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Abstract

This paper is devoted to a generalization of the notion of inverse system of a polynomial
ideal as can be found in Macaulay’s treatise on Modular Systems. The definition of inverse
system given here relates polynomial modules to modules of linear forms on polynomials. The
most interesting results obtained by Macaulay on the inverse systems of polynomial ideals are
particular cases of propositions proved in this article. (©1998 Elsevier Science B.V. All rights
reserved.

1. Introduction

The classical prototype of the dual of a polynomial module is the notion of inverse
system of a polynomial ideal which has been given by Macaulay in his treatise on
Modular Systems [4]. According to Macaulay the inverse system of a polynomial ideal
M is the set of all negative formal power series Y. cp, p,(xF" - xF")™! such that

§ : ApyrspnCp1vnpn = 05

PlyesPn

.....

the most interesting property of an inverse system is the one of being a module over
the ring of all polynomials in xi,...,x, with complex coefficients. Here is Macaulay’s
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definition of a scalar product: If E= 3" cp, _,, (xF" - --x§")~! is a negative power series
(no p; negative), and A any polynomial, the part of the expanded product AE which
consists of a negative power series will be denoted by A-E and called the A-derivate
of E [4, p. 69].

The definition of inverse system may be cast in a linear algebraic setting: if we con-
sider C[x,...,x,] as a C-algebra, the inverse system of an ideal M C C[x,...,x,] is the
subspace of Homg¢(Cl[xy,...,x,], C) consisting of all C-linear forms E: C[x),...,x,] —
C whose kernel contains M. In this context, Macaulay’s scalar product 4-E can be
defined by (4-E)}B)=E(AB), B C[xy,...,X]-

This trivial observation indicates that Macaulay’s scalar product depends only on the
linearity of E and on the product in C[xi,...,x,]. It follows that nothing prevents one
from extending Macaulay’s definition to a more general context. Thus, in this paper we
start by considering any algebra over an arbitrary field K. We then restrict ourselves to
polynomial rings and show how certain properties of a Grébner basis for a polynomial
module relate to existing results.

2. Duality

In this section we introduce some notations and elementary definitions. The objects
we shall be most interested in are modules over some polynomial algebra; nevertheless
it is convenient to give the basic definitions in a more general context.

Let I be a field and let 4 be an associative K-algebra with unit element 1,. Let S
be a basis of the vector space underlying 4 and let us represent each element P € 4
in the form ZSGS ass where a; =0 for all but a finite number of indices. Moreover,
A* ;= Homy(4, IK) will denote the usual linear dual of the IK-space 4.

A family (fy)ses of elements of 4* will be said to be a summable family if, for
every P € 4, the set of all indices « €J such that f,(P) # 0 is finite. If (f)ues is a
summable family of linear forms we will call the sum of the family the linear form

Y wes Jo defined by
(Zﬁ:) (P)=>_ fulP).
L1s9) aEJ

In the following, we will consider the powers 4’ and (4*)' with their 4-module struc-
tures given by

Ax A -4
(P, (P,...,P))— (PP,....,PP)
and
A x (4" =)
P, (f1,-- -, J1)) = (P 1., P 1),
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respectively, where (P- f;)(Q) = fi(QP), 1 <i <. Sometimes, using the canonical em-
beddings ey, ...,e; of 4 into A', we will write e;(P,)+- - -+e;(P;) instead of (P,,...,P)).
For any submodule H of (4*)!, we define

W(H):{(Pl,...,PI)EAI|P1‘f1 +---+ P f1=0 for all (f,...,f1)eEH}.

It is easy to check that #(H) is a submodule of 4’. Our main goal now is to find a
“convenient” answer to the following question: given a submodule M of A/, is there
a submodule H of (4*) such that (H)=M?

Following old-fashioned terminology which had already been used in the case of
polynomial ideals by Macaulay, any submodule H C(A4*) such that Z(H)=M will
be called an inverse system of M. Let us prove that the answer to the previous question
is affirmative (Proposition 2.1), so that we may claim that every submodule M C 4’
has an inverse system. For the purpose of our discussion, we first fix a subset B of
S x {1,...,1} such that the set {e;(t) + M |(t,j) <€ B} is a basis of the quotient space
AI/M. For every 1 <i</, let

e(PY+M= > fl(P)et)+M), Pc4
tHesB

(i.e. f,{i(P) =coefl. of ¢(t) + M occurring in e{P) + M), so that

1 I
Pio s )M=Y (eBY+M)=D" S f(B)eg(t) + M)

i=1 i=1(t,j)eB

{
= 3 3 B + M)

(t.j)eBi=1

Note that for every P €4, there exist only finitely many pairs (t,j)€ B such that

,{ AP) # 0. It follows that ( f{ Xt )es is a summable family of linear forms ftj s
A—- K, P— ft{ AP). Moreover, if we denote by NFp(P;,...,P;) the unique element
of Spank(B) such that (Py,...,P;) — NFg(P,,...,P;)eM, then

! !
NEg(Py,...,P1)= (ZZL&(H)t,...,Zthf,.(mt), (1)
teTi=1 teT;i=1

where T;={te S| (t,j) € B}. Hence,

(Pr,...,P)EM & NFg(Py,...,P)=0
SPfl + -+ P f];=0 for each (t,j)€B.

As a straightforward consequence of these remarks we have the following proposition
which proves the existence of a submodule H of (4*)’ such that Z(H)=M.
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Proposition 2.1. Let #5(M) be the submodule of (4*)" generated by the I-tuples
(fL 1o s fiDwes Then P(Rg(M))= M, which implies the existence of at least one
inverse system of M.

In general, a module M has many non-isomorphic inverse systems. Let {Hy(M)}qcs
be the set of all inverse systems of the submodule M. It is easy to check that H(M) :=
Y ey Hx(M) is also an inverse system of M. Let us prove that H(M)= (M),
where

LMY = {(f1s--» DEAY P fi+---+P-f;=0 for all (P,...,P)eM}.

Evidently, & (M) is a submodule of (4*)' containing #z(M). We now show that
F (M) is the largest inverse system of M.

Proposition 2.2. Let M be a submodule of A'. Then S (M) is an inverse system of
M. Moreover, if H is an inverse system of M then H C S(M).

Proof. We have to prove Z((M))=M. The inclusion M C P(¥(M)) is trivial.
Conversely, suppose (Py,...,P) € P(F(M)). Then Zf=1}’,~-f,- =0 for all (f1,...,f1) €
F(M). In particular, EleP,--ft{i =0 for each (t,j)€ B, ie., (P,...,P)e€
P(Rs(M))=M.

Finally, let H be any inverse system of M. If (fi,...,f;)€H then P-fi + --- +
P fi=0 for every (P1,...,P )M =P(H). Hence (f1,...,fDEL(M). O

In conclusion, let us prove that the summable families ( f{; Danes 1<i<l, are a
pseudo-basis of the K-linear space ¥ (M).

Proposition 2.3. Let M be a submodule of A'. Then (fi,..., f;) € S (M) if and only
if there exists a family (b ;)¢ e of elements of X such that

firenfD= 3 bef(fpes D).

(t.))eB

Proof. Let (b ;) j)es be an arbitrary family of elements of K. Since (by,; ftj i Xt.)eBs
1<i</, is a summable family of linear forms on A, then for each (P,...,P)eM
and each € 4 we have

P - Z bt,jft{1+"'+P1' Z bt,jfg{] (2)]

(t./)eB (t.j)eB

!
=D by (Z}’{,-(QB)) =0

(t,/)EB i=1
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ie.,

Z bt,j_ft{p"'a Z btajft{l Ey(M)

(t./)EB (t,/))EB

Conversely, suppose (f1,..., f1) € F(M). Since, for every P€ A4,

a(P)— Y fliPlt)eM,

t,j)eB

we have

fPY=Ofi+-+Pfit-+0000=| Y A@rSf| 1)

(t,/)€B

= Z fj(t)ft{i(P)-

(t,j)eB
Thus fi= Y yes OSL O

Note that for many concrete problems the conditions given above allow an effective
calculation of the linear forms f{ ;- For instance, for finitely generated modules M
over a wide class of algebras (e.g. polynomial algebras, Weyl algebras, enveloping
algebras of Lie algebras) there exists an effective procedure for computing ft’ {(P)
using Buchberger’s algorithm (cf. [6,7]). In these cases Proposition 2.3 turns out to
be a handy computational tool.

3. Inverse systems of polynomial modules

This section is devoted to proving the existence of finitely generated inverse systems
of polynomial modules. With regard to the polynomial ideals this fact was first stated
by Macaulay in [4, p. 91]. We will denote by ¥[x] the polynomial algebra in xy,...,x,
and will make use of the notations

i=(0,....ip)eN" and x':=ux] --x

Let M be a submodule of K[x]'. Fix a monomial order < on K[x]', that is a total
order < on the set

{e:(xP)|peN" 1 <i<]}
such that

ei(x?) < g(x") = ei(x?) < e(x*™") < g(x*™).
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Under these assumptions we set

B:={(p,/)eN" x {1,....,1} | (x*) ¢ LT(M)}

where LT(M) is the K[x]-module generated by the leading terms of the elements of
M with respect to the order <. It is well known that the set {¢,(x?) + M |(p, /) € B}
forms a basis for the vector -space K[x]'/M. Hence, by (1), it follows

! !
By 2 S S, Y AL @)

pEB i=1 peEB i=1

where B;={p&N"|(p,j)€ B} and we have written fl{,i(P,') instead of }{;,,i(B). Our
proof of the existence of finitely generated inverse systems of M relies on a charac-
terization of the set B as a disjoint union of “nice” subsets. Since the module LT(M)
may be written as

]
Lr(M)= P}

j=1

where J; is the monomial ideal generated by the set {xP|e(x?) € LT(M)}, we have
(p./)€B & peB & X &I,

It follows that we can describe the set B through the complement of the monomial
ideals 7;, 1<j <. The description of the complement of a monomial ideal we will
give in this section is due to Janet (see [1,2]). The following notion is central to
Janet’s theory.

Let X be a finite set of monomials of K[x]; we shall say that the indeterminate x; is
multiplicative for x' - -x*'xP* - . xf" € X if px > qu, for each xI" -+ x]* 7 'xf - xr
€ X. Moreover, for each 1 <k <n we define

CH = (xP1...xP* | pp <gy for some xf' - x* 'x¥ . Xl eXx

and xf' - x]xPE L xI g X)L
The indeterminates xzy,...,x, as well as the multiplicative indeterminates of xlp o
xf*7', as elements of {x{"---x/]'} UX, will be called multiplicative indeterminates
of the monomial x{* - - -x/* € C®).
Note that, given the finite set X, the sets C%®) are uniquely determined and pairwise
disjoint; thus, we can set

4(p, X )= {k | x; multiplicative indeterminate for x* € X UCV U --- U C™M}.

By the definition of a multiplicative indeterminate of a monomial belonging to C*) it
follows that

wp,X)=0=xPcCc®,
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while

xXPeC®, 1<k<n—1,= u(p,X) #0.

Example. Suppose X = {x*y3,x2)°}. In the following tables we list the multiplicative
indeterminates for the elements of X:

Monomials  Multiplicative

indeterminates
x4y x
x?y’ Y

and those for the elements of C!? and C®:

Sets Monomials Multiplicative
indeterminates

c® x, x 1 .Y

c® 4y, xty, x -

2.4 2.3 2.2 2 2
X7y, XNy, Xyn, Xy, X

Let / be a monomial ideal of K[x]. We shall say that a finite set X of generators of
1 is complete if it is possible to obtain any monomial of / multiplying an element of
xP € X by a power product involving only multiplicative indeterminates of xP. Given a
finite set of generators of a monomial ideal /, there exists an algorithm for computing
a complete set of generators of I (see [1, p. 80]) as well as the sets C*).

Example. The set X ={x*y*,x2)°} is not a complete set of generators of the ideal
I={(X): it is not possible to obtain the monomial x*>y° €I as a product of an element
of X by a power product involving only its multiplicative indeterminates. A complete
set of generators of I is {x*y%,x3y%,x2y}. In this case we have:

Monomials  Multiplicative

indeterminates
x*y? x y
x*y? -y
x2y’ y
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Sets Monomials Multiplicative
indeterminates

c® x, 1 . y

c® 2wty o x

3.4 3.3 3.2 3
xy, xy, Xy, Xy X

2.4 2.3 2.2 2
Xy, Xy, Xy, xy X

Finally, for each x" e CV U ..U C™, we set

htk | ok ks :
Clh)= {x [x*= ] xs,kSEN}, if u(h,X)#0

seu(h,X)

{xP}, otherwise.

Proposition 3.1. I X is a complete set of generators of a monomial ideal I, then the
complement of I can be written as the finite disjoint union of the sets C(h).

Proof. See [1, p. 90]. O

Example. The complement of the ideal 7 = (x*y* x33%,x%y°) is
C(0,0)uC(1,0)uC4,2)uC4,1YuC4,0)U
(6, 292,80, 2 R ).

Turning to the description of the set B;,1 <j </, let us denote by X; the complete
set of generators of /;, computed by Janet’s algorithm, starting from the set {xP |
e;(xP)e LT(M)}. Thus, we set

k) _ . .; Pk P Pr—1_dk q
G ={x" - xf* | pe<qy for some xi' - "t xi € X
14 Pk—1 P
and x| ---xp ' xfxI E X}

and

xh+k‘xkznxsks, keN S, if u(h X)) #0,
Cih)= { s€u(h.X;) i

{x"}, otherwise.
Under these assumptions we consider the sets
BV ={heN"|x"eC\", u(h,X;)=0},
BV={heN"|xteCVU - uC, uhX;) # 0},
B = {ke N"|x"* € Cy(h), u(h,X;) # 0}.
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Then, as a consequence of Proposition. 3.1, each component of (2) can be written
in the form

I ! !
SN AER=D"S B+ N Y AL BxE

€B; i=1 (0) =1 (1) ) =1
PEB, peB! heB" k€ B¢

! I
=S S Rex+ S S e B, 3)

0) j=1 () j=1
peB® i heB"
where

O (P)= D fla(P)x

(h)
kEBJ

is an element of the polynomial ring Yy in the indeterminates xi, & € u(h, X;), with
coefficients in K.

Example. Let M be the submodule of K[x, y]* generated by the set {(x*y?,y),
(x*y%,x)}. Let us denote by > the lexicographic ordering on K[x, y], x> y, and by
>, the monomial order on K[x, y]* defined by

ei(x" k) = e;(x"y°) & x"y* = x"yF or, if xhyF =x"y5 i<
Then

L{M) = (e1(x*y*),e1(*y*), e2(x*)) =l @ I
with I; = (x*33,x%y%) and L, = (x3). Hence,

BY ={(3,4),(3,3),(3,2),(3,1),(3,0),(2,4),(2,3),(2,2),(2,1),(2,0)},
B(ll) ={(0,0),(1,0),(4,2),(4,1),(4,0)},
B9 =B — ((0,ky) | ky €N},
B(14’2) :B(14’1) :B(14’0) ={(k1,0) | k1 e N}.
Thus,

‘1’(10,0),i(1)i) = Z f(lo,k),i(Pi)yk, ‘1’(11,0),i(1)i) = Z f(ll,k),i(l:;' )yk,
keN keEN

D5 .(B)= Z Flarin B, @, (B)= Z flaskny AP,
keN keN

s, 0).i(F) = Z S ari 0, (P X",

keN



96 F. Piras!Journal of Pure and Applied Algebra 129 (1998) 87-99

In a similar way,
0
BV =y,
B ={(0,0),(1,0),2,0)},

B(ZO,O) =Bgl,0) :B(ZZ’O) = {(0, k2) | k2 € N}

and

(00);(P) Zf(Ok)z(P)ya ‘I’f10),(P) Zf(lk)x(P)ya

keN keN

8% 0)4(B) = Z f(22,k).i(Pi)yk-
keN
Turning to the general case, from formula (3) we deduce that there exists a finite set
of Yy-linear maps @h l,hij(.l),l <j<L1<i</, from K[x] into Y) defined by the
correspondences P — o7 n,:(P). The existence of such a finite set of linear forms and
the fact that in K[x]*, as a K[x]-module, there exist linearly independent elements,
imply the existence of finitely generated inverse systems of M. In order to make this

paper self-contained we give an example of a K[x]-linearly independent element of
K[x]*:

o: K[x] — K,
o { L = =p=pp+3)2, p=012...
0, otherwise.

To prove that o is I<[x]-linearly independent, consider any polynomial P =Y; aix!,i; <
di,...,in<d, and ay, 4, # 0. Let d = max{d,,...,d,}. If k=d(d +3)/2, a straight-

.....

forward calculation shows that
(Pa)(xF= o xt My =a, 4 #0.

We now have all the ingredients for proving the main result.

Proposition 3.2. Let M be a submodule of K[x]' and let H the submodule of
(K[x]*)l generated by the I-tuples of linear forms (fpj;l,..., p{,), pEB}O), 1<j< 1,
and by (oy ocb{;’l,...,och OCD{;J), heB}”,l <j<l, where ay is a Yy-linearly indepen-
dent element of Yy. Then H is an inverse system of M.

Proof. Because of formula (2), if (P,...,P;) € M, then
Pllil'f"f‘})lfpj,l:o, pEB],IS]SI
Thus,

Pofl++Pfl=0, peB®, 1<j<L
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Moreover, by (3), for every Q € [K[x], we have
(Pi-(on 0 @4, ,) + -+ Pr- (om0 @}, DXQ)
= an(®f, (PIQ) + -+ B} (PO)) =0, heB", 1<;<L
Hence,
Pi(ano®) )+ - +Pr(ano®) )=0, heB, 1<;<L.
It follows that (Py,...,P;) € #(H). Conversely, if (P,...,P;) € P(H) then

! )
(Z@ﬂ,xm) (1) = ah (Z‘I’fa(m)
i=l

i=1

=P(ano®},)+ - +Pr(ano®] ) =0, heB", 1<;<L.
Thus, keeping in mind that the maps ‘I){., ; are Ty-linear, we have

I} I}
(Z@ﬁ,,-(ﬂ-)) ap(x") = (Z@{;,,.(x'm) an(1)=0, heB, 1<;j<],
i=1

i=1

for all x" €Y}, Since ap is Yy-linearly independent, the polynomials
! 1
Do BY=D" Y flaPXE, meBD 1<j<,
=1 i=1 kEB;")
coincide with the zero polynomial. Hence, for each x% € K[x],

I
Prfir + o AP fla XX =x1-D " L (B)=0,

i=1

(1) (h) ,
heB”’, keBV,1<j<1L
It follows that
' ' 1 h .
P fipa P fia =0, hEB} , ker L 1<j<l
On the other hand, »
Pifl 4+ Pofl,=0, peB?, 1<;<],

0, by (2), we can conclude that (Py,...,P)eM. O

4. Inverse systems and polynomial ideals

97

If we assume /=1, every submodule M of K[x] is an ideal of K[x] and an inverse
system of M is any submodule H of K[x]* such that Ann(H)=AM. Thus we can state

the following proposition.
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Proposition 4.1 (Macaulay [4]). For every ideal I of K[X] there exists a finitely
generated inverse system.

An equivalent proposition can be found in [8, pp. 32, 52]

Proposition 4.2 (Oberst [8]). The K[x]-module K[x]* is a large injective cogenera-
tor.

Let K[x]; be the submodule of IK[x]* of the linear forms f such that f (x)=0
for all but a finite number of monomials x' of K[x]. The ideals / of IK[x] which are
contained in the ideal (xi,...,x,) are characterized by ¥ (/) N K[x]§ # {0}.

Proposition 4.3. 7 C(xy,...,x,) if and only if #(I)NK[x]; # {0}

Proof. If / C(xi,...,x,) then the linear form

K[x] — K;

; 1, ifi=0,
x' — .
0, otherwise.

is an element of ¥(I) N K[x];. Conversely, suppose that (1) N K[x]; # {0}. If
f is any nonzero element of %(I) N K[x]; then P-f =0 for every P&/. Since
f # 0, there exists p € N”" such that f(xP)£0 and f(x%)=0 for every q € N* with g,
+++gn>p1+ -+ p, Therefore, if >, a;xi €I we have

(x"Zaixi-f> (1)=ap f(xP)=0.

i

This implies that no polynomial P €7 has a constant term, that is / C (xj,...,x,). O
The last result can be sharpened as follows (see [4, p. 75]).

Proposition 4.4. Ann( (1) N K[x]5) =7K[[x]] N K[x].

Proof. Put O =(x,...,x,) and note that K[x]g =3, &(O). Then we have

Ann(¥(I) N K[X]3) = Ann (y(I) N ( > y(of)) )

t>1

= Ann (Z ()N 3’(0')))

t>1

=N Am( NN L©ON=(\U+0".

>1 t>1
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Therefore Ann(&(/) N K[x];) is the closure of I in K[x], in the O-adic topology.
On the other hand, JIK[[x]] is the closure of 7 in K[[x]]=K[x]; thus Ann(F(I) N
Kix]g) =IK[[x]]NK[x]. O

Corollary 1. If I=(),0; is a minimal primary decomposition of I where Q;C
(x15...,X,) for every i, then one of the inverse systems of I is contained in K[x];.

Proof. From the hypothesis we see that J = IK[[x]] N K[x], so the corollary follows
from Proposition. 4.4. [

Corollary 2 (Macaulay [4]). If I is a homogeneous ideal of K[x] then one of its
inverse systems is contained in K[X]3.
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