 2 cos B,

o) = p=12

can be represented as integrals of the form
Pp(a) = f @, (v)P_1,,; (cosh &) dr, 0<a< oo, (8.12.3)
0

where the expansion coefficients @,(r) are independent of «. According to
the Mehler-Fock theorem (8.9.2), such a representation is possible, and the
functions ®,(r) can be calculated from the formula

®_ (r) = 7 tanh v f po(@)P_y, i (cosh o) sinh & dx,  (8.12.4)
0

if the functions f,(«) are continuous and of bounded variation in [0, A] for
every finite 4, and if the integrals

f: o|fp(@)] de, p=1,2 (8.12.5)

are finite.

The last condition presupposes that the f,(x) approach zero sufficiently
rapidly as a — oo, i.e., as the circular edge v is approached. On the other
hand,

lim f, = f,(0) = u,,
o+ 0
where u, is the value taken by the solution u on the edge v, and this value is

usually not zero.®® However, in most cases of practical importance, the
modified functions

7@ =fy(@) — fi(o), p=12

fall off sufficiently rapidly as « — o, and hence there exists an expansion

*(o) = fp(“)_f;:(oo) — w(D*-; o o) d
% () V2cosha — 2cos B, fo PPy (cosha)dr, (8.12.6)

where ©¥(7) is given by

®¥(1) = rtanh nt f ()P _y, .1 (cosh &) sinh a da.  (8.12.7)
0

30 Here we assume that the boundary function is continuous, but all our considera-
tions can easily be extended to the case of piecewise continuity, where lim f; may not
. - O
equal lim f. *
a—wo
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Moreover, it is not hard to show that®!

1 fw cosh (= — B,)T
= ——})_l/2 it cosh « dx 8.12.8
V2cosha — 2cos B, Jo cosh v el ) ( )

for 0 < B, < 2n. Multiplying (8.12.8) by f,(c0) and adding the result to
(8.12.6), we obtain an expansion for ¢,{«) of the required form (8.12.3), where

D,(7) = O*(x) + cﬁ 1;(1?0721 cosh (m — B,)r. (8.12.9)

Now consider the integral

® @, sinh (B — ®, sinh (8, —

0
X P_y . (cosh «)dr, (8.12.10)

made up of particular solutions of the form (8.12.1). We see at once that
(8.12.10) satisfies the boundary conditions (8.12.2) and hence gives the solu-
tion of the interior Dirichlet problem. Similarly, the solution of the exterior
Dirichlet problem can be written in the form

© @, sinh (8 — By)v + @, sinh 2n + B, — B)v
u=V2cosha — 2cos B fo sinh 2= + B; — By)v

x P_y . (cosha)dr, (8.12.11)

where
fi(@) = uln:nl +2m Saw) = u]B=Bz’

and the rest of the notation is the same as before.

Example. Consider the *“spherical bowl” or zone obtained by setting
8 = Ba = Bo in Figure 33. Find the electrostatic field due to a thin charged

conductor of this shape at potential V.
This is just the exterior Dirichlet problem for determining the electro-

static potential ¢, in the special case where
By = By = Bo, Si(@) = fole) = V.

31 Combining the formulas
1
V2 cosh x + 2cosha
[cf. (6.5.3-4)] and

J cos xt dt N cos 6 do
o

o V2cosh6 ¥ 2cosha

RS

© cost9 0
o V2cosh® + 2cosha

P_y, i, (coshea) = %cosh T

[cf. (7.4.6)], we find that
1 _ J“” COS XT
V2cosh x + 2cosha o coshme

which gives (8.12.8) after setting x = i(m — 3,).

P_y, . (cosh o) dr,
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The functions @, and @, can be read off at once from (8.12.8):

cosh (7 — Bo)t

(I) = O, =
! 2=V cosh t

Then formula (8.12.11) becomes

® cosh (= — Byl

¢=V\/2005ha—2003{3f cosh (r + Bo — B)r
o

cosh? nt
X P_y i (cosha)dr, By < B < By + 2m.
(8.12.12)
Substituting
2 © sin Ot
P_y 4 (cosha) = = coth =t db
e ) =% « V2cosh 0 — 2 cosh«

[cf. (7.4.7)] into (8.12.12), and integrating first with res.'},ect to 7 and then with
respect to 0, we find after some manipulation that the solution can be ex-
pressed in closed form in terms of elementary functions: 32

V3 cos £

$ = K [1 + A/ cosha — cos B ] V[arc tan —————2
2 cosh « — cos (28, — P) V/cosh « cos B

5 e 2B0 — B
_ / cosh e — cos f arc tan V2o 02 :
cosha — cos (28, — B) Vcosh « — cos 2B, — (3)]
(8.12.13)

The fact that (8.12.13) satisfies the boundary conditions is immediately
apparent.

8.13. Solution of Laplace’s Equation in Bipolar Coordinates

There is still another coordinate system which leads to solutions of
Laplace’s equation involving Legendre functions, i.e., three-dimensional
bipolar coordinates a, B, ¢, related to the rectangular coordinates x, y, z by
the formulas

csinacos ¢ csinasin g ¢ sinh B
= —— = e ——————y z = ————
cosh B — cos a cosh 8 — cos « coshB — cosa
(8.13.1)
32 In integrating with respect to <, use the formula
® cosh pt ki sinh %
NPT inprde = 4 0<p<q
fo sinh g+ sin rt dt o7 p p<gq

cosh + cos —
q q
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where

0 a<gm, — < B < oo, - <9<,
and ¢ > 0 is a scale factor. This system is closely related to the toroidal
coordinates studied in Secs. 8.10~12, and is suitable for solving boundary
value problems for the domain bounded by two nonintersecting spheres. If a
point has cylindrical coordinates r, ¢ and z, then

¢ sin o ¢ sinh B
¢y = — Z = ’
cosh — cosa cosh B — cos «
or more concisely
a + ip

z + ir = iccot
+ ic CO 3

a = const

B = const

&y
&

FIGURE 34

The corresponding triply orthogonal family of surfaces consists of the
“spindle-shaped” surfaces « = const, described by the equation

2
(r — ccoto)? + 22 = (51%() , (8.13.2)

the spheres § = const, described by the equation
(z — ccoth B)® + r (Sinh s) (8.13.3)

and the planes ¢ = const (see Figure 34). The points r = 0, z = +¢ cor-
respond to the values § = oo, whiler = 0,z—~ +wifa =0, >0+,
It follows from (8.13.1) that the square of the element of arc length is

2
@ = (cosh(i'———cﬁoc_)2 (do® + dp* + sin® adp?),  (8.13.4)
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corresponding to the metric coefficients

c B ¢ sin o
—_— = ,———————————
cosh B — cos « ® " coshB — cos «

hazhﬁz

Therefore Laplace’s equation in bipolar coordinates has the form
_8_( sin « a_u) +_8_( sin « Ezg)
do \cosh B — cos « Ja o8 \cosh 8 — cos o 9B
. 1 s
(cosh § — cos ) sin a 02

(8.13.5)
= 0.

Just as in the case of toroidal coordinates, we can separate variables, provided
we first introduce a new unknown a new function » by making the substitution

u="V2coshf —2cosanp, (8.13.6)
which transforms (8.13.5) into the equation

o%v % 7 1 1 &%

v
82+8[32+ Ota%—zvﬁ‘ma—@z—o. (8137)
To solve (8.13.7), we set
v = A(x)B(R)D(e). (8.13.8)
This gives the following equations for determining the factors A, B and ®:
d2o
e + w?d =0, (8.13.9)
2B
‘2—32 v+ =0, (8.13.10)
1 4 dA 2
— (smagg) [v(v -4 ] —0.  (8.13.11)

The first two equations can be solved in terms of elementary functions, and
the third in terms of Legendre functions. In particular, for the rotationally
symmetric case, where the solution u is independent of ¢, we find that

u = V2cosh P — 2cos «[4P, (cos &) + BQ, (cos «)]
x [Ccosh (v + $)B + Dsinh (v + $)B]. (8.13.12)

In problems involving the domain bounded by two nonintersecting
spheres B = B; and p = B,, the variable « ranges over the closed interval
[0, =], and hence to obtain solutions which are finite on the z-axis we must set
B=0andv=n(n=20,1,2,...),asin Sec. 8.3. Thus, for this class of prob-
lems, the appropriate particular solutions of Laplace’s equation are

u=u,=V2coshp — 2cosa[M,cosh(n + ) + N, sinh (n + 1)8]
x P,(cosa), n=012.. (813.13)
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On the other hand, in problems involving the domain bounded by the surface
= a,, the appropriate particular solutions are obtained by choosing
v = —1% + it (r 2 0), and are of the form

R
f

u=u,=V2coshp — 2cosa[M,cos 8 + N, sin 8]
(8.13.14)
X P_y, (£ cosa), T2 0,

where the plus sign corresponds to the exterior problem (0 < « < «g) and
the minus sign to the interior problem (2, < « < 7).

Example. Find the electrostatic field between two spherical conductors of
radius a, whose centers are a distance 2l apart, if one conductor is at potential
— V and the other is at potential +V.

The spheres have equations B = + 8, in bipolar coordinates, if we choose
the quantities ¢, B, such that

c
CCOthBo——l, m——g—o—a
ie.,
T — 4
c=VI?—a, cosh{30=¢—l
7
y=-V g+

O

T
——
bmrd

2!

FIGURE 35

(see Figure 35). Then the problem reduces to finding a function ¢ (where ¢
is the electrostatic potential) which is harmonic in the domain — 8, < B < 8,
and satisfies the boundary conditions

LMB=-BQ = -V, 4’15:50 =V

Using (8.13.13) and noting that u is an odd function of B, we look for a solu-
tion of the form

¢ =V2coshp — 2cos a i M, P, (cos &) sinh (n + $)B. (8.13.15)
n=0
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The constants M, can be determined from the condition

V ©
= > M,P,(cosa)sinh(n + H)Bs, O0<a<m
V2 cosh B, — 2 cos nZO ( (n + $)Bo

Using (4.2.3) to expand the left-hand side in a series of Legendre polynomials,
we obtain
|4 _ Ve~ Bol2
V2coshBy —2cosae V1 —2e Bocosa + e 25

@K
=V Z e~ "+t WB P, (cos u),
n=90

which implies
M, sinh (n + DB, = Ve "+ 76,

Thus the formal solution of the problem is given by the series

sinh (n + 1)

ml)n (COS (X). (81316)

¢ = VV2coshB — 2cosa z e~ + 7B
n=0

The fact that (8.13.16) converges and satisfies the boundary conditions is

easily verified.

8.14. Solution of Helmholtz’s Equation in Spherical Coordinates

In mathematical physics, Legendre functions arise not only when dealing
with Laplace’s equation, but also with other equations, among which Helm-
holtz’s equation

Viu+ k=0 (8.14.1)

is of particular importance. To solve (8.14.1) in spherical coordinates, we
look for particular solutions of the form

u = R(r)0(6)2(e),

just as in Sec. 8.2. The variables separate immediately, and we obtain the
following differential equations for determining the factors R, ® and ®:

d*o
T3+ w0 =0, (8.14.2)

1 d (440 R
4
dr

<r2 Zf) + [k — (v + D)]R = 0. (8.14.4)
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Here . and v are arbitrary real or complex parameters, but without loss of
generality we can assume that Re u > 0, Rev > —1 (cf. footnote 2, p. 206).
Equations (8.14.2-3) coincide with

equations (8.2.5-6), and can be solved z
in terms of elementary functions in the
first case, and in terms of Legendre
functions in the second case. Under the
substitution

R = 13,

equation (8.14.4) goes into
v"+lv’+ [kz—(—vﬂl]v—o
r r?

(8.14.5)

This is Bessel’s equation of argument
z = kr, whose general solution can be
expressed in terms of cylinder func- FIGURE 36
tions. In particular, in the rotationally

symmetric case, where u is independent of the coordinate ¢, we have

u=r-2[4J,,,kry + BH?® (kr)][CP, (cos 8) + DQ, (cos 6)], (8.14.6)

where J(z) is the Bessel function of the first kind and H{?., is the second
Hankel function.®® In problems where 0 varies over the interval [0, =], the
boundedness requirement compelsustoset D =0andv=n(n=0,1,2,...).
By superposition of the particular solutions (8.14.6), we can solve many
problems of mathematical physics, including the important problem of dif-
fraction of electromagnetic waves by the earth’s surface.3*

PROBLEMS

1. Let the surface of a sphere of radius a be divided into two regions S, and
S2 as shown in Figure 36. Find the stationary distribution of temperature u
in the sphere if S; is held at temperature u,, while S, is held at temperature
zero.

Ans.
u(r, 8) = uo 1— coso — i [P +1 (cos &) — P,_; (cos a)] (‘_rl)"Pn (cos 6)}.
n=1

33 This form of the solution is convenient for problems involving steady-state oscilla-
tions, when the time dependence is described by the factor ', If the time dependence is
described by e ~**, we replace H{?y,(kr) by HY v, (kr).

34 G. A. Grinberg, op. cit., Chap. 23.
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2. Find the potential ¢ of the electromagnetic field inside a sphere of radius
a if one hemisphere (corresponding to 0 < 6 < =/2) is held at potential ¥,
while the other hemisphere (corresponding to =/2 < 6 < =) is held at poten-
tial zero (cf. footnote 17, p. 160).

Ans.

wney =21+ 35

3 r 2n+1
+ 2 Pzn(o) (E) P2n+ 1 (COS 6)] .

3. Find the stationary distribution of temperature « in a prolate spheroid if
half of its surface (corresponding to z > 0) is held at temperature u,, while
the other half (corresponding to z < 0) is held at temperature zero.

4. Calculate the gravitational potentials ¢,, ¢, (see Sec. 8.8) of a homogeneous
solid oblate spheroid. Introducing spherical coordinates r, 6 and o, derive an
asymptotic representation of ¢, for small ¢, where ¢ is the distance from the
origin to the focus and verify that ¢, — m/r as ¢ — 0, the result to be expected.
Derive the corresponding asymptotic formula for the prolate spheroid.

Hint. Note that

2
cosha = — [A/1+—cose+—+A/l——cose+i2]
2
cosB—~[J1+—cos6+——/1—gfcos6+cz}
r

Ans. For the prolate spheroid,

Peleo = m[l 55 Pz (cos 9)]

5. Find the electrostatic potential ¢ inside a hollow prolate spheroid with
semiaxes a and b, which has a point charge ¢ at its center and whose surface
is held at potential zero.

Hint. Write ¢ as the sum of the potential ¢, due to the source and the
potential # due to the induced charges. Use the formula 35

fl Pzn(x)

:dx=2P,,0 n:COSha.
-14Vsinh?a + x2 2 (0)Qan & )

Ans.
q 1
e, B) =
i Va2 2 [\/sinh2 « + cos? B

Q2 (cosh ap)
P, (cosh «g)

- Z (4n + 1)P,,(0) P;,, (cosh x) Pz, (cos B)]a
n=0
where tanh o, = b/a.

35 See Problem 16, formula (ii), p. 202.
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6. Calculate the surface charge density o on a conducting disk of radius a due
to a point charge ¢ a distance / from the disk along its axis of symmetry (see
Figure 37).

Hint. Note that the disk is a limiting case of an oblate
spheroid. Use the formula®® L,

t P2n(x) . .ot
———dx = 2iP. n(O)Q n(l sinh d).
f-l Vcosh? o — x2 i : J

Ans, 9 30
B a\? a?sin? g\ ~%2
°F T fna? [(7) (1 + 2 )

L < _ n(4}’l -+ l)n
* V' cos ano( D T + 3) an( )Pz,1 (cos B)]

where # = arc sin (r/a) and r is the distance from the center FIGURE 37
of the disk to an arbitrary point on its surface.

7. Suppose a constant electric field E; acts along the axis of symmetry of a
grounded conducting torus. What is the electrostatic potential ¢ along this
axis ?

Hint. Use formula (7.10.10), after integrating by parts.

Ans.

nQ,_y, (cosh ag) .
$lico = —Epz + = Eo\/l2 - a? sm2 Z W)—S nB,

where cosh oy = //a, and the notation is the same as in Sec. 8.11.

8. Solve the preceding problem, assuming instead that the external field is
due to a point charge ¢ at the center of the torus.

9. Find the electrostatic potential ¢ outside a conductor at potential ¥, which
has the form of the *“‘spindle-shaped” surface mentioned on p. 231 in connec-
tion with bipolar coordinates.

Hint. Cf. (8.13.14) and (7.4.6).
Ans.

$(x, B) = VV2coshB — 2cosa

® cos Bt P- —COoSs o
% f B AT o) P_y, 4 (cos a) dr.

o coshmt P_y, .y, (cOS o)

36 See Problem 16, formula (i), p. 202.
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HYPERGEOMETRIC FUNCTIONS

9.1. The Hypergeometric Series and Its Analytic Continuation

By the hypergeometric series (already introduced in Sec. 7.2) is meant the
power series

(a)k(@)}c e
z kT 2 (9.1.1)
where z is a complex variable, «, $ and y are parameters which can take
arbitrary real or complex values (provided thaty # 0, —1, —2,...), and the
symbol (}), denotes the quantity

Mo = 1, (x)k_F(—}f—k)_ A E DAk k=1, k=12, ...
oY) :
If either « or B is zero or a negative integer, the series terminates after a finite
number of terms, and its sum is then a polynomial in z. Except for this case,
the radius of convergence of the hypergeometric series is 1, as is easily seen by
using the ratio test.!
The sum of the series (9.1.1), i.e., the function

o (@B
Flo, B;y;2) = Z G A<t 9.1.2)
1 Writing
u (a)k(B)k 7k
* (Y)kk' ’
we have

_ e+ OB + 4 k)
M CET TN
as k — oo, so that the hypergeometrlc series converges for |z] < 1 and diverges for
zl > 1.

— [z

238
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is called the hypergeometric function, but this definition is only suitable when
z lies inside the unit circle. We now show that there exists a complex function
which is analytic in the z-plane cut along the segment [1, co] and coincides
with F(x, ; v; z) for |z| < 1. This function is the analytic continuation of
F(a, B; v; z) into the cut plane, and will be denoted by the same symbol. To
carry out this analytic continuation, we first assume that Rey > Re 8 > 0
and use the integral representation

(B—)k= _————F(Y) ! B-1+k _ fWw-B-1 —
STt = o - k=012, O.13)

implied by the formulas of Sec. 1.5. Substitution of (9.1.3) into (9.1.2) gives

Fle, B5v;2) = F(B)II:((;{)_ 5. Z (fl)k s J‘Ol -1t — [y B-1 gy
= -ﬂ-— 1 ¥ 1 (“)k K
T IO - B ) ““'>“w2 (z),

where, as usual, reversing the order of summation and integration is justified
by an absolute convergence argument.? According to the binomial expansion
(cf. footnote 17, p. 121),

szMUMM o<r<l, |z <1,

and hence F(«, B; v; z) has the representation

He, Byv;2) = [ P10 — Y1 — tz) " dr
T — B Jo ’
Rey > ReB >0, |z] < 1. (9.1.9
The next step is to show that the integral in (9.1.4) has meaning and repre-
sents an analytic function of z in the plane cut along [1, c0]. If z belongs to
the closed domain

p<|z—1 <R, larg(1 — 2)| € = — 8, (9.1.5)

where R > 0 is arbitrarily large and ¢ > 0, 3 > 0 are arbitrarily small, and
if 0 < ¢ < 1, then the integrand

P31 — PNl — 1)

is continuous in ¢ for every z and analytic in z for every ¢, and we need only

2 In fact, if Rey > ReB > 0 and |z| < 1, then

i I

(Z?k[ |2kaol [r8-t+k(1 — g1 dr < k;) _(_%l’f [zlkf: [ROB-14+K(] — f)ReY-ReB-1 gy

_ T(Re BI'(Re (v ~

T(Re ) E) F(jul, Re ; Re; [2]).
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show that the integral is uniformly convergent in the indicated region.® But
this follows at once from the estimate

[tB_l(l _ t)Y—B—l(l _ tz)—oc; < MtRe 0—1(1 _ t)Re Yy—Re B—-1

where M is the maximum value of the continuous function |(1 — #z){~* for ¢
in [0, 1] and z in the domain (9.1.5), and from the fact that the integral

MJ‘l tRe 6—1(1 _ t)Re Yy—Re g-1 dt
0

converges for Rey > Re > B > 0. Therefore the condition [z] < 1 can be
dropped in (9.1.4), and the desired analytic continuation of the hypergeo-
metric function is given by the formula

F 1
F(OL, B’Y’ Z) = P(ﬁ)r‘((YY)— ﬁ) o ta_l(l - t)y_s_l(l - tZ)_“dl,

Rey > Rep >0, |arg(l — 2)] <= (9.1.6)

In the general case where the parameters have arbitrary values, the analy-
tic continuation of F(«, $; v; z) into the plane cut along [1, o] can be written
as a contour integral obtained by using residue theory to sum the series
(9.1.2).* A more elementary method of carrying out the analytic continuation,
which, however, does not lead to a general analytic expression for the hyper-
geometric function in explicit form, involves the use of the recurrence rela-
tion®

Y(y + DF(e, B5v;2) = v(y —« + DF(, B + 1,y + 2;2)

by — (= B2lF@ + 1,8 + Ly +2;2. &P

By repeated application of this identity, we can represent the function
K, B; v; z) with arbitrary parameters (y # 0, —1, —2,...) as a sum

P

Flo, B5v;2) = O asple, 8575 2)F@ + 5,8 + p;y + 2p52), (9.1.8)

s=0

where p is a positive integer and the a,,(«, B; v; z) are polynomials in z. If we

3 E. C. Titchmarsh, op. cit., pp. 99-100.

4 E. T. Whittaker and G. N. Watson, op. cit., p. 288.

5 To verify (9.1.7), we substitute from (9.1.2), noting that the coefficient of z* in the
right-hand side of (9.1.7) becomes

(@B + D (@ + DB + D @ 4+ DB + Di-s

Y e D P e o TR E -
_ (Y(Of:k(zFﬁ))k;;(! [Y(Y —arnt g k +oy® 1— kB g k aly — g Tt §B+ l)k]
_ @0 @)

=&+ Ok Y+ +k+D=yy+1D k! ,
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choose p so large that Rep > —p, Re(y — B) > —p, then we can use
formula (9.1.6) to make the analytic continuation of each of the functions
Ko + s,B + p; v + 2p; z) appearing in the right-hand side of (9.1.8). Sub-
stituting the corresponding expressions into (9.1.8), we obtain the desired
analytic continuation of F{«, B; v; z), since the resulting function is analytic
in the plane cut along [1, o] and coincides with (9.1.2) for |z| < 1.

The hypergeometric function F(x, B;y; z) plays an important role in
mathematical analysis and its applications. Introduction of this function
allows us to solve many interesting problems, such as conformal mapping of
triangular domains bounded by line segments or circular arcs, various prob-
lems of quantum mechanics, etc. Moreover, as will be seen in Sec. 9.8, a
number of special functions can be expressed in terms of the hypergeometric
function, so that the theory of these functions can be regarded as a special
case of the general theory developed in this chapter (cf. footnote 20, p. 176).

9.2. Elementary Properties of the Hypergeometric Function

In this section we consider some properties of the hypergeometric function
which are immediate consequences of its definition by the series (9.1.2).% First
of all, observing that the terms of the series do not change if the parameters «
and B are permuted, we obtain the symmetry property

Fa, B;v; 2) = F(B, a5 v; 2). 9.2.1)
Next, differentiating (9.2.1) with respect to z, we find that

d Co < (2B k-1 < (“)ku(ﬁ)ku ok
7z Fle Bivi2) = 2 Dk =D 2 A

S (o + D@ + Dy Sk ap
= T e gk = e+ LB+ Ly + 1 2),
Yk o (v + Dik! y fletbesbivslio

and hence”
d off
EF(a,B;y;z)=7F(a+l,B+1;y+1;z). 9.2.2)
i

Repeated application of (9.2.2) leads to the formula

E;F(oc,ﬁ;y;z)=(ﬁ)(';%?—’"F(a+m,B+m;y+m;z), m=12...

9.2.3)

¢ It follows from the principle of analytic continuation that all the formulas proved
here, under the assumption that |z| < 1, remain valid in the whole domain of definition
of Fa, B;v;2).

7 Cf. formula (7.12.25), p. 197.
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From now on, to simplify the notation, we write
Fo,85v;2)=F,  Flot1,8v;2) = Fa £ 1),
Fao.B £ Liy;2)=FB £ 1), FeBiy+xl;z)=Fyztl)
Then the functions F{a + 1), F{f + 1) and F(y + 1) are said to be contiguous
to F. The function F and any two functions contiguous to F are connected

by recurrence relations whose coefficients are linear functions of the variable
2.8 Among the relations of this type we cite the formulas

(f—a—BF+a(l —)Fa+1)—(x—BFB—1)=0, (9.2.4)
(y—a—DF+aFa+1)—(—-DFy—1 =0 (9.2.5
(1 —2)F —yFla — 1) + (y — B)zF(y + 1) = 0,  (9.2.6)

which can be verified by direct substitution of the series (9.1.2). For example,
substituting (9.1.2) into (9.2.4), we obtain

(—a—BF+ol — DF@+ 1) — (v = BFE — 1)
$ i a0, 3 DO

(Y) k! (k!
A (a)e(B — )k (oc + Dy 1(Bi-1
SO O DT

- S - b s
— (= BE - D~ + k- Dkl =

and similarly for (9.2.5-6). Three other formulas are an immediate conse-
quence of (9.2.4-6) and the symmetry condition (9.2.1):

G-—ao—BF+80-2FB+ D - (—Fxe—-1) =0 (927

—=B-DF+BFE+D -G -DFy—-1D=0, (9238

vyl —2)F—yFB -1 +{y —)zFy + 1) = 0. (9.2.9)

The rest of the recurrence relations can be obtained from (9.2.4-9) by

eliminating a common contiguous function from an appropriate pair of

formulas. For example, combining (9.2.5) and (9.2.8), or (9.2.6) and (9.2.9),

we obtain
(@ = BF —aFa+ 1)+ BFB + 1) =0, (9.2.10)

@—Pl=2)F+(y—Fa- D) - -PFB -1 =0 (9211
and so on.®

8 Obviously, the total number of such relations is

(g) = 15.

9 The list of all fifteen recurrence relations involving F and its contiguous functions
is given in the Bateman Manuscript Project, Higher Transcendental Functions, Vol. 1,
p. 103,
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Besides the recurrence relations just given, there exist similar relations
between the function F(«, B;v; z) and any pair of functions of the form
Flo + [,B + m;y + n;z), where /, m and n are arbitrary integers. Some
simple relations of this type are°

Fla, Bsv;2) — Fo, By — 15 2)

_ Pz : .
=T opfet L+ Lyt 12 0212

Fo, B+ 1;v;2) — Fo, 85v; 2)

=§F(a+l,ﬁ+l;y+l;z), (9.2.13)

Flo,B + 1;y + 1;2) — Fla, B;v; 2)

_ay =Bz _ )
=G Fn fet LB+ Ly+2, 0214

Fa—-1,8+ 1;v;2) — Fe, B v; 2)
- (ﬁL%:—I—)?F(a,@ F v+ 12 (9.215)

Formulas (9.2.12-15) are proved by direct substitution of (9.1.2), or by re-
peated use of the relations between F{«, £; v; z) and its contiguous functions.

Finally, we recall from Sec. 7.2 that the hypergeometric function
u = F(a, B; v; z) is a solution of the hypergeometric equation

2l =2 + [y —(«+ B + z]u' — afu =0, 9.2.16)

which is analytic in a neighborhood of the point z = 0.

9.3. Evaluation of lim F(«, 8;v;z)for Re(y —a« —B) >0

Zs| —

In developing the theory of the hypergeometric function, it is important
to know the limit as z — 1 — of the function (9.1.2), where the parameters
satisfy the condition Re (y — « — B) > 0.** Suppose that besides this condi-
tion, Rey > Re B > 0 as well. Then the desired result can be obtained by
passing to the limit behind the integral sign in (9.1.6), which gives

. T 1

10 Formula (9.1.7) is also a relation of this type.
11 1t can be shown that if this condition is not satisfied, then, with certain exceptions,
the sum of the hypergeometric series becomes infinite as z —» 1 —.
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or, in view of (1.5.2, 6),

. PTGy —a —P)
lim He, B;v;z) = > 9.3.1
AP = R Ty — ) 31
where, for the time being, we assume that
Re(y —a — B) > 0, Rey > ReB > 0. (9.3.2)

To justify the passage to the limit, it is sufficient to prove that the conditions
(9.3.2) imply that the integral (9.1.6) is uniformly convergent for 0 < z < 1.
To this end, we note that

l—1< |l -1z <1
for0<z<1,0< ¢t <1, and hence
(731 — P31 — t2)7%] < Re BT — Y, 9.3.3)
where
_ [Re(y —a—p) if Rea > 0,
T Re(y - B) if Rea < 0.

The estimate (9.3.3) shows that the integral (9.1.6) is uniformly convergent
for 0 € z < 1, since the integral

1
f Re 8-1(1 — =14y,
0
which majorizes (9.1.6), is convergent if the conditions (9.3.2) hold.

We now show that the second of the conditions (9.3.2) is not essential.
Suppose that instead of (9.3.2), the parameters of the hypergeometric func-
tions satisfy the weaker inequalities

Re(y —a—f) >0, Re(y —B) > —1, Ref > —1.

Then the restrictions under which we proved (9.3.1) are satisfied by each of
the hypergeometric functions in the right-hand side of the recurrence relation
(9.1.7). It follows that

—a+ 1Ty + 2y —a—B+ 1)
vy+1 Iy—a+2)'(y -8+ 1)
o T+ 2T — o — B)

Yy + DIy —a+ D¢ -8B+ 1

_ IOy — = B)

Iy — 9T(y — B)

which is just the previous result. Repeating this argument, we can prove by
induction that

lim K, B;y;2) = ht
z—1-

+

lim Fa, 87 2) = Il:g)i (Ya); 2= ‘8 (9.3.4)
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provided only that Re (y — « — 8) > 0. Formula (9.3.4) plays an important
role in the derivation of various relations satisfied by the hypergeometric

function.

9.4 F(«, B; v; z) as a Function of its Parameters

In this section we show that the function

Sl By 2) = Ty )F(a B5v;2) (94.1)

is an entire function of «, § and v, for fixed z. If |z] < 1, the proof is an im-
mediate consequence of the expansion

fe, Biy52) = E F((Y‘")jr(%k, koo 7] < 1, 9.4.2)

obtained by substituting (9.1.2) into (9.4.1). In fact, since the terms of the
series (9.4.2) are entire functions of «, B, v, and since the series is uniformly
convergent in the region |« < 4, |B] < B, |y] € C (where 4, B and C are
arbitrarily large),'? it follows that f(«, 8; v; z) is an entire function of its para-

meters.
Now let z be an arbitrary point in the complex plane cut along [1, o], and
consider the formulas

Sf(=, B;Y;Z) mf 1_1(1 — Y8~ 1(1 — tz)"™ dt,
Rey > Rep >0, |arg(l —2)] < =,
S Biv;2) =xly —a+ Dfef + Liy + 2;2)
+ofy = (v = B)2fle+ LB+ Ly + 252,

which are the analogues of (9.1.6) and (9.1.7). Since the integrand in the
right-hand side of (9.4.3) is an entire function of the parameters «, 8, v for any
t in (0, 1), and since the integral is uniformly convergent in the region

o] < 4, 3<RefP<B §<Re(y—B<C

(9.4.3)

(9.4.4)

12 Use the criterion given in footnote 4, p. 102, noting that if

" = (@B 2k
T Iy + k)k' ’
then
T (a+k)((3+k) <(A+k)(B+k)H<q<1
uwe | oy ¥ (A + k) O + k)

for |z] < 1 and sufficiently large k.
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where & > 0 1s arbitrarily small, it follows that f(«, ;v; z) is an analytic
function of its parameters in the region

laf < o0, Refp >0, Re(y —B) > 0.

By repeated application of the recurrence relation (9.4.4), we can represent
the function f(«, 8; v; z) as a sum

Ao, Bsv;2) = Z b, Bsy; 2)f(e + 5,8 + psy + 2p;2), (94.5)

where the b, («, B; v; z) are polynomials in «, B, v and z, and p is a positive
integer. As just shown, each term of this sum is an analytic function in the
region |«| < @, Re 3 > —p, Re (y — B) > —p, and hence f(a, B; v; z) is an
entire function of its parameters. It follows that for fixed z in the plane cut
along [1, o], the hypergeometric function F(e, 8;v; z) is an entire function
of « and B, and a meromorphic function of v, with simple poles at the points
v=0-1,-2,...

9.5. Linear Transformations of the Hypergeometric Function

Consider the class of all fractional linear transformations

, _az+b
T ez +d

carrying the points z = 0, 1, oo into the points z' = 0, 1, «o chosen in any
order. It is easy to see that besides the identity transformation z’' = z, this
class consists of the following five transformations:

—
f
N
]
(]

We now derive various linear relations connecting the hypergeometric func-
tions with variables z and z’. Relations of this kind are among the most im-
portant in the theory of the hypergeometric function, and are known as linear
transformations of the hypergeometric function. In particular, these formulas
enable us to make the analytic continuation of F(x, B; v; z) into any part of
the plane cut along [1, «©].13

We begin by deriving a relation which is useful in the case where one
requires the analytic continuation of the hypergeometric function into the
half-plane Re z < 4. Suppose z belongs to the plane cut along [1, o], and
assume for the time being that Rey > Re B > 0. Then, using the integral

13 The theoretical possibility of such an analytic continuation has already been
proved in Sec. 9.1.
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representation (9.1.6), and introducing the new variable of integration
s = 1 — ¢, we find that

I'(y) !

F(O(.,F‘},‘Y, Z) = Im . SY—B_l(l — S)B_l(l -z + SZ)_udS
=0 Z)_“F—@%LI $THL = 9PN = 52y ds,
where
F=y-8 =0

and our assumptions imply that Re y > Re 8’ > 0, while z’ belongs to the
plane cut along [1, ©].'* According to (9.1.6), the expression on the right is
just

(I = 2)7*Fa, B'5 v; 2,
and hence

Fa, B;v;2) = (1 — Z)‘“F(ow - B;Y;%)’ larg (1 — 2)| < m.
(9.5.1)

Formula (9.5.1) was proved under the temporary assumption that
Rey > ReB > 0, but, as we know from Sec. 9.4, after dividing by I'(y), both
sides become entire functions of § and y.'® Therefore, by the principle of
analytic continuation, (9.5.1) remains valid for arbitrary $ and v, with the
exception of the values y = 0, —1, —2, ... for which F(a, 8; v; z) is not de-
fined. Moreover, if Re z < 4, then

z
z—1

< 1,

and the hypergeometric function in the right-hand side of (9.5.1) can be re-
placed by the sum of the hypergeometric series, i.e., (9.5.1) gives the analytic
continuation of F(«, B; v; z) into the half-plane Re z < 4.

Permuting « and B in (9.5.1), and+using the symmetry property (9.2.1),
we arrive at the relation

Fo, 8;v;2) = (1 - Z)“’F(Y - a, B;Y§'Z——i—1)’ larg (1 — 2)| < =,
9.5.2)

which can also be used to make the analytic continuation of the hypergeo-
metric function into the half-plane Re z < 4. To obtain another important

14 Note that under the transformation z’ = z/(1 — z), the plane cut along [1, ]
goes into itself.

15 The expression F[f(x, B, v,...), g, B,v,...),...] is an entire function of
o, B,Y,... if F, f, g, ... are entire functions of their arguments.
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result, we perform the transformations (9.5.1) and (9.5.2) consecutively, ob-
taining

Fla,B5v;2) = (1 - Z)‘“(l -3 =

1)_(Y—B)F(Y - % ¥ — B;Y; Z),

larg (1 — 2)| <,
or
Flo, B;v;2) = (1 = 27 PFy — o,y ~ B v; 2),

larg (1 — 2)] < =. .53

To derive a relation between the hypergeometric function with variable z
and the hypergeometric function with variable z’ = 1 — z, we use a general
method from the theory of linear differential equations. First we note that
the general solution of the hypergeometric equation

Z(l—2u" + [y —(@+ B+ Dzl —o«fu=0 9.5.9)
can be written in the form®
U= AF(o8;v;2) + A2 F1l — v + o, 1 =y + B2 — 13 2),
larg(1 — 2)| < w, Jargzl <=w v#0, £1, £2,... (9.5.5
Under the transformation z’ =1 — z, the domain |arg(l — 2)| < =,
|arg z| < = goes into the domain |arg (1 — z°)| < =, |arg z'| < =, and equa-
tion (9.5.4) goes into the hypergeometric equation with parameters o’ = «,
B"=8,Y =1+ «a + 8 — y. Therefore the expression
u=BFe,B;1 +a+p—v;1~—2)+ By(l — z)¥y--5
x Fly —a,y —B;1 —a—B+7v;1—2), (9.56)
larg (1 — z)| <=, largz] <m, a+B—yv#0, £1, £2,...
is also a general solution of equation (9.5.4). In particular, this implies the
existence of a linear relation of the form
Fo, B5v;2) = CiF(0, B51 + 2+ B —y;1 — 2)
+ Gl =2 PFy —ay =Bl —a =B +y;1—2),
a+B—vy#0, 1, £2,...
To determine the constants C; and C, we assume temporarily that

Re (« + B) < Rey < 1, and then take the limit of the last equality, first as
z—1— and then as z > 0+. Using (9.3.4), we obtain

c. = POty —« — )

RN )
Pl +a+8—-9Id -y Q-—a-B+yld -y _,
Pl +oa—yI1+8-7) L1 — oIl - B) ’

18 See Sec. 7.2, noting that by the principle of analytic continuation, formula (7.2.6)
remains valid in the whole domain |arg (1 — 2)| < T, |arg z| < .

r



SEC. 9.5 HYPERGEOMETRIC FUNCTIONs 249

It follows that
o _TWIGE+8—v)
g INCHIR()

after some simple calculations involving the identity (1.2.2). Therefore the
required formula is

R Bi732) = Rn s 2= D R g L+ a4 =11 = 2)

'+ 8 —-v)
VOO

XF(Y_(X’Y—B;I—“_B+Y;1_Z)’
largz] < m, Jarg(l —2) <7, a+B—v#0,+1, +£2,...

+ (1 = =P 9.5.7)

To get rid of the superfluous restrictions imposed on the parameters «, B
and y, we note that after multiplication by sin =(y — « — 8)/I'(y), both sides
of (9.5.7) are entire functions of the parameters.’” Therefore, according to the
principle of analytic continuation, the relation (9.5.7) is valid for all values of
the parameters except those for which « + 8 — vy =0, +1, +2,... For-
mula (9.5.7) gives the analytic continuation of the hypergeometric function
into the domain |z — 1] < 1, Jarg (1 — 2)| < =.

The remaining relations between the hypergeometric functions with
variables z and z’ can be obtained by combining the formulas just derived.
For example, consecutive application of (9.5.1) and (9.5.7) leads to the rela-
tion 18

e ) — o« TIE — ) ) ..
Fo,B;v;2)=(0 - 2) F(Y—”‘“)IT@F(“,Y —B;1 4+ a— [3,—1—_—2)
P« — B) ) 1
M= B F (7~ Pl ==+ i)

larg(—2)| <=, Jarg(l —2) <m «a—B#0, 1, £2,... (9.5.8)

which enables us to make the analytic continuation of F(«, B; v; z) into the
domain |z — 1| > 1, larg(l — 2)| < =. Then, combining (9.5.8) with
(9.5.1-2), we obtain

+ (1 —z)°°

Flo, 819 = (- R Fla 1+ o = i1 40— 83

e LT — B) Y
+ T Fle e - i+ e — w3

larg(—2)] <w, Jarg(l—2) <7 a—B#0, +1,£2,..., (9.5.9

17 Here we again make use of (1.2.2).

18 Note that under the transformation z’ = z/(z — 1), the domain |arg (—z)| < =,
larg (1 — z)| < = goes into the domain Jarg z’| < =, |arg (I — z’)| < =, which guaran-
tees that (9.5.1) and (9.5.7) can be applied consecutively.
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which gives the analytic continuation of F(a, 8; v; z) into the domain |z| > 1,
larg (1 — z)| < =. Finally, consecutive application of (9.5.7) and (9.5.1)
gives

Iy —a = B) F
L'y =)y = B)

P+ =)

Fla, B;y;2) = 27

(a,1+a—v;1+a+B—~{;Z;1)

+ 2271 — Z)r-as

L()T'(B)
xF(Y-—oc,l—ot;l-Fy—oc—B;Z—;—l),
largzl <=, |arg(l—2)| <=w, a+B—v#0,+£1,+2,..., (5.5.10)

which can be used to make the analytic continuation of F(a, 8; v; z) into the
domain Re z > 4, |arg (1 — 2)| < =.

The problem of the analytic continuation of the hypergeometric function
into the z-plane cut along [1, o] is solved by using formulas (9.5.1-3) and
(9.5.7-10). Some exceptional cases, where these formulas are not applicable,
will be considered in Sec. 9.7.

9.6. Quadratic Transformations of the Hypergeometric Function

The relations between hypergeometric functions derived in the preceding
section are valid for arbitrary values of the parameters «, B, v (apart from
certain exceptional values). One can also consider relations where the para-
meters satisfy certain constraints; although less general, relations of this type
are also useful in making various transformations and carrying out analytic
continuation. Among such relations, the most interesting involve hypergeo-
metric functions with two arbitrary parameters. As will be seen below, they
also contain expressions like

1+Vi—z 1-V1i=z —4z
2 1+V1i—z (I-207
and hence are called quadratic transformations of the hypergeometric function.
As an example of a formula belonging to this class, consider the relation

1 - V1 —z)
2 T 9.6.1)
larg(l — 2)] <=m, a+f+%#0 —1,-2,...,

L

F(oc,{%;oc+B+%;z)=F(2a,2B;oc+B+%;

which can be proved as follows: The left-hand side is a solution of the hyper-
geometric equation (9.5.4) with parameter v = « + $ + %, which is analytic
in the domain |arg (I — z)| < =. Under the substitution®

Z =41 —-V1=2),

19 By VT — z is meant the branch which is positive for real z in the interval (0, 1).
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this equation goes into an equation of the same form with parameters
o =20, B =28 Y =a+B+1%

and the domain |arg (1 — z)| < = goes into the domain Re z’ < 4, which is
part of the domain |arg (I — z')| < =. But according to (7.2.6), the hypergeo-
metric equation cannot have two linearly independent solutions which are
analytic in a neighborhood of the point z = 0, and hence there must exist a
relation of the form
R%ma+5+£@=Ath&a+B+£LL%L13

where A is a constant. Setting z = 0, we find that 4 = 1, thereby proving
(9.6.1).

A large number of other relations of the same type can be deduced by
applying the linear transformations of Sec. 9.5 to formula (9.6.1) and changing
the independent variable or the parameters. For example, using (9.5.3) and
(9.5.1) to transform the right-hand side of (9.6.1), we find that

Flo, B0+ 8+ %;2)

=(1+\;1——-z

.\/ —z—l)
VT z 41
larg(1 —z)] <7n, a+B+%+#0 —1,-2,..., (9.62)

—2a
) F(2ma—p+diarers

Fo, B0+ B+ 3;2)

— s\ %h-a-B
O R R X!

larg(1 —2)| <7, a+B+1#0, —1,-2,... (9.63)

1—%TT3,

Using (9.5.1) to transform the left-hand sides of (9.6.1) and (9.6.2), and then
making the substitution

z

i) a+ B+ 31—y,

we obtain two other useful relations:

Flo,a + 4;v;2)=(01 — z)"“F(Zoc, 2y — 2 — l;y;% - 5\/11—_)’
-z

larg (1 — 2)] < m,, (9.6.4)

1+ V1 =2\~ 1-VI—z
F(a, +;;z=(——~——) F@,z— +1;p——1==>
(@ o+ 35v;2) 5 @, 20 — ¥ TV

larg (1 — 2)] < = (9.6.5)
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Finally, using (9.5.3) to transform the left-hand sides of (9.6.1) and (9.6.2),
and then making the substitution

x—>o — 3%, B—p -1,
we arrive at the relations
Flo, B0 + B — 3;2)

1 1-vV1-z
= . 1.2 YA
i ZF(ZOL 1,28 — 1, + B — 43 3 )
larg(1 — 2)] <7, a+B—4+5£0,—-1,-2,..., (9.6.6)

F(Q,B;O(-FB—%—;Z)
_ 1 1+ VT =g\
—\/l—z( 2 )

Vi-z-1

XF(2OL—1,(X,— + ;oc-f— ——'l;——__—)’
P+ P B T+ 1

larg(1 —2)] <=, «a+B—-3+#0,—-1,-2,,.. (9.6.7)

It is interesting to note that formulas (9.6.2, 5, 7) continue the corresponding
hypergeometric functions into the plane cut along [1, co]. In fact,

‘1—\/1—2
1+ VI—:

if larg (1 — 2)| < =, and hence the hypergeometric function in the right-hand
side of each of these formulas can be replaced by the sum of the corresponding
hypergeometric series.

Further results can be obtained by taking inverses of the formulas just
derived. For example, inversion of (9.6.1-3) gives?°

Flo, B33 + B + 135 2) = Fdo, 38; 3= + B + 1);42(1 - 2)},
Rez<4, $a+B+1D#0-1,-2.., (968

F(OC,B;O(—B-*— 1,2)
e R R T I
2l <1, a—B+1#£0,—1,-2..., (9.69)

<1

Fla, 1 = a3732) = (1= 2 FE (= ) 3 &y + o« = Divs 4l = 2
Rez < 1. (9.6.10)

20 In particular, (9.6.8) is obtained from (9.6.1) by making the substitution

1-VvV1i=z
— 5z

20 —oa, 28 —8, 5
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Moreover, combining these formulas with the linear transformations given in
Sec. 9.5, we can obtain still another group of formulas. For example, apply-
ing the transformation (9.5.7) to the right-hand side of (9.6.8) and making the

substitution

o — 20, B— 2B, z—>1 ;Z,

we find that®!

F(Za,ZBja+B+%;1;Z)

_Ta+B+ 9@ o o1
Tt DG+ B34 29 (9.6.11)

[(a + 8 + HI(=3)
L()(R)

larg(1 + 2)] <m, a+B+4+#0,—1,-2,...

Flo+ 4,8+ 4; 3529,

Formula (9.6.11) plays an important role in the theory of spherical harmonics.
For example, the relation (7.6.9) is an immediate consequence of (9.6.11).

We conclude this section by deriving a few formulas of a more compli-
cated nature. The first result is

K, B;28; 2)

(T e (S VD)

larg(1 — 2)] <=, 2B# —1, =3, =5,..., (9.6.12)
which is proved in the same way as (9.6.1), by noting that under the change
of variables

,_(1—\/1—2)2 u_(1+\/1—z)-2°cv
1+VI—z 2 ’

equation (9.5.4) goes into the hypergeometric equation with the new para-
meters

“=a B=a-p+} v =B+%
Since the verification of this fact is quite tedious, we supply some intermediate
2t In the course of the derivation, it is convenient to assume temporarily that

larg (1 — z)| < =, Rez > 0. The result can then be extended the whole domain
larg (1 + z)| < = by using the principle of analytic continuation.
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steps which will serve to keep the reader on the right track during the course
of the calculation:

S — (\/z -—1) dz' (V7 -*-1)3

V7 + 1 dz (W7 -1
u=N7 + )%y, (9.6.13)
Z‘Z‘ %57“ - (—‘2/—(5:7;——1_)21)” [ow +VIVT + 1) gf,], (9.6.14)
1 - 28
AR (A %‘V/_j:_f_}] [0+ V707 + 1 %]
+ VZ(VZ +1)[(oc+l+ \1/—)d’+\/ (V7 + 17 ]}

(9.6.15)

After using (9.6.13-15) to write the hypergeometric equation satisfied by u,
we multiply the result by

1 - V7 ,
V(1 + V7))
obtaining
1 - V7 1V +1 — ST dv
1+\/Z[ N P ][av+\/z(\/z+l)d—z,]
+\/z(1—\/z)[(oc+1+2\1/_)gv,+\/x.(\/ T ]
\/Z +1 2\/? — -~ dv
\/_ [ —(CX,+B+1)(—\—/E_,+—1)2:|[MU+'\/Z(\/Z +1)-—‘,,]
_ap(l = V7)) )0
\/z(1+\/z) ’

which can now be reduced quite easily to the hypergeometric equation

W)L B+~ Qx84 D% — s~ 8+ 0 =0
z dz'? B @~ B+2)z dz ~ B o
satisfied by ». Making the substitution

1-VI—:
1+VI—z

—Z
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in (9.6.12), we obtain the formula

4
F{o 83285 o = (L 9P — B+ 4168 + 429,
Izl <1, 28# —1, =3, —5,... (9.6.16)

Our final result is

—o 2
2 2 -z
larg(1 — 2)] <=, 28 # —1, =3, =5,..., (9.6.17)
which can be derived as follows: Applying the transformation (9.5.1) to the

right-hand side of (9.6.9) and replacing 8 by « — B + %, we obtain

. . — - 1 . . 42
Fown = b+ 48+ 1:2) = (1 + 27 F{bo 4 + D3 B + 45 o b

[z <1, 28 +# —1, -3, —5,... (9.6.18)
Then, comparing (9.6.13) and (9.6.15), we find that

o~ 4z (1 + )™ s . (. 47
F{(X, B, 2@, (1 T Z)z} = (1 T 22)0‘ F{%Oﬁa 7(0( + 1),@ + 2 (1-’-_22)2},

and the desired result is obtained by making the substitution

4
(1 + 2)? ’
which implies
1+22__)2—z 472 _)( z )2_
1+ 2)® 2 (1 + 292 2 -z

The theory of quadratic transformations of the hypergeometric function
was developed by Gauss, Kummer and Goursat, and also from a more general
point of view in Riemann’s investigations of a class of differential equations
including the hypergeometric equation as a special case.?? We refer the
reader to these sources for a more detailed treatment of the subject.?®

22 See E. Goursat, Sur I’équation différentielle linéaire, qui admet pour intégrale la
série hypergéometrique, Ann. Sci. Ecole Norm. Sup. (2), 10, 3 (1881). The relevant
references by Gauss, Kummer and Riemann are given on p. 296 of the book by Whittaker
and Watson (op. cit.).

23 See also the Bateman Manuscript Project, Higher Transcendental Functions,
Vol. 1, p. 110 fI., for an extensive list of quadratic transformations of the hypergeometric
function.
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9.7. Formulas for Analytic Continuation of F(«, B; v; z) in
Exceptional Cases

The formulas derived in Sec. 9.5 allow us to obtain the analytic con-
tinuation of the hypergeometric function into any part of the z-plane cut
along [1, «0]. However, some of these formulas are no longer meaningful for
certain values of the parameters, and must therefore be modified in a way we
now indicate. The general approach is to start from the formulas of Sec. 9.5
and then carry out appropriate passages to the limit.

For example, suppose we want to find the analytic continuation of the
function F(«, 8;v; z) into the domain |z — 1] < 1, Jarg(1 — 2)] < = If
o+ B —-—vy#0,+1, +2,..., we can use (9.5.7), but this formula is not
applicableify =« + 8 + n(n = 0,1, 2,...). To derive a formula allowing
us to carry out the analytic continuation in the latter case, we replace the
hypergeometric functions in the right-hand side of (9.5.7) by the correspond-
ing series, and use (1.2.2) to transform the result, obtaining

1
WF(“,B;Y;Z)

T () (B &
Sln‘rc(y — o - B)[F(Y - oc)F(Y — B) Z (1l +a+p ——Y-{-k)k!(1 -9
— 1 S (v — ahly — B = Z)}HY—“‘B]

P(‘X)F(B)k=op(1 _“_B+Y+k) k!

)(g1 - &) 9.7.1)

B ™
Tsinm(y —a — B

It is easily verified that
1 — M (a + n)k(@ + n)k _ k+n
Y"I"I‘T‘”"gl - Y*l‘lﬂ’r"gg - F(“)F(B) Z (n + k)k! -z

and hence the right-hand side of (9.7.1) becomes indeterminate for y =
o + B + n. Using L’ Hospital’s rule to eliminate this indeterminacy, we have

1 98, 08y ]
T o, B ;)= (== - = .
NS B+n (@ Bso+ B +n52) ( ) l:aY Y=a+B+n OY ly=arp+n

9.7.2)
After some calculations resembling those made in Sec. 5.5, we find that?*
% 1 l)n k(n -k — 1) (a)k(B)k (1 _ Z)k
M ly=aspin P(“ + n)F((3 + n)k ° k!

z (o« + mi(B + n)
P(oc)P(B)  + kK]

x[bk + 1) = o + 1) — $@ + W1 = 2)**", (9.7.3)

24 In differentiating g,, we use the formula
d .
iy M = Ml + &) — )1

From now on, we assume that o, § # 0, —1, —2, ...
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82 = 1 & (@ + (B + n)y
O ly=arprn L@OUE) & (1 + K)K!
X [Wa+n+k)— Yo+ n+ dB+n+k
— B +n —dd +n+k)+log(l — 21 - 2)¢*", (9.7.4)
where {(z) = I"(z)/T'(z) is the logarithmic derivative of the gamma function.
Substituting (9.7.3-4) into (9.7.2), we obtain
Ho, B0+ B+ n;2)
_ Te+p+n D0 —k — Di@uB) a - 2y
D@ + mI'@ + n) %, k!
DT+ B+ n) < (@ + mi(B +
. D()T(B) =y (n+ k!
— Yla+n+k)—Y@B+n+k)—log(l — 2)J(1—2)"**%,
lz—1| <1, |arg(1 —2)] <®, n=0,1,2,..., «,B5#0, -1, =2,...
9.7.5)

+ [Wk+D+Yn+k+1)

As usual, the meaningless sum
-1

.y
k=0

which appears when n = 0, is set equal to zero.

Formula (9.7.5) is no longer applicable if « or f equals 0, —1, —2, ..., but
then Flo, B; « + B + n; z) reduces to a polynomial, and there is no need for
analytic continuation. Moreover, the case v = « +  — n reduces to that
just considered by using the transformation (9.5.3), which becomes

Foa,B;0+p —ny2)=(10—2)""Fo',8 ;0 + '+ n;2) (9.7.6)
ife' =a—nB =8-—n.

Similar considerations apply to the other formulas of Secs. 9.5-6. To give
another example, we derive a formula suitable for making the analytic con-
tinuation of F(«, B;v; z) into the domain |z| > 1, |arg(—z)| < = in the
case where « — 3 =0, +1, +2,... Here we have to pass to the limit
B—>a+tn(n=0,1,2,...) in (9.5.9). A calculation like that given above
leads to the following formula (for the case § = « + n):2°

Flo, & + n;v;2)
T(=2)"* "=k — Dl — v+ “)k(_z)—k

T TG = Ol + n) &, k!
+ TO(=97 S @hmd + o=y
T@I(y — « — n) 4, (n + k)k!

XUk +1) + 90+ k+1) = Yo +n+k
— Wy —a—n—k) +log(—2)Jz"""F

|z] > 1, |larg(l = 2)] <® mn=0,1,2,..., a#0,—-1,-2,...,
y—a A0 +1, 2., y#£0, —1,—2,... (9.7.7)

25 In the last step of the calculation, use formula (1.3.4).
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We now examine the cases where formula (9.7.7) is not applicable. If
a=0,—1,-2,..., the function Fl«, « + n;v; z) reduces to a polynomial,
and there is no need for analytic continuation. According to (9.5.3),

Flo,0 + n3y;2) = (1 — 20" "Fy — o,y —a — n;v;2), (9.7.8)

and therefore F(«, « + n; v; z) reduces to an algebraic function ify — a = 0,
—1,-2,...0ory —a=1,2,...,n, and analytic continuation is again un-
necessary. If y —a =n+ 1, n+2,... and « # 0, +1, +2,..., then the
hypergeometric function in the right-hand side of (9.7.8) satisfies the condi-
tions allowing it to be continued by using formula (9.7.7). Ify — a =n + 1,
n+2,...and « = 1,2, ..., the hypergeometric function can be represented
by an integral of the type (9.1.6) with a rational integrand, i.e., F(a, « + #;v; 2)
can be expressed in finite form in terms of rational functions. Finally, we
note that the case 8 = « — n reduces to that just considered if we again use
the transformation (9.5.3).

9.8. Representation of Various Functions in Terms of the
Hypergeometric Function

As we now show, various familiar functions of mathematical analysis are
special cases of the hypergeometric function F(e, B; v; 2), corresponding to
suitable choices of the parameters «, 8, v and the variable z:2¢

1. Elementary functions. The hypergeometric function F(e, B;vy; z) re-
duces to a polynomial if « =0, -1, —=2,... or g =0, -1, =2,...
For example,

+1)
Fa,0ivi) =1, Fo -2y =1-2%24%3 D
(o 05732 « Y7 Y Yy + D

and so on. The transformation
Fa,B;v;2) = (1 — 2" PRy —a,y — B;v;2), Jarg(l —2)| <=
[cf. (9.5.3)] shows that F(a, B; v; z) reduces to an algebraic function if
y—a=0—-1,-2,...ory—8=0, -1, —2,... In particular,
Fo,B;8;20) = (1 ~2)7%  Jarg(1 -2 <= (9.8.1)
for any value of 8, and
(I-2=F-v1;1;2, (1-2""2=F}1;1;2),

(9.8.2)
2 =F-nl;1;1 -2, n=012 ...

26 Further examples are given in the Bateman Manuscript Project, Higher Trans-
cendental Functions, Vol. 1, pp. 89, 101.
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Other representations of this type can be derived from the formulas of
Sec. 9.6. Thus, setting 8 = « + % in (9.6.2) and (9.6.7), we obtain

Fla, o0 + 3520 + 15 2) = (i\él_—z)-m, larg (1 — 2)| < =,
Flaya + 4; 245 2) = \/11_ 2(1 + \21 - Z) L larg (1 = 2)] <
9.8.3)

By starting from the series expansion

e < (Dx(D
Iol—z=—§—z =—z§ KAJK Sk zl < 1
g( ) Sk + 1 &y (Dek! 2]

of the logarithm, we find that
log(1 — z) = —zF(1, 1, 2; 2), larg (1 — 2)] < m.  (9.8.4)

Similarly, we deduce the following formulas for the inverse trigono-
metric functions:

arctanz = zF(}, 1;3; —29), Jarg(1 £ zi)| < =,
3

. (9.8.5)
arcsin z = zF(}, 1; 3; 29, larg (1 + 2)| < =

2. Elliptic integrals. The complete elliptic integrals

11

w2 12
K@) = f (1 = 2sin? @)1 do, E(2) = f (1 — 22 sin? g)'2 do
o 0

of the first and second kinds [cf. (7.10.11)], where z is a complex
variable belonging to the domain |arg (1 + 2)| < =, can also be repre-

sented in terms of the hypergeometric function. Assuming temporarily
that |z| < 1 and using the binomial expansion, we find that

x /2 ) B i
K(z) = IZO% z2k fo sin% ¢ dp = 3 kzo (.—%i)ii)’ 2%k

which implies
K@ =3F3, 3129, larg(l 2| < (986

Similarly, we have the following representation of the elliptic integral of
the second kind:

E@) =5 F-%% 129,  lag( £2)| <= (987

Starting from these formulas, one can develop the theory of elliptic
integrals, regarded as functions of the modulus z.
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3. Spherical harmonics. One of the most important classes of functions
which can be expressed in terms of the hypergeometric function consists
of the spherical harmonics studied in Chapter 7. In fact, formulas
(7.12.27) and (7.12.29) immediately imply the following representations
of the associated Legendre functions:

T(v + m + 1) (z2 — 12

P& = 5 =m s ) T + T
xF(m—v,m+v+1;m+l;l_2_‘Z),
larg (z + D] < =, m=20,1,2, ..., (9.8.8)
n (-D"Val(v + m + 1) n
ov(2) = 2V ID(y 4 3)zvFmel (@ — e
m+v+2m+yv+1, 3.1
X F( 3 > 3 ’V+§,Z_2),
larg z| < =, larg (z £ 1] < 7, m=20,1,2,... (9.8.9)

In particular, the Legendre polynomials (see Sec. 4.2) are given by the
formula

1 -z
2

P.(2) = F(——n, n+1;1; )» n=20,1,2,... (9.8.10)
By regarding (9.8.8-10) as definitions and using the general theory of
the hypergeometric function, it is a simple matter to develop the theory
of spherical harmonics. This approach is especially convenient for
deriving the relations of Sec. 7.6 and their generalizations to the case
of arbitrary m.

9.9 The Confluent Hypergeometric Function

Besides the hypergeometric function F(«, B;v; z), an important role is
played in the theory of special functions by a related function

< (@) 2
O, yiz) = > Wz, < oo, 0, ~1,—2,..., (99.1
(@ v; 2) ;Zo o A< v (9.9.1)

known as the confluent hypergeometric function. Here z is a complex variable,
« and y are parameters which can take arbitrary real or complex values (except
thaty #£ 0, —1, —2,...), and, as always,

0o = 1, (x)kz%“)ﬁ=x(x+1)..-(x+k— N, k=12...
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As indicated, the series (9.9.1) converges for all finite 2,27 and therefore repre-
sents an entire function of z.
If we set

“)k k
o, v;2) = ( (e, v 2) = Z F(Y( 5 i, (9.9.2)

then (e, v; z) is an entire function of « and v, for fixed z. In fact, the terms of
the series (9.9.2) are entire functions of « and vy, and the series is uniformly
convergent in the region |«|< A4, |y| < C (where 4 and C are arbitrarily
large).?® Therefore, for fixed z, ®(«, v; z) is an entire function of « and a
meromorphic function of vy, with simple poles at the points vy = 0, —1,
-2,...

A comparison of (9.1.2) and (9.1.3) shows at once that

(e, v; 2) = lim F(a, 8;v; g) (9.9.3)

The function ®(«, v; z) is very frequently encountered in analysis, mainly
because of the fact that a large number of special functions can be obtained
from ®(«, v; z) by making suitable choices of the parameters «, v and the
variable z (see Sec. 9.13). This makes it possible to develop the general theory
of these functions in a simple and compact form.

The definition of the confluent hypergeometric function immediately
implies the identities

d o

Eq)(as\ﬁz)_:{_q)(“'*- laY+ 1,2), (994)
T ;) = D O+ myy 4 miz), m=1,2,. (9.9.5)
dZ td 3 (Y k4 3 M

27 Use the ratio test, noting that if
(o ZF

Uy = m E’
then
Uera| _ o+ k ; 0
Ui r+ ol +k ’
as k — .
28 Use the criterion given in footnote 4, p. 102, noting that if
v, = (@) E’_‘
FTTO F OR
then
|Uk+1l_I o+ k < A+ k IZI<q<1,

[l T lxrd + I SE=-—00+ 56
for sufficiently large k.
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and the recurrence relations

F—ae—D04+al@+1)—(F—-DOx-1)=0, (9.9.6

YO ~ P — 1) — zO0(v + 1) =0, (9.9.7)

e-14+20+(v—-—)Ple—-—D—-(GF-DOy-1D=0, (99.8)

v + 2)0 — ay®la + 1) - (y — )zO(y + 1) =0, (9.9.9)

¢y — )P — 1)+ Qu— v+ 2)0 — ad(x + 1) =0, (9.9.10)

Yy —-DOy—-D—vy - 1+2Q+(y —0zO0(y + 1) =0, (9.9.11)

connecting the function ® = ®(«, v; z) with any two contiguous func-

tions P + 1) = O(x + 1,v;z) and P(y + 1) = O(e, v + 1; z). Formulas

(9.9.6-7) can be verified by direct substitution of the series (9.9.1), and then

the other recurrence relations can be obtained by simple transformations of

(9.9.6-7).
Besides the recurrence relations just given, there exist similar relations
between the function ®(«,y;z) and any pair of functions of the form

®(ee + m, y + n; z), where m and n are arbitrary integers. Two simple rela-
tions of this kind are?®

Do, v;2) = Dl + 1,v;2) — 2 SO+ Ly+ 2, (9912

(e, v; 2) = ——T——(D(oc,y +1;2) + ch(a + 1L,y +1;2), (9.9.13)

as can be verified by direct substitution of (9.9.1), or by repeated use of the
relations between ®(«, v; z) and its contiguous functions.

9.10. The Differential Equation for the Confluent Hypergeometric
Function and Its Solutions. The Confluent Hypergeometric
Function of the Second Kind

It is easy to see that the confluent hypergeometric function is a particular
solution of the linear differential equation
' + (y — 2)u — au =0, (5.10.1)

where v # 0, —1, —2,... In fact, denoting the left-hand side of this equa-
tion by lu), and setting u = u; = P(a, v; z), we have

) = i k(k (o) U+ (v — 2) z (a)kk -1 _ g i (‘x)khzk

S Ok (k! o (Y)ik!
(x ()2 a+ k a+ k _
[ G- ¢ 2 BT k-] =

29 Note the similarity between formulas (9.9.6-13) and formulas (9.2.4-15).
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To obtain a second linearly independent solution of (9.10.1), we assume
that |argz] < = and make the substitution u = z'~"p. Then equation
(9.10.1) goes into an equation of the same form, i.e.,

2w+ (¥ — 2 — a'v =0,
with new parameters o’ =1 + a — v, v’ = 2 — v. It follows that the function
=ty =200 +a—v,2 — v;2)

is also a solution of (9.10.1) if v # 2,3,.... Thus, ify # 0, +1, +2, ...,
both solutions u;, u, are meaningful and are linearly independent of each
other,?° so that the general solution of (9.10.1) can be written in the form

U= AV« v;2z) + BZ'7TO(1 + &« — v;2 = v; 2),
largz] <=, v #0, £1, £2,... (9.10.2)

With a view to obtaining an expression for the general solution of (9.10.1)
which is suitable for arbitrary v # 0, —1, —2,... [see (9.10.11) below], we
introduce a new function

' —v)

_ F(Y_ 1y 1-vy _ .
“Tdra=19) D(a, v52) + (1 +a—v,2—v;2),

[(a)
largz] < =, v #0, £1, +2, ..., (9.10.3)

W(a, v; 2)

called the confluent hypergeometric function of the second kind. Formula
(9.10.3) defines the function ¥(«, v; z) for arbitrary nonintegral v, and more-
over, as we now show, the right-hand side of (9.10.3) approaches a definite
limitasy—-n+ 1(n =0,1,2,...). Replacing the ® functions in (9.10.3) by
the appropriate series, and using formula (1.2.2) from the theory of the
gamma function, we obtain

1 o (W z
Y130 = 5o | z
'l + «— I'(y + k) k!
sin my | I'( « =)z Iy ) (9.10.4)
(4&-"{) Zk+1—Y] _ T _
P(a) 2 TR —v+ 0 & |~ sy &~ 8
Since
1 < (@) z* 1 < () 2

A S G AT+ n s DR Ta—m &0+ O

(0 —myp 27"

. 1
fim gz:F()ZI‘(k—n+l) X

yon+1

I (@ = Myen 2F (o) Z°

TTw,& Tk+D) (n+ 0! F(oc—n) Z n+ Rk

30 Note that uy = uy ify = 1.
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the right-hand side of (9.10.4) becomes indeterminate as v -—>n + 1, and
approaches a limit whose value can be found by using L’Hospital’s rule, i.e.,
. g, _ 98
WY(e,n+ 1;2) = lim Y, v;2z) = —1"“[-— ]
( ) y-n+l @vi5) = (=D Y |y=n+1 aYv n+l
largzl| <=, n=20,1,2,... (9.10.5

Calculations like those made in Sec. 5.5 show that®!

og, "
%Y=n+1 - P(oc — Ny, 2 (n(+)lj)'k' [Yla —n) — d(n + k + 1)),
g  __ 1 3 (0

O lyans1  T(x— 1) Sq(n + KWK

x 4;(1+k)—¢(oc+k)+np(oc—n)—logz]
1 S (- D" — k= DMo = M e

+

F(a)k A k!
which leads to the following series expansion:
W(e, n + 1; 2)
p(;;ll;; i (n(i)k;iyk. o + k) — (1 + k) — b(n + 1 + k) + log 2]
1 2_: (=D¥n — k — Do — n), e (9.10.6)
I'(e) %, k!
largz] <, n=0,1,2..., «#0, =1, =2,...

Here §(z) = I'(z)/T'(z) is the logarithmic derivative of the gamma function,
and the meaningless sum

-1
k;)
which appears when n = 0, is set equal to zero.
Ifa=-mm=0,1,2,...), passage to the limity—-n+ 1 (n=0,1,
2,...) in (9.10.3) leads to the expression 32

(m+

Y(—m,n + 1;z) = (=" il O(—m,n + 1; 2),

(9.10.7)
m=012..., n=0,1,2,...

31 In differentiating g,, we use the formula
d
7y Me = Ol + ) — W]

From now on, we assume thata # 0, —1, —2,...
32 Here we again use formula (1.2.2).
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Moreover, it is an immediate consequence of (9.10.3) that the confluent hyper-
geometric function of the second kind satisfies the relation

W, v;2) = 22"+« —v,2 —v;2), Jargz| < = (9.10.8)

Using this formula, we can define the function W(a, v; z) fory = 0, — 1, —2,
..., obtaining
Y(a, 1 —n;2z) = lim ¥(e,v;z) = 2"¥Y(e + n,n + 1; 2),
yl-n 9.10.9
largz| <=, n=1,2,... ( )
Thus we see that ¥(x, v; z) is meaningful for arbitrary values of the para-
meters « and y. It follows from the definition (9.10.3) and the properties of
®(a, v; z) that ¥(a, v; z) is an analytic function of z in the plane cut along
[— o0, 0], and an entire function of « and v.

Next we show that ¥(«, v; z) is a solution of the differential equation
(9.10.1). For v # 0, £1, £2,..., this is an immediate consequence of
{9.10.3), and for integral v, the result follows from the principle of analytic
continuation (cf. footnote 12, p. 167). Fora # 0, —1, —2, ..., the solutions
D(a, v; 2) and ¥(e, v; z) are linearly independent, as can easily be verified by
calculating the Wronskian 33

W{(D(d., Y, Z)’ ‘F(“s Y; Z)} = - Tl:(l) Z_Yezs
() (9.10.10)

largz| <m vy #0, -1, -2,...,
and then the general solution of (9.10.1) can be written in the form
u= Ad(a, v; z) + BY(x, v; 2),
(@13 2) (@ v 2) (9.10.11)
largz] <=, o,y #0, -1, -2,...

The function W(«, v; z) has a number of properties analogous to those of
®(e, v; z). For example, we have the differentiation formulas

2 Wa,v;2) = —a¥(x + Ly + 1;2),

an (9.10.12)
V13 2) = (“ @Y+ my + min),  m=1,2,.
the recurrence relations
Y —a¥Wa+1)—-—¥ry -1 =0, (9.10.13)
- +¥e—-1)—-z¥Fr + 1) =0, (9.10.14)

33 Equation (9.10.1) implies
W{D, ¥} = CzYe>.

Comparing both sides of this identity as z — 0, we find that
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(@=1+4+2% —¥@—1) + («—-v+ D¥y — 1) =0, (9.10.15)
@+ 2% + aly —a — DW(a + 1) — 2¥(y + 1) = 0, (9.10.16)
Pl —1)— Qu—y+ ¥ + ale — v + D¥(a + 1) = 0, (9.10.17)
(h—a=D¥ -1 —(—1+2¥ +2¥(y+1)=0, (9.10.18)

¥ =%y;2), Yo+ =¥+ l,y;2), Yy £ 1) =Y(a,y £ 1;2)

and so on, whose validity follows from the definition of the ¥ function and
the corresponding properties of the @ function.

9.11. Integral Representations of the Confluent
Hypergeometric Functions

The functions ®(«, v; z) and ¥(z, v; z) have simple integral representa-
tions which play an important role in the theory and applications of confluent
hypergeometric functions. Here we consider only the basic representations in
terms of integrals evaluated along an interval of the real axis, referring the
reader elsewhere for more general representations in terms of contour
integrals.3*

The simplest integral representation of the fungtion ®(«, v; z) can be ob-
tained by summing the series (9.9.1) with the help of formula (9.1.2):

(“)k P(Y) 14k —a-
- V7 tOt th(] — Y- ldl,
O - T@G —0d, &A=
Rey > Rea >0, k=0,1,2,...

This gives
. F(Y) fl a—-14+k —a-1
(o, v; 2) = TG =2, z ol (1 — £yr-*"1d
I'(y) -1 (20)
= t°‘ 1 — fyr=*"1qr ,
e J, e o 3 G
or
1
O, v52) = I't) e (1 — t)*"*"1dr, Rey > Rea >0,

LTy — @) Jo
©.11.1)

where reversing the order of integration and summation is justified by the
usual absolute convergence argument (cf. footnote 2, p. 239).

3¢ See the Bateman Manuscript Project, Higher Transcendental Functions, Vol. 1,
pp. 256, 271 ff.
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We can use the integral representation (9.11.1) to deduce an important
relation satisfied by the function ®(«, y; z). Assuming temporarily that
Revy > Re a > 0, we make the change of variable t = 1 — 5. Then (9.11.1)
becomes

. — F(Y) qu —2sey—oa~1 o—1
‘D(“,Y,Z)—We . ¢ s (I —s)*1ds,

which implies
O(a, v; 2) = Oy — a,v; 2), (9.11.2)

since Re y > Re (y — «). The relation (9.11.2) was proved under the assump-
tion that Rey > Re « > 0, but after dividing by I'(y), both sides become
entire functions of « and y. Therefore, according to the principle of analytic
continuation, (9.11.2) remains valid for arbitrary « and vy, provided that
vy#0,—-1,-2,...

To obtain an integral representation of ¥(«, v; z), we first note that the
function u, defined by

— 1 ® —2tpa—1 y-—o—1
u_@fo e”# Y1 + *"*7'dl,  Rea >0, Rez>0, (9.11.3)

is a solution of the differential equation (9.10.1). In fact, denoting the left-
hand side of (9.11.3) by /(u), we have?®

W) = g [ e 4 e — - - e

1 J.co d —at _ 1 _ B t=o00
=—==| Sl + ) ldt= - =e#(1+)"° =0.
T@Jo a0+ 07 TR
According to (9.10.2), the solution u can be written in the form
u= APV, v;z) + B2 YOl + a — v,2 — v; 2),
(9.11.4)

largz| < m, v #0, +1, £2,...

Assuming temporarily that 0 < Rey < 1 and z > 0, we take the limit of
(9.11.3) as z — 0+. This gives

r'a-v

_— H __1_ ® a—1 y—o—1 _—
A—hmu——P(a)J;t 1+ dt————l\(l_{_“_y),

2~0+

where we have used formulas (1.5.3) and (1.5.6) from the theory of the
gamma function, and the passage to the limit behind the integral sign is easily

35 With our restrictions on « and z, the differentiation behind the integral sign is
justified.
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justified. Moreover, differentiating (9.11.4) with respect to z, multiplying by
z¥ and then taking the limit as z — 0+, we obtain
1

1 . 1 ®
B = Ve, — -zt ya y—o—~1
=1 Yzlﬁlron+zu = lF(a)zljglz fo e (1 + 1) dt

1
——— lim f e Ss*s + z)Y %" lds
TEo DL ), e

_ ~seY— F(Y - 1)
TGh- 1>I‘(a)fo R (A
It follows that
__Id-v
- F(l + o — Y) (D(a’ Y’ Z)

+F(YF()1) Y] oo -y, 2 — v 2) = W, v;2). (9.11.5)

Since both sides are entire functions of the parameter y and analytic functions
of the variable z in the half-plane Re z > 0 (see Sec. 9.10), the temporary
restrictions imposed on y and z can be dropped, and we arrive at the integral
representation

(e, v;2) = -I;-(la—)J‘o e =11 + )**"1dt, Rea >0, Rez>0.
9.11.6)

Some other integral representations of the functions ®(«, v;z) and
W(a, v; z) are given in Problems 11-13, p. 278.

9.12. Asymptotic Representations of the Confluent
Hypergeometric Functions for Large |z]

We begin by deriving the asymptotic representation of ¥(a, v; z) for large
Iz], which turns out to be simpler than the corresponding representation of
®(«, v; z). Suppose that

Re o > 0, largz[<g—8,

where 8 > 0 is arbitrarily small. According to (5.11.2),

(1 + o1 = Z ("'l)k(l + & — Y)k

(=11 + o —

+ n!

1
Vs z"“f (1 — (1 + st)'~=-""2ds.
0
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Substituting this expansion into the integral representation (9.11.6) and inte-
grating term by term, we obtain ¢

1};-(“’ ¥: Z) — Z-q[kzo (_l)k(d)k(ll("*' o® — Y)k 77k 4 "n(Z)],

where

_ (_1)n+l(1 + o(___Y)nzoc on ~2tn+ o J‘I o Y~o~n-—2
r(z) = AT L€ e dt . (1 =91 +s1) ds.

Estimating [r,(z)| we find that

(toa=1,

e—|z[t sin & tn+Re o dt
PING)) f

n@l < 0

1
X f (1 — S)"(l + St)Re -—w-n-2 Jo
0

If we choose n so large that Re (y — &) — #n — 2 < 0, then
(1 + St)Re (y-oy-n-2 < 1,
and hence®”

T(n + Rea + 1)|z|Fe %gmiim =l
(lzl sin 8)n+Re a+1

(1 + @ - Y)n
(n + DIT()

It follows that

W, v:z) = Z_a[kio(—l)k(a)k(lld+ “ = e,k 0([21“"-1)],

= 0(z| ")

ra(2)] <

Rea >0, fargz| <5 —8, nz Re(y —a) —2 (9.12.1)

T
2
for large |z|.

We now show that the conditions under which this formula has
been proved can be considerably weakened. First we note that even if
Re(y — «) — n — 2 > 0, an integer m > n can always be found such that
Re(y — «) — m — 2 £ 0. Since the expansion (9.12.1) certainly holds with
n replaced by m, we have

m

Cot Z oo O(|2z] ™Y

0 k=n+1

|
M=

S 0z =

k=0

x
]

n
= 2> ot 0z
k=0
36 According to (1.5.1),
T,-(L—)f: e-#e k-1t = (@z-*"%. Rea >0, Rez>0, k=01,2,...

37 For complex a and b we have
]ab] —_ ]a[Re be~—lm barg a < [aIRa bexum b[_
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which again gives (9.12.1). Therefore the condition imposed on » can be
dropped, and (9.12.1) is valid for arbitrary ».

Next we get rid of the restriction imposed on the parameter o. Suppose «
satisfies the weaker condition Rea > —1. Then Re(x + 1) > 0, and
formula (9.12.1) can be applied to each of the hypergeometric functions in the
right-hand side of the identity

Vi, v;2) =z%(@@+ L,y+ L;z2) + (1 + a —y)¥(e + 1,v;2), (9.12.2)
obtained by replacing « by « + 1 in (9.10.14). Carrying out the necessary
calculations, we again arrive at the asymptotic representation (9.12.1), but this
time with the condition Re « > —1. Repeating this argument, we see that
(9.12.1) holds for arbitrary values of «. Moreover, by slightly modifying the
method used to prove (9.12.1), we can replace the condition jargz| < 4 — 8
by the weaker condition |arg z| < = — 8.3% Thus, finally, we arrive at the
following asymptotic representation of ¥(a, v; z) for large |z|:

Y(a, v;2) = z»a[ki (= D¥a)(1 + o — v - O(IZI_"_l)]’

k!
largz] < = — 3. (9.12.3)
The corresponding asymptotic representation of the function ®(a, v; z)
can be deduced from (9.12.3) and the relation

Do, v52) = F(xl;(z) 5 Yo+ EY) BN Wy — o, 5 —2),

largz] < =, —z=2ze™™, v #0,-1,=2,..., (9.124)

which is the inverse of (9.10.3), where the plus sign is chosen if Im z > 0 and
the minus sign if Im z < 0. To prove (9.12.4), we assume that y # 0, +1,
+2,... and use (9.10.3):

o, 75 2) = e O i 2) e 270+ = 1,2 = 2,
(9.12.5)

Replacing o by ¥ — « and z by —z = ze¥™, we obtain

W = i —2) = p = O 13 2)

F(Y _ 1) Zl-vpyni — —
—F('Y — VOl + o — v, 2 —v;2), (9.12.6)

38 Instead of (9.11.6), use the integral representation

w-eld
Y(a, v; 2) = féot——)fo e Y1 4 1y *-1 4y, Rea > 0,

where

. i —(n—&)sargzs—(g—s),
_g —3d<gargz<w — 8.

jid
2
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where we have used (9.11.2). Eliminating ®(1 + « — v,2 — v; z) from
(9.12.5-6), we arrive at (9.12.4) after some simple calculations, where the
validity of the result for positive integral values of v follows from the prin-
ciple of analytic continuation. Substituting (9.12.3) into (9.12.4), we find the
desired asymptotic representation of ®(«, v; z) for large |z|:

D(a, v; 2)
F(Y) T oUNi, — < (_1)k(a)k(1 + o — Y)}c —k a1
“Th-0° ° [,Zo X z7* + 0(]z] )]
Cév) i — a)(l — &) __, R
larg z] € =™ — §, v#0,-1,-2,... (9.12.7)

As before, the plus sign corresponds to Im z > 0 and the minus sign to
Imz < 0. If Jarg z| < ¥~ — 3, the first term is small compared to the second,
and (9.12.7) takes the form

O(a, v; 2) = % ezz~<v—oc)[k_io (—__Y - a)]"c(!l — a)kz-k + 0(]2[—::—1)],

largz| S = — 8, ay#0,—1,—2,... (9.12.8)

ST |

9.13. Representation of Various Functions in Terms of the
Confluent Hypergeometric Functions

As we now show, various familiar functions of mathematical analysis are
special cases of the confluent hypergeometric functions ®(«, v;z) and
Y(a, v; z), corresponding to suitable choices of the parameters «, v and the
variable z. Particular attention will be devoted to the special functions intro-
duced in Chapters 2-5.

1. Elementary functions. Some typical relations involving elementary
functions are

X k
Do, «; 2) = Z Z—' = €7,
k=0k'

et — 1

,Zo k¥~ 2

a(1,2;z2) =

O(-2,1;2) =1 — 2z + 322
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2. Error functions. It follows from (2.1.5) and (2.1.2) that the error func-
tion has the expansion

©  1\ko2k+1 © 1) 22}k
Erfz= > G20 > g_ )
=0 (2)

Lo KRk + 1)
and hence
Erf z = z0®, 3; —29). 9.13.1)
Similarly, the complementary error function (2.1.6) can be written in
the form
L] 2 g2 © e—zzs
Erfcz=£ e~ dt = ize . m—;ds,

if we set t = zV/1 + 5. Then, according to the integral representa-
tion (9.11.6),%°

Erfc z = lze #*Y(1, 3; 22,
or

Erfc z = e~ W, 3; 2%,  |argz| < g (9.13.2)

where we have used (9.10.8).

3. The function F(z). Next we consider the function F(z), related to the
probability integral of imaginary argument (see Sec. 2.3). It follows
from (2.3.4) that

0 (_l)kzk 2k +1 i l)k( Z

Fa =215 @+1n°" k'<2>k

and hence
Fz) = z0(1, 3; —2%). (9.13.3)

4. Fresnel integrals. Combining (2.4.6), (2.1.5) and (9.13.1), we find that
1 3 miz? 13 miz?
@ =3loz35) + o3z -7
(9.13.4)

z 13 wiz 13 wiz?
9 =5 [0G37) - o3 - 7))

5. The exponential integral. By definition,

0 ,~t
Ei(—7) = -j dr, Jargz <w

3% In the derivation we assume that z > 0, and then use analytic continuation to
extend (9.13.2) into the domain [arg z| < =/2.
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[cf. (3.1.2)], and hence, setting ¢ = z(1 + s) and using the integral
representation (9.11.6), we have

. . © g-zs . )
Ei(—z) = —e fo Eds = —emr W, 1 2),

or

Ei(z) = —e*¥(1,1; —2), |arg(—2)| <=  (9.13.5)

6. The sine and cosine integrals. Combining (3.3.6) and (9.13.5), we find
that

Ci(z) = —%e“” Y1, 1; ze™?) —%e‘z‘l’(l, 1;ze~™2),  |argz| < g,

1

% e *W(1, 1;ze™?) — 1 ’“F(l 1;ze™2), larg z| <—

SI(Z) = 'i + =
(9.13.6)

7. The logarithmic integral. It is an immediate consequence of (3.4.3) and
(9.13.5) that
li(z) = —z®(1, 1; — log 2), larg z| < m, larg (1 — 2)] < =.
(9.13.7)

8. Hermite polynomials. According to (4.9.2), the even Hermite poly-
nomials can be written in the form

S ) (2") 2)2n -2k _ n l)k(zz)mc

O S QI (0 S (e
-h kz 2R ~D Z @)kl

s

since
(2k)! = 2%4(3).K!,
and therefore

(2n)

H,,(2) = (= 1) == ®(—n, §; z2). (9.13.8)

For the odd Hermite polynomials we have the analogous formula
1
Hyoi@) = (C0r E 3 D nc0(n 1129, 0.139)

9. Laguerre polynomials. 1t follows from (4.17.2) that

z Pn+a+1) (=2  (@+ D, < (—n)2”
Tk +a+ Dkl(n— k) nl Zoe+ Dk

Liz) =
and hence

15) = (“—“—)"cb( n o+ 1;2). (9.13.10)
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10. Cylinder functions. Assuming temporarily that Rev > —4, we set

11.

s = 4(1 + ¢) in the integral representation (5.10.3), obtaining

22v(z/2)ve—iz 1
P@TG + 1 Jo

Therefore, according to (9.11.1),

229(z/2)%e*T'(v + %)
T + D

J(2) = e2tessv (1 — s)V % ds.

JAz) = (v + 4, 2v + 1;2i2),

or

J(2) = %—Ll) e 2Py + 4, 2v + 1;2iz), larg z| < =, (9.13.11)

where we have used the duplication formula (1.2.3) for the gamma
function. Then we use the principle of analytic continuation to show
that (9.13.11) holds for arbitrary v.

Similar representations can be obtained for the other cylinder func-
tions. For example, it follows from (5.6.4), (9.13.11) and (9.10.3) that *°

2i

H\([l)(z) _ — 7_ ei(z""m(ZZ)V"F(v + %, v + 1; 2ze—m/2),
i
- 12‘- <argz <m (9.13.12)

HE(2) = % e~ CTWQZW(y + 4, 2y + 1; 2z6™2),
™

k11

5 (9.13.13)

—m<argz <

Then, using (5.7.6), we obtain the following representations of the
Bessel functions of imaginary argument:

I(z) = W(\lz%e‘zd)(v + 4, 2v + 1;2z), largz| < =, (9.13.14)

K(2) = VrQz)Ve *¥( + 1, 2v + 1; 22), larg z} < m. (9.13.15)

Whittaker functions. A class of functions related to the confluent
hypergeometric functions, and often encountered in the applications,
consists of the Whittaker functions, defined by the formulas*!

M, (2) = 2#The 20 — k + p, 20 + 1;2), largz| < =, 9.13.16)
W) = 2 %e W& — k 4+ u, 20 + 1;2), largz] <=

%0 We also use formulas (9.11.2) and (1.2.2-3).
41 E. T. Whittaker and G. N. Watson, op. cit., Chap. 16.
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9.14. Generalized Hypergeometric Functions

Consider the power series

> r= (0‘1)k (“p)k
:Z Z NCAREC AN ©.14.D

where p and ¢ are nonnegative integers (p,g = 0, 1, 2,...) satisfying the
condition p < ¢ + 1, z is a complex variable, «, and v, are arbitrary para-
meters (except that v, # 0, —1, —2,...), and (3), = I'(® + k)/T(»).%2
Using the ratio test, we see at once that the radius of convergence of the series
(9.14.1) equals w0 if p < gand 1 if p = ¢ + 1. The sum of the series (9.14.1)
is called the generalized hypergeometric function, and is denoted by the symbol

Kyyov vy Kpy Z
qu( 1 » Ypy )’
Yla---9Y¢1

or more concisely, by ,F(«,; vs; 2), i.€.,

p

o0 H (ar)k Zk

FQ(ar; Ys» Z) = z __r_q—l—_'
k

— k!
-0 H (Ys)k
s=1

Clearly, ,F,(«;vs;z) is an entire function of z if p < g. The function
e+ 1F{e; vs; 2) is originally defined only in the disk [z| < 1, but can be ex-
tended outside this disk by using analytic continuation.

The following are the simplest generalized hypergeometric functions:

(9.14.2)

2]

OFO(ar; Ys» Z) o

k=0

1Folors vs5 2) = i (@ 1)k ¢ =(1 = z)7%,

k‘

k

oFi (% vs5 2) = z (TIZW = T(y)z- D2, (2212),
k=0 :

ey < (“1)kf_k _ .
lFl(ara Yss Z) - k; (Yl)}c k! - (I)((X'l, Y1, Z)’

2F1(or5 vs5 2) = Z %)1‘%(51:2—,))6 = Floy, ag; Y15 2)-
k=0 :

42 As usual, the meaningless products
[ 0

M I

r=1 s=1

which appear when p = 0 or ¢ = 0, are set equal to 1.
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The last two examples show that the hypergeometric functions considered in
this chapter are special cases of the more general function (9.14.2).

Some features of the theory of ordinary hypergeometric functions can be
carried over to the case of generalized hypergeometric functions. For ex-
ample, it is easily seen that the function v = ,F(«,;v,; z) is a particular
solution of the linear differential equation

[sf[(s VN oc,)]u ~0 (9.14.3)

of order ¢ + 1, where 3 denotes the operator z(d/dz).*® This equation reduces
to (9.10.1) if p = g = 1, and to the hypergeometric equation (9.2.16) of
p = 2,q = 1. Thereis a well-developed theory of generalized hypergeometric
functions, with appropriate recurrence relations, integral representations,
etc.**

PROBLEMS

1. Starting from the integral representation (9.1.6), prove that
Fa, B5v;x + i0) — F(o, B; v; x — i0)
3 27T (y)
Q@I +y—oa—8)

(=D PRy —a,y = B;1 +y—a—B;1 - x),
x>1, vy#0, -1, -2,...
Hint. During the proof, assume that Reax < 1, Rey > Rep > 0, and

then use analytic continuation.
Comment. This formula shows why the cut [1, o] is necessary in defining

F(e,B;v;z)fore,p#0, -1, =2,...
2. Derive the formulas

_ii_ o — o -1 i Y-1 = — Y—2 —

p (z2*F) = az*"*F(a + 1), P @7'F)=(y — D2 2F(y — 1),
where the notation is the same as in Sec. 9.2.

3. Prove the following identities:

Ple + 8 + HI'A)
Pl + HIE + D

I+ a— e

Fle,B;1 + 0 —B; —1) =27~ " T oV
F(l -B+ E)F(f+ E)

l+a—B#0 —1,-2...

a+B+3#0,-1,-2,...,

FQe, 2850 + B + 453 =

43 Note that applying 8 to ¥ corresponds to multiplying u by k.

%t For a summary of the theory and references for further reading, see the Bateman
Manuscript Project, Higher Transcendental Functions, Vol. 1, Chap. 4. Some new results
are given by N. E. Norlund, Sur les fonctions hypergéométriques d’ordre supérieur, Mat.-
Fys. Skr. Danske Vid. Selsk., 1, no. 2 (1956).
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4. Show that the hypergeometric polynomials F(—n,B;v;z)(n=0,1,2,...,
v#0,—1,—-2,...) can be defined as the expansion coefficients of the

generating function
wiz,t) =1 — 0P "1 — t + zt)"P = z (Y)"F( n, B;v; ),
|t < min{l, |z — 1]~}

5. Derive the integral representation

T@IE) 1 (e T(a + OTE + HT(=5)
INGY) Fla, B3 v;2) = 270 Jocieo TG T 5 (—2z2)* ds,

Reo > 0, ReB>0, larg(—=2)] <= Yy #0,-1,-2, ...,
where min {Re o, Re 8} < ¢ < 0.

Hint. Complete the contour of integration on the right with the arc of a
circle of radius R, = n + % (n — ), and then use residue theory.

Comment. The restrictions imposed on the parameters can be eliminated
by suitably deforming the contour of integration.*3

6. Using term-by-term integration, verify the following formulas:

T}
Flo, 85 7; 2) = W%)—T) =11 — Av-c-1F(a, B; c; 20) db,

Rey > Rec > 0, jarg(l — 2)| < =,
1

Fle,B;y + 1;2) = Yf F(o, B;v; z0t""1dt, Rey >0, larg(l — 2)| < =
0

7. By analogy with Sec. 9.10, the hypergeometric function of the second kind
G(e, B; v; z) can be defined as

v ) = 'a-
0 B%D = T =77 DTG vy 7 D

'y ~ D

INCIN())
largz] <=, Jarg(l —2)| <wm Y #O0, %1, £2,...
Prove that G(«, B; v; z) satisfies the relation

G, Bsv;2) =216l — v+ LB -y +1;2 ~ v;2).

F(o, 8;v;2)

+ 2Pl +a -y, 1+ 8- v;2-7v;2),

8. Repeating the considerations of Sec. 9.10, show that G(«, 8;v; 2) is an
entire function of «, 8, v, and derive the formula

(=Dt Z () (B)x 2k
(e« — n)I'(B — n) So(n + k)’k'

X [ + &) + 4B + k) — $(1 + k) —Y(n + 1 + k) + logz]

1 "3(=D¥n — k — DI — m(f — n)k
F(“)F(B)k o k!

largzl < m, |zl <1, n=0,1,2, ..., «,B8#0,—-1,-2,...

G, B;n+1;2) =

45 E. T. Whittaker and G. N. Watson, op. cit., p. 286.
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9. Prove that the functions F(a, B; v; z) and G(x, B; v; z) are a pair of solu-
tions of the hypergeometric equation (9.2.16) with Wronskian

WiFG, B3 i 2 Ol 612} = = [y 2 (1 = 9772,

larg(1 — 2)] <=, largzl <m yv#0,~1,-2,...
Comment. It follows that the two solutions are linearly independent if
B #0 —1,-2,..

10. Find differentiation formulas and recurrence relations for the function
G, B3 73 2).
Hint. Use the corresponding relations for the function F(e, B: v; 2).

11. Derive the integral representation

I'(«) Sy 1 (et D(a + HT(—s)
T *® =53] . " Th+9

Rea >0, —Rea<ec<0, v#0,-1,-2,... Iarg(—z)l<§-

(— z)s dS,

Hint. Use residue theory.

12. Derive the integral representation

I © —_
D(a, v; 2) = —L)a) ezt "Iz J e~tha Doy  (2V7r) dr.

Ity - [
Re(y —«) >0, |argz] <= ¥ #0,—-1,-2,...
Hint. Expand the Bessel function in power series, and then integrate term

by term.

13. Derive the integral representation
271-wiz o
TIe -y + 1) Jo
Reax >0, Re(x—v)> —1, largz| <,

Y(a, v; 2) = e~ BAVK, (2V zt) dl,

where K.(z) is Macdonald’s function.
14. Prove the formulas

N 1
O(a,y; 2) = P(()_ o) fo Y1 — (¢ 2t) dt,

Ty
Rey > Rec > 0,

1
O,y + 1;2) = yf Do, v; z) "1 dt, Rey > 0.
o

15. Show that the Laplace transform of ®(e, v; x) is

= 1 1
O, v;x) = =Fle, 1;v; =}
(Y3 %) b ( YP)
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16. Verify that the Whittaker functions M .(z) and W .(z) are a pair of
solutions of Whittaker’s equation

1 P

with Wronskian

T
WMo Wosle) = = rnet Do ap s 1m0, -1, -2,

G—k+w
Hint. Use the definitions (9.13.16).

17. Derive the integral representation *¢

@ : e 14 1 t k=14
= —tpu—k-y =
Wien(2) o kDo e 't 2( + z) dr,

zke—zIZ

Re(p — k + %) >0, larg z| < =.
18. Using the result of the preceding problem, prove the asymptotic formula
Win(2) & e™#2 2%, |z} > o0, |argz] < m — 3.

19. Using the results of Sec. 9.13, derive the following representations of
various special functions in terms of Wy . (2):

b 2 r
Erfc z = 2\/26 W_y, (2%, larg z| < >
Ei(z) = — \/1__2 eEPW _y, o —2), larg (- 2)| < =,
li(z) = —A/ Z  W_y.o—log2), largz| < =, larg(1 — 2)| < =,
—log z

K(2) = A/E Wo.(22), larg z| < .
2z

20. Prove that
P

oL
d il
LTZ,,Fq(oc,;Ys;z) = ql pFolar + 15vs + 15 2).
Ys
s=1
21. Prove that
p+1Fq 1o Y3 2)
1" 1
(Ya+1) o417 (1 — flar1 %41~ L Foa,; v, 20) dt,

= Tlop s DT (Yqs1 — %541 Jo
Reys41 > Reayy > 0,
where |arg(l — 2)| < mifp =¢q + 1.

22. Derive the formula

[Fla, By + 8 + 45 2] = F( 20,28, % + B; 2 )

«+ B+ 420 + 20

46 E. T. Whittaker and G. N. Watson, op. cir., p. 340.
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Hint. Find a third-order linear differential equation satisfied by the square
of the function F(a, ;2 + B + %; 2),*” and show that the function

F 20, 2B + B3 z )
e+ B+ ;20 + 28

is the solution of this equation which is analytic in a neighborhood of the
point z = 0.

47 E. T. Whittaker and G. N. Watson, op. cit., Problems 10-11, p. 298.
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PARABOLIC CYLINDER FUNCTIONS

10.1. Separation of Variables in Laplace’s Equation in
Parabolic Coordinates

To solve the boundary value problems of potential theory for a domain
whose surface is an infinite parabolic cylinder, it is appropriate to use a
coordinate system such that the cylinder corresponds to a constant value of
one of the coordinates. Thus, let x, y and z be a system of rectangular co-
ordinates with the z-axis parallel to the generator of the cylinder and the x-
axis along the axis of symmetry of any one of the parabolas in which the
planes perpendicular to the z-axis intersect the cylinder. Choosing the origin
at the focus of this parabola, we introduce a three-dimensional system of para-
bolic coordinates «, B, z, related to the rectangular coordinates x, y, z by the
formulas

x = %(az - By, y=cap, z=z (10.1.1)

where
—o<a<©w 0<B<cw, —w<z< oo,

and ¢ > O is a scale factor. The corresponding triply orthogonal system of
surfaces consists of the parabolic cylinders « = const with foci at the origin,?
described by the equation

ox

2
)2 = —2ca2(x - ‘—2—) (10.1.2)

1 The surface o = const > 0, is the half of the parabolic cylinder (10.1.2) with y > 0,
and the surface « = —const is the other half, as indicated in Figure 38.
281
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the parabolic cylinders § = const with foci at the origin, described by the
equation

y2 = 2c{32(x + %f), (10.1.3)

and the planes z = const (see Figure 38). In particular, given a parabolic
cylinder with equation

y? = 2p(x + g) (10.1.4)
in standard form,? suppose we choose the product ¢BZ equal to p. Then the
cylinder (10.1.4) has equation § = B, in the coordinates «, £, z, and the do-
main inside the cylinder to the values 0 < B < B, while the domain outside
the cylinder corresponds to the values B, < B < oo.

y
@ = const
a>0 = const
a = Ol [B =0 P
a<0
FIGURE 38

It is an immediate consequence of (10.1.1) that the square of the element
of arc length in the coordinates «, 8, z is

ds? = ¢2 (% + B?) (do? + dB?) + dz2. (10.1.5)
Therefore the metric coefficients are

hy = hy = cVa® ¥ B2, h, =1,

2 Here p is the distance from the focus (at the origin) to the directrix.



SEC. 10.2 PARABOLIC CYLINDER FUNCTIONS 283

and Laplace’s equation takes the form [cf. (8.1.3)]

1 ?u 0% %u
2, _ - |gw  c= 2,2 PN .
VU= e [30(2 O ) 622] 0. (10.16)
Now suppose we look for solutions of (10.1.6) of the form
u = A(RPB)Z(2). (10.1.7)
Then the variables separate, and we obtain
L S LY R R e
A+ B [Ade®  Bdp?l Zd2 T T
where 2 is an arbitrary constant. It follows that
d*Z .
7254‘)\2—0, 1018
1 d?A 1 d?B o
A doZ + 'E—dF — Mc¥(a? + B = 0.
The last equation, in turn, can hold only if
2
%é’ + (. — Ac%HA = 0, (10.1.9)
o
2B
%(3_2 — (p + A3%HB = 0, (10.1.10)

where . is again a constant. Thus Laplace’s equation has infinitely many
solutions of the form (10.1.7), depending on two arbitrary parameters A and .

In most physical problems, the parameter A is a positive real number
(cf. Sec. 9.10). Then, introducing new variables

E=Vica, n=VrB —o0<iE<owo 0<7< w0,
and a new parameter v related to p. by the formula
w=2rcv + 1),
we reduce equations (10.1.9-10) to the form
2A
%Ef +2v+1—-E8)A =0, (10.1.11)
d*B
T v+ 1+ 49HB=0. (10.1.12)

10.2. Hermite Functions

We now investigate equations (1.10.11-12), which, as just shown, arise
when separating Laplace’s equation in parabolic coordinates. Clearly, the
problem reduces to studying the linear differential equation

W+ Qv+ 1—2%u=0 (10.2.1)
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for arbitrary real or complex z and v. If we make the substitution
u=e 2, (10.2.2)
(10.2.1) goes into the equation
0" — 2z + 2w = 0, (10.2.3)

which for nonnegative integral v = n(n = 0, 1, 2,...) is just the differential
equation (4.10.4) for the Hermite polynomials studied in Chapter 4. There-
fore, in the case where the parameter v is arbitrary, it is natural to call the
solutions of (10.2.3) Hermite functions, while the corresponding solutions of
(10.2.1) are called parabolic cylinder functions.®
The Hermite functions can be expressed in terms of the confluent hyper-
geometric function ®(«, v; z). In fact, if we choose ¢ = z2 as a new inde-
pendent variable, equation (10.2.3) goes into
2
t%-{—(%—t)%-{—%v:& (10.2.4)
which is the special case of equation (9.10.1) corresponding to the parameter
values
_ v 1
=Ty Y77
Therefore, according to (9.10.2), the general solution of the differential
equation (10.2.4) is

v 1 -V 3
v = A(I)( 35 t) + B\/ttb( 5 55 t), (10.2.5)
or
v=A(I)( -,1z)+Bc1>( _V3z2), (10.2.6)
272 2 2

after returning to the original variable z. In particular, choosing the con-
stants 4 and B to be

a=-210 5 2ICY), (10.2.7)
o) (3
2 2
3 The definition given here differs somewhat from that prevalent in the literature (see

the Bateman Manuscript Project, Higher Transcendental Functions, Vol. 2, Chap. 8),
where the term parabolic cylinder function refers to a solution of the equation

377

which reduces to (10.2.1) if we make the substitution z = v'2z. One of the solutions of
this equation is the function D(z), related to our function H.(z) [see (10.2.8)] by the
formula

2
u”+(v+—l-—£—)u=0,

Dy(z) = z-vwe-ﬂﬂHv(—i_).
(2) 75
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we arrive at the solution

2TQ) g v 1 o) 20D o(1=v 3. )
H) = ﬁ@( 22,z)+r(_%) z(D( =2 ) (10.2.8)

2

which we call the Hermite function (of degree v).* 1t follows from (10.2.8) and
the known properties of the gamma function and the confluent hypergeo-
metric function that H,(z) is an entire function both of the variable z and the
parameter v.

Ifv=n®m=0,1,2,...), one of the terms in (10.2.8) vanishes and the
other reduces to a polynomial in z. Using formulas (1.2.1-3) from the theory
of the gamma function, we find after some simple calculations that

Hon@) = (=17 E22 o m, 3 29,
(10.2.9)

Himor(2) = (~ 1 (2—’”—“—)2 O(—m, 3; 29,
Comparing these formulas with (9.13.8-9), we see that if v = n, the function
H (z) reduces to the Hermite polynomial of degree n.

Ifv#0,1,2,..., the general solution of equation (10.2.3) can be ex-
pressed in terms of Hermite functions. In fact, since equation (10.2.3) does
not change if we replace z by —z, the function v, = H,(—z), as well as the
function v; = H,(z), is a solution of (10.2.3). By the usual method (cf.
Sec. 5.9), it is easily shown that the pair of solutions v,, v, has a Wronskian

of the form
W{v,, vy} = Ce?,
where C is a constant. Setting z = 0 and taking account of the formulas

1) = P ) < 27D

T ]

which are immediate consequences of (10.2.8), we find that

(10.2.10)

C = Wy, va}s20 = — izgj);((—%\’)) = 2;{1_\;;,

2 )

¢ It should be noted that according to (9.10.3), the Hermite function H,(z) bears the
following simple relation to the confluent hypergeometric function of the second kind:

Hz) = 2 (—i,%,z)
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where in the last step we have used formulas (1.2.2-3) from the theory of the
gamma function. It follows that

W{H\z), H(—~2)} = 211(—1_\5)75 e’ (10.2.11)

Therefore, if v # 0,1, 2,..., the solutions H,(z) and H,(—z) are linearly
independent and the general solution of (10.2.3) can be written in the form

v = MHz) + NH{—2). (10.2.12)

However, suppose v =n(n =0, 1,2,...), so that W = 0. Then H,(z) and
H(—z) are linearly dependent, and in fact,

Ho(—2) = (= 1)"H.(2). (10.2.13)

Therefore the right-hand side of (10.2.12) is no longer the general solution of
(10.2.3).

To obtain an expression for the general solution of (10.2.3) which is
suitable for arbitrary values of the parameter v, we first observe that the sub-
stitution

v = e®w, { =iz
transforms (10.2.3) into the equation

W' — 2w — 20y + Dw = 0, (10.2.14)

which is the same as (10.2.3) except that v has been replaced by —v — 1. It
follows that the functions

v = e H_,_1(i2), vs = e H_,_(—i2) (10.2.15)
are also solutions of equation (10.2.3). Calculating the Wronskians
W{H (2), 2o (] — 22—1/2(v+1)1ri’
{H2), ¢ H (i)} = e (10216
W{H/2), e’ H_,_(—iz)} = e+ hv 0,

we find that each of the solutions (10.2.15) is linearly independent of H.(z).
Therefore, for arbitrary v, the general solution of (10.2.3) can be written in
either of the following equivalent forms:

v = MH/(z) + Ne?’H_,_.(iz) = PH,(2) + Qe®*H_,_(—iz). (10.2.17)

Finally, comparing (10.2.17) and (10.2.2), we find the following expres-
sions for the general parabolic cylinder function:
u = Me #12H(z) + Ne®*2H_,_(iz)

(10.2.18)
= Pe?RH(2) + Qe®*2H_,_y(—iz).
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10.3. Some Relations Satisfied by the Hermite Functions
In the preceding section, it was shown that each of the functions

vy = Hv(z)a Ug = ezzH-v—-l(iz)a

Ug = Hv(_z), Uy = ezzH—v—l(—iZ)

(10.3.1)

is a solution of equation (10.2.3). Since a second-order linear differential
equation cannot have three linearly independent solutions, it must be possible
to write each of the functions (10.3.1) as a linear combination of any two
others. In particular, if v ¢ —1, —2,...,% there must exist a relation of the
form

H(z) = Me?®H_,_\(iz) + Ne®*H_,_,(—iz). (10.3.2)

To determine the constants M and N, we use the conditions (10.2.10), obtain-
ing the system of equations

22v+11"(1 + i) 22v+11“<1 + V)
SN A VARV o 2

() (-3
Transforming the right-hand sides of these equations by using formulas
(1.2.2-3) from the theory of the gamma function, we find that

M+ N =

VI + 1) 2V (v + 1)
- 7 s—, M- N=——F"-F—2 m——
Vr 2 \/TC 2

(10.3.3)

M+ N =

Solving the system (10.3.3) and substituting the resulting values of M and
N into (10.3.2), we arrive at the relation

ZVF(V + 1) .
HJ(z) = e
(2) = — v
Formula (10.3.4) remains valid for negative integral v if we take the right-hand

side to mean its limit as v— —n (n = 1,2,...). Replacing z by —z in
(10.3.4), we obtain the relation

[e™™2H _,_y(iz) + e™“™12H _,_(—iz)]. (10.3.4)

H(-2) =2 F(y D et embr_,_(—iz) + e~ H_,_y(iz)]l. (103.5)
TC
SIfv # —1, ~2,..., then
W{eZ2H—v—l(iZ)9 ezzH—v—l(_iz)} _l*\/TC___ ?é 0.

T+ D¢
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Further relations can be deduced from (10.3.4-5) by purely algebraic
operations. For example, we have
v+l
T(-v)
2v+1»\/;
I'(=v)

H(2) = e™H(—2) + QP PR ImL L (_iz) (10.3.6)

H(2) = e"""H (—2) + e - herDEIr o (iz),  (10.3.7)

and so on.

10.4. Recurrence Relations for the Hermite Functions

The Hermite function H,.(z) satisfies simple recurrence relations which
generalize the corresponding formulas for Hermite polynomials (see Sec. 4.10)
to the case where the degree v is an arbitrary complex number. To derive
these recurrence relations, we first make a preliminary transformation of
(10.2.8), which leads to a simple power series representation of H,(z). Replac-
ing the hypergeometric functions in (10.2.8) by their explicit series representa-
tions [cf. (9.9.1)], and using the formulas

F(— %)F(l - V) — v+ 1Y/RT(~v), (10.4.1)

)= e -

implied by (1.2.2-3), we have

vi e tlk-3) ]

6 = = k=°ksr(k+%)2k_§o k!I‘(k+%) )
By F(2k2~v . F(2k+21—v) -
OO SR S )

o
_ ZF\(/_V)mzoF(ﬂ_;_l)F(nzl ; 2) o, (10.4.2)

Since, according to (1.2.3),

2mr(’" £ I)F(’" : 2) — VaT(m + 1) = Vam),
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formula (10.4.2) can be simplified to®

w (=1)"T ’"2‘ *
Hz) = 2I‘(1—v) ,,Zo ngl )

Qz)", 7] < 0. (10.4.3)

This expansion, which is of independent interest, allows us to give a very
simple derivation of the required recurrence relations.

Differentiating the series (10.4.3) and introducing the new summation
index n = m — 1, we find that

- 2(—1)mr‘(’"z‘v)
2F(—v) Z = 1)
» 2A—1)T ntl—wv
1 2
= - ZP(—V) nzo (ny )(ZZ)n
(1

) -
= = ﬂ H, 1(z) = 2vH,_,(2).

Thus the Hermite function H(z) satisfies the recurrence relation

Hi(z) = 2vH,_,(2), (10.4.4)

(2z)m-1

H(2) =

which generalizes formula (4.10.2). Next we differentiate (10.4.4), obtaining
Hy(2) = 2vH, _1(2),
which, together with the differential equation (10.2.3) written in the form
Hj(z) — 2zH(z) + 2vH\(2) = 0,
implies
2vH, _(2) = 2zH,(z) — 2vH(2). (10.4.5)
Using (10.4.4) to eliminate H,_,(z) and H(z) from (10.4.5), we obtain
Hfz) — 2zH,_,(z) + 2(v — DH,_4(z) = 0. (10.4.6)
Finally, replacing v by v + 1 in (10.4.6) leads to another recurrence relation
H, . ,(z) — 2zH(2z) + 2vH,_4(z) = 0, (10.4.7)

which agrees with our previous formula (4.10.1) when v is a positive integer.

6 Because of the intervention of the duplication formula (10.4.1), the series (10.4.3)
can be used for nonnegative integral v = n only if we agree that the indeterminate ratio
(-1
I'(-2)
is formally equal to —4 [the value consistent with (10.4.1)], and all other indeterminate

expressions are evaluated with this in mind.
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10.5. Integral Representations of the Hermite Functions

Various integral representations of the Hermite functions H,(z) involving
contour integrals or definite integrals can be derived by summing the series
defining H.(z). The simplest such representation is obtained from (10.4.3)
by assuming that Re v < 0 and replacing I'[4(m — v)] by an integral of the
type (1.1.1). This gives

0 = gy 3. I [ pinnes

g g § (CDQVA

1 <
_ mﬁ’ > (10.5.1)

1 © vz
— e—s—22 ss—l/zv—l dS
20(=v) fo ’
where reversing the order of summation and integration is justified by an
absolute convergence argument. Introducing the new variable of integration

t = V5, we can write (10.5.1) in the form
—_1_ ® -2 - 2tzg-v-1
H) = 75 [Teromra, Rev<o 052)

This formula resembles the integral representations of Sec. 4.11, derived
earlier for the Hermite polynomials. In particular, it follows from (10.5.2)
that the Hermite functions of negative integral degree can be expressed in
closed form in terms of the complementary error function (2.1.6). In fact,
setting v = —1 in (10.5.2), we obtain

«

o< o
H_\(2) = f e -2 gy — ezzf e~ 4% gp = ezzf e~s* ds,
0 0

ie.,
H_(z) = ¢ Erfc z, (10.5.3)
and in general

(=D d

H_,.,(2) = Tl T (e Erfcz), n=012,... (10.54)

Another important integral representation of H,(z) can be deduced from
(10.3.4) by replacing the Hermite functions in the right-hand side by integrals
of the form (10.5.2). Under the assumption that Rev > —1, this gives

2ve?
H v(Z ) = \/—-
T

@ o0

[evm‘/2f e—t2—2izttv dr + e—vnilzf e—t2+212ttv dl]s
0 0

or

v+1,22 w
H(z) = 2\/8 f e "1 cos (2zt—v-7”) dt, Rev> —1. (10.5.5)
' 14
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Formula (10.5.5) is the generalization of the integral representations
(4.11.2-3) of the Hermite polynomials, to which it reduces when v = n
n=012,...).

Some other integral representations of the Hermite functions are given in
Problems 1-4 at the end of this chapter.

10.6. Asymptotic Representations of the Hermite Functions for
Large |z|

To derive asymptotic representations of the Hermite functions H,(z) for
large |z| and fixed |v|, we first assume that Rev < 0, |arg z| < w/2. Then,
using (10.5.2) to represent H,(z), we replace e~t* by its Taylor series expansion
with remainder, i.e.,

i S LA (10.6.1)

where
tZ‘n +2

loa(D)] < TE

Integrating term by term and noting that

fo om2z2k—v=1 g _ %Z—V) k=012.. (1062

if Rez > 0, Rev < 0 [cf. (1.5.1)], we find that

H) = (2z)v[i (-”—(-“)ﬁ‘ Q2% + r,,(z)] (10.6.3)

where

() = ‘I?(Zl) 0

o (Ne 22Vl gt

and

(Mo =1, (=9 = S (v + Dy 2 - D

(k =1, 2,...). Now suppose that

T

larg z| < 3,

N

where 8 > 0 is arbitrarily small. Then it is easily seen that

(zlzl )-Re vel/znum vi

[r(@)] < IT(=9)[( + 1)

fw e—2£]z| sin 6t2n+1—Re vdt — O(IZl—zn—Z)
o
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(cf. footnote 37, p. 269), and hence (10.6.3) can be written in the form
Hz) = (22)"[ S (_M‘ 22)-2 + O(|z|-2n- 2)] (10.6.4)
k=0

Next we show that (10.6.5) remains valid for arbitrary v. In fact, let the
condition Rev < 0 be replaced by the weaker condition Rev < 1. Then,
using the recurrence relation (10.4.7), we represent H,(z) in the form

H(z) = 2zH,_1(z) — 2(v — DH,_,(2), (10.6.5)
where the real part of the degree of each Hermite function on the right is
negative. Applying (10.6.4) to each of these functions, and making some
simple calculations, we obtain an expansion of the same form as (10.6.4),
thereby extending (10.6.4) to the case Rev < 1. Repeating this argument as
often as necessary, we find that (10.6.4) is valid for any value of v. Moreover,
by slightly modifying the method used to prove (10.6.4),7 we can extend the
result to the larger sector

larg z| < %E - 3.

Thus, finally, we arrive at the following asymptotic representation of H,(z)
for large z and fixed v:

A2 = (ZZ)V[,i,(%?f(—v>2k(2z)-2k + 00, Jarge] < -
(10.6.6)

Asymptotic representations of H,(z) which are valid in other sectors of the
complex plane can be derived from (10.6.6) by using the relations (10.3.6-7).
For example, if

ki3 7
j<agz<p
then
larg (—z)| = |argz — x| < 3771, larg (—iz)| = |argz — gl < 37”

Therefore, applying (10.6.6) to each Hermite function in the right-hand side
of (10.3.6), we find that

H) = (2z)V[ 2( (Va2 + O(|z] -2 )]

\/nevm 1 (v + Dy 1)21c
z -v- 2k 2n -2
- Ty e 5 S e + ogt ).
5w
jad < b
I L arg z € 7 3. (10.6.7)
7 Instead of (10.5.2), use the integral representation
w-eif
H\,(Z) I‘( v)f —¢2—zzzt—v—1 dt,

where |[6] < w/4 and the integration is along the ray argt = 6.
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Similarly, it follows from (10.3.7) and (10.6.6) that
H/(z) = (22)"[ Z (=D" ( v)2x(22) % + O(]z| 2"~ 2)]

\/;e""’” 22 —v=1 (V + 1)21«: 2 2n—2
- EE e 3 D ek o(lzf o).

_ (54_“ _ 3) gz < — (g + s). (10.6.8)

Together, formulas (10.6.6-8) give a complete description of the behavior
of the function H,(z) for large |z|. These formulas do not contradict each
other in their common regions of applicability, since the second terms of
(10.6.7-8) are small compared to the first terms if

3x i B 3n
—T<argz<—z, Z<argz<zs
and can therefore be included in the term O(|z]~2"~2).

Finally, we note that (10.6.4) is an immediate consequence of the asymp-
totic representation (9.12.3) for the confluent hypergeometric function of the
second kind and the fact that

Hyz) = 2 ‘I”(— > %; z2)

(cf. footnote 4, p. 285).

10.7. The Dirichlet Problem for a Parabolic Cylinder

The special functions studied in this chapter allow us to solve theboundary
value problems of potential theory for the case of a domain bounded by a
parabolic cylinder. To find the appropriate set of solutions of Laplace’s
equation, we introduce the parabolic coordinates (10.1.1) and look for solu-
tions in the form of the product (10.1.7), thereby arriving at equations
(10.1.8-10). If we require that the solutions be bounded in the whole domain,
in particular at infinity, it must be assumed that the parameter A isreal.® Then
the corresponding solution of (10.1.8) is

Z = Ccos Az + Dsin Az, A= 0, (10.7.1D)

which is bounded for —c0 < z < c0.
Introducing the new parameter v related to p by the formula

p=Ac2v + 1),

8 Without loss of generality, we can assume that A is nonnegative, since changing the
sign of A does not affect the separation constant A2,



294  PARABOLIC CYLINDER FUNCTIONS CHAP. 10

and using (10.2.18), we find that the general solution of (10.1.9) can be written
in the form

A = Me~***2H (Vica) + Ne*®2H_,_(iVacw).  (10.7.2)
According to the asymptotic formulas of Sec. 10.6,
H(Vxo) ¥ QVica), «—> o,
H_y_1(iVica) x e B9+ V502V kca)~ V"1, a-> o,

and hence we must set N = 0 if the solutions are to be bounded. Moreover,
forv#0,1,2,..., we have

kY

T'(—)

H,(Vea) = er?(Vela) V-t %—> — 0

and therefore we must also set M = 0. It follows that unless v is a non-
negative integer, there are no solutions which are bounded as o« — + o0
(except the trivial solution identically equal to zero).

For integral v=1n (n =0, 1, 2,...), the Hermite functions reduce to
Hermite polynomials, and the solution of equation (10.1.9) bounded in the
interval (— o0, o0) is

A= Me »®2H (Vca), n=0,12,... (10.7.3)

Substituting the corresponding value p = A¢(2n + 1) into (10.1.10), we can
write the general solution of this equation as

B = Per 8 2H (iVheB) + Qe P12 _ . (Vacp) (10.7.4)

[cf. (10.2.18)]. Combining (10.7.1) and (10.7.3, 4), we see that Laplace’s
equation has infinitely many solutions of the form

u=u,,=e **2H (Vi) [P,\_,,e““z/zH,,(i\/ﬂﬁ)

—AcB2/2 ay| €08 )‘Z,
+ Qh,ne H—n—l(\/)‘CB)] sin Az
A=0, n=012..., (10.7.5

which are bounded for —o0 < « < 00, — < z < . For the exterior
problem, B varies over the interval B, < B < oo, where the surface of the
parabolic cylinder corresponds to 8 = 8, and hence we have to set P, , = 0,
in view of the asymptotic formulas

H(iVaeB) = i"QVAcB), B— o,
H . (VieB)m VP!, B—w.
We now show that Q, , must be set equal to O if the solutions (10.7.5)
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are to be harmonic in the case of the interior problem, where 0 < £ < 8.
Here the decisive consideration is the behavior of grad u near the singular
curve of the transformation (10.1.1), i.e., the line « = 8 = 0 on which the
Jacobian o(x, y, 2)/é(«, B, z) vanishes. It is an immediate consequence of
(10.1.5) that

o= (8 + (3]

Since the denominator in the right-hand side vanishes on the curvea = § = 0,
a necessary condition for grad u to be finite is that the expression in brackets
should also vanish for « = § = 0, i.e., that Q, , = 0, since (10.7.5) implies®

ou\? ou\? — cos Az\?2
[(%) + <5F—3) ]a=B=O h (X/)\CQ}"" sin )\z) = 0.
Moreover, this condition is also sufficient, since it is easily verified that if
0O,.» = 0, then the expression

G+ &)

%) * ()]

is divisible by «® + B2, so that grad u is well-behaved on the line o« = § = 0.1°
Thus the appropriate particular solutions of Laplace’s equation are

COS Az
sin Az
A>0, n=0,1,2,... (10.7.6)

U= Uy, = P, e~ D=0 (\Vyca)H, (iV A B)

for the interior problem, and

COS AZ
sin Az
r20, n=0,1,2,... (10.7.7)

U=ty = Qype™ P IH (VR H (VB

for the exterior problem.

Boundary value problems involving parabolic cylinders are solved by
superposition of the particular solutions (10.7.6-7). For example, consider
the interior Dirichlet problem, assuming, for simplicity, that the function
f = f(«, z) appearing in the boundary condition

Ulgap, = f (10.7.8)
9 In the course of the calculations, we use the formulas
HAOH0) =0, H,O)H.,..(0) = — cos %t HYO)H - ,_1(0) = sin %
n=20,12,...,

which follow from (10.2.10).
10 Cf, the analogous treatment for an oblate spheroid on p. 217.
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is an even function of z, which implies that the same is true of the solution
u = u(x, B, z).'* Suppose that f can be expanded in a Fourier integral

= fwfk(a) cos Az d, —0 < z < 0, (10.7.9)
0

where

fi= %f fcos Az dz, (10.7.10)
0

and moreover suppose that the solution u can also be represented as a Fourier
integral

u= f u(o, B) cos Az di, —® < z < O, (10.7.11)
0

Then, according to (10.7.6), we can look for u,(«, 8) in the form of a series

(@, B) = 2 Prne” D IDH (Vica) H, iV 3eB),
n=0
—w<a<o, 0B <B, (10.7.12)
and we have the condition
fi(@) = > Py e~ * 00 H (av/he) HoiV AeBo),
n=0
—w0w <A< ® (10.7.13)

for determining the coefficients P, ,. Assuming that f(«) satisfies the condi-
tions of Theorem 2, p. 71, we find that

P, €852 H (iVhe Bo) = Ve f e~ 22 f () H (Ve ) da,
2'nVr J-w
(10.7.14)
and hence the expansion coefficient u,(«, B) is given by the sum
2 a2s g2 Ha(iVACB) —
u (2, B) = o= (heia® - p?+gfy TTnll Y AC H, Vaeo
e B) Zo H(iV 3¢ Bo) (Vhea)
Vi (10.7.15)
Ac ® - Aca?/2 bV
" o f_w e~ 257126 () (V70 ) da.

Substituting (10.7.15) into (10.7.11), we obtain the formal solution of our
problem.

1 The case where f'is an odd function of z is handled in the same way. Then the solu-
tion in the general case is represented as the sum of the solutions of the two simpler
problems with the following even and odd boundary conditions:

H=3f2) + fle, =2)),  fo=13{f(x,2) - flz, —2)].
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10.8. Application to Quantum Mechanics

The Schrddinger equation for a linear harmonic oscillator of mass m,
angular frequency «, and total energy E has the form

d? 2mE  mPo?
Ex_ﬂg + ( nE hg’o)q, =0, (10.8.1)

where ¢ is the wave function and # is Planck’s constant.’? In quantum mech-
anics, it is required to find the values of E for which (10.8.1) has bounded
solutions in the interval — o < x < oo. If we set

_2mE _ muyg
b=TEe M=y

e

equation (10.8.1) coincides with equation (10.1.9). It follows from the
results of Sec. 10.7 that the solutions of (10.8.1) are bounded in (— 0, c0)
only if

p = Ac(2n + 1), n=2012,...,

i.e., only if
2’"75: @n+ DT n=0,1,2,.
which implies
E=E,=@n+ Dho,, n=012... (10.8.2)

The corresponding wave functions can be expressed in terms of Hermite
polynomials.

PROBLEMS

1. Derive the following integral representations of the Hermite functions:

H. = __ZVH_ T Byvpe 2yv/2 T
W2 = — , e (* + %2 dt,  Rev<l, largz| <5
I‘(——)
2

v+1 @©
HJ(z) = _"5 zf e VL2 4 V-2 gy Rev < 0, largz| < g

Hint. Use formulas (9.10.3) and (9.11.6), and the representation of H,(z) in
terms of ¥'(«, v; z), the confluent hypergeometric function of the second kind
(see footnote 4, p. 285).

12 See D. Bohm, Quantum Theory, Prentice-Hall, Inc., Englewood Cliffs, N.J. (1963),
p. 296.
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2. Derive the following integral representation of the product of two Hermite
functions:

H(2)H(2)

T(—u — w2
= I%#——(_V?')J; H, [z (cos ¢ + sin @)jcos™# L psin~V-! ¢ dop,

Reu <0, Rev <O

Hint. Use (10.5.1) and transform to polar coordinates in the double
integral.

3. Prove the integral representation

1 © — W, —V; %tz
Hu(Z)HV(Z) = m J‘o e—t2—2ztt—u—v—12F2(_ w+ V’ 1 - v - V) dt,
2 2

where . F, is a generalized hypergeometric function (see Sec. 9.14).

Hint. Use (10.5.1) to represent the left-hand side as a double integral over
the square 0 < 5 < o, 0 < ¢ <o, and then transform to the new variables
u=s+tv=1tfs
4. Prove the formulas

1 22

1 © 2,
2 t2-22t5-2v-1Q[ —y. — L.

[HV(Z)] F(—Zv) J; e t ( v, v + 2, 2) dt, Rev < 0,

H(DHv 1) = oo | Tem-zmpmav-2 @y — 1, v — 1-’—2> dt

v v+ I\(—zv - 1) o b 27 2 ’
Rev < —1.

5. Show that the Hermite functions satisfy the integral equation
X2 ) = 2 [ ) syl ) d,
[}

0<x< o, Rev<l

6. Show that the Hermite functions of half-integral degree can be expressed in
terms of the cylinder functions of imaginary argument. In particular, prove
the relation

T

z\12 , 22
H_1,(2) = (Z_n) & IZKM(Z)’ larg z| < 3

Hint. Use the integral representation (10.5.1), and make the change of
variable ¢ = 2z sinh? (6/4).
7. Prove the formula

2 2 ® _ n
Ko(x‘_+ L) =2 $ CUTOLD oty (i),
2 % n!
-0 < x <o, 0y<owm,

where Ko(z) is Macdonald’s function.

Hint. Apply Theorem 2, p. 71 and the result of Problem 1.
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8. Consider the system of paraboloidal coordinates «, B, ¢ related to the rect-
angular coordinates x, y, z by the formulas

x =cofcosp, y=caefsing, z= %(oa2 — B3,

where 0 < « < 0,0 < B < o, —n < ¢ < 7, and ¢ > 0 is a scale factor. In
this coordinate system, the surfaces « = const, B = const are paraboloids of
revolution instead of parabolic cylinders, as in (10.1.1). Find the square of
the element of arc length, the metric coefficients and Laplace’s equation in the
system «, 8, ¢. Show that separation of variables is possible in Laplace’s
equation written in the coordinates «, B, ¢, and find the appropriate particular
solutions, both for the interior and the exterior problem:.
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