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ABSTRACT

Working with input-output transfer functions in the frequency domain and
exploiting a formulation involving generalized Sylvester resultants, we are able to
derive necessary and sufficient conditions for generic invariant factor assignment, in
several cases, using proper dynamic output feedback compensators.

I. INTRODUCTION

A very well-known fact in system theory is that feedback can be used in
order to improve system performance. In the theory of finite dimensional
linear time invariant systems one frequently deals with the question of how to
improve the performance of systems described by the following differential
equation:

x(t)=Ax(t)+ Bu(¢), (1.1)

where x(t) is an n-vector, u(¢) an Lvector, and A (n X n), B (n X I) matrices

*Supported by NSF under grant ECS-8006896 and partially supported by AFOSR under
grant AFOSR-80-0155.

LINEAR ALGEBRA AND ITS APPLICATIONS 50:103-131 (1983) 103

© Elsevier Science Publishing Co., Inc., 1983
52 Vanderbilt Ave., New York, NY 10017 0024-3795 /83 /020103-29$3.00



104 T. E. DJAFERIS AND S. K. MITTER
over the reals R. If constant state feedback is used,
u(t)=ro(t)— Kx(t),

where K is an [ X n real matrix, v(¢) a reference input, then the closed-loop
system is described by

x(t)=(A - BK)x(t)+ Bo(t). (1.2)

A central result in the area of pole assignment [21] is that (A, B) is
controllable iff for every symmetric set A of n complex numbers, there is a
matrix K such that A — BK has A for its set of eigenvalues. This implies that,
under the assumption of controllability, arbitrary pole assignment can be
accomplished by constant state feedback.

Rosenbrock, in a subsequent publication [19], showed that more than pole
assignment can be accomplished for the system in (1.1). This result can be
stated in the following manner: Let (A, B) be a controllable pair with
controllability indices A=A, >--- 2 A;20. Let ¢, 1<i<!, be given
monic polynomials satisfying the divisibility conditions ¢;1¢,_,, and with
T!_,0(¢;)=n [8(-) denotes degree]. Then there exists a constant matrix K
such that the given polynomials are the nonunity invariant factors of
sI — A+ BK if and only if

Y 8(¢,)=> YA, k=12,...,1, withequalityatk=1[. (1.3)

This result implies that we can arbitrarily assign not only the eigenvalues
of A — BK, but the size and entries of the cyclic blocks appearing on the main
diagonal of the rational canonical form of A — BK [17]. It is important to note
that since (A, B) is controllable, so is (A — BK, B) for any K (i.e.,sI — A + BK
and B are left coprime). From a frequency domain input-output point of view
this means that if

Q(s)=(sI—A)"'B
is the input-output transfer function of the system in (1.1), where the output

is actually the state, and state feedback (1.2) is used, the closed loop transfer
function becomes

H(s)=(sI—A+BK) 'B.
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Making the invariant factors of sI — A + BK equal to a given set {¢,} is
equivalent to saying [12] that My(s) the Smith-McMillan form of H(s) is
given by

My(s) = diag( (s

o:(s

(with appropriate modification if n = I).
In many practical applications, physical constraints frequently necessitate
the use of output rather than state feedback,

u(t)=ov(t)+Ky(t), y(t)=Cx(t), (1.4)

where y(t) is an m-vector and C an m X n constant real matrix. In many
situations static output feedback is insufficient and dynamic output feedback
is introduced:

%(t) = Fa(t)+ Gy(t),
(1.5)
u(t)=Hz(t)+ Ky(t),

where z(t) is a g-vector and F, G, H, K appropriate matrices with real
entries.

In light of the above, Rosenbrock and Hayton [20] attempted to gener-
alize Rosenbrock’s earlier result to the output feedback case. They proceeded
by using the frequency domain input-output point of view, considering the
strictly proper system

P(s)=C(sI - A) " 'B=D;}N,,

and the proper compensator C(s) = A7 B, . (no longer static) as given by the
system matrices (Rosenbrock sense)

I 0 0 I 0 0
PP(S)= 0 Dpp N, Pc(3)= 0 Ac Bl
0 -—1I 0 0o -1I 0

The input-output transfer functions P(s) (m X 1) and C(s) (I X m) have
elements in R(s), the field of rational functions in s over R. The matrices Ny p,
D;p, A, By have elements in R[s], the polynomials in s. If the two
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systems are connected as in Figure 1 (output feedback configuration), a
composite system for the resulting closed-loop system is obtained [20] and
then brought by strict system equivalence to the form

1 0 0
Po(s)=|0 ApcDgp+BrcNep Apc,
0 ~N,, 0

where D; 2N, » = Ng» Dy are left and right matrix fraction descriptions of
the system, and A; 2B, - a left matrix fraction description of the compensator
[5, 12]. The closed-loop transfer function is

-1
G(s) = NRP(ALCDRP + BLCNRP) Asc

The basic result in [20] is the following: Let P(s)= N;pDxp be an m X
D
strictly proper transfer function of order n, with NHP column reduced with
RP
column degree A ;= Ay > - - - = A; = 0 (A, are controllability indices), and p,
the largest observability index. Let ¢;, 1 < i <[, be given polynomials satisfy-
ing the divisibility conditions ¢,1¢, , and with X\_ ,6(¢,)=n+1(u, —1).
Then a sufficient condition for the existence of a proper [ X m compensator
C(s)= A; !B, such that the invariant factors of A; -Dpp+ B, -Ngp are the

— 3 P I
-1
1
C

Fic. 1.
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¢, is

k
Y 0(e)> LA +p -1, k=1,2,...,1, withequalityatk=1.

i=1 i=1

(1.6)

One should immediately notice several basic differences of this result as
compared with the earlier state feedback result.

(1) In addition to the controllability indices, other indices (namely ob-
servability) become important.

(2) This is only a sufficient condition.

(3) Dynamic feedback has been introduced.

(4) As no coprimeness conditions have been imposed, assigning the
invariant factors of A; Dpp+ B;-Ngp does not imply that the invariant
factors of some sI — A* have been assigned, where A* comes from a minimal
realization, but rather that some realization (not minimal) can be found such
that for the matrix A corresponding to it, sI — A has the given invariant
factors.

(5) The order of the compensator used is I(#; —1). There exists the
possibility that a better result can be stated employing a lower order
compensator.

Several attempts have been made to “improve” the output feedback
invariant factor result [6, 7, 9, 10, 15]. A partial list of some other recent
publications on the general problem of pole assignment can be found in the
references.

In this paper, working in the frequency domain with input-output transfer
functions and using a formulation employing matrix fraction descriptions and
generalized Sylvester resultants, we are able to give short new proofs of
Rosenbrock’s state and output feedback results. Furthermore we demonstrate
that such a structure easily lends itself to a “‘generic” formulation of the
invariant factor problem. This allows us to derive necessary and sufficient
conditions for generic invariant factor assignment in several cases, and prove
some other interesting results as well.

2. FORMULATION

Throughout the paper we assume the feedback configuration of Figure 2,
where P(s) is the m X input-output transfer function of the given strictly
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proper system, and C(s) the [ X m transfer function of a proper compensator
which is to be computed. Both P(s) and C(s) have elements in R(s). Without
loss of generality we assume that m > [. In the case that I >m a “dual”
formulation and results can be obtained. The closed loop transfer function is
given by

G(s)="P(s)[I1+C(s)P(s)]
where we assume that [I + C(s)P(s)]" ! exists. Since P(s) and C(s) are

rational matrices, they can be “factored” into polynomial matrices [5, 12]. We
use the notation

P(s)= BgpApp, a right matrix fraction description (MFD) of P(s),
= A[pB,,, aleft MFD of P(s),
= Ni, Dy, aright coprime (or irreducible) MFD of P(s),

=D;pN,p, aleft coprime (or irreducible) MFD of P(s),

where Bgp, Agp, Npp, Dgp, etc. are polynomial matrices, and where the
indeterminate s has been suppressed for simplicity. The closed loop transfer
function can then be expressed in the following ways:

-1

G(s)=P(I+CP)

= Bpp(ALcArp + BrcBgp) 1ALC (2.1)

= Nap(ArcDpp+ BrcNap) " ALc (2.2)

= Npp(DpcDap + NpcNpp) 1DLC (2.3)
3

= NRP‘I)_IDLC

= Ngp® 'D,., least order (or irreducible), (2.4)

where Npp, ® are right copnme o, DLC left coprime. The description (2.4) is
not unique, since if N = Ny,E, D = HD, o, ® = HOE, E, H unimodular, then
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u o+ Yy

TF__

Fie. 2.

N® !'Dis also a least order, irreducible polynomial matrix description (PMD)
{12]. Clearly, since no coprimeness conditions have been imposed, the de-
scriptions (2.1), (2.2), (2.3) are not least order.

If M(s) is the Smith-McMillan form of G(s),

&
— 0
¢,
Mg(s)= e |
0 s
¢
i 0 ]

where ¢;, 1 i<, are monic and satisfy the divisibility conditions ¢, 1¢,_,,
2 < i < I, then using ideas of system equivalence one can show [7, 12] that

¢ 0
®=E H,
0 b,

where E, H are unimodular matrices. Therefore we call the {¢,} the invariant
factors (or polynomials) of the closed loop system. It is also clear that the {¢,)
are the nonunity invariant factors of sI — A, where A comes from some
minimal realization of G(s).

If on the other hand we use a description of G(s) which is not least
order—say G(s)= B¥'A, with the Smith form of ¥ being

2 0

0 %
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where ¢, 1§,_;, 2 <i <!, we shall have [7] ¢,1¢;, 1 <i <l The {¢;} will be
the nonunity invariant factors of some sI — A, where A comes from a
nonminimal realization of G(s). The output feedback results of Rosenbrock
and Hayton [20] deal with this problem.

The difference between the two approaches stems from the fact that one
can work with either external or internal descriptions of systems [12]. From
the results of Section 6 it is evident that in the “generic” case the difference
disappears. It should also be mentioned that if no coprimeness conditions
need to be satisfied as in Rosenbrock and Hayton [20], the proofs of these
results are much easier to construct.

It is clear from the above that a very natural way to proceed with the
invariant factor assignment problem is the following: Given a strictly proper
system P(s)= NypDgp, find conditions for the existence of a polynomial
solution X, Y to the polynomial equation

XDpp + YNgp =@, (2.5)

where:

(1) ® is equivalent to diag(¢;), ¢; a given set of desired closed loop
invariant factors,

(2) XY exists and is proper,

(3) Ngp, ® are right coprime and X, @ left coprime.

If one considers invariant factor assignment as Rosenbrock and Hayton [20]
do, then the condition (3) is dropped.
The way in which Rosenbrock and Hayton [20] proceed is to use the fact

[18] that all polynomial solutions to (2.5) can be expressed as

X = ®U - NN, ,,

Y=oV + ND,,,
where UDpgp + VNgp =1 (which is guaranteed, since Dgp, Npp are right
coprime [7, 12]) and N is an arbitrary polynomial matrix. By appropriately

choosing N they show that X 'Y exists and is proper [if the given ¢, satisfy
(1.6)).

We proceed in the following manner: Let Ngp, Dgp, X, Y be given as

Dyp=D,;s'+D,_;s'" '+ - + Dy,
Nyp=Ns'+N_;s"" '+ -+ N,
X=X, s" 1+ X o2+ - + X,

Y=Y, s"14+Y, o572+ 4+ Y,
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and let XDgp + YNy, =0,

O=0, , s+ 4+ D,
Then equating coefficients

[Xk—l’Yk—l""XO’YO]Sk(DRP’ NRP) = [(Dk+t~l""q)0]’

where
(D, D, D, 0 0
N, N, N, 0 0
0O D - D D 0
S (Dpps Npp) = ! ’ (2.6)
k( RP RP) 0 ZVt Nl NO 0
0 0 0 D D,
[0 0 0 N, N, |

The real matrix S,(Dyp, Ngp) is the kth order Sylvester resultant of Dy p, Ngp
[16] [a k(m + 1) X I(t + k) matrix]. Clearly if a ® exists which is equivalent to
diag(¢,) in the range space of S,(Dgp, Ngp), where X 1Y exists and is proper
with Ngp, @ right coprime, X, ® left coprime, then we have a sufficient
condition for invariant factor assignment. It would therefore be very helpful if
we knew the rank of the resultant operator. The following result, taken from
[1, 16], is crucial for our investigation.

Lemma 2.1, Let ND~! be proper, m X I, with observability indices p,.
Then

rank S, (D, N)=(I+m)k— Y (k—upu,).

ivp; <k

It would also be very helpful to know under what conditions diag(¢;(s))
is equivalent to some element in the range space of S, (Dgp, Ngp). The
following lemma, taken from [20], will be used for this purpose.

Lemma 2.2.  Let a,, B, be given integers satisfying o, > ag > -+ - > a; 2 0,
Bi=By=---=2B8,20. Let {¢,), 1 <i<], satisfy the divisibility conditions
¢, 1¢,_1, 2< i<l Then a necessary and sufficient condition for the existence
of an I X1 polynomial matrix ®(s) equivalent to diag(¢,) and satisfying
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lim, _, [diag(s~%)®(s)diag(s~#)] =1 is

k k
Y b0(o)=> Y a,+B8, k=1,2,...,1, withequalityat k =1.
i=1 i=1

Throughout this paper we shall use the following definition of genericity:

DerintTion. A set S C R! is called generic if it contains a nonempty
Zariski open set of R* [24].

3. ROSENBROCK’S STATE FEEDBACK RESULT

In this section we shall use the formulation introduced in the previous
section to give a new short proof of Rosenbrock’s state feedback result [19].

TueoreM 3.1. Let P(s)=(sI — A)™'B (where (A, B) is a controllable
pair) with controllability indices A 2 Ay 2+ 27, 20. Let ¢, 1 i</, be
given monic polynomials satisfying the divisibility conditions ¢,1¢,_,, 2<i
<, and with T} _ 6(¢,)=n.

Then there exists a constant C such that the given polynomials are the
nonunity invariant factors of sI — A + BC if and only if

k k
Y 6(e)= A, k=12,....1, with equality atk=1. (3.1)

i=1 i=1

Proof. Sufficiency: P(s) is n X1, strictly proper, with observability
indices all equal to p =1. Let P(s) = Ng,D5p, where

Ngp 0

Dap] _ [D;.c]diag(sh)jL L(s),

in which D, is invertible and L(s) contains lower order terms [12]. This
implies that

Dpp=DysM+Dy s '+ - + D,
Nyp=N. AMrly .. 4N,
RP— t¥p 18 0>

D, Dy

D,
SI(DRP>NRP)= 0 le—l o N, .
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From Lemma 2.1, rank §; = n + [. Now the number of nonzero columns of S,
is(A;+D+Ay+ 1)+ -+ +(A,+1)=n+1 Let C=X"1Y, where

X=D;/,
Y=Y, (constant).

Then by appropriately choosing Y,, any polynomial ®(s) can be reached
which satisfies lim _, _[®(s)diag(s~*')] = I. But if the {¢;) satisfy (3.1), then
from Lemma 2.2 with a,=p,;, 8,=0 a polynomial ®*(s) equivalent to
diag(¢,(s)) can be constructed which satisfies lim _, . [®*(s)diag(s™*)] = L.
Let Y} be the Y, that corresponds to it. Then C= D, Y5 is the desired
compensator, since G(s)=(sI — A+ BC) !B = Ngip®*(s) !, both being
irreducible representations [12, Lemma 6.5-9, p. 446].

Necessity: Suppose that C is a constant that makes the closed loop
invariant factor equal to {¢,). Let G(s)= Ngp(Dgp + CNgp) . Clearly Ngp,
¥ = Dpp + CNyp are right coprime. This means that the invariant factors of
¥ are the {¢,}. Now

D
lim [\I'diag(s“h)]= lim ([1 C][NRP]diag(sA’))
s =00 s RP
=Dhc’

where det D, = 0. Clearly ¥, = D;; !V satisfies lim, _, [V, diag(s )] =1
and has invariant factors {¢,}. From Lemma 2.2 the degrees of the {¢,} must
satisfy (3.1). ]

4. ROSENBROCK AND HAYTON’S OUTPUT FEEDBACK RESULT

Ideas developed in Section 2 can be used to give a new short proof of
Rosenbrock and Hayton’s output feedback result [20].

TueoreM 4.1.  Let P(s)= NppDgp be an m X1 strictly proper transfer
function of order n, with
Nyp
A=A, 2 2 A, 20 (A controllability indices), and p, the largest observ-
ability index. Let ¢,, 1 < i <1, be given polynomials satisfying the divisibility
conditions ¢, 1¢,_; and with T!_ 0(¢,)=n+I(p, —1). Then a sufficient
condition for the existence of a proper 1 X m compensator C(s)= A;}B; .

D
Rpl column reduced, with column indices
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such that the invariant factors of A; cDgp + B, oNyp are the {¢,} is

k k
Y 0(e)= Y (A, +p,—1), k=1,2,....1, with equality at k = 1.
i=1

i=1

(4.1)

Proof. We have

[Z::} N [D;c]diag(S*'HL(s),

D, invertible, with L(s) containing lower order terms. This implies that
Dgpp=D, s+ Dy _sM 1+ - + Dy,

Npp=Ny, s 71+ -+ N,

and S, (Dgp, Ngp) is the p,-order Sylvester resultant of Dy p, Ngp (2.6).
From Lemma 2.1, S, (Dgp, Ngp) has rank n + lu;. Now the number of
nonzero columns of S, (Dpp, Ngp) is (A} + DH+Ay+D+ - + (A + D+ (1,
—Dl=n+ly,. Let C=X"'Y, where
X=X, ;s" '+ +X,

Y=Y, sl Y

This means
[XWI,YWU---,Xo,Yo]SM(DRP, Npp)= [cbhm,l,...,cbo].
Since S, (Dpp, Npp) has rank n + lp,, any polynomial ®(s) which satisfies

lim [diag(s~ 1~ D)®(s)diag(s™™)] = H,

§— 0

H constant, can be reached—in particular, any polynomial ®(s) for which
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the corresponding H is the identity. Since

D _
(0| o] =, Dycdiagtst )+ Lo

[L(s) contains lower order terms], the X corresponding to such a ®(s) must
have X, _,=D; !, ie,C= XY must exist and be proper [12].

But if the {¢,) satisfy (4.1), then from Lemma 2.2 with a; = A, B, =, — 1,
a polynomial ®*(s) equivalent to diag(¢,(s)) can be constructed which
satisfies

lim [diag(s~®~)®*(s)diag(s™)] = I.

Then C= XY, for any X,Y which map to ®*(s), is a compensator which
satisfies the requirements of the theorem. [ |

5. THE EQUATION XD +YN=9®

It has been mentioned in Section 2 that this polynomial matrix equation
plays a key role in the analysis of the invariant factor problem. Using
Sylvester resultants, we are able to prove the following three results.

ProposiTiON 5.1. Let P = Npp,Dg} be an m X 1 strictly proper transfer

function where is column reduced, with column degrees A, = A and

Dpp
Ngp
observability indices p; = u, and where

Dpp=Is*+D,_s* 1+ - +D;, Ngp=Ny_;s" '+ -+ +N,.
Let

Z={®@cRMIIO=I T+ ®,,, ;s 1+ + @),

Q={(X,Y)|X=ISQ+Xq_lsq—1+ o+ Xy, Y=Y, 57+ - +y0}

A necessary and sufficient condition for the existence of a polynomial
solution X,Y to XDgp+ YNgp,=® in the class Q, for every @ in Z, is
g=p—1.
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Equation XDygp + YNz p = © with the conditions imposed can be written
as

[1.Y,,....X0, Y| Se1(Daps Nep) = [ L ®r i g 15, D]

where S, , (Dgp, Npp) is thought of as an operator from R'*™(@* D into
RIC+a+ D! Brom Lemma 2.1,

(I+m)k, I<k<up,
rank S, =
(I+m)k—m(k—pn), p<k.
Therefore
(@) Sy, S,...,S,_, are not onto,

(b) S, is onto and one-one,
(¢) 8,415 Sytg,---are onto.

Proof. Necessity: Assume that g < p — 1 and that XDpp + YN, = ® has
a solution in Q for every ® in Z. Thinking of (X,Y) as an element in
RllFmig+m] and @ as an element in RXA*9 one can see that the ® which
can be reached from elements in Q form a set of dimension less than
I(g + M. Therefore g > p — 1.

Sufficiency: S, ,  in onto for k > 0. This means that for any ® in Z there
exist X,Y given by

X=X, SF 1+ + X,
Y=Y, S Y

such that
[xu+k—1’Yu+k*1"‘"XO’YO]Su+k = [I’ (I))\+u+k—2>""q)0]

For this to happen, X, ., , = I, which implies that (X,Y) & Q. ]

This result addresses the following question: Suppose we fix the order of
the proper compensator (order is gl), as well as the observability indices (all
equal to g). What are the possible @ (closed loop denominator matrices) that
can be reached? Since A; = A and p; = p, the result concerns the “generic”
case. In the next section these concepts will be used for obtaining necessary
and sufficient conditions for generic invariant factor assignment.
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A polynomial solution X,Y to XD+ YN=® is called an acceptable
solution if X 'Y exists (i.e., det X = 0) and is proper.

ProposiTion 5.2. Let N (mX1), D (IX1), ® (IX1) be polynomial

matrices, A, g nonnegative integers, n=Al, u=n/m, and let W, Z, S be the

SeLs

W={((N,D)eR"™*D"D=Is*+D,_;s*" '+ --- +D,, N=N,_;s*"!
+ -+ N,

Z={P€RMIO =11+, , s+ -+ By,

S={ (N, D)€ R"™*D"|there exists an acceptable solution X,Y to XD +
YN =& for every ® in Z).
A necessary and sufficient condition for S to be a generic subset of R D" ig
g>p—L

Parnnf AN oprpoeiter. lur\r\ncn that Q ic canarin and that 7 <« 11 — 1 QhAwur a
llUUJ- i‘Ul/U\)l)“ry UPPUDU uial v 1o 5611611\/ alLiu Luiiau (.’ ~ ’.k i WJILUYY a
contradiction.

The set F < R™* D" for which rank S,(D, N)=(m + )i for 1 <i < p and
rank S, (D, N)=(m + D)p + L is generic. It certainly contains a Zanskl open
set, and it-is nonempty, since any (N, D) which gives rise to an ND ! with
equal observability indices must belong to it (Lemma 2.1). As a matter of fact
any (N, D) in F must have equal observability indices, because otherwise one
of the rank conditions would be violated (Lemma 2.1). It follows (Bitmead
etal. [1, Corollary 1)) that for any (N, D) in F, N, D are right coprime, and
ND™! has equal controllability indices as well.

Let N, D be an element in SN F. For any such element [20, Corollary 2,
p. 848] it must be that (Y ) < g for some acceptable solution (X, Y). But this
implies that any acceptable solution must be of the form

X=Is7+ X, ;s97 '+ -+ + X, Y=Y57+ - +Y,,

which means (X,Y) € Q, with Q as in Proposition 5.1, and q > p — 1. This is
a contradiction.

Sufficiency: Let g > p — 1. From Prop051t10n 5.1 we have that S, (D, N)
is onto for any (N, D) in F. This means that there exist X, Y such that

X=X, s+ -+ + X, Y=Y59+ -+ +Y,,
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and

G tq

[X,. Y, . X, Yo ]S (D N) = [1, @y, e, D ]

for every ® in Z. It follows that X =1 and that (X,Y) is an acceptable
solution. ]

This result is stronger than Proposition 5.1. The restriction of searching for
a solution of XD + YN = ® that belongs to a certain class Q0 can be removed.
This is because an acceptable solution (X,Y) to XD + YN =® with N, D, ®
as above must belong to the class Q: there are no acceptable solutions out-
side Q.

The previous two results dealt with the case when P = Np,Dg} is a
strictly proper transfer function with equal controllability indices. Knowledge
of the rank of the resultant operators S,(Dgp, Ngp) played a key role in their
proof. Proposition 5.3 addresses the question of the generic rank of S,(D, N)
when P = ND™!is an [ X [ strictly proper transfer function with an arbitrary
set of controllability indices A\; > Ay = -+ =2 A; > 0.

ProposiTiON 5.3. Let P=ND"! be our 1 X1 strictly proper transfer
function with controllability indices X\, > Xy > - 2 X >0, n=A + -+ +
Appu=n/l, and

HE [DO] diag(s™)+ L(s).

L(s) contains lower order terms. The pair (N, D) can be thought of as an
element of R®. The set W C R®™ of (N, D) for which S,(D, N) has rank 2li
for 1 <i < pis a generic subset of R®, (v=2nl + [?).

Proof. It is clear that the set of (N, D) for which S,(N, D) has rank 2il
for 1 <i<p is a Zariski open set. The difficulty lies in proving that it is
indeed nonempty.

We first construct the submatrix T,(N) of S,(D, N) and show that it is
generically full rank:

Nkfu N, N, 0 0
T(N)=
g le—z ers lef‘; N N O
le—x le—z NA,As lef‘; N, N,
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where B, is the ith ul X [ block column of T,(N). Form T*(N) from T.(N) by
deleting the columns indicated: From the Ith columns of the B;’s keep the Ith
columns of By,..., B, _, and remove the rest. From the (I - l)st columns of
the B/’s keep the (I = Dth columns of By,...,B, ,_; and remove the rest.
And 1n general, from the (I —i)th columns of the B/’s keep the (I—i)th
columns of By,...,B, _; and remove the rest. What remains is the n X n
matrix TX(N).

Clearly the set V=(N C R"’|T*(N) has rank n} is a Zariski open set in
R". We claim that it is nonempty. ThlS can be seen from the fact that an N*
exists that makes T.¥(N*), after a proper rearrangement of its columns, equal
to a lower triangular matrix with 1’s on the main diagonal.

It is now easy to see that S,(I dlag(s ), N*) has rank 2pl [and that
rank S,(Idiag(s*'), N*)= 2il for 1 <i < p].

Expressing it in a different way, Proposition 5.3 guarantees that “almost
all” I X[ strictly proper transfer functions of McMillan degree n=A; + A,
+ -+ + A, p=n/l, with arbitrary controllability indices A; 2 Ay > --- 2 A,
have equal observability indices p.

6. INVARIANT FACTOR RESULTS

In Section 2 we made a distinction between what we call the invariant
factors of the closed loop system and what has been used by Rosenbrock and
Hayton [20). The difference arises because we insist on working with irreduc-
ible polynomial matrix descriptions [PMDs (12)], whereas Rosenbrock and
Hayton [20] choose not to. It can be said that since the difference is due to
possible cancellations, in some “generic” sense the two definitions are the
same. In this section we shall exploit the ideas presented thus far in order to
obtain necessary and sufficient conditions for invariant factor assignment in
several cases.

TueoreM 6.1.  Let P = ND™! be an | X | strictly proper transfer function
where A > 0 and
D=Is*"+D, ;s*" 1+ --- +D,,
N=N,_s* 14 +N,.
Let

q>0 and ¢(S)=Sx+q+¢>\+qils>‘+q71+ e +¢’0
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Let

W={((N,D,¢)eE R2>‘12+>‘+"(there exists a proper compensator of order lg
making ¢, = ¢, = - -+ = ¢; = ¢ the invariant factors of the closed
loop system).

Then q > A — } is a necessary and sufficient condition for W to be a generic
subset of R#M tA+a,

Proof. Sufficiency: Let ¢ > X —1 and t = 2X\I®+ X\ + q. Show that W
contains a nonempty Zariski open set. Let @ be the diagonal matrix

® = diag(¢;), ¢, =¢. (6.1)

Since g > A — 1 (we are dealing with the square case [=m, p =1\ /m = A),
the set F C R’ of (N, D, ¢) for which S, (D, N) is full rank is generic. Let
Sq+1 be the matrix ({(g + 1)m + lg] X (A + q)I) obtained from S, | by remov-
ing the first [ rows and ! columns. Clearly S_ . is generically full rank. This
implies that for any @ as in (6.1) there exists X =Is7+ --- + X,,, Y=Y 57

+ - -+ + Y, such that

(Y, X0: Yo |Syer = [®rsgroee>®0 ] = [Da1s0-+5Dp,0,...,0].
One such X,Y (C = X~ 'Y proper of order lg) is given by

[Y, X, 1o X0 Yo = ([@rsgroe»®o] = [Dro1s--,0])

—. — -1
x(87,,8,.1) ST, (6.2)

ST.,S,., is invertible, since S, ) is full rank and with fewer columns than
rows.

This means that X,,Y, are rational expressions in the parameters of
N, D, ¢. Now the set E C R’ for which ®, X are left coprime and N, ¢ right
coprime is a Zariski open set, since coprimeness is a condition satisfied when
certain matrices are full rank [1, Corollary 1].

The key point to demonstrate is that E is nonempty. We claim that

a=(N,, D, ¢,), where

D =Is*, N =1I, O =Is*9+1,

[+3
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is a point in E. Clearly N, ®, are right coprime, since Na is full rank for all

s [19]. Now for this specific ®, the solution given in (6.2) can easily be
computed to be

X,=Is%, Y,=1I.

Clearly X, @, are left coprime.

Now G(s)= N(XD + YN )™ !X for any (N, D, ¢) in E, with X, Y given by
(6.2), is a least order (irreducible) polynomial matrix fraction description of
G(s), and

XD+YN=29®,

Therefore the invariant factors of G(s) are the ¢,. Clearly E C W, and thus W
is a generic subset of R'.

Necessity: Let W C R* be the set of (N, D, ¢) for which there exists a
proper compensator C = X 'Y which makes ¢, = ¢, = - - - = ¢, = ¢ the closed
loop invariant factors. Assume that it is generic.

For any a € W the following must be true. Let C = XY be the proper
compensator of order lg that accomplishes the task. We choose X to be row
reduced, and let ¢, > g, > - - - > g, > 0 be the row degrees q, + g, + - - - + g,
=lq, and X, = I the highest row degree coefficient matrix of X.

The following three statements must be true for such an a:

(1) The matrices N, XD + YN must be right coprime and X, XD + YN
must be left coprime. Since

6(det(XD +YN))=Al+lq,

if there are cancellations, then the resulting denominator matrix will be
XD + YN, where

8(det( XD+YN)) <Al +1q.
But then the {¢, = ¢} could not be the invariant factors of the closed loop
system, since Z!_ ,6(¢;)= Al + Aq.

(2) In actuality the row degrees of a row reduced representation of
C = X~'Y must all be equal to q. Now

lim diag(s %)[X Y] [g]diag(s“k) =1

From (1), XD + YN has invariant factors {¢, = ¢}. From Lemma 2.2 this
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implies that

k k
Y 0(¢)=> Y A+gq, k=1,2,..., with equality at k = [.
i=1 i=1
This implies A+ g>=A+gq,. If g, <q then g, + --- + g, * lg. Therefore

g,=q. But 2XA +2q > 2A + g, + g5, g5 = g, and generally g, = g.
(3) Since X, Y must be of the form

X=Is9+ X, s '+ -+ Xy, Y=Ys9+Y, s+ 4,

it must be that

¢ 0
¢
XD+YN= ) , ¢ the given polynomial.
0 ¢
In general
XD+YN=I*9+®, 97 4+ @)= 0.
But since the invariant factors of ® are ¢, = ¢, ="+ = ¢, = ¢, this means

that the ged of 1X1 minors in particular must be ¢. This is a polynomial of
degree A + g. All off diagonal entries in ® are of lesser degree or zero. They
cannot be of lesser degree; therefore they are zero.

With all this in mind, suppose now that ¢ <A — 1. Then for any a in W,
i.e. for generic a, we must have

[1.Y,.....X0, Y ]S (D, N)=[L,®y 1,0, D ]
\*_ﬁ(—J
= @ (diagonal)

Look at the first row of this matrix equation:

¥S, (D, N)=[1,0...0, 65, 1,0...0,...,4,,0...0] = ¢
[ * l—J
l
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where y is a 1X2(q+1)I vector, S, (D,N) a 2(q+1) X(A+q+1)i
matrix, and ¢ a (A + g + 1)l-vector.
Let

u=2(g+1)l, ov=(A+qg+1)L
If we partition

Se+1(D,N)=[A, B],

where A is u X u and B is u X v, then since g <A — 1, it is clear that u < v.
The matrix A is invertible for a generic subset of R* (A has.a resultant
structure):

y=¢,A7 ",

where ¢, is the first u entries in the vector ¢. But since there are more
equations than unknowns, it must also be that

yB=¢,_, (6.3)

where ¢, , comprises the remaining v — u entries in ¢. But the relationship
(6.3) is only satisfied on a Zariski closed set of R’. This is a contradiction. This
completes the necessity part of the theorem. [ |

Theorem 6.1 in effect says that for almost all strictly proper transfer
functions of McMillan degree n = Al and equal controllability indices, a
necessary and sufficient condition for the existence of a proper compensator
of order lg which makes the closed loop invariant factors equal to ¢ = ¢, =
-+ - = ¢, for almost all ¢ of degree A + g is g > A — 1. It is necessary therefore
that the order of the compensator be greater than or equal to I(A —1). It
should be emphasized that here we are considering the square case where
A = u, p the observability index of the transfer function P. Thus I(u — 1) is the
more appropriate bound.

Theorem 6.1 addresses the case of strictly proper transfer function of
McMillan degree n = Al and equal controllability indices. Theorems 6.2, 6.3,
and 6.4 deal with the more general case.

THeOREM 6.2. Let P = ND™! be an 1 X I strictly proper transfer function
where A\ 2 A2 2M20n=A+A,+ - + A, p=n/l, and

2] ot
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with L(s) containing lower order terms. Let {¢,) be | monic polynomials,
;1,1 2<i<!, such that 6(¢,)= A, + q. Let

W= {(N,D,o,,....¢,) € Rz"”)‘l“’”z]there exists a proper compensator C
of order lq making { ¢,} the invariant factors of the closed loop
system, C with equal observability indecies).

X7

n for W to be a generic subset of

e EFy]

!
P
)
e
[
[
]
=
«
v
S
P
Su
-
=
S

TL san o~ ™~ a5 1 2a
men gzuyp—118
R2nl+>\1+q+12

Proof. Let W C R'(t =2nl+ A, + g +1?) be the set of (N, D, ¢,...,¢,)
for which there exists a proper compensator C = X~'Y, of order lg, which
makes {¢,) the closed loop invariant factor. Assume that it is generic.

For any a € W the following must be true. Let C = X~!Y be the proper
compensator that accomplishes the task. We choose X to be row reduced and
let g, =¢q, ="+ =q;=0g be the row degrees g, + g, + - -- + ¢q,=lq and
X,,. the highest row degree coefficient matrix of X. The following three
properties must hold for such an a:

(1) The matrices N, XD + YN must be right coprime and X, XD + YN
must be left coprime (follows proof of Theorem 6.1).
(2) The row degrees of a row reduced representation of C = XY are all

equal to g. Now
. . - D] .. N
lim diag(s~7)[ X Y][N}dlag(s )= D,..

From (1), XC + YN has invariant factors {¢,}. From Lemma 2.2 we have that
(choose X, = D; 1)

k k
2 0()= YA, +q, i=12,...k, with equality at k =[.
i—1

i=1
(3) Since X,Y must be of the form

X=thsfl+xqilsq*1+...+XO’ Y=Yqu+”'+YO’
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it must be that

X ¢,
XD+YN={X X ¢ ,

X X X o |

where {¢,} are the given polynomials and the X’s indicate possible nonzero
locations. In general

XD + YN = Idiag(s**9)+ Q(s) = ®.

Since {¢,} are the invariant factors of ®, this means in particular that ¢,
[8(¢;)= A, + q] is the ged of 1 X1 minors of ®. Since off diagonal entries in
the Ith column are of degree less than A, + ¢, they must be zero. Furthermore
the ged of 2 X 2 minors of ® is ¢,6,_, [0(¢;9,_,)= A, + A;_, +2g). Since off
diagonal entries in column [ —1 are of degree less than A,_; + g, above the
diagonal entries must be zero. Continuing in this fashion, we see that claim
(3) is true.

Suppose now that ¢ < p — 1. Then for any a in W (i.e. for generic a) we
must have

[Xper Ygoe o X, Yo ]Sy i(D, N ) = [@mq,...,%],

where S . (D,N) is the (g +1)2I1X[n+1(g+1)] matrix obtained from
S,+1(D, N) by deleting its all zero columns. Looking at the first row of this
matrix equation, we have

yS,.(D,N)= [1,...,¢>\l+q_l,0,...,O,...,qu,O,...,O] = ¢.

A contradiction follows as in the proof of Theorem 6.1, where now use is
made of Proposition 5.3. This completes the proof of Theorem 6.2, [ |

We see that as in the case of equal controllability indices, g>p—1is a
necessary condition for generic invariant factor assignment, where p is the
observability index of the transfer function P. We believe that g=p ~1 is a
sufficient condition as well, in view of the next two results, where it is shown



126 T. E. DJAFERIS AND S. K. MITTER

to be the case when the controllability indices satisfy either

(@ 21Lk2L, A ==X g=k+2, A 5, =" =N =k, or
(b) 31, k=1, Aj=--- =X 3=k+2, X5, ,= " =Ay,=k+1,
}\zz/3+1="':)\1=k-

TueoREM 6.3.  Let P = ND ! be an | X U strictly proper transfer function
where l is even, k > 1,

Mi=Ag==As=k+2 A gi=--=A =k, p=k+1,
D|_|Dn| 4 A,
[N]_[ 0 ]dlag(s )+ L(s).

Let {¢,} be l monic polynomials, ¢;1¢,_, 2 < i<, such that 8(¢,)= X, + q.
Let

W={((N,D,¢y,...,¢;,) € R M+ Plehore exists a proper compensator
of order lq making {(¢,) the invariant factor of the closed loop
system).

Then q=p—1 is a sufficient condition for W to be a generic subset of
g=p
R2n+}\1+q+lz.

Proof. Letq=p—1andt=2nl+ A, + q+[% Show that W contains a
nonempty Zariski open set. Since g = ¢ — 1, the set F C R*of (N, D, ¢,...,9,)
for which S,(D, N)) is full rank is generic. This implies that for any @ of the
form

® = diag(¢;),

a unique solution X =1Is?+ --- + X, Y=Y, 59+ --- + Y, to XD+ YN=®
exists and is given by

—1

»tgo (3

(LY, X, g Xgo Yo = [By s o B

This means that X, Y, are rational expressions in the parameters of
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N, D, ¢,,...,¢,. Now the set E C R* for which @, X are left coprime and N, ®
right coprime is a Zariski open set. The key point is to demonstrate that E is
nonempty. It can be verified after some algebraic manipulations that if

b I 8" 0 N L, O
0 Il/zsk ’ 11/23 11/2 ’

1, 09, 0 ]

0]
0 I, yo®o

It

where

do=(s+ 1™, ¢ =(s+1)*(s*~ 1),

then S_“(D, N) is invertible, and X, ® are left coprime and ®, N right coprime.
|

TueoreM 6.4. Let P = ND ™! be an 1 X [ strictly proper transfer function
where 31, k=1, p=k+1,

A= =hs=k+2, Mg = = A=kt

}‘21/3+1="’ =\ =k,

HE [Doh] diag(sM)+ L(s).

Let {¢;} be I monic polynomials, ¢, ¢,_;, 2 < i <1, such that 0(¢;)= A, + q.
Let

W={((N,D,¢;,....,,) € Rz"l”‘l*q”jthere exists a proper compensator
of order lq making {¢,} the invariant factors of the closed loop
system}.

Then gq=p—1 is a sufficient condition for W to be a generic subset of
R2nl+)\l+q+12'
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Proof. The proof proceeds in a similar fashion to that of Theorem 6.3.
The point which shows the nonemptiness of W is the following:

1,582 0 0 L, 0 0
D= 0 L' 0 |, N=[ 0 [, 0]
0 0 I 55" Lygs 0 Iy
_11/3¢1 0 0
(I): 0 Il/3¢2 0 >
0 0 I 594
where ¢ = (s + D2, ¢ = (s + D>, ¢, = (s + D¥* (s = 1), u

Remark.  Sufficiency proofs for many more controllability index config-
urations have been constructed by using a different test point in each case.
This makes it difficult to construct a general test point that can be used in
every case.

Now it is evident that there are two basic issues concerning invariant
factor assignment. One is the allowable degrees of the closed loop invariant
factors [i.e. the sizes of the attainable cyclic blocks of A, where A comes from
a minimal realization of G(s)], and the other is the reachable invariant
polynomials themselves. That is, assuming an allowable set of degrees, is it
possible to reach all (or almost all) such polynomials? The necessary condition
appearing in [20] addresses the allowable degrees issue. Here we have
assumed a particular degree configuration (which incidentally is compatible
with their conditions) and are investigating the order of the compensator
needed for almost arbitrary invariant factor assignment.

It is important to mention that different degree assignments require
different order compensators. This is evident from Theorem 6.5.

TuroreM 6.5. Let P = ND™! be an m X 1 strictly proper transfer func-
tion where A > 0, n = Al, and

D=I*+D,_ s '+ -+ D,

N=N, s+ - +N,.
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Let g2 0 and ¢(s)=s""9+ @, g4 18" 97+ -+ + . Let

W=((N,D,¢)€ R2”2+"+"‘there exists a proper compensator of order q
making ¢, = ¢, ¢pp=¢; ="+ =¢, =1 the invariant factors of
the closed loop system).

Then a sufficient condition for W to be a generic subset of R2AP+n+a g
g=p—L

Proof. Using the Sylvester resultant formulation, one can show [8] that if
g>n—1, then the set M C R?A *"*9 of (N, D,¢) for which a proper

compensator of order g exists and is of the form

1 0 0 q—lxl [4) ‘e 0
X=] S§9 4 0 §a—l4 ...
: 0 : 0
0 0
o¥; O 0
0
+ b
: I
0
ot oY1 oYm
Y=["yl "y’"}sq+ + 0 ,
0 S S 0
0

which makes ¢ the closed loop characteristic polynomial, is generic:
XD+YN=19, where det ® = ¢.

But bec;’iuse of the structure of @ it can easily be shown that the set
J € R2AF+n%4 for which the ged’s of the i X i minors of ® for 1 <i<1—1 are
all equal to 1 is generic. Therefore the set J € M for which ¢, = ¢, ¢y = Oy =
-+ = ¢, =1 are the invariant factors of ® is a generic subset of R**"*"*9, m

Similar versions of this theorem have appeared in the past [2, 12, 20]. The
approach taken here is different. As mentioned earlier, in the case when [ > m
a “dual” formulation and results can be obtained.
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7. CONCLUSIONS

The problem of generalized pole assignment using output feedback has
not been completely solved as yet. Great progress has been made, as
evidenced by many important contributions (see references). In this paper,
using a formulation involving generalized Sylvester resultants, we were able to
give new short proofs of earlier results as well as suggest necessary and
sufficient conditions for generic invariant factor assignment in several cases.
We believe that the ideas presented here can be used to obtain many more
results.

We wish to thank Professor Chris Bymes for many helpful discussions.
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